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Detailed proof of the dynamic growth model 

To implement the reactor geometry in the modelization of the elongation process of ZnO NWs, we 

consider a reactor of finite height h, defined for 0 < � < h, where an infinite substrate is placed at � = 0, as 

depicted in Figure 1 in the main text. To establish the expression of the length of ZnO NWs under 

dynamic conditions – i.e. where the depletion of chemical reactants occurs, we apply Fick’s second 

diffusion equation in one dimension on the concentration of Zn(II) ions [1]: 
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with the three following boundary conditions: 
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where � is the concentration of Zn(II) ions (m-3) at a height � above the substrate and at a growth time �, 

���  is the equilibrium concentration of Zn(II) ions (m-3), ��  is the first-order reaction rate constant 

describing the crystallization process of ZnO (m.s-1), � is the c-plane top surface area ratio and � is the 

diffusion coefficient of Zn(II) ions in aqueous solutions at a temperature T (m2.s-1). 
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Equation 5 reports that the concentration of Zn(II) ions at a height z and at � = 0 is assumed constant 

wherever in the chemical bath and is defined as ��. Equation 6 accounts for the finite height of the 

reactor. It is derived from Fick’s first diffusion equation by assuming that the flux of Zn(II) ions at z = h 

equals 0. Equation 7 relates to the consumption of the Zn(II) ions on the growth front located at the c-

plane top facet of ZnO NWs. It is obtained by applying Fick’s first diffusion equation at � = 0, while 

considering Zn(II) ions as the limiting reactants. It is also worth noticing that the development of the 

growth front with time along the z axis is neglected, and that � is considered as a constant parameter in 

a first approximation. 

To solve this second-order partial differential equation, we apply the Laplace transform to Equation 

4. Indeed, from its properties, we can write: 

��(�, �)
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= ��(�, �) − �(�, � = 0) (7b) 

where �(�, �) is the Laplace transform of �(�, �). Thus, if we apply the Laplace transform to Equation 4 

and using Equation 5, we obtain: 
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The temporal derivative is thus removed and we obtain an ordinary differential equation. The 

general solution of Equation 8 has the form: 
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where �� and �� are constants to be determined. Applying the Laplace transform to Equations 6 and 7 

we obtain: 
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Using Equation 8c in Equation 8b, we deduce that: 
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Furthermore, from Equation 8b we can note that: 

�(� = 0, �) =
��

�
+ �� + �� (8f) 

��(� = 0, �)

��
= �

�

�
(�� − ��) (8g) 

Then, reinjecting Equations 8f and 8g in Equation 8d we obtain: 
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From Equations 8e and 8h, we deduce �� and ��: 
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Replacing Equations 8i and 8j in Equation 8b and rearranging, we get: 
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It is worth noticing that at z = 0, Equation 9 simplifies into: 
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(10)   

The concentration profile �(�, �) of Zn(II) ions is in principle obtainable by applying the inverse 

Laplace transform to Equation 9 or 10. However, their forms are not trivial and this operation cannot be 

readily resolved analytically. Therefore, we perform the inverse Laplace transform within a numerical 

approach developed by Valsa et al. [2]. To efficiently apply this method, a freely accessible MATLAB 
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function, INVLAP, is used, which can readily provide numerical values at specific times t of the function 

f(t) corresponding to the inverse Laplace transform of the input function F(p) [3]. In the present case, we 

can obtain a graphical representation of the temporal evolution of the concentration of Zn(II) species at 

z = 0 by applying this function to Equation 10. 

To deduce the time-dependent axial growth rate of the ZnO NWs denoted as ��, we perform mass 

balance at the NW growth front, by considering that the flux of consumed Zn(II) ions is equal to the flux 

of Zn atoms crystallizing: 

�����(� = 0, �) − ���� = ��(�)�� (10b) 

where � is the atomic density of wurtzite ZnO that is equal to 4.20 × 1028 m−3. Then we can deduce the 

relation: 
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The length of ZnO NWs denoted as �  and its temporal dependence is, in turn, deduced by 

integrating Equation 11: 
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To compute this integral from discrete values of Rc taken at different times t, the trapezoidal rule is 

used to used (corresponding to the cumtrapz function in MATLAB), where a linear interpolation is 

performed between two consecutive values of Rc. Furthermore, the equilibrium concentration of Zn(II) 

ions ��� can be typically determined from thermodynamic simulations, as detailed in Ref [4]. 



Supporting Information 
 
Supporting figures 

 

Figure S1. Pictures of the chemical baths containing 30 mM of Zn(NO3)2 and HMTA after 41 h at 90 °C 

with reactor heights h ranging from 0.5 to 4.0 cm. For the sake of consistency with the geometry used in 

the theoretical model, each sample of the series is placed at the top surface of the chemical bath, where 

the active side for the ZnO NW growth is facing downward. 

 

Figure S2. Top-view FESEM images of ZnO NWs grown by CBD at 90 °C with 30 mM of Zn(NO3)2 and 

HMTA for 41 h with reactor heights h ranging from 0.5 to 4.0 cm. The corresponding value of the c-

plane top surface area ratio S, which was measured from such images, is also indicated for each 

sample. The scale bar represents 500 nm. 
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