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Abstract: This paper is concerned the problem of robust Hy, control for uncertain neural networks
with mixed time-varying delays comprising different interval and distributed time-varying delays
via hybrid feedback control. The interval and distributed time-varying delays are not necessary to
be differentiable. The main purpose of this research is to estimate robust exponential stability of
uncertain neural network with He, performance attenuation level y. The key features of the approach
include the introduction of a new Lyapunov—Krasovskii functional (LKF) with triple integral terms,
the employment of a tighter bounding technique, some slack matrices and newly introduced convex
combination condition in the calculation, improved delay-dependent sufficient conditions for the
robust He control with exponential stability of the system are obtained in terms of linear matrix
inequalities (LMIs). The results of this paper complement the previously known ones. Finally, a
numerical example is presented to show the effectiveness of the proposed methods.

Keywords: neural networks; He, control; hybrid feedback control; mixed time-varying delay

1. Introduction

During the past decades, the problem of the reliable control has received much atten-
tion [1-11]. Neural networks have received considerable due to the effective use of many
aspects such as signal processing, automatic control engineering, associative memories,
parallel computation, fault diagnosis, combinatorial optimization and pattern recognition
and so on [12-14]. It has been shown that the presence of time delay in a dynamical system
is often a primary source of instability and performance degradation [15]. Many researchers
have paid attentions to the problem of robust stability for uncertain systems with time
delays [16-19]. The He controller can be used to guarantee closed loop system not only
a robust stability but also an adequate level of performance. In practical control systems,
actuator faults, sensor faults or some component faults may happen, which often lead to
unsatisfactory performance, even loss of stability. Therefore, research on reliable control
is necessary.

On the other hand, the Hy control of time-delay systems are practical and theoret-
ical interest since time delay is often encountered in many engineering and industrial
processes [20-22].

Most of works have been focused on the problem of designing a robust He controller
that stabilizes linear uncertain systems with time-varying norm bounded parameter un-
certainty in the state and input matrices. The problem of designing a robust reliable Heo
controller for neural networks is considered in [23]. Ref [24] have studied the problem
of delay dependent robust He, control for a class of uncertain systems with distributed
time-varying delays. The parameter uncertainties are supposed to be time-varying and
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norm bounded. The problem of He, control design usually leads to solving an algebraic
Lyaponov equation. It should be noted that some works have been dedicated to the
problem of robust reliable control for nonlinear systems with time-varying delay [2,4,7].
However, to the best of the authors’s knowledge, so far the research on robust reliable Heo
control is still open problems, which are worth further investigations.

Motivated by above discussion, in this paper we have considered the problem of a ro-
bust He control for a class of uncertain systems with interval and distributed time-varying
delays. The parameter uncertainties are supposed to be time varying and norm bounded. A
sufficient condition for the Ho control is presented by LMIs approach using a new LKF with
triple integral terms. The robust exponential stability of the system is established which
satisfy a formulated He, performance level for all admissible parameters uncertainties.

The main contributions of this paper are given as follows,

®  This research is the first time to study hybrid feedback control for exponential stability
and robust He, control of a class of uncertain neural network with mixed interval and
distributed time-varying delays.

*  Anovel LKF Vi(t,x1) = T () Prx(t) + 26T ()P, [, x(s)ds + ([, x(5)ds)
x Py [{, x(s)ds + 22T (6)Py [0, fi., x(6)dods + z( S x(6) dS>T

<Py [0, 1 x(O)deds + ([, [, x(0)deds) Py [°,, [1,. x()dfdsis frst proposed

to analyze the problem of robust He control for uncertain neural networks with mixed

time-varying delays and augmented Lyapunov matrix P; (i = 1,2,...,6) do not need

to be positive definiteness of the chosen LKF compared with [23].

*  The problem of robust He control for uncertain neural networks with mixed time-
varying delays comprising of interval and distributed time-varying delays, these
delays are not necessarily differentiable.

e For the neural networks system (1), the output z(¢) contains the deterministic distur-
bance input w(t) and the feedback control u(t) which is more general and applicable
than [23-28].

The rest of this paper is organized as follows. In Section 2, some notations, definitions
and some well-known technical lemmas are given. Section 3 presents the Hy, control
for exponential stability and the robust He, control for exponential stability. The numer-
ical examples and their computer simulations are provided in Section 4 to indicate the
effectiveness of the proposed criteria. Finally, this paper is concluded in Section 5.

T

2. Model Description and Mathematic Preliminaries

The following notation will be used in this paper: R and R* denote the set of
real numbers and the set of nonnegative real numbers, respectively. R" denotes the
n—dimensional space. R"*" denotes the set of n x r real matrices. C[[—o, 0], R"] denotes
the space of all continuous vector functions mapping [—o,0] into R” where o € R*. AT
and A~! denote the transpose and the inverse of matrix A, respectively. A is symmetric
if A = AT, A(A) denotes all the eigenvalue of A, Amax(A) = max{Re A : A € A(A)},
Amin(A) = min{Re A : A € A(A)}, A > 0or A < 0 denotes that the matrix A is a symmet-
ric and positive definite or negative definite matrix. If A, B are symmetric matrices, A > B
means that A — B is positive definite matrix, I denotes the identity matrix with appropriate
dimensions. The symmetric term in the matrix is denoted by *. The following norms will
be used: || - || refer to the Euclidean vector norm; ||¢||. = SUP;c (o) [lp(t)]| stands for the

norm of a function ¢(-) € C[[—o,0], R"].
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Consider the following neural network system with mixed time delays

~AX(1) 4 BFe0)) + CoCet =) + D [ h(x(s))ds + Ew) + % (1),
Aqx(t) + Byx(t — h(t)) + Cyu(t) + Dy /t x(s)ds + Eqw(t), 1)

t—d(t)
¢(t), te[-00]

where x(t) € R" is the state vector, w(t) € R" the deterministic disturbance input,
z(t) € R" the system output, f(x(t)),g(x(t)), h(x(t)) the neuron activation function, A =
diag{ay,...,a,} > 01is a diagonal matrix, B,C, D, E, A1, B4, C1, D1, E; are the known real
constant matrices with appropriate dimensions, ¢(t) € C[[—o,0], R"] the initial function,
The state hybrid feedback controller 7 (t) satisfies:

t

U (t) = Byu(t) + Bou(t — t(t)) + B3 /tid " u(s)ds, ()

where u(t) = Kx(t) and K is a constant matrix control gain, By, By, B3 are the known real
constant matrices with appropriate dimensions. Then, substituting it into (1), it is easy to
get the following:

%(t) = [—A+ BiK]x(t) +Bf(x(t)) + Cg(x(t —h(t))) —i—D./tid(t)h(x(s))ds
+Ew(t) + BoKx(t — 7(t)) + B3K tid " x(s)ds, ©)]
z(t) = [A1+ CiK]x(t) + Byx(t — h(t)) + D /ttd(t) x(s)ds + Eqw(t),

x(t) = ¢(t), te[-00]

where the time-varying delays function h(t), T(t), d(t) and d; (t) satisfy the condition

0<hy <h(t) <hy, 0<d(t) <d,
0< T(i’) <7, 0< dl(f) <d, 4)
where hy, hy, T, d, d1, 0 = max{hy,7,d,d;} are real constant scalars and we denote

hip = hy — hy.
Throughout this paper, we consider activation functions f(-), g(-) and h(-) satisfy
Lipschitzian with the Lipschitz constants f;, §; and h; > 0:

filx1) = filx2)] < filr—xal,
gi(x1) — gi(x2)| < Gilx1 —xa, (5)
hi(x1) — hi(x2)| < hilxg — x),

wherei =1,2,...,n,Vxy, x; € R and we denote that

F = diag{fi,izl,Z,...,n},
G = diag{g;,i=12,...,n}, (6)
H = diag{fzi,i =1,2,...,n}

Remark 1. IfB, =0,B3 =0,B; =0,D1 =0, E; =0, and f(-) = g(-) = h(-), the system (3)
turns into the neural network with activation functions and time-varying delays proposed by [23]
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[~ A+ BiK|x(t) + Bf(x(£)) + Cf(x(t — h( +D/ s))ds + Ew(t),

[A1 + CiK]x(t), @)
¢(t), te[-e0]

Hence, the system (3) is general neural networks model, with (7) as the special case.
The following definition and lemma are necessary in the proof of the main results:

Definition 1 ([29]). Given a > 0. The zero solution of system (1), where u(t) = 0, w(t) =0, is
w—stable if there is a positive number N > 0 such that every solution of the system satisfies

[x(t,¢)I] < Nlg[lce™, vt <0.

Definition 2 ([29]). Consider & > 0 and v > 0. The He control problem for system (1) has a
solution if there exists a memoryless state feedback controller u(t) = Kx(t) satisfying the following
two requirements:

(i) The zero solution of the closed-loop system, where w(t) = 0,
X(t) = —Ax(t)+Bf(x(t)) +Cg(x(t —h(t)))+ D ftid(t) h(x(s))ds+ % (), is a«—stable.
(ii)  There is a number cy > 0 such that

fo [|z(t) |2dt
collplZ+ fo~ lw(t)||2dt —

sup

where the supremum is taken over all ¢(t) € C[[—o,0], R"]| and the non-zero uncertainty
w(t) € Ly([0, 0], R™).

Lemma 1 ([30], Cauchy inequality). For any symmetric positive definite matrix N € M™" and
x,y € R" we have
+2xTy < x"Nx+y"'N"ly.

Lemma 2 ([30]). For a positive definite matrix Z € R™ ", and two scalars 0 < ry < rp and vector
function x : [r1,r2] — R" such that the following integrals are well defined, one has

(/rrz x(s)ds) TZ(/:Z x(s)ds) < (rp—n) /rr2 xT(s)Zx(s)ds.

1 1 1

Lemma 3 ([31]). For any positive definite symmetric constant matrix P and scalar T > 0, such
that the following integrals are well defined, one has

0 t
. 5)P dd9<—— // dd9 P// dsdf).
/—r/+9 x(s)ds 2\ J_¢ +9 ° ( -1 t+9x(s) ° )

Lemma 4 ([32]). For given matrices H, E, and F with FTF < Iand a scalar € > 0, the following
inequality holds:

HFE + (HFE)T < eHHT + ¢ 'ETE.

3. Stability Analysis
In this section, we will present stability criterion for system (3).
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Consider a Lyapunov-Krasovskii functional candidate as

14
Vitx) = Y Viltx), ®
i=1
where
Vilt, 1) = xT(t)Plx(t)+2xT(t)P2/tth x(s)ds

t
d P/ ds+2 P/ / 0)dod
+([hz<>5)3,2<>s+x S s
t

+2(/ P5/ / x(0)d6ds

t—hy hy Jt+s

T 0 t
/ / deds P6 / / x(0)d0ds,
hy Jt+s hy Jt+s

Vatn) = [ T Rix(s)ds

Valtx) = [ T ) Rax(s)ds

Vilt,xt) = Iy /h1 /H 20057 (9)Q,1(6)d6ds,

Vs(t,x) = h / ) /+s 2(0-1) 4T (9)Q,%(6)d6ds,
Ve(t,x)) = hn /_h1 /+S 2(0-0 57 (9) Z, () d6ds,
Vot xt) = / /+Sez“(e’t)hT(x(f)))Uh(x(@))d@ds,
Vst xt) = / . /H *0-1), T (9)Syu(6)d6ds,

Volt,xi) = [/+ e=240-057 (9)5,1(0)d6ds,
Vio(bxp) = / / /+u 2(0+1—1) 4T (9) 7, %(6)dOduds,
Vi(bx) = /hlfT /+S 2(0+5=0 5T (9) W, £(0)dOdsdT,
Via(bxp) = / . / /+S 2(0+5—1) 5T (0) Wyt (0)dOdsd,
Vis(bxp) = / ) / /+S 2(0+5—1) 5T (0) Wy 2(0)d0dsd,
Vig(t,x) = / /+S “0-DxT(0)Q3x(0)d0ds.

Remark 2. Note that the Lyapunov-Krasovskii functional, P; (i = 1,2,...,6) in Vi (t,x;) are not
necessary to be positive definite.

Proposition 1. Given « > 0, the Lyapunov-Krasovskii functional (8) is positive definite, if there
exist matrices Py = PJ, Py = PI, P = PX, P, Py, P5, Q1 > 0,Q2 > 0,Q3 >0, Ry >0,
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Ry >0,5>05>0U>0W; >0 W, >0, W3 >0,2Z; >0, Z, > 0 such that the

following LMI holds:
011 O Op
0= * Opn P | >0, )
* * @33
where

O =P+ hzeizahz Q+ 0.5h2€740‘h2W3, Op=DP-— g~ 20hy Q»,
@13 = Py — hy te M2,

Oy = P+ hyle 2 (Q) + Ry),

@33 = P + Iy Se M2 (W5 + WY ).

Proof. Lety;(t) = [, n, X(5)ds, =0 s N s X(0)d6ds, then we can get
Vi(t,x) = xT(O)Pyx(t) +2xT (1) Pay1(t) + yi () Payy (t) + 2xT (£) Pyya (t)
+2y1 (£)Psya(t) + 3 (1) Peya(t), (10)
Va(t,xp) > e 2n /tth xT(s)Ryx(s)ds
= Iy'e 2yl (DR (1), (11)
Vs(t,xe) > 2“h2/h / 0)Q2%(0)d6ds
o Jt+s
t T t
> ppe 2 1 L ( /st(G)dG) 0, ( /st(e)de)ds
> o2 /0 [x(t) — x(t +9)]TQa[x(t) — x(t + 5)]ds (12)
_ |: x :|T|: hze Zathz —e ZAhZQZ :||: X(t) :|
hyle=2mQy || yi(t) |
0

720(}12

(t)
0 ,t
Vis(t,x;) > e 2 / ) / / i (0) W3 (0)d0dsdt
2 JT

oh2 /TO (/ )df)) TW3 (/t; X(G)d9> dsdt

Y

> pyle2ahe /th/T [e(t) — x(t+8)]TWa[x(t) — x(t +5)|dsdT  (13)
B [ x(t) ﬂ 0.5hpe =4y —py etz H x(t) }
R R0 * hyde~ 42 (Wy + W) || ya(t) |

Combining with Vz(t, xt), V4(f, Xt), Vé(t, xt) — Vlz(t, xt), V14(t, Xt), we know that if the
LMI (9) holds, the LKF (8) is positive definite. This completes the proof. [

Let us set
Al = /\min (Pl )/
)\2 - 3h2)\max( ) + hl max(Rl) + h%)\max(Ql) + h%z)\max(zz)

+d3 Amax (Py ' BT $2B1 Py 1) + T Amax (Py ' BT S1B1 Py Y) + hioh3 Amax(Z1)
+h1)\max(wl) + h% maX(WZ) + dz)\max(QB) + dz)\max(HTUH).

Remark 3. It is noted that the previous works [23-28] consider the Lyapunov martices Py, Py and
Py which are positive definite. In our paper, we remove this restriction by applying the method of
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constructing complicated Lyapunov Vi (t,x¢), V3(t, x¢), V5(t, x¢) and Vy3(t, x¢) as shown in the
proof of Proposition 1. Hence, Py, P3 and Py are only real matrices. It can be seen that our paper are
more applicable and less conservative than aforementioned works.

Theorem 1. Given « > 0, The Ho, control of system (3) has a solution if there exist symmetric
positive definite matrices Qq, Qz, Q3, Ry, Ro, S1, Sz, S3, Wi, Wo, Ws, Zy, Zy, Z3, diagonal
matrices U > 0, Uy > 0, Uz > 0, and matrices P; = PlT, Ps = P3T, Pg = P6T, P>, Py, Ps such that
the following LMIs hold:

where

[x]
S

[x]
@

[1]
fy

1 F'p P 2dPD  4PB, 2d1P1B; P E
*  —Uy 0 0 0 0 0
* * 7U3 0 0 0 0
B = * * * Ei(a4) 0 0 0 <0, (14)
* * * * 31(5,5) 0 0
* * * * * Euéﬁ) 0
* * * * * * —0.5y

—04R; RyB  RiC 2dR4D 4RyB, 2d1RiB; RiB; RyE
* -U, 0 0 0 0 0 0
* * —Us 0 0 0 0
_ * * * Enaa) 0 0 0 0
- * * * * 32(5/5) 0 0 0 < 0’ (15)
* * * * * E2(6,6) 0 0
* * * * * * —S3 0
* * * * * * * —0.5y
= [ —05e"2Q, + .4 ] <0, (16)
= [ —0.1Ry +T2B{S;B; | <0, (17)
L IIip 0 Ihs ILs Ihye Iy 0 ITio —ATR; ]
* Iy, Il Il 0 0 0 0 0 0
* * I 1l34 0 0 0 0 0 0
* * * Tl 0 —P; 0 0 —Ps 0
* * * * Is5 0 0 0 0 0
* * * * * I 6 0 0 Is9 P, < O’
* * * * * * 1177 0 0 0
* * * * * * * Igg 0 0
* * * * * * * * —2a Py Py
* * * * * * * * * ITio,10 |

—~APy — PLAT + ByBy + BT BT 4+ Py + P} + hpPy + hpyPf — e 21,
—0.5e722Q) +dQs + dHTUH — e *M (W; + W) — e 2 (z, + ZT)
—e~ 4 (W, + W + W3 + WT) + FTULF + BTU,B + Ry + Ry — 24Py,
eMQy, Ty = =Py + e 22Qy, Ty 5 = 2k e My,

Ps — Py + ha PT + 21y e =412 (Wy + W) — 24Py, T1y 7 = 2hp,le M2 7,
Ps+ hyPs — 2aPy, Tlyo = —e 2% (Ry + Qy) — e~ 227,

e 2 (Zy — Z3), Ty = e 2273,

—e (72, + 77) + e (23 + Z3) + GTCTUCG + GTUsG,

e 22 (2, — Z3), Tlyy = —e 2"2(Zy + Rp + Qo),

—hy2e 4 (W + W),

—DPs5 — PT —2aP; — hy e 42 (W, + WT + W; + WY),

—hpe (7, 4+ 7T, Tlgg = —d~le 2 (Q;,

—1.5Ry +h2Qq +h3Q0 + h3yZo + hipha Zy + Wy + ha Wy + oW
—2de U, Ey55 = —4e TSy, Eyge) = —2d1e NS,
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[1]

2(4[4) = —2d6_2“dU, 32(5,5) = —46_21XT51, 32(6,6) = —2d]6_2ad152,

AN = e ?"B[SB; +dB]S,B; + B] S3B;.
Moreover, stabilizing feedback control is given by
u(t) = BP; 'x(t), t>0,

and the solution of the system satisfies

A _
[[x(t, )| < \/)Ellwce af 4>,

Proof. Choosing the Lyapunov-Krasovskii functional candidate as (8), It is easy to check that
M|x(8)|[F < V(t,x),¥t >0, and V(0,x0) < Ap||¢]Z. (18)
We take the time-derivative of V; along the solutions of system (3)

t

T
Vi(t,x)) = 2xT(t)Ppx(t) +2xT () Pa[x(t) — x(t — hy)] +2(/t x(s)ds> Prx(t)

_hZ
t

+2[x(t)—x(t—h2)]TP3/t x(s)ds+2xT(t)P4[h2x(t)—/ x(5)ds]

t—hy t—hy

42 ( /f th /t i x(9)d9ds> TP4x(t)
T

+2( /tt x(s)ds) Ps[hox(t) — /tt x(s)ds]

—hy —hy
+2[x(t) — x(t — hy)]TPs /_Oh /ti x(8)d6ds
20hox(t) — x(t — ho)] TPy /th /; x(6)d6ds
= —2xT()APyx(t) +2xT (t) BT Byx(t) +2f T (x(t)) BT Pyx(t)
28T (x(t— h(t)))CTPyx(t) +2</td(t)

+2w? (£)ETPyx(t) + 2u (t — T(t)) B3 Pyx(t)

+2 (/tid (0 ”(S)ds> TB;'FP”“) +2xT (5) Pa[x(t) — x(t — )]

¢ T
h(x(s))ds> DTPx(t)

+2 </tih2 x(s)ds) szx(t) 2[x(t) — x(t — o))" Py /tihz x(s)ds

t

22T (1) Py (1) — /t RO +2< /_ th /; x(9)d9ds> TP4x(t)
+2 ( /:hz x(s)ds) ‘b, hox(t) — /t ihz x(s)ds]

42[x(t) — x(t — hp)]TPs /_th /t;x(f))deds

2l (t) — x(t )] P [ th /t;x(e)deds,
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VZ(trxt) -
V3(t/ xt)

V4(t/ .X't)

IN

Vs(t, xt)

IN

V6(t/ xt)

IN

Vi (t, xt)

IN

Vg(t, xt)

IN

Vo(t, xt)

IN

Vio(t, x¢)

IN

hihai T (£) Zy%(t)

Vi (t, x¢)

IN

hii" () Wy (t)

Via(t, x¢)

IN

l’lz.‘fC (t )sz
V13(i', xt) < I’lz.‘fC ( )W3x
Vig(t, ) < dxT(H)Qax(t) —

By Lemmas 1 and 2, we have

247 (x(1))BTPyx (1)
28T (x(t — h(1)))CTPrx(t)

. T
2('/tid(t)h(x(s))ds) DTPyx(t)
2w! (H)ETPx(t)

2uT (t — 7(t))BIPyx(t)

T

z(/tidl(t) u(s)ds) BIPyx(t)

dn” (x(t)) Uh(x(t))
dluT(t)Szu(t)
(

il (t)Syu(t)

12,57 (8) Zo (£) — hyge™ 22 /

diul (£)Sou(t) —

— e_Zahle(f — hl)Rlx(t — hl) — 2V,
— e—Zahsz(t — hz)RzX(f — ]/12) —2aV3, (19)

t
1257 () Qu(t) — hye=2n / AT (5)Qui(s)ds — 20V,
t—hy

t
5T (£)Qa(t) — hzefzahzf , 17 (s)Qoit(s)ds — 2aVs,
t—hy

t—hy
, X1 (s)Zpx(s)ds — 2a Vg,
t—hy

dAnT (x (1)) Uh(x(t)) — =24 /t id 1T (x(s))Uh(x(s))ds — 2aV5,
e 20 /ttd1 ul(s)Syu(s)ds — 2a'Vs,

20T (£)S1u(t) — Te 247 / t

T(s)Squi(s)ds — 24V,
41xh2/ / u)Z%(u)dudf — 2aVy,
hz t+6
hl +T
4ach2/ / W2x dsd’r 20Vya,
hy Jt+T

40&12/ / W3x deT 20 Vi3,
hy Jt+T

e_z"‘d/ x T(s)Q3x(s)ds — 2a Vg,
t—

xT () FTPyU, ' P Fx(t) + xT(¢) BTUBx(t),
xT(t = h(t))GTCTUCGx(t — h(t))
T(HP U Pyx(t),

e T (s U (x(s) )

2 Ji—d

+2d4e*xT (1) P, DU DT Py x(t),

IN N

IN

< %wT(t)w(t) - %xT(t)PlETEplx(t), (20)
< e—i‘” ul (£ — () Squ(t — ()

+4e*TxT (t)P1BoS ' BI Pyx(t),

¢ 220“11 /tidl u” (5)Su(s)ds
+2d;e*N xT(t)P;B3S, B Prx(t),
dxT () HTUHx(t),

dix" ()P ' B{ S2B1 Py x(t),

= 7%T(t)P; 1B S1B P x(t),

IN
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and the Leibniz—Newton formula gives

t t
—Tefz’”/ il (s)Soui(s)ds < —T(t)efz‘”/ il (s)S,1i(s)ds
t—t t=1(t)
t T t
< _ —2aT . .
< —e </tr(t) u(s)ds) S, (/tT(t) u(s)ds)
< —e 27T (H)S1u(t) + 272Ut (H)Squ(t — (b))
—e 2Ty T (¢t — (1)) Squ(t — (b))
< —e 27T (D) S1u(t) + 227Ut (1) Squ(t)
—2&T
+ T (= T(5)S18; St — (1)) 1)
—e 22Ty T (t — (1)) Squ(t — T(t))
= e 2T T(H)Su(t)
—2aT
- ul (t — (1)) Squ(t — t(t))
= e 2T ()P B $1B1 P x(t)
e 20T
— ul (t —7(8))Squ(t —T(t)).
Denote
t=h(t) t=h
o (t) :/tihz x(s)ds, o»(t) f/tih(t)x(s)ds. (22)
Next, when 0 < h; < h(t) < hy, we have
t—hy t—h(t) t=hy
T . o .T . .T .
/)Hl2 x'(s)Zyx(s)ds = /tihz x'(s)Zpx(s)ds + tih(t)x (5)Zy%(s)ds.
Using Lemma 2, we get
=h() p . ho 7
o /t_h2 ) Zx()ds > el (02010,
and
t—hy h
T . 12
o /Hz@ () 2360 > el (0208,
then
t—hy h h
my [ AT (©Zat(e)ds > 5T (022018 + o] (0220 (1)
-2
h(t)—h
— )72 + oo (022 (1) @)
hy — h(t
+03 (1) Zaoa (1) + M‘Tg(t)zzaz(t)-
By reciprocally convex with a = %, b= h(tg%, the following inequality holds:
T
Ve EE Vea | o0
~Ji) | L% 2] -\ fiom) | T
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which implies

e (02200 +

Then, we can get from (22)—(25) that

hy —h(t) r

OB 03 (1 Z202(t) > 0o (1) Z30a(t) + 03 () Z3 o (t).  (25)
1

t—h
€72ah2h12/ ' .’)'CT(S)ZZJ'C(S)dS < _67204}12 [0’1T(t)220'1(t) + O’ZT(t)Zz(Tz(t)

t—hy

+0] (1)Za03(t) + 03 () Z3 1 (1)) (26)

By using Lemmas 2 and 3, we obtain

T
—hie~ %M /tih 2T (s)Qua(s)ds < —e 2 </tth x(s)ds) o (/tth J'c(s)ds>

—  _p2am [x(t) — x(t — hl)]T
xQq[x(t) — x(t —hy)],

([ xtos) @ [ x(os)

= —e 22[x(t) — x(t — hy)]"
X Qa[x(t) — x(t — h2)],

_p20d /tid xT(s)Qzx(s)ds jad (/ttd > </ttdx(s)ds>,

T

IN

t
—hzefz”‘hz/ , %1 (5)Qox(s)ds
t=hy

IN

0 ; 7406}!1 0 t T
_ef4och1/ / xT(s)Wlx(s)dsdT < ( deT>
7}11 t+1 hl
Wy / / s)dsdt
I’l] t+T
8—413(’11 " T
= -2 h% (hlx(t)_./t—hl x(S)dS)
t
Wy (hlx(t)— / ) x(s)d5>, (27)
t—h
0 ¢ 674041’12 t T
ok / / 2T (s)Wok(s)dsdt < 5— ( hax(t) — / (>d5>
—hy Jit h3 t=h
t
XWZ (hzx(t) */ x(S)dS),
Iy
0 ¢ 8—41)6”[2 t T
oty / / il (s)Wax(s)dsdt < —2——— (hax(t) — / ()dS)
B hy t=h

t
xW3(h2x(t) / x(s)ds),
t—hy
g, (TR r - 74”'2 M
e 062/ / #T (1) Zy2 () dudd < 2 (/ / dud6>
~hy Jt+0 h12 t+6
><Zl</ / dudG)
o
o (max - [ (o '
—2—— x(t —/ x(s s)
h%z 12 t—hy
iy
X Zy (h12x(t)—/ x(s)ds).
t—hy

IN



Computation 2021, 9, 62 12 of 26

By using the following identity relation:

t

0 = —x(t)—Ax(t)+ Bf(x(t)) + Cg(x(t —h(t))) + Ew(t) + D e h(x(s))ds
+Bqu(t) + Bou(t — t(t)) + B3 /ttdl(t) u(s)ds, (28)
we have
0 = —2iTRyx(t) — 2% Ry Ax(t) + 2% TRy Bf (x(t)) + 21T Ry Cg(x(t — h(t)))
+2x"RyD /t td(t) h(x(s))ds + 2xT Ry Ew(t) + 2% Ry Byu(t) (29)

t
+2x R Bou(t — T(t)) + ZXTR1B3/ " u(s)ds.
t—d (t

By Lemmas 1 and 2, we get

xT () Ry BU, 'BT Ry x(t
2T (H)RyBU, 'BTRy%(t) +
T (HRCUL 'CTRyx(t
+g" (x(t = k(1)) Uag (x(t — h(t)))
2T (H)RiCU; 'CTRy (1)

+xT(t — h(t))GTU3Gx(t — h(t)),

25 TR Bf(x(t)) + £ (x(1))Uaf (x(1))

T(HFTU Fx(t),

IN AN IA

)+
)+
25T R Cg(x(t — h(t))) )

IN

N
=
H
=
i
)
=
—~
=
®
S~—
SN—
[
5
IA

2de® 5T (H)R1DU DT Ry % ()

o—20d ¢ T t
1 </td(t)h(x(s))ds) U nx(s))ds

2de* 3T (H)RiDU DT Ry %(t)
e—szd

+5 /t 1T (x(s)) Uh(x(s))ds, (30)

t—d

IN

2xT R Ew(t)

IN

%xT HR{ETER % (t) + %wT(t)w(t),

2%TR1Byu(t)

IN

(
XT(f)RlBlsng{Rlxa) + MT(t)S3M(f)
2T (t)R1B1S5 ' B Ryx(t)

+xT ()P B S3B P x(t),

2T Ry Bou(t — 1(t)) 4e**"xT (t)R1ByS; ' Bl Ryx(t)

IN

e—szT
+— ul (t—1(t)Su(t — (b)),

2d1e**1 %7 (t)R1 B35S, ' BY Ry (t)

e*ZD&dl t T t
ds) S d
g (/tm(t)u(s) S) 2(/td<f>u(s) S)

2d1e** %7 (+)R1B3S; ' BY Ry (t)
—ledl

7 /tidl ul (s)Syu(s)ds.

IN

t
2xTR{B / u(s)ds
LYR0

IN

e
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From (19)-(30), we obtain

V(tx) +2aV(tx) < qw' (Hw(t) +§T (80651 + 2 (1)Aa%(H)
xT().tsx(t) + 2T (). A% (1)
—xT(t) [ATAl + AchlBlpfl] x()

[ “1BTCT Ay + P 'BICT By Py } (t)
—2xT(1) [ATB4+P 1TcTB } (t—h(t))
—2xT (1) [ATEH—P 1T T El} () (31)
227 (1) [A] Dy + Py BT CT Dy /tidx s)ds
—xT(t — h(t))BI Byx(t — h(t))
“2xT(t — h(t))BI Dy /tidx(s)ds
—2xT(t — h(t))BIEyw(t) — w! (t)ETEyw(t)

B ( /tid x(s)ds) TDlTDl /tid x(s)ds
£ T

where
Ay = T+ FTPU; P F + PiU; ' Py + 2de® P DU DT Py + 4¢**T Py B,S; ' BI Py
2
+2d,e* Py B3S, 1BI Py + 7Pl}s EP,,
Ay = —04R;+ RiBU,;'BTR; + RyCU; 'CTRy + 2d4e*R;DU'DTRy
+4¢**TRy ByS; ' BIRy + 2d1¢**1 Ry B3S; '1BI Ry + R1B1S; BT R,
2
+ZR,ETER;,
Y
My = —05e 220y +dP BIS,B Pyt + e P 1BT S By P + P B S3By Py
My = —01R;+T*P'B{$1BP},

&) = {xT(t) KTt =) xT(E—h(D) xT(t - ) /tih ¥ (s)ds /tih 27 (s)ds

/:: T (s)ds / 5)ds /hz /+S 0)dods * ()r.

Using the Schur complement lemma, pre-multiplying and post-multiplying .#,, .4,
M3 and .44 by Py and P respectively, the inequality ./}, .#,, 43 and .4, are equivalent to
51 < 0,8, <0,E3 < 0and E4 < 0respectively, and from the inequality (31) it follows that
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V() +2aV(tx) < 'wa(t)w(t)—xT(t){AlTAl+A1TC181P1_1]x(t)
—"()) [P Bl By P! + Pyt B T Ay |x(1)
—2xT (1) [AlT By + P 1BICT 34} x(t—h(t))
t
—2xT(¢t) {AlTDl + PlelTClTDl} / dx(s)ds
t_
t
“2xT(t — h(t))BI Dy / x(s)ds (32)
—2xT(1) [AlT Ey+ P 1BICT El] w(t)
—xT(t — h(t)) B Byx(t — h(t))
t (s)d "pTp, [ (s)d
(/tidxs S) 1 1/t7dxs S
t T
2 / ds) DT Eyw(t
(] x(as) DiEw(r)
—2xT(t — h(t))BI Eyw(t) — w! (t)ET Eyw(t).
Letting w(t) = 0, and since
—xT(t)[AlTAl'x(t) < 0
2T (f) {AlTQBlPl‘l:x(t) < 0
2T () [p;lBchlTAl'x(t) < 0
—xT(#) [Pl_lBchlTBwl_l:x(t) < 0,
—2xT(t)[A1TB4}x(t—h(t)) < 0
foT(t)[Pl_lBlTClTBAL]x(tfh(t)) < 0
t
—2xT(t)[A1TD1}/ x(s)ds < 0,
t—d
t
—2xT(t)[PlechlTD1]/dx(s)ds < 0
t_
—xT(t—h(t))B{Bsx(t —h(t)) < 0,
t
—2xT(t—h(t))B4TD1/ x(e)ds < 0,
tf
ot T T ot
—(./t_dx(s)ds) DlDl./t—dx(S)ds < 0,
we finally obtain from the inequality (32) that
V(t,xt) +2aV(t,x) < 0,
V(t,xt) < —2aV(t,xt),Vt>0. (33)

Integrating both sides of (33) from 0 to ¢ , we obtain

V(t,x) < V(0,x0)e 2, vt > 0.
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Taking the condition (18) into account, we have
Mlx(BIP < VIt x) S V(0,x0)e 2 < Ag|gp][Fe 2.

Then, the solution ||x(t, ¢)|| of the system (3) satisfies

A _
Ix(t,¢)|] < ﬁuqbuce V>0, (34)

which implies that the zero solution of the closed-loop system is a —stable. To complete the
proof of the theorem, it remains to show the y—optimal level condition (ii). For this, we
consider the following relation:

LG = Alke@IPas = [T11R - llo)]?

t

—i—V(s,xs)]ds—/O V (s, xs)ds.

Since V(t,x¢) > 0, we obtain

t

— [ Visxmds = v(ox0)-V(tx)
0

< V(0,xp),Vt <O0.

Therefore, forall t <0
ot 't
/0 2() 11> = yllw(s)|[Plds < /0 [Hz()]? = ylw(s)|?
+V (s, x5)]ds + V (0, xp). (35)

From (32) we obtain that

V(tx) < vl (w(t) - ") AT Ay + A[CiB P+ PUTBTC Ay (1)
—xT ()P BT CI By Py x(t) — 24T (1) [A{B4 + P;lBchlT&l} x(t—h(t))
t
227 (1) [T Dy + Py 1BTCI Dy / x(s)ds
t—d

—2xT(1) [A{El + Pl_lBchlTEl} w(t) — xT (£ — h(t))BY Byx(t — h(t)) (36)

—2xT(t — h(t))BI Eyw(t) — (/tid x(s)ds) TDlTDl /tid x(s)ds

_2< /tid x(s)ds) TDlTElw(t) —2xT(t —h(t))B] Dy /tid x(s)ds
—w" () E] Eyw(t) — 2aV (¢, x1).

Observe that the value of ||z(t)||? is defined as
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||z(5)[>

= zZT(1)z(t)

= x'(t) [A1TA1 + A{C1B P! + P 'BICT Ay + PlechchlBlpfl}x(t)
+2xT(t) [ATBy + p;lBchlTB4]x(t —h(t))
+xT(t — _h(t))B4TB4x(t — k(b))

_ t
+2xT(#)|ATD; + P 'BTCT D, x(s)ds
i 1 1 1%+1

24T (¢ — h(t))BI D, /t x(s)ds (37)
t—d

+2xT (1) [ATE; + PlechlTEl} w(t) +2xT (t — h(t)) BT Eyw(t)

+(/ttdx(5)d5> TD1TD1 /tid x(s)ds +2</tt x(s)ds) TDlTElw(t>

—d
+w! (t)ET Eyw(t).

Submitting the estimation of V(t,x;) and ||z(t)||?, we obtain

LG -Alle@Pas < [ [-2av(em]ds+vox). 69

Hence, from (38) it follows that

IN

V(O, xo)

Aol |2,

L)1 = Allw(s)| Plas

IN

equivalently,

[1E@IPa < [ o) Plas + a2l 91
0 = b7 2Aille:

Letting t — oo, and setting ¢y = %, we obtain that

Jo_ llz(t)[|>dt y
collpllz + fo~ [(t)] |2t ~

for all non-zero w(t) € Ly([0, 0], R"), ¢(t) € C[[—0,0],R"]. This completes the proof of
the theorem. O

For neural networks with parameter uncertainties, we consider the following system

(—(A + AA) + BiK]x() + [B+ ABLF(x(8)) + [C + ACIg(x(t — h(£)))
+D+aD] [ id(t) h(x(s))ds + Ewo(t) + BaKx(t — 7(£)) + BsK tidlm x(s)ds,

[A1 + C1K]x(t) + Bax(t — h(t)) + Dy /t.td(t) x(s)ds + Eyw(t), (39)
¢(t), te[-00]

where AA, AB, AC and AD are the unknown matrices, denoting the uncertainties of the
concerned system and satisfying the following equation:

[AA AB AC AD] = NE(t)[E4 Eg Ec Ep], (40)
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where E4, Ep, Ec and Ep are known matrices, F(t) is an unknown, real and possibly
time-varying matrix with Lebesgue measurable elements and satisfies

FT(H)E(t) < I (41)
Then, we have the following theorem.

Theorem 2. Given o > 0, The He, control of system (39) has a solution if there exist symmetric
positive definite matrices Qq, Q2, Q3, Ry, Ro, S1, Sz, S3, Wi, Wa, Ws, Zy, Zy, Z3, diagonal
matrices U > 0, Uy > 0, Uz > 0, and matrices P; = PlT , Py = P3T , Pg = P6T , Py, Py, Ps such that
the following LMI hold:

& PN PN PN 44PN
| 0 0 0
0 = * * -1 0 0 <0, (42)
* * * —1I 0
| * * * x«  —e2ad]
[ & RiN RiN R;N 4dR;N
* —I 0 0 0
0, = * * -1 0 0 <0, (43)
* * * —1I 0
| * * * * —e2nd]
B3 = [ —05e72mQ,+ 4 ] <0, (44)
Es = [ —01R;+72BIS$1B; | <0, (45)
where
11 F'p, P, 4dP,D 4P;B, 2d1PiB; P,E ]
x  —Uy 0 0 0 0 0
* * 7U3 0 0 0 0
Sl — % ES k 31(4’4) 0 0 0 < 0,
* * * * 31(5,5) 0 0
* * * * * 51(6,6) 0
| * * * * * * =057 |
= _ [ IM_Ill ﬁlZ
II = . Iy <0
[ Ihp 0 Thy IDis
) * Ihp Iz Ty 0
Hll = * k H3’3 H3/4 0
* * * fI4,4 0
* * * * I:[5,5
[ The Ny 0 Thy —ATR; 0
0 0O 0 O 0 0
Iy, = 0 0O 0 O 0 0
—D; 0 0 —Ps 0 0
| 0 0O 0 O 0 0
i ~6,6 ~0 0 ﬁ(,lg Pz 0
* 7,7 O O 0 0
ﬁ o ES k fIg,g 0 0 0
2 = % * x  —2aP Dy 0
* k * * fIlO,lO O
L * * * * * l:I11,11
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[, = —AP,—P AT + BB+ BBl + BTU;B 4 P, + PJ + hyPy + ho P}
—e My +dQs — 0.5e72%2Q, + FTULF — e (W; + WY)
—e~ ¥ (7 4+ 7T L Wy + W + W + WT) + ELE4 + FTELERF
+EYEA + FTELERF + Ry + Ry + dHTUH — 2aPy,

[y, = e2MQ, MMy=-P+e 212Q, ITjs5=2h e 2wy,

e = P3—Py+ Pl + 20 te 4 (W, + W3) — 2aP, 117 = 2hp,te *h27,,

o = Ps+hPs—2aPy, Thy=—e M (Ry+ Q) —e 27,

[y = e 2M2(2y,—73), Thy=e 227,

M3 = —e (7, +7]) 422754 21) + GTCTUCG + GTU3G

+GTELECG + GTELECG,

[y = e2M(2y-27;), Tyy=—e2"2(Zy + Ry + Qy),

[s5 = —hZe %M (W + W),

Mg = —P5s—PI—2aP;—hy%e 2 (W, + W) + W; + WY),

[;; = —hpte (7, +2]), Mg = —d e 2Q;,
[0 = —15Ry +1Q1+h3Qs + Iy Zo + hiohaZy + Wy + hoWa + ha W3,
_ p—2ud p—2ud p—2ad
i = ——-U+ vEgED + VEBED/
Biggy = —2de U, Ey55 = —4e 7Sy, Hygp) = —2d1e S,
Epaa) = —2de U, Eyss = —4e 7Sy, Byp) = —2d1e 1Sy,

N = e " B]SBy +dBIS;B; + B S3B;.

Moreover, stabilizing feedback control is given by
u(t) = BP 'x(t), t>0,

and the solution of the system satisfies

Ao _
[[x(t, @)l < \/)Tl”(PHce “ >,

Proof. We choose the similar Lyapunov—Krasovskii functional in Theorem 1, where matri-
ces A, B, Cand D in (19) and (29) are replaced by A + NF(t)E4, B+ NE(t)Ep, C+ NFE(t)Ec
and D + NF(t)Ep, respectively. By Lemmas 1 and 2, we have
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—2xT(HELET()NTPix(t) < xT(H)ELEax(t) +xT(t)PLNNTPx(t),
2fT(x())EFFT()NTPix(t) < xT(t)ELEpx(t) +xT(£)PLNNTPyx(t),
2¢T(x(t — () ELET(H)NTPix(t) < xT(t—h(t))GTELECGx(t — h(t))
+xT ()P NNTPyx(t),
2</t h(x(s))ds)TETFT(t)NTPx(t) < e Wt (x(s))ds
t—d(t) b ! ~  4d Jia
<ELEp /idh(x(s))ds
+4de®xT (£)PLNNT Py x(t),
t T T p—20d ot T
2(/td(t)h(x(s))ds) DTPx(t) < S [ W (x(s))Uh(x(s))ds
+4de”¥xT (1) P, DU DT Py x(t),
2xT(t)R1NF(t)ED/ttd(t)h(x(s))ds < 4de®xT(H)RINNTRy%(t)
e*Zle T
+ ¥ t—dh (x(s))ds
*ELEp /tidh(x(s))ds,
2iT(HR1D ttd(t)h(x(s))ds < 4de®xT ()R DU'DTRy%(t)
—2ad ot
— / 1T (x(s))Uh(x(s))ds,
—2iT(HRINF(t)Eax(t) < xT(H)RNNTRyx(t) +xT(£)ELEAx(t),
28T (HRINE(H)Epf(x(t)) < xT(H)R{NNTRyx(t)
+xT(t)FTELEgFx(t),
22T (H)R{NE(t)Ecg(x(t —h(t))) < xT(H)R{NNTRyx(t)
+xT(t — h(t))GTELECGx(t — h(t)). (46)

From (46), we get

T (&) + xT()PLNNTPx(t) + xT () PLNNT Py x(t)
+xT(£)PLNNTPyx(t) + 4de®xT (H)LNNTPx(t) < 0, (47)

T (0)Exx(t) + %7 (H)RINNTRyx(t) + 2T (£)RiNNT R x(¢)
+xT(£)RINNTR (1) 4 4de®xT (H)R{NNTRyx(t) < 0, (48)

where {7 (t) = [gT(t) I th(x(s))ds}.

By using the Schur complement lemma, the inequality (47) and (48) are equivalent
to ) < 0and Oy < 0 respectively. By the similar proof of Theorem 1, so the proof
is completed. O

Remark 4. The time delay in this paper is identified as a continuous function which serve on a
given interval that the lower and upper bounds for the time-varying delay exist. Moreover, the time
delay function is not necessary to be differentiable. In some previous works, the time delay function
needs to be differentiable which are shown in [24-26,33-37].
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4. Numerical Examples

In this section, we provide two numerical examples with their simulations to demon-
strate the effectiveness of our results.

Example 1. Consider neural networks (3) with parameters as follows:

A= o=l Sale=los o5 )

o - [0 e[ 2] e[ 0]
¢ = _065 094]'H:{004 o(.Jz]' Al:[_g'z —0(')?4_'
B = __(())4 84}’ Bz_[ool 001}'33_{001 001:'
Be = _:8:;1 —(()).5}’(?1:[002 —0(')1.5}’1)1_{002 —0(')1.4}’
b= 81 093]’1_[(1)2}'

0 = so-ua BT -

From the conditions (14)—(17) of Theorem 1, we let « = 0.01, hy = 0.1, h, = 0.3,d = 0.3,
dy = 0.5, and T = 0.4. By using the LMI Toolbox in MATLAB, we obtain v = 1.7637,

p_ [ 09248 —0a581] [ 0.0948 —0.0501 ]
17 | —0a581 07921 |7 "2T | —0.0521 01187 |’
p. _ [ 03225 00156 | , [ 00011 —0.0006 |
57 | 00156 —03867 |7 "* | —0.0006 0.0013 |’
p. _ [ —00020 —0.0002] , [ 00146 —0.0020 |
> 7 | 00001 —0.0028 | "¢ | —0.0020 0.0161 |’
0, — | 05107 00427 [ 04714 00328
U7 | —00462 05004 |7 <% | —0.0328 05166 |’
0, — [04332 000437 p [ 01392 -0.0521

5 7 100043 04422 |7 17| —00521 01790 |

R, _ | 04409 0048171 _ _ [ 02493 —0.0177
27 | —00481 04248 | 17| —0.0177 02606 |
s, _ [ 0819 —00161]  _ [ 05445 —0.0353

2 7 | —00161 08399 |7 P | —0.0353 06032 |’

[ 15450 0 10492 0
U =1 0 150 ] th = { 0 10492 }
~ [09085 0 _oos[ 74622 —0.0421

U = 0 09085 ] Wi =10 { —0.0421  7.5146 ]

W, _ [ 00518 —0008371 | [ 00203 —0.0007
2 7 | 00083 00582 | 7?7 | —0.0007 0.0207 |’

00349 —0.0002 7 , [ 08015 —0.1874
| —0.0002 00353 |° 7?7 | —0.1874 08118 |

4. _ [02777 0.0028
> 7 | 00028 03139 |




Computation 2021, 9, 62 21 of 26

The feedback control is given by

—0.4478 —0.0894

u(t) = BiPy 'x(t) = 00894 05028 | <(B)

t>0.

Moreover, the solution x(t, ) of the system satisfies
[lx(t, @)1 < 1.2300e~ %% |9

Figure 1 shows the response solution x(t) of the neural network system (3) where w(t) = 0
and the initial condition ¢(t) = [—0.1 0.1]7.

Figure 2 shows the response solution x(t) of the neural network system (3) with the initial
condition ¢(t) = [-0.1 0.1]T.
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Figure 1. Response solution of the system (3) where w(t) = 0.
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Figure 2. Response solution of the system (3).
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Example 2. Consider neural networks (39) with parameters as follows:

a= o d)e=lod S )e-[of o)
AT R RS
¢ = _065 0(.)4}’ H:[064 o(.)z}' Al:{_g'z —()(')?4}'
B = :8:2 _8'1]' Bz:[_glz 0(.)1]’ B3:[061 —(0).3]’
e I A e i

b = 062 —()61.4]’ E1={8:1 0(.)3]'

N = 1_[(1) H EA_EB_[064 094}'

Fe = :066 0(.)6}' ED:{Oéz 092]'

) = str=o2] BUTITEG 4l )

h(.) = tanh(.), F(t)—[Sirz)(t) Sir?(t) }

From the conditions (42)—(45) of Theorem 2, we let « = 0.01, hy = 0.1, h, = 0.3,d = 0.3,
dy = 0.5, and T = 0.4. By using the LMI Toolbox in MATLAB, we obtain

b 07130 —0.0418 ] ., _ [ 0.0036 0.0030
7| —0.0418 06099 |7 27 | 0.0040 0.0074 |’
p. _ [00842 00047 ] L, o 4f 39360 29290
> 7 | 00047 00822 |7 "t 41062 7.8329 |’
b _ 193] 77772 070651 L, _ [ 00107 0.0088
5 = 0.7274 7.8126 |7 “® | 0.0088 0.0175 |’
0, — 0.3415 —0.0824 0 — 0.0819 0.0527
7 | —00824 02748 |7 ~* 7 | 0.0527 0.1249 |’
0, — [ 0.1095 0.0935 R, _ | 00417 —0.0025
> 7 100935 01220 |7 ' | —0.0025 0.0410 |
R 06112 01130 ] . _ [ 02316 0.0486
2 7 | 01130 04407 |7 7' | 0.0486 0.0856 |’
g _ [02987 02759 T 5, _ [ 01103 0.069
2 7 | 02759 05621 |7 737 | 0.0690 0.1068 |’
(68799 0 ] 03898 0
u = | 0 68799 | UZ_[ 0  0.3898 ]

[ 04546 0 ] ~L_3[ 0.0052 0.0047
U = | 0 04546 | Wi =10 {0.0047 0.0084}’
W, — | 00016 00015 T Wa — | 00030 0.0029

2 7 | 00015 00027 |7 " | 0.0029 0.0053 |’
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4 _ [00086 000797 , [ 0499 —0.1357
L= 100079 00140 |” “>~ | —0.1357 0.4097 |’
4. _ [ 00085 0.0078
3 = 100078 00137 |

The feedback control is given by

_ —0.4224  —0.0290
u(t) = BuPy 'x(t) = [ —0.0386 —0.6584 }x(t)’ £20.

Moreover, the solution x(t, ¢) of the system satisfies

[lx(t, @)1| < 1.2049¢ 1| .

Figure 3 shows the response solution x(t) of the neural network system (39) where w(t) = 0

the initial condition ¢(t) = [—0.15 0.15]T.

015 T T T T

X, ®

0.1

X0 [}

0.05

(1)

-0.05

-0.15

Time

Figure 3. Response solution of the system (39) where w(t) = 0.

10

Figure 4 shows the response solution x(t) of the neural network system (39) with the initial

condition ¢(t) = [—0.15 0.15]T.

Remark 5. The advantages of Examples 1 and 2 are the lower bound of the delay hy # 0 and
interval time-varying delay and distributed time-varying delay are non-differentiable. Moreover, in
these examples we still investigate various activation functions and mixed time-varying delays in
state and feedback control. Thus, the neural network conditions derived in [23] cannot be applied to

these examples.
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Time
Figure 4. Response solution of the system (39).

5. Conclusions

In this paper, the problem of a robust He control for a class of uncertain systems
with interval and distributed time-varying delays was investigated. It is assumed that
the interval and distributed time-varying delays are not necessary to be differentiable.
Firstly, we considered an H., control for exponential stability of neural network with
interval and distributed time-varying delays via hybrid feedback control and a robust Heo
control for exponential stability of uncertain neural network with interval and distributed
time-varying delays via hybrid feedback control. Secondly, by using a novel Lyapunov—
Karsovskii functional that the Lyapunov matrix P; (i = 1,2,...,6) do not need to be
positive definiteness, the employment of a tighter bounding technique, some slack matrices
and newly introduced convex combination condition in the calculation, improved delay-
dependent sufficient conditions for the robust He, control with exponential stability of
the system are obtained. Finally, numerical examples have been given to illustrate the
effectiveness of the proposed method. The results in this paper improve the corresponding
results of the recent works. In the future work, the derived results and methods in this
work are expected to be applied to other systems, for example, Hy, state estimation of
neural networks, exponential passivity of neural networks, neutral-type neural networks,
stochastic neural networks, T-S fuzzy neural networks, and so on [24,38—41].
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