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Abstract: In this paper, we study a model that enhances our understanding of cytokine-influenced
HIV-1 infection. The impact of adaptive immune response (cytotoxic T lymphocytes (CTLs) and
antibodies) and time delay on HIV-1 infection is included. The model takes into account two types
of distributional delays, (i) the delay in the HIV-1 infection of CD4 1T cells and (ii) the maturation
delay of new virions. We first investigated the fundamental characteristics of the system, then found
the system’s equilibria. We derived five threshold parameters, &;, i = 0,1, ...,4, which completely
determine the existence and stability of the equilibria. The Lyapunov method was used to prove
the global asymptotic stability for all equilibria. We illustrate the theoretical results by performing
numerical simulations. We also performed a sensitivity analysis on the basic reproduction number
Ry and identified the most-sensitive parameters. We found that pyroptosis contributes to the number
Ry, and then, neglecting it will make $y underevaluated. Necrosulfonamide and highly active
antiretroviral drug therapy (HAART) can be effective in preventing pyroptosis and at reducing viral
replication. Further, it was also found that increasing time delays can effectively decrease R( and,
then, inhibit HIV-1 replication. Furthermore, it is shown that both CTLs and antibody immune
responses have no effect on Ry, while this can result in less HIV-1 infection.

Keywords: HIV-1 infection; cytokine-enhanced; adaptive immunity; delay; Lyapunov method;
global stability

1. Introduction

In the early 1980s, human immunodeficiency virus type-1 (HIV-1) was discovered.
Since then, the virus has spread throughout the world and is considered one of the most-
serious public health, social, and economic challenges in the world. The World Health
Organization reported that, at the end of 2022, there were about 39-million people living
with HIV-1 in the world [1]. The virus targets the immune system, especially CD4" T cells,
which play an essential role in the immune system response to viruses. Acquired immune
deficiency syndrome (AIDS) is the most-advanced stage of the disease. Untreated HIV-1-
infected patients usually spend many years before reaching the AIDS stage. During this
period, the CD4*T cell count declines slowly and reaches below 200 cells/mm? [2].

During the last few decades, scientists and researchers from all fields have united their
massive efforts to study and understand the mechanism between HIV-1 and target cells.
The experimental evaluation of the interactions between HIV-1, CD41T cells, and other
immune cells can be difficult and expensive. Mathematical modeling can be very useful in
understanding the dynamic behavior of HIV-1 in the host. This also helps in understanding
the effectiveness of medications, whether individually or in combination. Nowak and
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Bangham [3] constructed a basic model for within-host HIV-1 dynamics. The model
describes the interaction of three populations, uninfected CD4 " T cells, infected CD4"T
cells, and free HIV-1 particles, as:

du(t
Uninfected CD4 7T cells: () = w —oyU(t) — ou(t)v(t) , 1)
dt S~~~ —— ~———
Production of uninfected CD4™ T cells Death HIV-1 infectious transmission

Infected cells: 4L() = ou(H)v(t) —o11(t), (2)
dt ~——— ——

HIV-1 infectious transmission Death

Free HIV-1 particles: avi() = al(t) — oy V(t), (©)]
dt N——r

——
Production of HIV-1 Death

where U(t), I(t), and V(t) are the concentrations of uninfected CD4" T cells, infected
CDATT cells, and free HIV-1 particles, at time ¢, respectively. This model does not consider
the immune system reaction to viral infection. However, immune response has an effective
role in resisting and fighting viruses that attack the human body.

Cytotoxic T lymphocytes (CTLs) and B cells are two main players in adaptive immune
reaction. CTLs kill cells infected by HIV-1, while B cells generate antibodies to attack and
neutralize viruses. By considering the role of humoral immunity, Model (1)-(3) becomes [3]:

dau(t)
Tar
d;i(:) = o U()V(t) — 571(1),
d‘;igt) =al(t) = oy V(t) — pA(t)V (1),
A _ eatyv(e) - sant),

— w = SuU(t) — UtV (1),

where A(t) is the concentration of antibodies at time t. The terms AV, d4 A, and PpAV
represent, respectively, the rates of the stimulation of antibodies, the death of antibodies,
and the neutralization of HIV-1 by antibodies. The model was developed in several papers
(see, e.g., [4-10]).

The role of CTL immunity was modeled in [3] as:

dl’;igt) = w — 5UU(t) — Qlu(t>v(t)/
d‘git) =al(t) — oy V(¢),
d%ﬂ — oI(DT(F) — 6:T(1),

where T(t) is the concentration of CTLs at time ¢. The terms ¢IT, 7T, and BIT represent,
respectively, the rates of stimulation of CTLs, the death of CTLs, and the killing of infected
cells by CTLs. The model was revisited in several papers (see, e.g., [11-17]).

It is known that the infection of CD4 " T cells with HIV-1 and the mechanism of their
death are complex processes and are still under study. Apoptosis and pyroptosis are two
main patterns of CD4"T cell death [18,19]. Apoptosis is a form of programmed cell death
mediated by the action of the enzyme caspase-3 [20]. Pyroptosis is a programmed and
highly inflammatory form of cell death mediated by caspase-1. It was reported that 5%
of CD4™"T cell death is caused by apoptosis, while 95% of CD4" T cell death is caused
by pyroptosis [20]. During the infection, when HIV-1 enters the CD4"T cells that are
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unlicensed to viral infection, this induces pyroptosis and the secretion of inflammatory
cytokines such as IL-1B by activating the caspase-1 pathway. Inflammatory cytokines lead
to more CD4™T cell death and attract more CD4 " T cells to the inflamed sites (cytokine-
enhanced HIV-1 infection) [20].

Wang et al. [2] formulated HIV-1 infection models by incorporating the effect of py-
roptosis. Recently, cytokine-enhanced viral infection models were developed and analyzed
by considering reaction—diffusion [21-25] and age structure [26]. Jiang and Zhang [19]
studied the global stability of a viral infection model with inflammatory cytokines and
discrete-time delays. Zhang et al. [27] developed the following viral infection model with
inflammatory cytokines, discrete-time delays, and CTL immune response:

MY — o~ suu(t) - QU V() - (), @
) _ v [0y Ut — 1) V(E = v1) + 02Ut — 11)C(t - 11)]

— (M +8)I(8) = BI(HT(H), ®)
) _ i) - acc), (6)
T — ereai(t — 1)~ sy v (1) @)
d%ﬂ — oI(t—vs)T(t — vs) — 67 T(H), ®)

where C(f) represents the concentration of inflammatory cytokines at time ¢. The term
02UC denotes the cytokine-enhanced viral infection rate. The death rate of infected CD4"T
cells due to pyroptosis is A1I. The production and death rates of the inflammatory cytokines
are denoted by A, I and d¢C, respectively. Parameters v, 5, and v3 denote the intracellular
delay, viral replication delay, and immune response delay, respectively.

Both CTL and antibody immune responses play very important roles in controlling
viral infections. A viral infection model with both CTL and antibody immune responses
was studied in [28]. Then, the model was extended in several works (see, e.g., [29-32]).
In these papers, the role of pyroptosis was not considered. We note that Model (4)—(8)
does not take into account the role of humoral immune response against HIV-1 infection.
Moreover, the model includes constant time delays.

Our aim in this paper was to develop a cytokine-enhanced HIV-1 dynamics model by
considering (i) the roles of both humoral and CTL immune responses and (i) distributed-
time delays, which are general, then discrete-time delays. We first looked into the funda-
mental characteristics of the DDEs, then we found all equilibria and discuss their existence
and global stability. We used the Lyapunov method to prove the global asymptotic stability
of all equilibria. Numerical simulations were used to demonstrate the theoretical findings.
Finally, the obtained results are discussed.

2. Model Development

We formulated a six-dimensional system of DDEs as follows:

du(t)

W) o~ suU(t) — aU(OV() - eaU(C(H), ©)
O [ @ U@V v) + eaClt )iy

— (M +0p)I(t) = BI(H)T(t), (10)
4C() _ o1t — sccl), 1)

dt
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d‘;iit) = OKz FZ(V)ef'YZVI(t — U)dV — oy V() —pA(H)V (), (12)
T — o1y7() - 6170) -
d%t) = GA()V(t) — 64 A(t). (14)

Two distributed time delays were included, which describe the lag between the viral parti-
cle’s initial interaction with CD4 1T and the maturation of the new virions. The factor F 1 (v)e~ 71"
represents the probability that uninfected CD4 ™ T cells contacted by virus particles at time (f — v)
survived time units and become infected at time t. The factor F »(v)e~ 72" denotes the proba-
bility of new immature virions at time (t — v) lost v time units and become mature at time ¢.
Here, ;, i = 1,2 are positive constants. Parameter v is random and taken from a probability
distribution function F ;(v) over the time interval [0, x;], i = 1,2, where «; is the upperlimit of
this delay period.

The function F;(v), i = 1,2, satisfies

>0/ dv—land/ ey < oo, i=1,2,

where u > 0. Let us denote the following;:

Ki
Gi(v) = Fi(w)e ™, Gi= | Gi(v)dv
Therefore, 0 < G; < 1,i = 1,2. The initial conditions of System (9)—(14) are given by:

U(0) = @1(0),1(0) = @2(0),C(0) = @5(0), V() = @4(0), T(0) = @s5(0),
A(8) = @6(6),@;(6) >0, 0 € [&,0], j=1,2,...,6, (15)

where & = max{x, 13}, (Dj(G) € C([-%,0],R>p),j =1,2,...,6,and C is the Banach space of
continuous functions mapping the interval [—%,0] into Ry with norm
|@i|| = sup_zcg<o|®@j(8)| for @; € C. Therefore, System (9)—(14) with the initial condi-
tions (15) when the fundamental theory of functional differential equations is applied has a
single solution [33].

3. Biologically Realistic Domain

Proposition 1. All solutions of System (9)—(14) with the initial conditions (15) are nonnegative
and ultimately bounded.

Proof. From Equations (9)—(14), we have %1 |u=0o= w > 0, and hence, U(t) > 0 for all
t>0.Forallt € [0, %], we have

I(£) = @y (0)e~ Jol(Aa+0)+BT(O)]do

+ /Of o~ Iyl(Aa+81)+BT(0)]d0 /0"1 G (v)U(y —v)[e1V (g —v) + 02C(17 — v)]dvdn > 0,
Clt) = @5(0)e ! 42, [ e i)y 2,
V(D) = @y(0)e” b 1o /ot ot /OKZ Go(v)I(n — v)dvdn >0,

@5(0)e™ Jo(or=01(€))d6 > ¢

A(t) = @6(0)e™ J3(64—EV(8))do > 0.

H
—
~
~—
I
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Thus, by a recursive argument, we obtain (U(t),I(t),C(t), V(t), T(t), A(t)) € RS, for all
t > 0. Next, we show the ultimate boundedness of the model’s solutions. Equation (9)
implies that lim sup,_,, U(t) < §. Further, we let

Oy (t) = /0“ Gy (W)U (t —v)dv + I(¢) + gT(t).

Then, we obtain
d0y (t)
dt

= ./0"1 9_1(1/) (CU —oyU(t—v) — Q1U(t —v)V(t—v) — Q2U(t —V)C(t—v))dv
+ /OKl G1 (V)u(t — 1/) [Q]V(f — 1/) + QZC(t — y)]dy _ (/\l + 51)I(t) o ,Bl(t)T(t)
+pIT() - BT

=w /0"1 Gi(v)dv — /OK1 Gr(v)oyU(t —v)dv — (A +67)I(t) — %T(t)
<w—p1 (),

where p; = min{dy, Ay + 01, d7}. Hence, limsup,_,  Q;(t) < Ly, where L; = pﬂl There-
fore, we can obtain that limsup, , I(t) < L; and limsup,_, T(t) < %Ll, then from
Equations (11), C(t) = ApI(t) — 6cC(t) < ALy — 6¢C(t), then limsup, .., C(t) < L,
where L, = )‘g—él. Moreover, let O (t) = V(t) + %A(t). Then,

sz(t)
dt

=a /OKz Go(V)I(t —v)dv =Sy V(t) — pA(H) V() — %(CA(t)V(t) VA

2 5 )
= [" G- v)av— s,V () - ATIPA(t)
0
< (XL] - szz(t),
where pp = min{dy,d4}. Hence, limsup,_, Q) (t) < L3, where L3 = % Therefore, we

¢

can obtain that limsup,_,, V(t) < Lz and limsup,_,, A(t) < ¥L3. O

Based on Proposition 1, one can establish that

[z

= {(U(t), 16),C(1), V(1), T()), A(1)) € €S+ U] < L, [ 1(1)] < Ly,
I < Gl IV < Lo, ICO) < Lo, [ A1) < iLs}/

is positively invariant with respect to System (9)—(14).

4. Equilibria
This section finds the equilibria of System (9)-(14) and identifies the prerequisites for
their existence. Any equilibrium satisfies the following:

0= w — Syl — o UV — uUIC, (16)
0=GiU(a1V + C) — (A1 + )] — BIT, (17)
0= Aol — 6C, (18)
0= aGol — 6yV — YAV, (19)
0= oIT —5;T, 20)

0=CAV —§,A. (21)
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Equation (21) admits two solutions A = 0and V = %.

Let us first consider the case when A = 0, and from Equations (16)—(20), we obtain
three equilibria in the system:
(I) Uninfected equilibrium, EPy = (Uy,0,0,0,0,0), where Uy = %.
(ID Chronic infection equilibrium with inactive immune response EP; = (U, I, C1, V4,0,0),
where

U = dydc(M+d) Uy I = (5—CC1
G1(010caGy + 02A20y) o’ Ay
A2y oy oudcaGr
C = o—1), V1 = Ko —1), 22
! Q2A25v+Q15C0¢gz( o=V Q2)\25v+915C0€gz( o-1) (22)
where Ry is the basic reproduction number defined as:
wG1(016caGy + 02A26 Upo12G1G UpoaA2G
Ry = 1(016caGr +02A20y)  Upo1aG1Go 00M2G1 _ L

dudydc (A1 +dr) ~ Sy(M+61)  dc(Ar+6r)

It follows that EP; exists if g > 1, and obviously, Ry represents the contribution of viral
infections to Ry, whereas R, represents the contribution of inflammatory cytokines to .
(ITI) Chronic infection equilibrium with only CTL immunity EP, = (Uy, I, C3, V2, T3,0),
where

U, — 0'(,()51/5(:
2= U(Su5v(5c + (ST(SCg]Dégz + /\2@2(5v(5T’
L= (iT, G = m, Vy = MSTQZ,
o odc oyo
or(A o1) (6 oy A
T, = - Ot +0)0caiath +dvAre) g 4y

ﬁ(&u&véc(f + (5T(5CQ10¢Q2 + §V5T)\2Q2)

where

_ 0oudydc(Ro — 1)
or(0co1aGa +dvA202)

The ratio R; is the CTL immunity activation number. Then, the equilibrium point EP,

exists when R; > 1. The CTL-mediated immune response is triggered or not depending on
the value of the parameter Jt;.

s}

Let us consider the case when V = %A. Then, from Equations (16)—(20), we obtain two equi-
libria.
(IV) Chronic infection equilibrium with only humoral immunity EP; = (U3, I3, C3, V3,0, A3),
where

wé‘ éc 5A 5V <5Ca§g2C3 >
Us = , h=—=C3, V3=—"F, A3=—| ———=— -1,
3T SUE 0401+ 028G 0T A Y BT BT Ty Usadvag
and Cj satisfies the following equation:
QC:+ WG +E=0, (23)

where

Q = 6c028 (A1 +91),
W = dc (A1 +61) (6u +0401) — w2826,
E = —w010412G1. (24)
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Since Q > 0 and E < 0, then W2 — 4QE > 0, and the equation has two different real roots.
The positive root is

—-W + /W2 —4QE
2Q ’

It follows that, if % > 1,then I3 > 0, U3 > 0 and A3z > 0. Define the humoral
immunity activation number as:

Cs =

(25)

Ry — 5(:0(6 92C3
2 — T o a1 -

046y Az
Thus, Az = %V (R2 —1). The humoral immune response is triggered or not based on the
parameter R. Hence, EP; exists when ¥t > 1.
(V) Chronic infection equilibrium with both CTL and humoral immunities,
EP4 = (U4, 14, C4, V4, T4, A4), where

u 5@&)0’5 (ST C 5T/\2 Vi — 5714
* 7 Sudcot +ocoaqio + 5TQZ§)\2 o T e T T
A+ 01 oy
T4 = ﬁ (§R4 - 1)/ A4 = ?(%3 - 1)/ (26)

where 13 and Jt4 represent the humoral immunity competitive number and CTL immunity
competitive number, respectively, and they are given as follows:

dr¢aGo = cwG1(6c4010 + 07028A2)
oyda0 ! or ()\1 + (51) ((5u(5c0’€ +dcdp010 + (STQ2§A2) ’

R =

Whether the CTL-mediated and antibody immune responses are induced is deter-
mined by the parameters 3 and R4. Note that EP; exists when $3 > 1 and R, > 1.

5. Global Stability

By creating Lyapunov functionals using the technique described in [34,35], we inves-
tigate the global asymptotic stability of all equilibria. Define x(6) = 6 —1 — In(6). De-
note (U,I,C,V,T,A) = (U(t),1(t),C(t),V(t), T(t), A(t)) and (Uy, I, Cy, Vi) = (U(t —v),
I(t —v),C(t —v),V(t —v)). Define a Lyapunov functional candidate ®;(U,I,C,V, T, A),
and let A! be the largest invariant subset of

of
AII{(U,I,C,V,T,A):ddtZ:0}, 120,1,,4

Theorem 1. If Ry < 1, then EPy (Uy,0,0,0,0,0) is globally asymptotically stable (G.A.S).

Proof. Construct ®y(U,I,C,V,T,A) as

u ol . o1l B 01ty
= U 71 + C+ V4+—T+ A
OX< ) G dc 3% oGy ¢oy
1

_ t
o / G (v) /H U(6)(01V/(0) + 02C(0))d6dy
+ % /OKZ Ga(v) /t;l(G)d()dv.
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Clearly, ®y(U,1,C,V,T,A) > 0forall U,I,C,V,T,A > 0 and &y = 0 at EP,. Calculate
d% along the solutions of model (9)-(14) as follows:

dzo (1 - lif) (w — 6yl — 01UV — o UC)

+ gil (/01 G (V) Uy (01 Ve + 02Cy)dv — (Ay + 61)T — ,BIT)

+ ngo (A2l — 6cC) + 0%1(01’[ —5rT)
Qggo <¢x /0 2 G () Ldv — 5y V — 1pAV>
ngggl” (EAV — 6,A) + gi /0 " G U (01V + 02C)dv

- gil G1(V) Uy (1 Vi + 02Cy)dv + Ql;éo“ /OKZ Go(v)(I — I)dv
(1 - LL[;)) (w — dul) + (le(lsov"‘gz QfleJOA - E(Al +(51)>1
Ugl 57T — 91;5[3% A, 27)

Substituting w = é;Up and collecting the terms of Equation (27), we obtain

Ao o (U- Up)? n (A1+6r) (Qluof’égzgl(Sc + 02UpA2G1dy 1) _ Borp alloyda ,
dt U1 G 600y (A1 +61) oG oy
(U—Up)* | (M +6)) Bor 01Uoyd 4
-5 Ry — 1 T Q1E0VoA 4
u ot g R DIm e T,

If Ry <1, then dto <O0forallU,I,C,V,T, A > 0. Moreover, ;Izo =0when U =Uy, =0,
T = 0,and A = 0. The solutions of Model (9)-(14) converge to Aj, where U = Uy, I =0,
T =0, and A = 0 [36]. Equation (9) becomes

0= %[ — w— dully — o1 UgV () — 02UpC(f), forallt.

Using Uy = §~, we obtain
0=01V(t)+ 0:C(t), forallt,

which leads to V(t) = C(t) = 0 for all ¢, and hence, A = {EPy}. LaSalle’s invariance
principle (L.LP.) reveals that EPy is G.A.S[37]. O

We need to the following equalities:
v, \ _ LUV, U; 1V;
n(G) =) o) +m(5 )
L\ L)V LV
ln(l>l (IV>+1 (IV) (28)
u,Cy U; LU,C, .
1 =In( — In =1,2,34.
() =) (i) (e ) =2
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in addition to

alVi vy aliVi [ . Iy
G /0 1(1/)1n<u )dv+ %, /Ogg(v)ln(l)dv

vVi ) dv. (29)

Lemmal. If R, <1, then Vi < V.

Proof. Let i < 1; hence 9cag6rCy < 1, where C3 is given by Equation (25)

040y Ay
C (SA(Sv/\z . —W + /W2 —4QE < S40y A
35 ScaéGy 2Q = 0calGy
W2 40F < Wdcﬂcé’gz +2Qb 40y Ay
(SCaerz
. W2 _4QE < (W5C06§gz + 2Q5A5V)\2>2
(5sz(jgz
2
W2 40E— (W(Scﬂéggz + ZQ(SAév)tz) <0
5clxgg2

Using Equations (22), (24), and (26), we obtain

48y 6A9802 (81 + M1)* (Ga0dc0r + Sy A202) (Vi —Vy) <0

O

Hence, Vl < V4.
Theorem 2. If Ry > 1,y < 1,and Ry <1, then EPy is G.A.S.

Proof. Define &, (U,I,C,V,T,A) as
u 02U1Cq 01th Vi (V) B o Upp
—I —T A
u“‘( ) g, X ( )+ 5 X<cl>+ sv M\ W) Tea T et
oLV . f <U(9)V()> 0o Cy t (U(9)C()>
T /Ogl(v)/t_vx A LR /0 gl(v)/t_vx “lc, )deav
aorh; [*2 5 1(6)
+75V /0 gz(v)/t V)(<l dodv.
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We calculate d‘% as:
dd; u 1 L
FTE (1 U )((/J (5uu Q]UV QzUC) g1 <1 I>
K1 _
X (/0 Gi(v)Uy(01Vy + 02Cy)dv — (A1 +61)] — 51T>
02Uy G _ oalh (. W
+ o <1 C)(AZI 6cC) + 5y 1 v
K
X (tx/ ’ G (v)Lydv — 6y V — 1/)AV>
0
p oithy
+ olIT — 67T AV — 64 A)
il )+ S Ay — o,
Qlulvl /Kl 5 ( uv UVVI/ ( >)
+ —— v +In
Gi Jo () nLv, v
02U1Cq /Kl 5 uc UVCV
=5 b 9N g we u
ag1s /"2 5 I L L
+7{5V A Ga(v) L +1In i dv, (30)
Summing the terms of Equation (30), we obtain
Ao u
Ttl = (1 L11>(‘” sull) + 014 V + 02Uy C — ? ; / G1(v)o U, Vydv

1L - 1
— 517 gl(V)QZUVCvdU gl (1 - I) (/\1 + 51)1

+ ﬁ11T+ eth (1 - Cl))\zl —oolly (1 - %)c

5C C
_ ME ; _ o yarthVy
by V gz(v)lvdv o1l (1 7 ) V+ 5 A
Bor . eilhday ,  oa1lthi /"1 . (quv>
- —T- A+ v)In dv
oG ot T R T
02U1C /Kl 5 u,Cy ao1Ur Iy /"2 5 1
+ o ) Gi1(v)In e dv + 5 o Ga(v) I dv
K
+IXQ17ulIl/ 2g_2(1/)ln<lv>dv. (31)
oy 0 I
Using the following conditions for EP;:
()\1 +51)Il Cy Ao Il . Sy

w = oyly + 01U V1 + 02Uy Gy, = 01 V1 + 02U Gy,

G T’V aGy

we obtain
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dd u U, u
Tltl = (1 - ul> (ouly —oyU) + o1Uh V1 + 02U 1 Cy — HQlulvl ulQZulcl
%4 C Q1U1V1 K15 LUV,
FathVig +othC / yyL Ve g,
01ty 1y 02U1 1Cl o 0 g1( )IU1V1
Q2U1C1/ Iluvcv
e d U, V; u,C
G A Gi(v) =+ IUC v+ o1V + 02U G

IC othiVp LW
QZulclIlc Q2U1C1 +Q2U1C1 G, /0 Go(v )IVd

/3 1 13‘5T)TJr (lPQ1U1V1 91U15A1P>

—oahV+olhVh + (

G oG oy ove
otiVp ™ 5 u,v, oG M u,c,
+ 82 /O 91(v)ln< e >dv—|— G /0 gl(v)ln< = )dv
othvy [ Iy
o 1“( I )dV' (32)

Using the equalities (28) and (29) for i = 1, we obtain

2
&:_5u(u ul) elulvl/ glw)(LLz;_l_ln(lell))dV

dt
Qlulvl Ilquv Ilquv
-2 g
UV, I\ Tov ) )4

LV LV
~1-1In
( LV ))dV

a0
%y
Q2U1C1 g (151—1—1 <ul )dv
0
0)(

~ahl Ul V1

@ma T
e 1—-In e dv
Q2u1C1 LU, Cy Iluv v
IU1C1 IU1C1
Bh ﬁ5T> Ppo1ly
4 (BB g PRy _ypa. 33
<Ql oGy by (Vi = Vy) (33)
But,

(%_wg_%(wq)ﬁh(mmw%*>_g_%m_n
G G ) oG 7G1 \ 67(6c010Ga + 6y A202) t

Therefore, Equation (33) becomes

ady U-W)* oy [ . Uy
Tl G /o G| 7 )W

u,v; r«a LU,V u,vp rr . I, V;
) gl(”>"<llulvvlv>d”_glg; H gZ(”)X(IV11/1>d”dV

u,C (S u U,Cy r«a g IC
_ngi 1/0 gl(V)X(ul>dV_ngi 1/0 gl(y)X(IlCl)dv
oG /"1 5 LU,Cy

G Jo Gi(v)x UG a

+ &(%l ~ 1T+ yath (Vi — Vu)A.
cG1 oy
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Using Lemma 1 and since V7 < Vg, 9 > 1, ) < 1, and N, < 1, then d{% < 0 for all
u,i,c,v,T,A > 0. Moreover, d‘% =0when U=U;, I =L, T=0and A = 0. The
solutions of Model (9)-(14) converge to A}, where U = Uy, [ = 1;, T = 0,and A = 0 and

LUV, LV  LUGC,
mvy, LV IUG

=1, forallte [0,&]. (34)

Since U(t) = Uy and I(t) = I, then from (34), V(¢) = V4 and C(t) = C; for all £, and hence,
A} = {EP;}. The L.LP. reveals that EP; is G.A.S. O

Theorem 3. If Ry > 1and K3 < 1, then EP, is G.A.S.

Proof. Consider a function ®,(U,I,C,V, T, A) as:

u 1 I 0l Gy C 01t Vo \% BT T o1ty
D, = U — —1I — — — x| = —LA
=) + i) + 25 ) + 4 () + b)) + %t

Cathl g ) [ (OO g, UG (g, [ (OO,

G
ao1Urlp

+ 5y

—v Uy V G —v UGy

/OK2 Go(v) /tiv X <I(lf))d9dv.

We calculate d(% as:

dd, U, 1 L

x (/01 G1(V)U, (01 Vi + 02C))dv — (A1 + 6;)1 — ﬁlT>

e, & _ atb (1 V2
+ e <1 C)()\zl 5cC) + 5 1- 3

x <oc /OK2 Go (V) Ldv — 5V — ¢Av>

+ b <1 - TZ) (¢IT — 67T) + Qlu2¢(§AV — 54A)

Ugl T KSV{;I
Ql u2V2 /Kl = uV o ul/ Vy ul/Vl/
* g1 Jo Gi(v) WV, U i uv dv

02U Gy /Kl = uc B u,C, u,C,
=5k NG T e T e ) )

K
0Bl o) (L (2 ) (35)
Sy 0 L I I
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Collecting the terms of Equation (35), we obtain

dd, . u, 1L r*
at = (1 u)(w 5uU) g1 i Jo

1
—()\1 —|—51)I

G1
o, 0l G
5 Al e C Al + 0o UGy

RAOIIARY
_ ilj
g I
g (/\1 +(51)12+ /312T+
alh v,

5y V

B B B 01 2l/J
g11T2 a_gl(sTT-i-O_gl(sTT Pl O A

4122 /”‘1 5 u,v, 02U Gy /"1 5 u,Cy
+7gl A G1(v)In v dv+7gl ; G1(v)In Tc dv

x K:
4 teuthh / ’ Qz(v)idv , tathh / "Ga(v) ln<lv)d1’f (36)
Sy 0 L oy 0 I

LS
G1 (V)QZUVCUdV -

2 G () Ldv + a1l Vs + Ql Zv,bAV

Using the following conditions for steady state EP»:

w = oyl + 01Ux Vo + 02 Ur Gy,

(M +01)h = Gi(o1Ua Vo + 02UrCo) — BL T,
Q_MhVo_aG . Or
I _(5(:’ I N 5\/1 2= o’

then we obtain

dd u u u
: (1 - 2) (bully — bull) + (1 - lj)mUsz + (1 - j)ezuzcz

dr u
B AT M b rree
+ (01U V2 + 02U Cy) — %Tz + gﬁlsz —0lhCG %
—i—QzUzCz—%;VZ /OKZ Ga(v) “//211: —gﬁlsz
R Ak AN G A

Q1U2V2 u,v, 0WhCy (™ u,C,

; /0%“ (S s 2 [ (i e
Qlquz I
+ —— G (I (37)
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Utilizing Equalities (28) and (29) for i = 2, we obtain
Ad, (u— uz)2 01 uzv2 U, U,
—= == ——1—-In(-=) )d
Q1U2V2 Vzlu . (VL
v 1—1In VI, dv
LUV, In LU,V, y
Vo I v,

L}zll (u)>dv

bV, Uz V2

Gt
0 i
G UZCZ (
e
al

QzuzCz Gl (Gl
ch 1—In chL dv
Q2U2C2 LU,C, In Lu,C, v
IU2C2 IU2C2
Q1U21P5A (CVz >
= —1]A.
v oA

Equation (38) can be rewritten as follows

Ao, (U -W)* olhVs /Kl_ uz
i T G Jy 9X dv

Q1U2V2/ ol _Q1U2V2/ 5 LU, Vv,
G o X (Vlz Mg b I, )

 0lhC M, U _ 0lhG M, Gl
G ./0 Ql(v)x(u)dv G /0 gl(V)X(Cb)dV

_ 0lbG /”1 5 LU,C, 01bpdy oy
gl 0 gl(V)X(IUZCZ dv + 5V§ (9%3 1)A.

(38)

If 1 >1and R3 <1, then d% <OforallU,I,C,V,T, A > 0. Moreover, d{% = 0 when
U=Uy =1,V =V, C=Cyand A = 0. The solutions of Model (9)—(14) converge to

Ay, whereU=Uy, [ =1, V=V, C=Cy, A=0,and

VI, LUV, LUC,
VI, IV,  IUCy

=1, forallt € [0,R].

From Equation (10),
dl

(39)

0=— = g1U2(Q1V2 + QzCz) — (/\1 + 5[)[2 — ﬁlzT(t) i T(t) =Ty, for all t.

dt

Hence, A2 {EP,}, and from the L.I.P,, we obtain that EP, is G.A.S. O

Theorem 4. R, > 1and Ry < 1, then EP5 is G.A.S.
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Proof. Define ®3(U,I,C,V,T, A)

u 1 I Q2U3C3 (C)
Oy =Usx | — ) + > Lx( =)+ =
: 3X<U3> G1 3X(13> oc N\ G
o1 Usy ( ) 01Uz V3
L) +
(Ov +¥A3)¢ 3X Az

01UzV3 (V) B
s (T T
* 5v+lPA3X oG

oGy
f ue)v(e ))
G /0 gl(v)/t_vx< U3 V3 Adv
0oUsCs ("1 t (U(G)C(9)>
82 [0 [ k(S ey
xo1Uzly  [*2

1)
oy + l[)A3 Jo QZ(V) ./t—vX(Ig,>d6dV'

We find d{% as:

dd, U, 1 I
T (1 u)(w oyl — o Uv — QZUC)—I—g(l—I)
K1
X </0 gl(V)UV(Q1VV+Q2CV)dV— ()\1 +51)I—‘BIT>
QUs (1 G\ oy syt (j_ %
+ = o <1 C)()\ZI 5CC)+5v+I/JA3(1 %
K
X <o¢/ zg_z(v)lvdv—(SVV—tpAV>
0
B 01Uz ( A3>
+ —(cIT — 67T) + 1—— AV — 04 A
01Us V5 /M _ uv. uwv u,v,
T b NG me T )
QQU3C3 /Kl = UC N U]/C]/ U]/C]/
e b NG e T ue )
U3l
+ xQ1U313

s [ (1 (7)o

) (40)
Collecting the terms of Equation (40) yields

dCD
3 ( ) w — 5uU)+91U3V—a i / gl 1UVVVd1/
11
- == u,Cydv — M+ + A +6
G /91()zuu g(l 1) g(l Nl
1 02U3 02Us C3 _aUs V5o e
,BI T+ 5 Al — b C Aol + 02U3C3 Sy + 9As Vtx A Go(v) L dv
Q1U3 01U3 01Us B 01Usy
- SVt — —— Y AV; — 5T—7AV
Py PRk Ty W e S S 7R Ty
o1Uzy o1Usy 1UzV3
B¢ L SN SIS e A
(ov + pAz)E

allVs uvvv>
043 1 d
(‘5V+4’A3)§ g /ogl(v)n< av )%
+ 82 /0 gl(v)ln( L) +5V+1PA3-/O Ga(v) v
s [% 00 n (5 )

(41)
Using the following conditions for EP3
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A+ 671
w = oyUs + 01U3V3 + 02 U3Cs3, (lg11>3 = 01UsV3 + 02UsC3,
C3 As da Gyl
N V /(S + A - 7
L o BT Erov YA3 A
we obtain
A, Us Us Us
=(1- =) (oyUsz —oyU UzV311— — UsC3| 1 — —=
T ( U)(us ul) + o1 33( u>+9233< U)

_ Q1U3V3/ LUV, 0U3Cs /"1 5 BUCy
otV g1 0 1v) IUs Vs i 91 al) 1U3C3 W

—(01U3V3 + 02U3C3) + 01Uz V3 + 02U3C3 + /313T + Q2U3C3
01Uz V3

IC; _
—Q2U3C3 +QzU3C3— 2oy V. gz(V)IudV
Q1U3 01U3 Ql 3 B
- Sy V+ ——6yV AV — —61T
Sy + Az 5V+¢A3V3+5 —|—1pAl‘b oGy

01Uz o1Uzy 01Uz
LSk Sy T VA< sk S8 7 A/ Vs
Sy +PAs 2 Sy +pAg ° +5V+1/)A

01UsV3 /Kl 5 u,vy Q2U3C3/ 5 u,C,
+7g1 A G1(v)In TV dv + G A Gi(v)In e dv

01UsVs [+ alszVs Iy
+ %) /Og() dv + c, /Og()ln(l)dv. (42)

Using the equalities (28) and (29) in the case of i = 3, we obtain

Aoy (U-U3)° oV (™, u . (U
T Q1./og1(v)u11ud”

Qlu?)VB /K] 5 (IBUVVV (ISUVVU>)
_ s —1-1 d
o b Y TEn "\ Ty ) )
_ %/“ g‘z(v)<“//311” 1 —ln<“/j11v>>dl/
2 0 3 3
UG /"1 5 U . (U
G b Gi(v) T 1-In T dv

_ QZUSCS /Kl g— (1/) LU,Cy, a <13uvcv>)
G o 7* 1U3C3 IU3C5

LB

G

02UsC3 /"1 5 <1C3 <1C3>>
- V)[—=—-1—1In
o b W Gc I;C
Equation (43) can be rewritten as follows:

dq)g . (U* U3)2 Q1U3V3 o Us
E T 6y 9T

Q1U3V3/ (I3U1/Vv>d _alsVs /"2 5 <V3Iv>d
_ 02U3C /"1 - Uz, 0lsCs /"1 5 BLU,Cy
G o gl(””‘(u Mg b U g )

0oUsCs [ Cs B
- elhG 91(1/))(([ C)var L. (44)

(b-5)r w
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If ¥4 <1, then EP, does not exist since Ty = Alg‘sl (R4 — 1) < 0. Thus,

dlt) = a([(t) — {:)T(t) <0= d%t) =0(l3—1L)T(t) <Oforall T >0,
which implies that Iz < I. So, dt3 <OforallU,I,C,V,T,A > 0. Moreover, d{% = 0 when

U= U3 I=1,C=Cs and T = 0. The solutions of Model (9)-(14) converge to A}. The
elements of A} satisfy U = U3, I = I3, C = C3, and

I3UVV1/ VBIV I3UVCI/ N
WLVs ~ VL~ Itac, — b forallt € [0] (45)

and
v (t)

dt
This yields that A’3 = {EP3}, and from the L.I.P,, we obtain that EP; is G.A.S. O

0= =aGylz — oy V3 — l/JA(t)Vg — A(t) = As, forall t.

Theorem 5. If R3 > 1and R4 > 1, then EP, is G.A.S.

Proof. Define ®4(U,I,C,V,T,A) as

u 1 TN | Ul (C oaldVy (VN B T
Py = U4X(U ) + g1 I X<I4) + éc X(C4) + (5V+1/7A4X Vy * U'ng4X Ty

+

G

oty olaVy (%5 ot ( u(e)v(o) )
Gy + pAE X <A4> 8GR [ a0 [ (T, )20
n 02UsCy

/OKl G1(v) /ttV)((LI(&ng()))dev

xo Ugly (2 f (1( ))
+7§V+¢A4fo gz(u)/t_vx o ded.

Calculate d[% as:

d<b4 U4 1 14
T (1 U) ((U oyl — UV — QzUC) + ? (1 I)

y (/(; G (v)Us (o 1Vv+Q2Cv)dV—()\14'51)1—5”)
QzU4 Cy Qlu4 Vy
s (122 Joar e+ 555 (1-3)

X (04 /O 2 g_z(y)lydl/ —oyV — lPAV) U_'Zl (1 — ?)

x (¢IT — 61T) + Qlu‘“”)g (1 - ) (EAV — 6,4 A)

(6v + Ay
+ Q1U4V4 /Kl g_ (1/)( uv UVVV L{;Vy))
tic) )

Gy UgVy 4V4

UsCq ™1 uc UVCV
+M/o gl(V)<

G UsCy U4C4 (

uc
x01Uyly /KZ— (I (1/ )
Hoials 2o () e

+5v+¢A4 A Ga(v) T -+ ;

(46)
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Collecting the terms of Equation (46) yields

dd u
d7t4 = (1 l;) (w—=0oyU) + ontyV — —— / gl qulvvdV
11, [ 5 1
— 617 Jo gl (V)UUQZCVdV - a(Al + 51)1
1 1 QzU4 02Uy Gy
+ —— (A +0p) Iy + =BT+ Al — —Asl
oty Vs
+ 02UsCy Sy + pAs V QZ(V)IvdV
Q1U4 Q1u4

S+ bt S S v AT £ e
Sy + AL T Sy + pA, Sy + YAy

B B B 01U
— Ty — — 07T+ —- 7Ty — ——— A4V
G oG T +Ug1 N v +PAy

oy alsy o
@y +9A)T T (v + g

01U Vs /Kl 5 u,V,
+— A G1(v)In v dv
C

G u
Q2U4C4 u,C,
G /0 gl(v)ln< L )dv

Ugly [*2 I

5v—|—1,lJA4 0 Iy

(XQ1U4I4 /KZ = I,

_— In( — |d
+5V+¢A4 A Ga(v) n(l v,

Using the following conditions for EPy:
(M +on)ly | BLuTy

w = oyl + 01Uy Vs + 02U4Cy,
G G
Cy A o4 aGoly or
e /A S By - =,
Lo AT YAy v,
we obtain
dd u Uy Uy
d—;‘ = (1 - L;) (Syuly — Syl + 01U,V (1 - u) + Q2U4C4<1 - u) + 01UV
01UsVy /Kl e 02U4Cy /Kl 5 LU, Gy
- v dv — v dv
G o Gi(v) U4V, G o Gi(v) TU4Cy
I4T, 1
- <Q1U4V4 + 02UsCy — Pla 4) + 01U Vs + 02UsCy — PlaTy + —BLT
G G1 g1
ICy U,V, - Vu I
+ Q2U4C4 — Q2U4C4 —|— 02Uy Cy — Qa4 / gz(v) 4 Vdy
G Jo Vi
91U4 T Ql 4 Vi + 01Uy ¢AV4—£1T4—£I4T

v+ AL T sy +pAs Y Sy + WA, Gy

p 01Usyp 01 Usyp 01Uy
Pty ot vy
tg e 5V+¢A4 Sy A Ty Ve

Q1U4V4 u,v, QzU4C4/ u,C,
G ( > o Jo Sn{ e )dv

Q1U4V4 I 91U4V4 I,
e /ng( S Pren /Qz(V)ln(I>dV~

G1

vV + LUA‘IIJAVAL

= 01UV + 02U4Cy,
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Equalities (28) and (29) in the case of i = 4 yield
— 2 K1 _
d;% = —5u(u ull4) - leg[4v4 / 1 Gi(v) <l£1 -1 —ln<l£>>d1/
1 0
Q1U4V4 L I4UVVV I4UVVU
——=1 Gi(v) -1-
g1 Jo U,V U,V
UsVy [*2 W1 Vil
S gﬂ”(\;ﬂ —id <V414V>>d
UsCy ™1 4 UL u
ngj 4/0 gl(u)(u411n(b;*)>du
QZU4C4 /Kl 5 (I4uvcv <I4uvcv>)
— v —-1- d
G Do G1(v) [U4Cy [U,Cy
K
- LLQ%CA" /0 1 G1(v) (i;cé —1- ln<;4cé)>dv. (47)

Equation (47) can be rewritten as follows:

ar - U G
sV /Kl » LUV,
G Jo WX T )
sV /"2 5 Vil
% ) Go(v)x Vi, dv

UGy M, Uy
G ./0 gl(v))((u)dv

Q2U4C4 /K] 5 (I4uvcv>
R v — )dv
) AT
02Uy Cy /Kl 5 <1C4>
- = v — |dv.
gl 0 gl( )X I4C
If R3 > 1and Ry > 1, then d{% <OforalllU,I,C,V,T,A > 0. Moreover, d’% = 0 when

U=Uy I =1, C=Cyand V = Vj. The solutions of System (9)—(14) converge to A} with
elements that satisfy U = Uy, [ = L4, C = C4, and V = Vj, such that

Ad u—uy)? UV, [ . u.
4 Pt 4)” ol 4/()191(1/)?(( 4>d1/

LUV, Vi,  LUGC,

= = =1, forallte [0,% 4
WV, ~ VL~ I, v forallte [0, (48)
and
dl
0= ar GiUy(01Vy+ 02Cy) — (M +61) 1y — BLT(+) = T(t) = Ty, for all ¢,
0= %/ = aGoly — oy Vy — YA(t)Vy = A(t) = Ay, forall t.

This yields that A}, = {EP;}. The L.LP. reveals that EP; is G.A.S. [

Now, we summarize the conditions of the existence and global stability of the sys-
tem’s equilibria; see Table 1. These conditions completely depend on the five threshold
parameters #;,i =0,1,2,3,4.
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Table 1. Conditions of the existence and global stability of equilibria.

Equilibrium Point Existence Conditions Global Stability Conditions
EPy = (Up,0,0,0,0,0,0) None Ry <1

EPy = (Uy, I, G, 1,0,0) Ro > 1 Ro>1, R <land R <1
EP, = (Up, I, C, V2, T5,0) Ry >1 R >land R < 1

EPy = (U, I, Cy, V2,0, A7) B > 1 Ry >land R, <1

EPy = (Up, I,Cp, V3, T, A2)  R3 > 1and Ry > 1 N3 >1land Ry > 1

6. Comparison Results

In this section, we address the effect of inflammatory cytokines on the HIV-1 dynamics.
We considered the administration of two types of treatments as follows:

(i) Reverse transcriptase inhibitor (RTI), which prevents the virus from infecting the cell [11];
(i) Necrosulfonamide, which is a direct chemical inhibitor to inhibit pyroptotic cell
death [24,38].

Lete; € [0,1] and €, € [0, 1] be the efficacies of RTI and necrosulfonamide, respectively.
Model (9)-(14) under the effect of these treatments becomes:

au

a7 —w—ould— (I1—e1)aUV — (1 —€2)0UC, (49)
dl K1
YT /0 GI(v)Uy[(1 —€e1)01 Vi + (1 — €2)02Cy]dv

— (A + )1 — BIT, (50)
dcC
S = Aal = 6cC, (51)
av K2
= / Go(v)Ldv — 6V — PAV, (52)

0

dT
o =oIT—orT, (53)
‘;—‘? — EAV — 6,4 A. (54)

The basic reproduction number of System (49)—(54) is given by:

(1—e1)Up0106G1G2 N (1 — e2)Up02A2G1

% pr—
0 Sy (A +6r) dc (A1 +91)

We considered € = €1 = €3, then we obtain

Upo10G1G>  UpoaA2Gq

B=1-e dy(M+91)  dc(A+46p)

} = (1—¢e)Ro.

Now, we evaluated the drug efficacy € that makes Rf < 1 and stabilizes the EP, of
System (49)—(54) as:

1
1 ZGZémin:max{O,l}. (55)
Fo
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When we ignore the inflammatory cytokines in Model (49)-(54), we obtain

%[ =w—oylU—(1—¢€)o UV, (56)

dl K1

= (1€ /0 Gy (v)U, Vydv — 6,1 — BIT, (57)

v K2

= / Go(v) Ldv — 5,V — AV, (58)
0

dT

S =oIT =5, (59)

%‘ = FAV — 6,4, (60)

and the basic reproductive number of Model (56)—(60) is given by

Up0126G1G2

R = (1-e)=28

= (1 — € ) 8?30

We determine the drug efficacy e that makes ifﬁg < 1 and stabilizes the EPy of
System (56)—(60) as:

1 zezémin:max{O,l—}}. (61)
0

Clearly, 9 < Ro; thus, the basic reproduction number of an HIV-1 model that ignores the
role of inflammatory cytokines will be underevaluated. Comparing Equations (55) and (61),
we obtain that éynin < €mnin. Therefore, if we apply drugs with efficacy e such that
€min < € < épin, this guarantees that §f88 < 1, and then, the EP) of System (56)—(60)
is G.A.S.; however, Rj > 1, and then, the EP, of System (49)—(54) is unAstable. Consequently,
the treatment efficacy determined by the basic reproduction number % is lower than what
is necessary to eradicate the infection. Therefore, our proposed model is more relevant in
describing the HIV-1 dynamics than the models presented in [28].

When we compared our proposed model with Model (4)—(8), we found that ours
contains five equilibria, while System (4)—(8) has only three equilibria. Moreover, (4)—(8)
includes a discrete-time delay, which is a special form of the distributed-time delay.

7. Numerical Simulations

In this section, we ran numerical simulations for the models (9)—(14) using a specific
form of the probability distribution function, such as:

Fily) = (v =),

where ¢(.) is the Dirac delta function and v; € [0,k;], i = 1,2 are constants. Let k; tend to

00, then
o0

/ Fi(0)de =1, Gj= / g0 —vj) e Mg =e ", j=1,2.
0 0
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o

R we~ 1" (Q1(5Cw€_’nv2 + Qz/\zév)
O =

Model (9)—(14) then becomes:

‘Z—lj =w -6yl —U(01V + 02C), (62)
%%:fm”wﬂmmm+@QQf@h+&ﬂ—ﬁH) (63)
‘%f = Aol —6cC, (64)
%gzuw*wwhq—évv>-¢Av, (65)
%?:dT—hﬂ (66)
%§«:§AV—5AA. (67)

For this model, the threshold parameters become

) §R1 o (Téu&v&c(%o — 1)

dudvéc (A + 1)  5r(Scorae12v2 4 Sy Ap07)

_ dcage 12"2C3 _ OrCae” 122 owe” "1 (6cd 4010 + 67028A2)

Sadvhs T T oydac T 50(M + 61)(0udCUE + 0cOA010 + 07028A)”

We fixed the values of some parameters, which were taken from the literature (see
Table 2). The others parameters were chosen just to perform the numerical simulation.

Table 2. Model parameters.

Parameter Value Source Parameter Value Source Parameter Value Source
w 10 [39-41] B 0.001 [27] P 0.8 [42]
ou 0.01 [40,43,44] oc 0.1 [27] or 0.32 [27]
A 0.1 [27] o 13 [27] A 0.1 [42]
o1 0.75 [27] oy 0.3 [32] T 0.1 [45]
Y2 0.1 [46] A 0.1 Assumed

7.1. Sensitivity Analysis of Ry to the Parameters for Model (62)—(67)

Sensitivity analysis holds a crucial position within the realm of dynamic systems
research, particularly within the fields of ecology and epidemiology [47]. One pivotal
aspect of this research entails scrutinizing the sensitivity of model parameters. This involves
the calculation of specific sensitivity indices for each parameter, shedding light on their
contributions to the dynamics of diseases. This section delves into the sensitivity analysis of
various parameters concerning . In order to execute a sensitivity analysis, we calculated
the normalized forward sensitivity index of a variable using the following formula:

p Ry
SE, = o op (68)

This equation provides the sensitivity index of Jty concerning the parameter . In the
context of forward sensitivity analysis, we explored how the alterations of these parameters
influence the value of $t. This analytical approach allowed us to assess the sensitivity
of Ry to adjustments in each parameter, offering valuable insights into their respective
impacts on the system’s dynamics. When applying Relation (68) to all parameters of System
(62)-(67), the following outcomes are apparent:
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(i) The parameters with positive sensitivity indices include w, 01, 02, A2, and &, with

e T2y 01 5(:
e~ 12%20 01 6¢ + A2 02 6y
_ A2 020y
Y2 em 1220001 0c + Az 020y

SEw=1, SEp = SE,=

SEg, = SE

This implies that any increase or decrease in the values of those parameters directly
influences ¥y, leading to either an increase or a decrease in its value.

(ii) The parameters with negative sensitivity indices, signifying that an increase in their
values leads to a decrease in Ry, include Jy;, v1, V1, M, 01, O¢c, 72, V2, and Jy, as delin-
eated below:

A
SEs;, = —1 SE, =SE, =-mu, SE; = T 4:51
o1 A2 020y
o M+ (S[, dc e~ nv2px 01 (SC + Ay 02 oy
—Mnv2 —TMv2

T e 200100+ A2 020y e 12001 0c + Ay 02 0y

(iii) The parameters B, ¥, o, o1, ¢, and J 4 have no impact on the value of Ry.

When selecting v1 = 3, v, = 2, 91 = 0.00018, ¢, = 0.0038, ¢ = 0.03, and ¢ = 0.0001,
the sensitivity indices for various model parameters, calculated using the formula (68), are
visualized in Figure 1 and summarized in Table 3. Examining Table 3, we observe that
a 10% increase or decrease in the values of w, 91, 02, A2, and « results in a corresponding
10%, 6.27%, 3.73%, 3.73%, and 6.269% increase or decrease in Ry, respectively. Conversely,
a 10% increase in the values of &y, 1, v1, M, 01, ¢, Y2, V2, and dy leads to a reduction in Ry
by 10%, 3%, 3%, 1.18%, 8.82%, 3.73%, 1.25%, 1.25%, and 6.27%, respectively.

Table 3. Sensitivity index of Ry.

Parameter Sensitivity Index Parameter Sensitivity Index Parameter Sensitivity Index

w 1 o —882 x 1073 Sy —627 x 1073
Su -1 B 0 P 0

01 627 x 1073 As 373 x 1073 o 0

02 373 x 1073 e —373x 1073 or 0

T —0.3 « 627 x 1073 & 0

" -0.3 Y2 —125x 1073 5a 0

M —118 x 1073 0 —125x 1073

It is important to note that the correlation between time delay and R is inverse,
meaning that, as the time delay grows, Ry typically decreases, indicating a decreased
risk of infection. To recap, time delay is a pivotal factor in determining ¥’s value and,
consequently, the generation of infected cells within epidemiological models. Extended
time delays are connected to diminished Ry values and a reduced number of infected cells,
while shorter time delays are associated with elevated i values and an increased count of
infected cells. Grasping this connection is crucial for evaluating the likelihood of infection
cases and formulating effective treatment strategies.
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Figure 1. Forward sensitivity analysis to assess the influence of the system’s (62)-(67) parameters on .

7.2. Stability of the Equilibria

In this subsection, we chose the delay parameters to be v; = 3 and v, = 2. We then
used numerical simulation to illustrate our results given in Theorems 1-5. To obtain the
numerical solutions of the model, we used the MATLAB’s dde23 solver. To illustrate the
global stability, we chose three different initial conditions as:

L.1: (U(0),1(6),C(0),V(0),T(0),A(8)) = (300,9,12,8,300,4);

1.2: (U(6),1(0),C(0),V(8),T(6) A(8)) = (150,6,9,7,200,3);

L.3: (U(6),1(0),C(0),V(0),T(6) A(0)) = (50,3,3,4,100,1). 6 € [-3,0].

We mention that, since we did not have real data, these initial values were chosen just
for numerical purposes.

Under the preceding beginning conditions, selecting the chosen values of 01, 02, 0,
and ¢ resulted in the following scenarios:

Scenario 1 (stability of EPy): 07 = 0.00001, go = 0.001, ¢ = 0.001, and ¢ = 0.001.
These values give $y = 0.39 < 1. The numerical solutions eventually reach the equilibrium
EPy = (1000, 0,0,0,0,0) (see Figure 2). The numerical results shown in Figure 2 agree with
the results of Theorem 1. This indicates that the HIV-1 particles ultimately are eradicated.
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Figure 2. The equilibrium point EPy = (1000,0,0,0,0,0) is G.A.S. whenever ®y < 1. (a) Unin-
fected CD4™ T cells; (b) infected CD4™ T cells; (c) inflammatory cytokines; (d) free HIV-1; (e) CTLs;
(f) antibodies.

Scenario 2 (stability of EP;): 07 = 0.00018, ¢, = 0.0038, o = 0.03, and ¢ = 0.0001. These
choices give ¥y = 8.88 > 1, i1 = 0.73 < 1, and Ry = 0.29 < 1 and create the persistent
state of lacking immunity EP; = (112.64,7.73,7.73,274.38,0,0). Figure 3 illustrates the global
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stability of EP;, which is proven in Theorem 2. This indicates that the levels of infected cells
and viruses are small and insufficient to stimulate the adaptive immune response.
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Figure 3. The equilibrium point EP; = (112.64,7.73,7.73,274.39,0,0) is G.A.S. whenever ®y > 1,
1 < land R, < 1. (a) Uninfected CD4™TT cells; (b) infected CD4™ T cells; (c) inflammatory cytokines;
(d) free HIV-1; (e) CTLs; (f) antibodies.

Scenario 3 (stability of EP,): o1 = 0.0001, o = 0.004, o = 0.048, and ¢ = 0.00039.
Using the data values in Table 2, we obtain #; = 1.1086 > 1 and #3 = 0.92 < 1. The
numerical simulations showed that EP, = (165.79, 6.67, 6.67,236.52,77.002,0) is G.A.S. (see
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Figure 4). This observation agrees with the outcomes of Theorem 3. This suggests that the
CTL immune response is activated to remove infected cells without the need for antibodies.
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Figure 4. The equilibrium point EP, = (165.78, 6.66, 6.66,236.51,77.003,0) is G.A.S. whenever R, > 1
and N3 < 1. (a) Uninfected CD4"T cells; (b) infected CD4™T cells; (c) inflammatory cytokines;

(d) free HIV-1; (e) CTLs; (f) antibodies.
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Scenario 4 (stability of EP;): ¢; = 0.0001, o = 0.004, ¢ = 0.04, and ¢ = 0.012.
The values in Table 2 give R, = 26.8028 > 1 and R; = 0.84 < 1. The numerical solu-
tions plotted in Figure 5 converge to EP; = (277.66,6.30,6.29,8.33,0,9.68). We see that,
starting from any initial value, the concentration of the CTLs will go to zero, while all
other compartments eventually tend to be constant over time. This supports the result of

Theorem 4.
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Figure 5. The equilibrium point EP3 = (277.65,6.29,6.29,8.34,0,9.67) is G.A.S. whenever R3 > 1
and R4 < 1. (a) Uninfected CD4"T cells; (b) infected CD4*T cells; (c) inflammatory cytokines;

(d) free HIV-1; (e) CTLs; (f) antibodies.
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Scenario 5 (stability of EP;): ¢; = 0.0007, 0o = 0.004, ¢ = 0.048, and ¢ = 0.0016.
The values in Table 2 give $3 = 3.78 > 1 and #; = 1.14 > 1. The numerical solutions
displayed in Figure 6 tend to EPy; = (124.35,6.67,6.67,62.5,123.04,1.04). We observed that,
starting from any initial value, the concentrations of all compartments finally tend to be
constant as time goes on. Consequently, EP; is G.A.S., and this agrees with the result
of Theorem 5. This case represents the patient livedwith HIV-1 and that the adaptive
immunity is active.

7.3. Effect of Time Delays on the HIV-1 Dynamics

In this part, we show the effect of time delay on the solutions of the system. We fixed
the values g1 = 0.0007, g2 = 0.004, o = 0.048, and ¢ = 0.0016. Let us take v = v; = vy, then
the basic reproduction number g becomes

we’“”(gléczxe’“”” + Qz)\zév)
Sudvéc ()\1 + (51)

Ro =

We observed that Ry is a decreasing function of v. Therefore, the stability of the
system we will change as v changes. Since we are interested in the stabilization of the
uninfected equilibrium EP), we computed the critical value of the delay v,,, which makes

R — we~ T1ver (Qléca6772vcr + QZAZ(SV)
0 Sudvoc(A +0p)

—1. (69)

By solving Equation (69) numerically, we obtain v, = 21.7173. Then, we have that if

v > 21.7173, then Ry < 1 and EP) is G.A.S., and the virus will be eradicated. Now, we study
the impact of delay parameter v on the solutions of System (62)—(67) with initial values:
L4: (U(0),1(0),C(9),V(0),T(F),A(0)) = (500,5,4,40,150,1), where 6 € [— max{vy,v»},0].
Figure 7 demonstrates the impact of v on the system’s solutions. We observed that, as v
increases, the level of uninfected CD41 T cells will increase, while the levels of other
compartments will decrease.

Biologically, time delays play important roles in HIV-1 progression, which gives
some indications of how to control the infection. Sufficiently large time delays result in
slower HIV-1 development, and HIV-1 is controlled and may disappear. This may give an
indication of the possibility of creating new HIV-1 drugs that extend the delay time.

7.4. Effect of Immune Response on the HIV-1 Dynamics

In this part, we show the effect of immune response on the HIV-1 dynamics. We used
the parameters given in Table 2 and fixed the parameters ¢; = 0.00018, ¢, = 0.0038, v; = 3,
and v, = 2. We considered the following initial condition:
L5: (U(6),1(0),C(9),V(8),T(F),A(0)) = (280,4,5,15,200,4), where 6 € [—3,0].
We varied the parameters ¢ and ¢ as shown in Figure 8, which displays that, whenever
the activity of the immune response changes, the dynamic behavior of the virus changes.
We see that, when ¢ and ¢ increase, the populations of uninfected CD4" T cell, CTLs, and
antibodies increase, whereas the populations of infected cells, inflammatory cytokines, and
free HIV-1 particles decrease.



Computation 2023, 11, 217

30 of 36

300 - - :
—I1
250 —— |2
........ 13
_o00f :
51\
15013
100(;
50 : : :
0 100 200 300 400
t
(a)
12 -
— 1
10 — — 12|
........ 13
o 9 "
6.
4.
2 1 1 1
0 100 200 300 400
t
(o)
1000 - -
—1
800 — — 2]
........ 13
600 ;
5
400
200 7N
ok R | |
0 100 200 300 400
t
(e)

10 —_—1 ]
—— 12|
........ |3
4
2ol
0 1 1 1
0 100 200 300 400
t
(b)
o —
........ |3
20
0 1 1
100 200 300 400
(d)
— 1
— — 12|
........ |3
0 1 1 1
0 100 200 300 400
t
€9

Figure 6. The equilibrium point EP; = (124.35,6.66, 6.66,62.5,123.04,1.0441) is G.A.S. whenever
R3 > 1and Ry > 1. (a) Uninfected CD47TT cells; (b) infected CD4™ T cells; (c) inflammatory cytokines;

(d) free HIV-1; (e) CTLs; (f) antibodies.
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Figure 7. Influence of the delay parameter v on the solutions of System (62)—(67). (a) Uninfected
CD4™T cells; (b) infected CD4™T cells; (c) inflammatory cytokines; (d) free HIV-1; (e) CTLs; (f) anti-
bodies.
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Figure 8. Influence of the immune response parameters ¢ and ¢ on the solutions of System (62)—(67).
(a) Uninfected CD4™T cells; (b) infected CD4™T cells; (c) inflammatory cytokines; (d) free HIV-1;

(e) CTLs; (f) antibodies.
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8. Discussion

Recent research works have demonstrated that, during HIV-1 infection, pyroptosis is
associated with the release of inflammatory cytokines. This can attract more CD4™ T cells
for infection and can lead to more CD4 ™ T cell death. Understanding the dynamics of HIV-1
within the host under the influence of inflammatory cytokines is, thus, urgently needed.
In this paper, we developed a cytokine-enhanced HIV-1 dynamics model with adaptive
immunity and distributed delays. The model admits five equilibrium points as follows:

e  The uninfected equilibrium, EP), usually exists, and it is G.A.S. when Ry < 1. In this
state, the number of HIV-1 particles eventually converges to 0. Different control plans
can be applied to make

_ we 111 Qlae_')’ZVZ QZ)\Z
Ry =

<1.
du Lov(M+9dr)  dc(AM+dr) ] —

These plans are, for example:

(i) Reducing both parameters ¢; and g,. This may be achieved by applying two types
of treatments: RTI [11] and necrosulfonamide [38], with drug efficacies €; € [0,1] and
€y € [0,1], respectively. Thus, parameters ¢; and ¢, will be (1 —€1)01 and (1 — €2)02,
respectively. We note that the basic reproduction number fy of a model that neglects
the role of inflammatory cytokines might be underevaluated. Due to this, the treatment
efficacy determined by this basic reproduction number is lower than what is necessary to
eradicate the infection. We note also that ¥y does not depend on the humoral and CTL
parameters. Therefore, humoral and CTL immunities play the role of controlling the HIV-1
infection, but not in clearing it. Our proposed model under the effect of anti-viral drugs can
be considered as a nonlinear control system. Therefore, different control strategies can be
applied for the stabilization of the system around a desired equilibrium (see, e.g., [48-50]).

(ii) Enlarging the length of delay periods v; and v, [35]. This may be performed
if a new class of treatments is developed to prolong the delay periods and, then, inhibit
HIV-1 progression.

. The chronic infection equilibrium with inactive immune response, EP;, exists when
Ry > 1. Moreover, EP; is G.AS. when Ry > 1, £ < 1, and R; < 1. In this
situation, HIV-1 is present, but without any immune response. This can happen when
the populations of both HIV-1 and infected cells are insufficient to activate the immune
system’s reaction, i.e., V < %A and I < %.

*  The chronic infection equilibrium with only CTL immunity, EP,, exists when
R1 > 1. Further, EP; is G.A.S. when 1 > 1 and #3 < 1. In this case, HIV-1 ex-
ists in the body under CTL immune response only. This can happen when the number
of viruses in the body becomes small and insufficient to activate the humoral immune
response, i.e., V < %A.

¢ The chronic infection equilibrium with only humoral immunity, EP;, exists when
5 > 1. Further, EP; is G.A.S. when R, > 1 and 4 < 1. In this case, HIV-1 exists in
the body under humoral immune response only. This can happen when the number
of infected cells becomes small and insufficient to activate the CTL immune response,
ie, Iy < L.

* The chronic infection equilibrium with both CTL and humoral immunities,
EP,, exists and is G.A.S. when 3 > 1 and R4 > 1. In this case, HIV-1 infection
is chronic, where both humoral and CTL immune responses are activated.

The primary drawback of our study is that we were unable to estimate the values
of the model’s parameters using real data. The reasons are as follows: (i) There is still a
lack of real data on HIV-1 infection; (ii) it may not be very accurate to compare our results
with a small number of real studies; (iii) it is difficult to gather real data from patients who
are HIV-1 infected; (iv) conducting experiments to obtain real data is outside the purview
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of this paper. As a result, when real data become available, the theoretical conclusions
reached in this study need to be compared against empirical findings.

9. Conclusions

In this paper, we formulated an HIV-1 model to obtain insight into the HIV-1 dynamics,
taking the role of inflammatory cytokines into consideration. The effect of both humoral
and CTL immunities on HIV-1 infection was included. Two distributed time delays were
incorporated: (i) delay in the HIV-1 infection of uninfected CD4" T cells and (ii) delay
in the maturation of recently released HIV-1 virions. We first showed the fundamental
properties of the solutions, nonnegativity, and boundedness. Then, we established that
the model admits five equilibria: EP;,i = 0,1,...,4. We derived five threshold parameters,
R;, i =0,1,...,4, which completely determine the existence and global stability of the
model’s equilibria. We used the Lyapunov method to prove the global asymptotic stability
for all equilibria. We solved the model numerically and presented the results graphically.
We found an agreement between the numerical and theoretical findings. A sensitivity
analysis was performed to establish how the values of the model’s parameters affect
the basic reproduction number #y. We discussed the effect of pyroptosis, time delays,
and adaptive immunity on the HIV-1 dynamics. We found that pyroptosis contributes to
the number #y, and then, neglecting it will make #y underevaluated. Besides the highly
active antiretroviral drug therapies, which are usually used to inhibit viral replication,
necrosulfonamide can be used to inhibit pyroptosis. Further, it was found that, increasing
time delays can effectively decrease Ry and, then, inhibit HIV-1 replication. This may
indicate the development of new treatments that will prolong the delay. Furthermore, we
showed that both humoral and CTL immunities have no effect on ¥, while this can result
in less HIV-1 infection.

Our model can be extended by including (i) the mobility of cells and viruses [51],
(ii) viral mutations [52], and (iii) stochastic interactions [53].
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