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S1. Bead size characterization 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure S1. Violin plots showing the distribution of bead diameters for different types of DynabeadsTM 

from InvitrogenTM. These distributions were obtained by imaging the beads using a confocal microscope 

at 20X magnification and analyzing the thresholded images using the Analyze Particles plugin from 

ImageJ. 

 

 

Table S1: DynabeadTM diameter statistics. 

Bead Name 
Reported Mean 

(µm) 

Measured 

Mean (µm) 

Measured S.D. 

(µm) 

DynabeadsTM M-450 Epoxy 4.5 4.34 0.20 

DynabeadsTM M-270 Epoxy 2.8 2.85 0.11 

DynabeadsTM MyOneTM Tosylactivated 1.0 1.65 0.36 

 

 

S2. Derivation of the flow rate equation for variable height channels 

 

Pressure-driven flow in a rectangular channel of constant height can be described according to: 

 

𝑄 =  
𝑤ℎ3∆𝑝

12𝜇𝐿
 (S1) 



 

where 𝑤 is the channel width, ℎ is the channel height, 𝜇 is the dynamic viscosity of the fluid, and ∆𝑝 is the 

pressure drop along the channel length, 𝐿. (See Stone, H. A. (2007). Introduction to fluid dynamics for 

microfluidic flows. In CMOS Biotechnology (pp. 5-30). Springer, Boston, MA.) 

 

The height, pressure, and length parameters of a variable height channel are illustrated in Figure S2. 

 

 

 

 

 

 

 

 

 

Figure S2. The height profile of a variable height device can be modeled as a triangle where hi is the inlet 

height, ho is the outlet height, Pin is the pressure at the inlet, Pout is the pressure at the outlet, m is the 

height profile slope, and A and L describe lengths of the channel. 

 

From Figure S2, the following equations emerge: 

 

𝑚 =  
ℎ𝑖 − ℎ𝑜

𝐿
 (S2) 

𝑚 =  
ℎ𝑜

𝐴
 (S3) 

𝐴 =  
𝐿ℎ𝑜

ℎ𝑖 − ℎ𝑜
 (S4) 

𝐴 =  
ℎ𝑜

𝑚
 (S5) 

ℎ = 𝑚𝑧 𝑓𝑟𝑜𝑚 𝑧 = 𝐴 𝑡𝑜 𝑧 = 𝐴 + 𝐿 (S6) 

 

Rearranging Equation S1, we arrive at: 

 

𝑑𝑃

𝑑𝑧
=

∆𝑝

𝐿
=  

12𝜇𝑄

𝑤ℎ3
 (S7) 

 

Substituting Equation S6 in for ℎ gives us: 

 

𝑑𝑃 =  
12𝜇𝑄

𝑤𝑚3𝑧3
𝑑𝑧 (S8) 

 

A L 

H
e
ig

h
t,

 h
 

ho 

Position, z 

hi 

Pout 

Pin 



which we can integrate over the length of the channel: 

 

∫ 𝑑𝑃

𝑃𝑖𝑛

𝑃𝑜𝑢𝑡

= ∫
12𝜇𝑄

𝑤𝑚3𝑧3

𝐴+𝐿

𝐴

 𝑑𝑧 (S9) 

 

to yield: 

 

𝑃𝑖𝑛 − 𝑃𝑜𝑢𝑡 =
−6𝜇𝑄

𝑤𝑚3
[

1

(𝐴 + 𝐿)2
−

1

𝐴2
] (S10) 

 

In this case, the outlet of the variable height device is open to the atmosphere, so 𝑃𝑜𝑢𝑡 = 𝑃𝑎𝑡𝑚 = 0. 

Therefore, Equation S10 becomes: 

 

𝑃𝑖𝑛 =
−6𝜇𝑄

𝑤𝑚3
[

1

(𝐴 + 𝐿)2
−

1

𝐴2
] (S11) 

 

Simplifying Equation S11 results in: 

 

𝑃𝑖𝑛 =
12𝜇𝑄𝐿

𝑤(𝑚𝐴)3
[

1 +
𝐿

2𝐴

(1 +  
𝐿
𝐴

)2
] (S12) 

 

Substituting in ℎ𝑜 for 𝑚𝐴 (Equations S3 and S5) and Equation S4 for 𝐴 yields: 

 

𝑃𝑖𝑛 =
12𝜇𝑄𝐿

𝑤ℎ𝑜
3 [

1 +
ℎ𝑖 − ℎ𝑜

2ℎ𝑜

(1 + 
ℎ𝑖 − ℎ𝑜

ℎ𝑜
)2

] (S13) 

 

Simplifying further results in: 

 

𝑃𝑖𝑛 =
6𝜇𝑄𝐿

𝑤ℎ𝑜
2ℎ𝑖

2 (ℎ𝑜 + ℎ𝑖) (S14) 

 

which we can rearrange for 𝑄: 

 



𝑄 =
𝑤ℎ𝑜

2ℎ𝑖
2𝑃𝑖𝑛

6𝜇𝐿(ℎ𝑜 + ℎ𝑖)
 (S15) 

 

It is worth noting that when ℎ𝑜 = ℎ𝑖𝑛 = ℎ, Equation S15 becomes Equation S1. 

 

For all the data presented in this manuscript, 
𝑤𝑃𝑖𝑛

𝜇𝐿
 was constant. Therefore, 𝑄 can be plotted as a function 

of ℎ𝑖 and ℎ𝑜. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure S3: Relationship between flow rate and outlet height generated using Equation S15. Numbers for 

flow rate are not provided as it varies with inlet pressure, and exact flow rates can be calculated using 

Equation S15. 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure S4: Relationship between flow rate and inlet height generated using Equation S15. Numbers for 

flow rate are not provided as it varies with inlet pressure, and exact flow rates can be calculated using 

Equation S15. 

 


