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Abstract: Diagnosability of a multiprocessor system is an important research topic. The system and
interconnection network has a underlying topology, which usually presented by a graph G = (V, E).
In 2012, a measurement for fault tolerance of the graph was proposed by Peng et al. This measurement
is called the g-good-neighbor diagnosability that restrains every fault-free node to contain at least g
fault-free neighbors. Under the PMC model, to diagnose the system, two adjacent nodes in G are can
perform tests on each other. Under the MM model, to diagnose the system, a node sends the same
task to two of its neighbors, and then compares their responses. The MM* is a special case of the MM
model and each node must test its any pair of adjacent nodes of the system. As a famous topology
structure, the (1, k)-arrangement graph A, i, has many good properties. In this paper, we give the
g-good-neighbor diagnosability of A, ; under the PMC model and MM* model.
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1. Introduction

A multiprocessor system and interconnection network (networks for short) has an underlying
topology, which is usually presented by a graph, where nodes represent processors and links represent
communication links between processors. Some processors may fail in the system, so processor fault
identification plays an important role for reliable computing. The first step to deal with faults is to
identify the faulty processors from the fault-free ones. The identification process is called the diagnosis
of the system. A system G is said to be t-diagnosable if all faulty processors can be identified without
replacing the faulty processors, provided that the number of faulty processors presented does not
exceed t. The diagnosability ¢(G) of G is the maximum value of  such that G is t-diagnosable [1-3].
For a t-diagnosable system, Dahbura and Masson [1] proposed an algorithm with time complex
O(n??), which can effectively identify the set of faulty processors.

Several diagnosis models were proposed to identify the faulty processors. One of most commonly
used is the Preparata, Metze, and Chien’s (PMC) diagnosis model introduced by Preparata et al. [4].
The diagnosis of the system is achieved through two linked processors testing each other. A similar
issue, namely the comparison diagnosis model (MM model), was proposed by Maeng and Malek [5].
In the MM model, to diagnose the system, a node sends the same task to two of its neighbors, and then
compares their responses. The MM* is a special case of the MM model and each node must test its any
pair of adjacent nodes of the system.

In 2005, Lai et al. [3] introduced a measurement for fault diagnosis of a system, namely,
the conditional diagnosability. They considered the situation that no fault set can contain all the
neighbors of any vertex in the system. In 2012, Peng et al. [6] proposed a measurement for fault
diagnosis of the system G, namely, the g-good-neighbor diagnosability t,(G) (which is also called the
g-good-neighbor conditional diagnosability), which requires that every fault-free node has at least
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g fault-free neighbors. In [6], they studied the g-good-neighbor diagnosability of the n-dimensional
hypercube under the PMC model. In [7], Wang and Han studied the g-good-neighbor diagnosability
of the n-dimensional hypercube under the MM* model. There is a significant amount of research on
the g-good-neighbor diagnosability of graphs [6-24].

The star graph, which was proposed by Akers et al. [25], is a well-known interconnection
network. To solve the problem of scalability of star graph topology, Day and Tripathi [26] proposed the
arrangement graph as a generalization of the star graph. The arrangement graph A, x is more flexible
than the star graph in selecting the major design parameters: the number, degree, and diameter of
the vertex. At the same time, most of the nice properties of the star graph are preserved (for details,
see [26-32]). In this paper, we show (1) ((g+1)(k—2) +2— L%J J(n—k)+g+1<te(Ayp) <
[(g+1)(k—1)+1](n — k) under the PMC model and MM* model forn > 4,k € [3,n—2|,g € [3,n—k);
(2) the diagnosability t(A,x) = k(n — k) under the PMC model and MM* model; (3) t;(A,x) =
(2k — 1)(n — k) under the PMC model for n > 5 and k € [2,1), and under the MM* model for n > 8
and k € 2,n); (4) t2(A, k) = (83k —2)(n — k) under the PMC model and MM* model for n > 8 and
ke [3,n—5U{n—2n—1};and (5) to(A,2) = 4n — 9 under the PMC model and MM* model for
n>8.

2. Preliminaries

Under the PMC model [5,23], to diagnose a system G = (V(G), E(G)), two adjacent nodes in G
can perform tests on each other. For two adjacent nodes u and v in V(G), the test performed by # on v
is represented by the ordered pair (u, v). The outcome of a test (1, v) is 1 (respectively, 0) if u evaluate
v as faulty (respectively, fault-free). We assume that the test result is reliable (respectively, unreliable) if
the node u is fault-free (respectively, faulty). A test assignment T for G is a collection of tests for every
adjacent pair of vertices. It can be modeled as a directed testing graph T = (V(G), L), where (u,v) € L
implies that u and v are adjacent in G. The collection of all test results for a test assignment T is called
a syndrome. Formally, a syndrome is a function ¢ : L — {0, 1}. The set of all faulty processors in G
is called a faulty set. This can be any subset of V(G). For a given syndrome ¢, a subset of vertices
F C V(G) is said to be consistent with ¢ if syndrome ¢ can be produced from the situation that, for any
(u,v) € Lsuch thatu € V\ F, o(u,v) = 1if and only if v € F. This means that F is a possible set
of faulty processors. Since a test outcome produced by a faulty processor is unreliable, a given set
F of faulty vertices may produce a lot of different syndromes. On the other hand, different faulty
sets may produce the same syndrome. Let o(F) denote the set of all syndromes which F is consistent
with. Under the PMC model, two distinct sets F; and F, in V(G) are said to be indistinguishable if
o(F) No(F,) # @; otherwise, F; and F, are said to be distinguishable. Besides, we say (F;, F») is an
indistinguishable pair if 0(F;) No(F,) # @; else, (F1, F,) is a distinguishable pair.

In the MM model, a processor sends the same task to a pair of distinct neighbors and then
compares their responses to diagnose a system G. The comparison scheme of G = (V(G), E(G)) is
modeled as a multigraph, denoted by M = (V(G), L), where L is the labeled-edge set. A labeled
edge (4,v)y € L represents a comparison in which two vertices u and v are compared by a
vertex w, which implies uw,vw € E(G). We usually assume that the testing result is reliable
(respectively, unreliable) if the node u is fault-free (respectively, faulty). If u,v € Fand w € V(G)\F,
then (u,v)y, — 1. f u € Fand v,w € V(G)\F, then (u,v),, — 1. If v € Fand u,w € V(G)\F,
then (u,v)y — 1. If u,v,w € V(G)\F, then (1,v),, — 0. The collection of all comparison results
in M = (V(G), L) is called the syndrome of the diagnosis, denoted by c. If the comparison (1, V)
disagrees, then o((u,v),) = 1. Otherwise, o((u,v),) = 0. Hence, a syndrome is a function from L to
{0,1}. The MM* is a special case of the MM model and each node must test its any pair of adjacent
nodes, i.e., if uw,vw € E(G), then (u,v), € L. The set of all faulty processors in the system is called
a faulty set. This can be any subset of V(G). For a given syndrome 0, a faulty subset of vertices
F C V(G) is said to be consistent with ¢ if syndrome ¢ can be produced from the situation that, for
any (4,v)y € Lsuchthatw € V\ F,0(u,v)y = lifand only if u,v € Foru € F or v € F under the
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MM* model. Let (F) denote the set of all syndromes which F is consistent with. Let F; and F, be two
distinct faulty sets in V(G). If 0(F;) No(F,) # @, we say (F;, F,) is an indistinguishable pair under
the MM* model; else, (F;, F,) is a distinguishable pair under the MM* model.

Definition 1. A system G = (V, E) is g-good-neighbor t-diagnosable if Fy and F, are distinguishable under
the PMC (MM*) model for each distinct pair of g-good-neighbor faulty subsets F; and F, of V with |F| < t
and |F,| < t. The g-good-neighbor diagnosability t,(G) of G is the maximum value of t such that G is
g-good-neighbor t-diagnosable under the PMC (MM*) model.

A multiprocessor system and network is modeled as an undirected simple graph G = (V,E),
whose vertices (nodes) represent processors and edges (links) represent communication links. Given
a nonempty vertex subset V' of V, the induced subgraph by V' in G, denoted by G[V’], is a graph,
whose vertex set is V/ and the edge set is the set of all the edges of G with both endpoints in V.
For any vertex v, we define the neighborhood Ng(v) of v in G to be the set of vertices adjacent to v.
For u € Ng(v), u is called a neighbor vertex or a neighbor of v. We denote the numbers of vertices and
edgesin G by |V(G)| and |E(G)|. The degree d;(v) of a vertex v is the number of neighbors of v in G.
The minimum degree of a vertex in G is denoted by §(G). Let S C V. We use Ng(S) to denote the set
UpesNg(v)\S. For neighborhoods and degrees, we usually omit the subscript for the graph when no
confusion arises. A path in G is a sequence of vertices such that from each of its vertices there is an edge
to the next vertex in the sequence. The path with a length of 7 is denoted by n-path. The length of a
shortest path between x and y is called the distance between x and y, denoted by dg(x,y). A complete
graph K;, is a graph in which any two vertices are adjacent on 7 vertices. A graph G; is isomorphic
to another graph G, (denoted by G; = G,) if and only if there exists a bijection ¢ : V(G1) — V(G)
such that for any two vertices u,v € V(Gy), uv € E(Gy) if and only if ¢(u)¢(v) € E(Gy). A graph
G is said to be k-regular if for any vertex v, dg(v) = k. Let G be connected. The connectivity «(G)
of G is the minimum number of vertices whose removal results in a disconnected graph or only one
vertex left when G is complete. Let F; and F, be two distinct subsets of V, and let the symmetric
difference F; A F, = (F; \ F,) U (F, \ F1). For graph-theoretical terminology and notation not defined
here, we follow [33].

Let G = (V,E) be connected. A fault set F C V is called a g-good-neighbor faulty set if
IN(v) N (V\F)| > g for every vertex v in V\F. A g-good-neighbor cut of G is a g-good-neighbor
faulty set F such that G — F is disconnected. The minimum cardinality of g-good-neighbor cuts is said
to be the g-good-neighbor connectivity of G, denoted by «(8)(G). A connected graph G is said to be
g-good-neighbor connected if G has a g-good-neighbor cut.

For two positive integers n and k, let (n) denote the set {1,2,...,n} and (k) denote the set
{1,2,...,k}. Let P, x be a set of arrangements of k elements in (1), thatis, P, = {p1p2-- - px: pi € (n)
forl <i<kandps # piforl <s,t <k s#t}

Definition 2. Given two positive integers n and k with n > k > 1. The (n, k)-arrangement graph, denoted by
Ay, has vertex set V(Au ) ={p:p=p1-- pPx € Pyi}, and edge set E(A, ) = {(p,q9) : .9 € V(Aux)
with p; # q; for some i € (k) and p; = q; forall j € (k) \ {i}}.

From the definition, we know that the vertices of A,y are the arrangements of k elements in (1),

and the edges of A, ; connect arrangements which differ in exactly one of their k positions. A,y is a

regular graph of degree k(n — k) with (nii'k)' vertices. Figure 1 shows the arrangement graph Ay ».
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Figure 1. The arrangement graph Ay».

Definition 3 ([260]). A graph is vertex-transitive if and only if for any pair of its vertices u and v, there exists
an automorphism of the graph that maps u to v. A graph is edge-transitive if and only if for any pair of its edges
(u,v) and (x,y), there exists an automorphism of the graph that maps (u,v) to (x,y).

Lemma 1 ([26]). A, is vertex-transitive and edge-transitive.
Lemma 2 ([26]). «(A,x) =k(n—k) forn >k >1.

Lemma 3 ([28]). n > 3and n # 4, k € [2,n), V(A x) = 2k —1)(n —k) — 1 and V) (Ay,) =
KW (Ag) (= kM (5y)) = 4.

Lemmad ([28]). n > 3andn # 4,2 < k < n, xV(A,) = 2k —1)(n —k) — 1 and xV(Ag2) =
kM (Agz) (= k1(S4)) = 4

Lemma 5 ([28]). Forn > 8§, K(z)(Anlz) =4n—12,and, fork e {i :i=3,...,n =5} U{n—-2,n—1},
k@ (A, ) = (3k—2)(n —k) —2.

Lemma 6 ([28]). Let n,k, g be positive integers such thatn > 4,2 <k <n—2,9 > 3. Then,

(g+ 1k =2 +2= 80 by < o)A, < [(g+ (k= 1)+ n—8) =g

An edge cut of a graph G is a set of edges whose removal makes the remaining graph no longer
connected. The edge connectivity A(G) of G is the minimum cardinality of an edge cut of G.

Lemma 7 ([33]). «(G) < A(G) < 4(G).
According to Lemmas 2 and 7, we get the following corollary.

Corollary 1. The edge connectivity A(Ay ) = k(n —k) forn >k > 1.

Fori € (n),j € (k), let V(A]r:ik) be the set of all vertices in A,y with the jth position being i,
that is, V(A{;/lk) ={p:p=p1--pj - px € Pyy with p; = i}. Tt is easy to‘c‘heck that each Aﬁfk isa
subgraph of A\, and we say that A, ; is decomposed into n subgraphs Aﬁlk (1 <i < n)according
to the jth position. For simplicity, we shall take j as the last position k, and use Ail i to denote A’:l”}(.
Then, V(A;/k) ={p:p=p1 praiwithp; € (n)\{i} and ps # ps for 1 < s,t < k—1} for
1 <i < n. ltis easy to see that A, ; is a complete graph K.
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Proposition 1 ([34]). Let n > k > 2. For each j € (k), Ale is isomorphic to A, _1 x_1 where 1 <i < n.

For any vertex u € V(A! ) (1 <i < n), in this paper, we say that N(u) N V(A ,) is the set of
inner neighbors of u, which is denoted by IN (1) and N(u) N (V(A,) \ V(A! ,)) is the set of outer
neighbors of u, which is denoted by ON ().

Proposition 2 ([31]). Let n > k > 2, i € (n). For any two vertices u, v in the subgraph Al ,,
ON(u) NON(v) = @ and |ON(u)| = n — k. Furthermore, the vertices of ON(u) are distributed in
(n — k) distinct subgraphs.

Proposition 3. For any vertex u € V(A! ) (1 < i < n), let ON(u) be the set of outer neighbors of u.
Then, A, x[{u} U ON(u)] is isomorphic to the complete graph K, 1.

Proof. By Lemma 1, A, ; is vertex-transitive. Without loss of generality, let u = (n —k+1)(n —k +
2)---n € V(A},). By the definition of arrangement graphs, ON(u) = {u; : u; = (n —k+1)(n —
k+2)---(n—1)j,j € {1,2,...,n —k}}. Then, |ON(u)| = n — k. Note that u, uy,...,u, x_1 and
u,_ are only different in last position. By the definition of arrangement graphs, any pair of vertices
of u uy,...u,__1 and u,_j are adjacent. Thus, A, ;[{u} UON(u)] is a complete graph. Note that
|{u} UON(u)| =n —k+1. Thus, A, x[{u} UON(u)] is isomorphic to K, 1. O

Definition 4. Let (n) = {1,2,--- ,n}, and let S, be the symmetric group on (n) containing all permutations
p = p1p2 - - - pn of (n). The alternating group Ay is the subgroup of S, containing all even permutations. It is
well known that {(12i), (1i2),3 < i < n} is a generating set for A,. The n-dimensional alternating group
graph AGy, is the graph with vertex set V(AGy) = A, in which two vertices u, v are adjacent if and only if
u=0(12i)oru=10(1i2),3 <i < n.

Definition 5. The n-dimensional star graph denoted by S,. The vertex set of Sy is {ujuy---uy
Uy - - - Uy is a permutation of (n)}. Vertex adjacency is defined as follows: ujuy ---uy is adjacent to
Wil -+ - Uj_qU Ui - Uy forall 2 <i < mn.

Lemma 8 ([29]). (1). The arrangement graph A, ,_» is isomorphic to the n-dimensional alternating group
graph AGy,. (2). The arrangement graph Ay, ,_1 is isomorphic to the n-dimensional star graph Sy.

Lemma 9 ([31]). For any two distinct vertices u and v in the arrangement graph A, , we have the
following results:

1. Ifd(u,v) =1, then |[N(u)NN(v)|=n—k—1;

2. Ifd(u,v) =2andn=k+1, then [N(u) N N(v)| =1

3. Ifd(u,v) =2andn > k+2, then [N(u) N N(v)| < 2;and
4. Ifd(u,v) > 3, then |[N(u) N N(v)| = 0.

3. The g-Good-Neighbor Diagnosability of Arrangement Graphs under the PMC Model

In this section, we show the g-good-neighbor diagnosability of arrangement graphs under the
PMC model (Figure 2).

Theorem 1 ([23]). A system G = (V, E) is g-good-neighbor t-diagnosable under the PMC model if and only
if there is an edge uv € Ewithu € V\(F{UF,) and v € F; A F, for each distinct pair of g-good-neighbor
faulty subsets Fy and Fy of V with |Fy| < tand |F| < t.
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Figure 2. Illustration of a distinguishable pair (F;, F;) under the PMC model.

Lemma 10 ([28]). Forn > 3andn # 4,2 <k < n, V(A1) = 2k —1)(n —k) — 1 and kD (Ay,) =
k1 (Ag3)(= k1D (S4)) = 4.

Lemma 11 ([28]). Forn > 8, k? (A, 5) = 4n —12,and, fork € {i:i=3,...,n =5} U{n—2,n — 1},
k@ (A, ) = (3k—2)(n —k) —2.

Lemma 12 ([27]). Let n > 7 and let T be a subset of the vertices of A, such that |T| < 4n —12. Then,
Ay — T is either connected or has a large component and small components with at most two vertices or
|T| = 4n —12and A, » — T has a large component and a four-cycle.

Lemma 13 ([28]). Let n,k, g be positive integers such that n > 4,2 <k <n—2,3 < g <n—k. Then,

2
(g+ 1k -2)+2 - BED00 k) < 94, < (g4 Dk~ 1) +2](n - ) —g.

Leta € P(n,k—1), « = p1...px_1 and Vo = {p1...pxqi : i € m)\{p1,---,px_1}}-
Letu = ai = py...pxqiand v = aj = py...px_1j, i # j and neither i nor j occurs in a. Clearly,
u,v € V(Ayr),and (u,v) € E(A, ). Since any symbol that does not occur in « can serve as the last
symbol in a vertex in V, |[Vy4| = n — (k — 1). Thus, the graph K3 | induced by V, is a complete
graph of order n —k + 1. Let g € [0,n — k) and X C V(K] ) such that |[X| = ¢ + 1. Notice that
§+1=I[X| <|V(K}, ;1) =n—k+1 Then, A, [X] is a complete graph K 1.

Lemma 14. Let n,k, g be positive integers such thatn > 3,2 <k <n,0 < ¢ < n —k, and let A,y be the
arrangement graph. Let X be defined as above, and let F; = Ny, (X), F2 = XU Ny, (X). Then, |F| =
(g+1)(k—=1)+1](n—k) =g [R| = [(§+1)(k=1) +1](n —k) + 1, 6(Aux[X]) > g and 5(A, ) —
F1 — Pz) Z g

Proof. Let X be defined as above. By the process of the proof of Lemma 13 in [28], N(X) is a
g-good-neighbor cut of A, y and [N(X)| = |F| = [(g+1)(k—1) +1](n —k) — g. Since |X| = g+1,
Bl =[g+1)(k-1)+1n-k+1. O

Lemma 15. Let n > 3,2 < k < nand 0 < g < n —k. Then, the g-good-neighbor diagnosability of
the arrangement graph A, under the PMC model is less than or equal to [(§ + 1)(k — 1) + 1](n — k),
i tg(Ang) < [(g+ 1) (k—1) + 1] (n — k).

Proof. Let X be defined as above, and let F; = NAn,k(X)’ F = XU NAn,k(X>' By Lemma 14,
Bl = [(g+Dk-1)+1n—K-g Bl = X+ IRl = [(g+1(K-1)+1)(n -k +1,
0(Anx —F1) > gand 6(A,x — F,) > g. Therefore, F; and F, are g-good-neighbor faulty sets of
Ay with |[Fi| =[(g+1)(k—1)+1](n—k) —gand |F| = [(g+1)(k—1) +1](n — k) + 1.

We prove that A, is not g-good-neighbor ([(g +1)(k — 1) + 1](n — k) + 1)-diagnosable. Since
X =F A K and Ny, (X) = Fi C B, there is no edge of A, between V(A,x)\(F U F») and
F; A F,. By Theorem 1, we can show that A,  is not g-good-neighbor ([(g+1)(k —1) +1](n — k) +
1)-diagnosable under the PMC model. Hence, by the definition of the g-good-neighbor diagnosability,
we show that the g-good-neighbor diagnosability of A,, j is less than [(g+1)(k—1) +1](n — k) +1,
ie, to(Apk) <[(g+1)(k—=1)+1](n—k). O
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Lemma 16. Let n,k, g be positive integers such that n > 4,2 < k < n—2,3 < ¢ < n—k. Then, the
arrangement graph A,  is g-good-neighbor (((g+1)(k —2) +2 — L@J )(n — k) + g + 1)-diagnosable
under the PMC model.

Proof. By Theorem 1, to prove A, x is g-good-neighbor (((g+1)(k —2) +2 — L(gH) Nn—k)+g+
1)-diagnosable, it is equivalent to prove that there is an edge uv € E(A, ;) withu € V(A ;)\ (Fi UF)
and v € F; A F, for each distinct pair of g-good-neighbor faulty subsets F; and F, of V(A,, ;) with |F;| <
2 2

(g+1)(k=2)+2— [SHL ) (1K) +g+1and [B| < (g+ 1) (k-2)+2— [ S5 ) (n—k) +g+1.

We prove this statement by contradiction. Suppose that there are two distinct g-good-neighbor
faulty subsets Fy and F, of A, with |Fj| < ((§+1)(k—2) +2— L@J)(ﬂ —k)+g+1and |R| <
((g+1)(k—2)+2— L@J )(n — k) + g+ 1, but the vertex set pair (Fj, F,) is not satisfied with the
condition in Theorem 1, i.e., there are no edges between V (A, ;)\ (Fi UF,) and F; A F,. Without loss
of generality, suppose that F, \ F; # @.

Case1. V(Aux) = FLUPE,.

Note that (¢ +1)(k—2) +2 — w = —% + (k—3)g+k— 1. Sincek € [2,n—2], —‘%2 +
(k—3)g+k—1< 7%2+(n75)g+n727 I Lety = 7% +(n—5)g+n—2—1. Then, ymex =

—4n+10forg=n—5and —& + (k— g +k- 1< 1p?—ap 410,

Assume V(A, x) = FfUF,. We have that (n k |V( nk)l = |FUR| = |F|+|Rk|—-|ANEK| <

1 1)2

B+ B <2(((g + 1)k =2) +2 =[S ) (n— k) + g +1) < 2(((g+1)(k—2) +2 - S ) (n -
k)+g+1) <2((3n*—4n+10)(n—k) +g+1) = (n? —8n+20)( )+2(n—2)—|—2 =nd -
10n2 + 34n — 34. When k = 3, (n%'k), = 1% —3n2 +2n. Note n® —3n2 +2n < m for k > 3.
Thus, % — 3n2 +2n < n® — 10n% + 361 — 40. In fact, n® — 3n2 4+ 2n > n® — 10n% + 361 — 40 when
n > 4. This is a contradiction. Therefore, V(A, ;) # F; U F.

Case 2. V(An,k) #FUR

According to the hypothesis, there are no edges between V(A,, ;) \ (Fi UF,) and F; A F,. Since F;
is a g-good-neighbor faulty set and A,  — F; has two parts A, — F; — F, and A, x[F, \ F;], we have
that 5(An,k —F - Fz) > g and 5(An,k[P2 \ Pl]) > g. Similarly, 5(An,k[Fl \Pz]) > g when F; \Fz # @.
Therefore, F; N F, is also a g-good-neighbor faulty set. Since there are no edges between V (A, ; —
Fi—F)and F; A K, F;NE, is also a g-good-neighbor cut. When F; \ F, = @, FNFE = F is
also a g-good-neighbor faulty set. Since there are no edges between V(A, y — F; — F) and F; A B,
F; N F, is a g-good-neighbor cut. By Lemma 13, |F; N F| > ((g+1)(k—2) +2— L@J)(n —k)+1
Since 5(An,k[F2 \ P1]) > g, |F2\F1‘ >g+1 Therefore, |P2| = |F2\P1| + ‘Fl N F2| >g+1+ ((g+ 1)(k -

2 2

) +2— B )y m—k)+1=((g+1)(k—2) +2— | 8 ) (n — k) + g +2, which contradicts with
that |F| < ((g+1)(k—2)+2— L(gzl)zj)(n —k)+ g+ 1. Thus, A, x is g-good-neighbor (((g+1)(k —
2)+2— |5 gH 1)(n —k) 4+ g + 1)-diagnosable. By the definition of to(A, ), te(Anx) > ((§+1)(k —
2)+2— |5+ g+1) |)(n — k) + g + 1. The proof is complete. [

Combining Lemmas 15 and 16, we have the following theorem.

Theorem 2. Let n,k, g be positive integers such that n > 4,3 <k <n—2,3 < g <n—k. Then, ((§+
N(k—2)4+2— ij J(n—k)+g+1<ts(A,x) < [(g+1)(k—1)+1](n — k) under the PMC model.

Theorem 3. Let A, i be the arrangement graph with n > k > 2. Then, the diagnosability t(A, x) = k(n — k)
under the PMC model.

Proof. Letu € V(A ). Then, N(u)isacutof A,y and |[N(u)| = k(n —k). Let F; = N(u), i, = {u}U
N(u). Then, |F| = k (n—k), |R| =|X|+|F|=k(n—k)+1,6(Ax—F) > 0and §(A, x — F) > 0.
Therefore, F; and F, are O—good—neighbor faulty sets of A, x with |Fj| = k(n —k) and |F,| = k(n —k) + 1.
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We will prove A, \ is not 0-good-neighbor (k(n — k) + 1)-diagnosable. Since {u} = F; A F, and
N(u) = F; C F, there is no edge of A, ; between V(A x)\(FiUF,) and F; A F,. By Theorem 1,
we can show that A, j is not 0-good-neighbor (k(n — k) + 1)-diagnosable under the PMC model.
Hence, by the definition of the 0-good-neighbor diagnosability, we conclude that the 0-good-neighbor
diagnosability of A,y is less than k(n — k) + 1, i.e., to(A, k) < k(n — k).

By Theorem 1, to prove A, ; is 0-good-neighbor k(n — k)-diagnosable, it is equivalent to prove
that there is an edge uv € E(A, ;) withu € V(A ;)\(FiUFE) and v € F; A F, for each distinct pair of
0-good-neighbor faulty subsets F; and F, of V(A,, x) with |F;| < k(n — k) and |F,| < k(n — k).

We prove this statement by contradiction. Suppose that there are two distinct 0-good-neighbor
faulty subsets F; and F; of A, ; with |F;| < k(n — k) and || < k(n — k), but the vertex set pair (Fy, F>)
is not satisfied with the condition in Theorem 1, i.e., there are no edges between V (A, x)\(F; U F,) and
Fi A F,. Without loss of generality, suppose that F, \ F; # @.

Assume V (A, x) = F; UF,. We have that (n%'k), =|V(Aux)| = |FUR|=|k|+|B| - |FENEk| <
|Fi| + |F2| < 2k(n —k). Whenk =2,n> —n = (nﬁi;), < 4n — 8, a contradiction. Therefore, V (A, ) #
FiUF,. Whenk = 3, (n%'k), =n® —3n2+2n. Note n® —3n2 +2n < (nfi'k), and 2k(n —k) < 2n®> —8n+6
for k > 3. Thus, n3 — 3n2 4 2n < 2n% — 8n + 6. In fact, n® — 3n% + 2n > 2n%2 — 8n + 6 when n > 4. This
is a contradiction. Therefore, V(A, ;) # F; U F,.

According to the hypothesis, there are no edges between V (A, ;) \ (F1 UF,) and F; A F,. Since F;
is a 0-good-neighbor faulty set and A,  — F; has two parts A, — F; — F, and A, x[F, \ F;], we have
that 6(A,x — Fi — F,) > 0and 6(A, x[F, \ F1]) > 0. Similarly, 6(A, x[F; \ F2]) > 0 when F; \ F, # @.
Therefore, F; N F, is also a 0-good-neighbor faulty set. Since there are no edges between V (A, ; —
Fi —F)and F; A F, F; N F, is also a 0-good-neighbor cut. When F; \ F, = @, FNF, = F; is also a
0-good-neighbor faulty set. Since there are no edges between V(A —Fi —F)and F; A B, FFNE
is a 0-good-neighbor cut. By Lemma 2, |F; N F,| > k(n — k). Since 6(A,x[F> \ Fi]) > 0, |[R\F| > 1.
Therefore, |F,| = |RL\F|+ |FF N F| > 14 k(n — k), which contradicts with that |F| < k(n — k).
Thus, A, \ is 0-good-neighbor k(1 — k)-diagnosable. By the definition of to(A, k), to(An k) > k(n —k).
Therefore, t(G) = t(G) = k(n —k). O

Lemma 17. Let n > 5and 2 <k < n. Then, t1(A, ;) > (2k — 1)(n — k) under the PMC model.

Proof. By Theorem 1, to prove A,y is 1-good-neighbor (2k — 1)(n — k)-diagnosable, it is equivalent
to prove that there is an edge uv € E(A, ) withu € V(A,x)\(FFUF) and v € F; A F, for each
distinct pair of g-good-neighbor faulty subsets F; and F, of V(A ;) with |F;| < (2k —1)(n — k) and
B < (2k—1)(n — k).

We prove this statement by contradiction. Suppose that there are two distinct 1-good-neighbor
faulty subsets F; and F; of A, with |F;| < (3k —2)(n — k) and || < (3k — 2)(n — k), but the vertex
set pair (F;, F,) is not satisfied with the condition in Theorem 1, i.e., there are no edges between
V(A )\ (F1UF) and F; A F,. Without loss of generality, assume that F, \ F; # @.

Assume V(A, ) = F; UF,. We have that (1127‘]()' = |V(Au)| = |EUR| = |F|+ |B| - |FN
B| < |F|+|R| € 202k—-1)(n—k) < 2(2n—3)(n —2) = 4n> — 14n + 12. When k = 3, (nzi'k)' =
13 — 3n2 + 2n. Note n® — 3n2 +2n < (nﬁi'k)' for k > 3. Thus, n® — 3n% 4+ 2n < 4n? — 14n + 12. In fact,
13 — 3n2 +2n > 4n? — 14n + 12 when n > 5. This is a contradiction. When k = 2, n2 —n = (nii'k)' <

2(2k —1)(n — k) = 6(n — 2). In fact, n2 — n > 6(n — 2) when n > 5. This is a contradiction. Therefore,
V(Auk) # AU,

According to the hypothesis, there are no edges between V(A,, ;) \ (Fi UF,) and F; A F,. Since F;
is a 1-good-neighbor faulty set and A,  — F; has two parts A,y — F; — F, and A, x[F, \ Fi], we have
that 5(An,k - Fl - Fz) Z 1 and 5(An,k[F2 \ Fl]) 2 1. Similarly, §(An,k [Fl \Fz]) 2 1 when Fl \Fz 7é Q.
Therefore, F; N F, is also a 1-good-neighbor faulty set. Since there are no edges between V(A, ; —
Fi — FB)and F; A F,, F; N F, is also a 1-good-neighbor cut. When F; \ F, = @, FNF, = Fy is also a
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1-good-neighbor faulty set. Since there are no edges between V(A —Fi —F)and F; A F,, FFNE
is a 1-good-neighbor cut. By Lemma 10, |F; N F| > (2k —1)(n — k) — 1. Since §(A, k[ \ Fi]) > 1,
|F,\F1| > 2. Therefore, |F| = |B\Fi|+|FFNE| >2+2k—1)(n—k)—1= (2k—1)(n—k) +1,
which contradicts with that |F,| < (2k —1)(n — k). Thus, A,y is 1-good-neighbor (2k —1)(n —
k)-diagnosable. By the definition of t1 (A, k), t1(Anx) > 2k —1)(n—k). O

Combining Lemmas 15 and 17, we have the following theorem.
Theorem 4. Let n > 5and 2 < k < n. Then, t;(A ) = (2k — 1)(n — k) under the PMC model.

Lemma18. Letn > 8andk € {i:i=3,...,n =5} U{n—2,n—1}. Then, tr(A,x) > (3k —2)(n —k)
under the PMC model.

Proof. By Theorem 1, to prove A, y is 2-good-neighbor (3k — 2)(n — k)-diagnosable, it is equivalent
to prove that there is an edge uv € E(A, ) withu € V(A,x)\(FFUF) and v € F; A F, for each
distinct pair of g-good-neighbor faulty subsets F; and F, of V(A ;) with |F;| < (8k —2)(n — k) and
|F2| < (8k—2)(n—k).

We prove this statement by contradiction. Suppose that there are two distinct g-good-neighbor
faulty subsets F; and F; of A, with |F;| < (3k —2)(n — k) and || < (3k — 2)(n — k), but the vertex
set pair (Fj, F,) is not satisfied with the condition in Theorem 1, i.e., there are no edges between
V(A )\ (F1UF) and F; A F,. Without loss of generality, assume that F, \ F; # @.

Assume V(A, ) = F; UF,. We have that (nﬁi‘k)' = |V(Aui)| = [FEUR| = |F|+ |B| - N
B| < |F|+|R| <203k —2)(n—k) < 2(3n—5)(n—3) = 6n> —28n + 30. When k = 3, (nzi'k)' =
n® —3n +2n. Note n® — 3n® +2n < (15, for k > 3. Thus, n® — 3n” + 2n < 6n* — 28n + 30. In fact,

n® —3n% 4+ 2n > 6n* — 28n + 30 when n > 8. This is a contradiction. Therefore, V(A, ) # F; U F.

According to the hypothesis, there are no edges between V (A, ) \ (F1 UF,) and F; A F,. Since F;
is a 2-good-neighbor faulty set and A,  — F; has two parts A, — F; — F, and A, x[F, \ F;], we have
that 6(A,x — Fi — F,) > 2and 6(A, x[F, \ Fi]) > 2. Similarly, 6(A, x[F1 \ F2]) > 2when F; \ F, # @.
Therefore, F; N F, is also a 2-good-neighbor faulty set. Since there are no edges between V (A, \ —
F, —F)and F; A F, F; NE, is also a 2-good-neighbor cut. When F; \ F, = @, FNF, = Fj is also a
2-good-neighbor faulty set. Since there are no edges between V(A —Fi —F)and F; A B, FFNE
is a 2-good-neighbor cut. By Lemma 11, |F; N | > (3k —2)(n — k) — 2. Since §(A, k[ \ Fi]) > 2,
|F2\Fi| > 3. Therefore, |F,| = |B\F|+ |FFNFE| >3+ Bk—2)(n—k)—2= B3k—2)(n—k)+1,
which contradicts with that [F,| < (3k —2)(n — k). Thus, A, is 2-good-neighbor (3k — 2)(n —
k)-diagnosable. By the definition of t5(A, k), t2(Anx) > (Bk —2)(n —k). O

Combining Lemmas 15 and 18, we have the following theorem.

Theorem 5. Letn > 8andk € {i:i=3,...,n =5} U{n—2,n—1}. Then, ty(A, ) = (3k —2)(n —k)
under the PMC model.

For n > 8, A, is decomposed into n subgraphs A}Z,Z""’AZ,Z' By Proposition 1, A;,z is
isomorphic to K,y fori = 1,2,...,n. Leta = (1,n),b = (2,n),c = (L,n—1),d = (2,n —1).
Then, a,b € V(A!,), ab € E(Al,), c,d € V(Al;Y), cd € E(A},"), ac € E(Ayp) and bd € E(A,2),
and abdca is a 4-cycle of A, .

Lemma 19. For n > 8 and Ayp, let X = {a,b,c,d} be defined as above, and let F; = NAM(X),
F, = XUNy,,(X). Then, |Fi| = 4n — 12, |Bo| = 4n — 8, 6(A,,[X]) = 2and 6(Ayp — F — B) > 2.
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Proof. Note that [N(X)| = 4(n — 3) = 4n — 12. Then, |F;| = 4n — 8. Since abdca is a four-cycle of
Apj, 6(Anp[X]) = 2. Since n > 8,5(A};, — {a,b}) > 2and J(AZEl —{c,d}) > 2. Thus, 6(A,r — F —
B)>2 O

Lemma 20. Forn > 8, tp(Ay2) < 4n — 9 under the PMC model.

Proof. Let X be defined in Lemma 19, and let F; = Ny,,(X), b = XU Ny,,(X). By Lemma 19,
|F1| =4n —12,|R| = |X|+ |F| =4n—8,6(An2 — F) > 2and 6(A,2 — F2) > 2. Therefore, F; and F>
are 2-good-neighbor faulty sets of A, » with |F;| = 4n — 12 and |F,| = 4n — 8.

We will prove A, is not 2-good-neighbor (4n — 8)-diagnosable. Since X = F; A F, and
Ny, (X) = Fi C B, there is no edge of A, between V(A;2)\(F; UF,) and F; A F,. By Theorem 1,
we can deduce that A, is not 2-good-neighbor (4n — 8)-diagnosable under the PMC model. Hence,
by the definition of the 2-good-neighbor diagnosability, we conclude that the 2-good-neighbor
diagnosability of A, 7 is less than 4n — 8, i.e., tg(A,2) < 4n —9. O

Lemma 21. Forn > 8, t(Ay2) > 4n — 9 under the PMC model.

Proof. By Theorem 1, to prove A, ; is 2-good-neighbor (4n — 9)-diagnosable, it is equivalent to prove
that there is an edge uv € E(A,») withu € V(A,2)\(F1UF) and v € F; A F, for each distinct pair of
2-good-neighbor faulty subsets F; and F, of V(A,,») with |F;| <4n —9and |F,| < 4n —09.

We prove this statement by contradiction. Suppose that there are two distinct 2-good-neighbor
faulty subsets F; and F, of A, » with |Fj| < 4n — 9 and |F,| < 4n — 9, but the vertex set pair (F;, F) is
not satisfied with the condition in Theorem 1, i.e., there are no edges between V (A, ;)\ (F; U F,) and
F; A F,. Without loss of generality, assume that F, \ F; # @.

Assume V(A ») = F; UF,. We have that n> —n = (’%2), = |V(Au2)| = |FIUR| = |R|+ k| —
|FiNE| < |F|+|F| <2(4n —9) = 8n — 18, a contradiction to nn > 8. Therefore, V(A,, ;) # Fi UF,.

According to the hypothesis, there are no edges between V (A, 2) \ (F1 UF,) and F; A F,. Since F;
is a 2-good-neighbor faulty set and A, » — F; has two parts A,y — F; — F, and A, »[F, \ Fi], we have
that (S(An,z —F - Fz) > 2and 5(An,2 [Fz \ Fl]) > 2. Simﬂarly, 5(An,2[Fl \F2D > 2when \Fz #+ Q.
Therefore, F; N F, is also a 2-good-neighbor faulty set. Since there are no edges between V (A, » —
Fy —F)and F; A F, F;NF is also a 2-good-neighbor cut. When F{ \ F, = @, FNFE, = F is
also a 2-good-neighbor faulty set. Since there are no edges between V(A,, —F; — F) and F; A B,
F1 NF, is a 2-good-neighbor cut. By Lemma 11, |F; N F,| > 4n — 12. If |F; N F,| = 4n — 12, then, by
Lemma 12, |K\F| = 4. If |F; N F,| = 4n — 11 or 4n — 10, then |F,\F;| < 2, a contradiction to that
O(Au2[F1 \ B2]) > 2. Therefore, |F;| = |R\Fi| + |Fy N E| > 4+ (4n — 12) = 4n — 8, which contradicts
with that |F,| < 4n — 9. Thus, A, is 2-good-neighbor (4n — 9)-diagnosable. By the definition of
tZ(An,k)/ tZ(An,Z) >4n—9. O

Combining Lemmas 20 and 21, we have the following theorem.

Theorem 6. Let n > 8. Then, t)(A,») = 4n — 9 under the PMC model.

4. The g-Good-Neighbor Diagnosability of Arrangement Graphs under the MM* Model

Before discussing the ¢-good-neighbor diagnosability of the arrangement graph A,,  under the
MM* model (Figure 3), we first give an existing result.

Theorem 7 ([1,23]). A system G = (V, E) is g-good-neighbor t-diagnosable under the MM* model if and only
if for each distinct pair of g-good-neighbor faulty subsets Fy and F, of V with |Fy| < t and |F,| < t satisfies one
of the following conditions. (1) There are two vertices u,w € V \ (F; UF,) and there is a vertexv € F; A F,
such that uw € E and vw € E. (2) There are two vertices u,v € F; \ F, and there is a vertex w € V \ (F{ U F)
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such that uw € E and vw € E. (3) There are two vertices u,v € F, \ Fy and there is a vertexw € V \ (F{UF)

such that uw € E and vw € E.
51
u v .v 7‘ z;\.

@) /(1) (1) w
N

u

Figure 3. Illustration of a distinguishable pair (F;, F;) under the MM* model.

Lemma 22. Letn > 3,2 < k < nand 0 < g < n—k. Then, the g-good-neighbor diagnosability of
the arrangement graph A, i under the MM* model is less than or equal to [(§ + 1)(k — 1) + 1](n — k),
ie, tg(Ank) < [(&+1)(k=1) +1)(n—k).

Proof. Let X be defined in Lemma 15, and let F; = Ny, (X), b = XU Ny, (X). By Lemma 14,
Bl = g+ 1)k —1) + 100 — k) — g, |Bl = [X| + |R| = [(g + 1)(k— 1)+ 1] — K) + 1, 6(Ans —
F) > gand 6(A,x — F) > g. Therefore, F; and F, are g-good-neighbor faulty sets of A, ; with
Ryl = [(g+ 1)(k— 1)+ 1) — k) — g and [Fs| = [(g+ 1)(K— 1)+ 1](n — k) + 1.

We will prove that A, ; is not g-good-neighbor ([(g+ 1)(k — 1) 4+ 1](n — k) 4 1)-diagnosable.
Since X = F; A F and Ny, (X) = F; C B, there is no edge of A, between V (A, x)\(F; UF;) and
F; A F,. By Theorem 7, we can show that A, k is not g-good-neighbor ([(§+1)(k—1) +1](n —k) +
1)-diagnosable under the MM* model. Hence, by the definition of the g-good-neighbor diagnosability,
we show that the g-good-neighbor diagnosability of A, \ is less than [(g+1)(k—1) +1](n —k) +1,
ie, to(Ayr) <[(g+1)(k—=1)+1](n—k). O

Lemma 23. Let n,k, g be positive integers such that n > 4,3 < k < n—2,3 < g < n—k. Then, the

arrangement graph A, . is g-good-neighbor (((g +1)(k —2) +2 — [(ggl)z ) (n —k) + g+ 1)-diagnosable

under the MM* model.

Proof. By the definition of the g-good-neighbor diagnosability, it is sufficient to show that A, is
g-good-neighbor (((¢+1)(k—2)+2— L@J)(m —k) + g+ 1)-diagnosable for3 < g <n —k—1.
By Theorem 7, suppose, on the contrary, that there are two distinct g-good-neighbor faulty

subsets F; and F, of A, ; with |[Fj| < ((§+1)(k—2)+2— L@J)(n —k)+g+1and |F| <

((g+1)(k—2)+2— [@J )(n — k) + g + 1, but the vertex set pair (F;, F,) is not satisfied with any

condition in Theorem 7. Without loss of generality, assume that F, \ F; # @. Similar to the discussion
on V(A, x) = Ff UF, in Lemma 16, we can show V (A, x) # F; UF.

Claim1. A, — F; — F, has no isolated vertex.

Since F; is a g-good neighbor faulty set, for an arbitrary vertexu € V(A 1) \ F1, [Na,,—r (1) > g
Suppose, on the contrary, that A, y — F; — F> has at least one isolated vertex x. Since F; is a g-good
neighbor faulty set and g > 3, there are at least two vertices u,v € F, \ F; such that 1, v are adjacent
to x. According to the hypothesis, the vertex set pair (Fj, F,) is not satisfied with any condition in
Theorem 7, by Condition (3) of Theorem 7, a contradiction. Therefore, there are at most one vertex
u € K \ Fy such that u are adjacent to x. Thus, [Ny, ,—r, (x)| = 1, a contradiction to that F; is a g-good
neighbor faulty set, where ¢ > 3. Thus, A,y — F; — F> has no isolated vertex. The proof of Claim 1
is complete.

Letu € V(A x) \ (FFUFR). By Claim 1, 6(A, x — F; — F,) > 1. Since the vertex set pair (F;, F,)
is not satisfied with any condition in Theorem 7, by the condition (1) of Theorem 7, for any pair of
adjacent vertices u,w € V(A k) \ (F1 UF,), there is no vertex v € F; A F, such that uw € E(A, ) and
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uv € E(A, k). It follows that 1 has no neighbor in F; A F,. Since u is taken arbitrarily, there is no edge
between V(A k) \ (FiUF,) and F; A F,.

Since /, \ F; # @ and F, is a g-good-neighbor faulty set, we have that 64, ([ \ Fi]) > g,
0(Apx—F —F) > gand |\ Fi| > g+ 1. Since both F; and F, are g-good-neighbor faulty sets,
and there is no edge between V(A, k) \ (Ff UFE) and F; A F,, F; N F, is a g-good-neighbor cut of
Ay By Lemma 13, we have [FFNF| > ((g+1)(k—2)+2— L@j)(ﬂ — k) + 1. Therefore,

2
Bl = B\R|+[R0B| > g+ 1+ (g +1)(k-2)+2- S55)(n -k +1= (g + )(k-2) +
2 2
2 — |81y (0 — k) + g + 2, which contradicts || < (g+1(k=2)+2- S D —k) +g+1.
Therefore, A, x is g-good-neighbor (((g+1)(k—2) +2 — L@J )(n — k) + g + 1)-diagnosable and
te(Ayg) > ((g+1)(k—2)+2— L@J)(n — k) 4+ g + 1. The proof is complete. [

Combining Lemmas 22 and 23, we have the following theorem.

Theorem 8. Let n,k, g be positive integers such that n > 4,3 <k <n—2,3 < g <n—k. Then, ((g+
1)(k—2)+2— L@J)(rz —k)+8+1<te(Anr) < [(g+1)(k—1)+1](n— k) under the MM* model.

Theorem 9 ([34]). Let A, x be an n-dimensional arrangement graph and 3 < k < n. Then, the diagnosability
of Ay isk(n—k),ie., t(Ayx) = k(n — k) under the MM* model.

Lemma 24 ([30]). A, is hamiltonian for 1 <k <n —1.

A component of a graph G is odd according as it has an odd number of vertices. We denote by
0(G) the number of odd component of G.

Theorem 10 ([33]). A graph G = (V, E) has a perfect matching if and only if o(G — S) < |S| forall S C V.
Lemma 25. Let n > 8and 2 < k < n. Then, t1(A, ) > (2k —1)(n — k) under the MM* model.

Proof. By the definition of 1-good-neighbor diagnosability, it is sufficient to show that A, ; is
1-good-neighbor (2k — 1)(n — k)-diagnosable.

By Theorem 7, suppose, on the contrary, that there are two distinct 1-good-neighbor faulty subsets
Fy and F, of A, with |F;| < (2k —1)(n — k) and || < (2k —1)(n — k), but the vertex set pair (Fy, F)
is not satisfied with any condition in Theorem 7. Without loss of generality, suppose that F, \ F; # @.
Assume V(A, ) = F; UF,. We have that ( =|V(A nk)| = |RUR| = |h|+ |kl - |FNEK| <
|F1| + |R2| < 2(2k—1)(n — k). Whenk—Z,n —n = (n 2 = |V(An2)| = |[ARUER| < 6n—12,
a contradiction to n > 5. Therefore, V(A,,») # F; UF,. Whenk = 3, n— — p3 —3n2 4 2n. Note n°

(G
3n +2n < (=] k), for k > 3. Thus, 2(2k — 1)(n — k) <2(2(n —1) —1)(n — 3) < 4n* — 18n + 18. In fact,
—3n%+2n > 4n* — 18n + 18 when n > 5. This is a contradiction. Therefore, V (A, x) # F U .

Claim 1. A,y — F; — F, has no isolated vertex.

Suppose, on the contrary, that A, — F; — F, has at least one isolated vertex w. Since Fj is
a 1-good-neighbor faulty set, there is a vertex u € F, \ F; such that u is adjacent to w. Since the
vertex set pair (Fj, F,) is not satisfied with any condition in Theorem 7, there is at most one vertex
u € F,\ Fj such that u is adjacent to w. Thus, there is just a vertex u € F, \ F; such that u is
adjacent to w. Similarly, we can show that there is just a vertex v € F; \ F> such that v is adjacent
to w when F; \ F, # @. Suppose F; \ F, = @. Then, F; C F,. Since F, is a 1-good neighbor
faulty set, A,y —F, = A,x — Fi — F, has no isolated vertex. Therefore, F; \ F, # @ as follows.
Let W C V(A k) \ (F1 UF) be the set of isolated vertices in A, [V (A, ) \ (Fi UF)], and let H be
the subgraph induced by the vertex set V(A k) \ (F; UF, UW). Then, for any w € W, there are
(k(n — k) — 2) neighbors in F; N F,. Since |V (A, )| is even and Lemma 24, A, ; has a perfect matching.
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By Theorem 10, [W| < o(G — (FUR)) < [FUR| < |F|+ |R|— |[FNE| <2(2k—1)(n—k) -
(k(n —k) —2) = (n—k)(8k —2) +2 < 3n? — 11n + 12. In particular, |W| < 4n — 6 when k = 2.
When k = 2, n%> —n = |V(A,p)| = |[FLUR| + [W| < 2(4n —6) =8n—12. Thisis a Contradiction
ton > 8. Thus, V(H) # @. When k = 3, (n k)' = n3 — 3n? + 2n. Note n®> — 3n? +2n < = k)' for
k > 3. Note that n® — 3n? +2n = |V(A,x)| = |F1 U B| 4+ |[W| < 2(3n? — 11n 4 12) = 6n* — 22n + 24.
This is a contradiction to n > 8. Thus, V(H) # @. Since the vertex set pair (Fy, F,) is not satisfied with
the condition (1) of Theorem 7, and any vertex of V(H) is not isolated in H, we show that there is
no edge between V(H) and F; A F,. Thus, Fi N is a vertex cut of A,y and 6(A,, — (FFNE)) > 1
i.e.,, F; N F, is a 1-good-neighbor cut of A, . By Lemma 10, |F; N F,| > (2k — 1)(n — k) — 1. Because
|F1| < (2k—1)(n—k), |R2| < (2k —1)(n — k), and neither F; \ F, nor F, \ F; is empty, we have
‘Fl \ F2| = |P2 \ P1| = 1. Let F \Pz = {Z)l} and F, \ F = {02}. Then, for any vertex w € W,
w are adjacent to v; and vy. Suppose that v; is adjacent to vp. Then, v1vpvv; is a three-cycle and
IN({v1,020})| =3[(k—1)(n—k) —1]+n—k+1> (2k —1)(n —k) — 1 > |F; N k|, a contradiction.
Therefore, suppose that v; is not adjacent to v,. According to Lemma 9, there are at most two common
neighbors for any pair of vertices in A, x, it follows that there are at most three isolated vertices in
An,k — Fl — FZ, i.e., |W| S 2.

Suppose that there is exactly one isolated vertex vin A,y — F; — F,. Let v; and v, be adjacent to
0. Then, Ny, (v) \ {v1,v2} C FiNFand [Ny, (0) N (F NE)| = k(n — k) — 2. Note that [Ny, (v1) N
(F1 N Pz)‘ = k(ﬂ — k) —1 and |NAn,k( ) (F1 N Fz)‘ = k(ﬂ — k) —1. By Lemma 9, |P1 N F2| >
k(n—k)—2+k(n—k)—14+k(n—k)—1—-2(n—k—1) —2 = (3k — 2)(n — k) — 4. It follows that
|B|=|R\F|+|FNE|>1+Bk—2)(n—k) —4 (3k )( —k)—=3>2k—-1)(n—k) (n>38),
which contradicts |F| < (2k—1)(n — k).

Suppose that there are exactly two isolated vertices v and w in A, — F; — F,. Let v; and v
be adjacent to v and w, respectively. Since v1,v; € Na ,({v,w}), by Lemma 9, [N4  ({v,w})N
(FENE)| = 2(k(n —k) —2). Note that |[F;NE| < 2k—1)(n —k) —1. Ifn > k+3, then
2(k(n —k) —2) > (2k —1)(n — k) — 1, a contradiction. Thus, n < k+ 3. Since n > k+1,
k+1 < n < k+3. If n = k+1, then, by Lemma 9, a contradiction to |W| = 2. Suppose
that n = k+2. Then, A,y = A, ,_». By the proof of Lemma 3.2 ([18]), A, ,—>» — F1 — F> has no
isolated vertex. Suppose that n = k + 3. Then, 2(k(n — k) —2) = (2k —1)(n — k) — 1 = 6n — 22. By
Lemma 1, let v; = (1,2,...,n — 4,n — 3).Without loss of generality, suppose v = (1,2,...,n —4,n)
andw = (n,2,...,n—4,n—3). Then, the vertex v = (1,n —1,...,n — 4,n — 3) is not adjacent to v
and w. Thus, |F; N F| > (2k —1)(n — k) — 1, a contradiction. The proof of Claim 1 is complete.

Letu € V(A,x) \ (F1 UF,). By Claim 1, u has at least one neighbor in A, y — F; — F,. Since the
vertex set pair (F, F,) is not satisfied with any condition in Theorem 7, by the condition (1) of
Theorem 7, for any pair of adjacent vertices u,w € V(A ;) \ (F; UF,), thereisno vertexv € F; A F,
such that uw € E(A, ) and vw € E(A, ). It follows that u has no neighbor in F; A F,. Since u is
taken arbitrarily, there is no edge between V (A, k) \ (Ff UF) and F; A F,. Since F, \ F; # @ and
F; is a 1-good-neighbor faulty set, 64, ([F2 \ F1]) > 1 and |F, \ Fi| > 2. Since both F; and F, are
1-good-neighbor faulty sets, and there is no edge between V(A, ;)\ (FFUR)and F; A B, FFNE
is a 1-good-neighbor cut of A, x. By Lemma 10, we have |F; N ;| > (2k — 1)(n — k) — 1. Therefore,
B = |[R\F|+|FNE| >2+(2k—-1)(n—k)—1) = (2k —1)(n — k) + 1, which contradicts
|E>| < (3k —2)(n — k). Therefore, A, \ is 1-good-neighbor (3k — 2)(n — k)-diagnosable and t1 (A, ;) >
(3k —2)(n — k). The proof is complete. []

Combining Lemmas 22 and 25, we have the following theorem.
Theorem 11. Let n > 8. Then, t1(A, ) = (2k — 1)(n — k) under the MM* model.

Lemma26. Letn > 8andk € {i:i=3,...,n =5} U{n—2,n—1}. Then, tr(A, ;) > (3k —2)(n — k)
under the MM™ model.
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Proof. By the definition of the 2-good-neighbor diagnosability, it is sufficient to show that A, \ is
g-good-neighbor (3k — 2)(n — k)-diagnosable.

By Theorem 7, suppose, on the contrary, that there are two distinct g-good-neighbor faulty subsets
Fy and F, of A, with |F;| < (3k —2)(n — k) and || < (3k —2)(n — k), but the vertex set pair (Fy, F)
is not satisfied with any condition in Theorem 7. Without loss of generality, suppose that F, \ F; # @.
Similar to the discussion on V(A, ;) = F; UF, in Lemma 18, we have V(A ;) # F; UF,.

Claim 1. A, — F; — F, has no isolated vertex.

Since F; is a 2-good neighbor faulty set, for an arbitrary vertex u € V(A x) \ Fi, [Na, ,—r, (u)| > 2.
Suppose, on the contrary, that A, — F; — F, has at least one isolated vertex x. Since Fisa 2-good
neighbor faulty set, there are at least two vertices u,v € F, \ F; such that u, v are adjacent to x.
According to the hypothesis, the vertex set pair (Fy, F») is not satisfied with any condition in Theorem 7,
by the condition (3) of Theorem 7, a contradiction. Therefore, there are at most one vertex u € F, \ F
such that u are adjacent to x. Thus, [Na, ,—F (x)| = 1, a contradiction to that F; is a 2-good neighbor
faulty set. Thus, A, — F; — F> has no isolated vertex. The proof of Claim 1 is complete.

Letu € V(A x)\ (FIUF). By Claim 1, 6(A, x — F; — F,) > 1. Since the vertex set pair (F;, F,)
is not satisfied with any condition in Theorem 7, by the condition (1) of Theorem 7, for any pair of
adjacent vertices u,w € V(A ) \ (Fi UF,), there is no vertex v € F; A F, such that uw € E(A, ) and
uv € E(A, k). It follows that 1 has no neighbor in F; A F,. Since u is taken arbitrarily, there is no edge
between V(A k) \ (FfUF,) and F; A F,.

Since K, \ F; # @ and F is a 2-good-neighbor faulty set, we have that 04, ([l2 \ Fi]) > 2,
dApx—F —F) >2and |[K\ Fi| > 241 = 3. Since both F; and F, are 2-good-neighbor faulty
sets, and there is no edge between V(A k) \ (F1 UFE) and F; A F, F; N F, is a 2-good-neighbor cut of
A, k. By Lemma 11, we have |F; N F| > (3k — 2)(n — k) — 2. Therefore, |E| = |K, \ Fi| + |[FFN K| >
3+ (8k—2)(n—k)—2 = (3k—2)(n — k) + 1, which contradicts |F,| < (3k — 2)(n — k). Therefore,
A, k is 2-good-neighbor (3k — 2)(n — k)-diagnosable and t,(A, ) > (3k —2)(n — k). The proof
is complete. O

Combining Lemmas 22 and 26, we have the following theorem.

Theorem 12. Letn > 8andk € {i:i=3,...,n =5} U{n —2,n —1}. Then, t(A, ;) = (3k —2)(n — k)
under the MM™* model.

Lemma 27. Forn > 8, tp(Ay2) < 4n — 9 under the MM* model.

Proof. Let X be defined in Lemma 19, and let F; = Ny, ,(X), b = XU Ny,,(X). By Lemma 19,
|Fi| =4n —12, |F| = |X| + |F1| =4n —8,6(Au2 — F1) > 2and 6(A, 2 — F2) > 2. Therefore, F; and F,
are 2-good-neighbor faulty sets of A, » with |F;| = 4n — 12 and |F,| = 4n — 8.

We will prove A, is not 2-good-neighbor (4n — 8)-diagnosable. Since X = F; A F, and
N An,k(X) = F; C F,, there is no edge of A, » between V(A,»)\(Fi UF,) and F; A F,. By Theorem 7,
we show that A, ; is not 2-good-neighbor (4n — 8)-diagnosable under the MM* model. Hence, by the
definition of the 2-good-neighbor diagnosability, we show that the 2-good-neighbor diagnosability of
Ay isless than4n —8,ie., to(Ay2) <4n—9. O

Lemma 28. Forn > 8, tp(A;2) > 4n — 9 under the MM* model.

Proof. By the definition of the 2-good-neighbor diagnosability, it is sufficient to show that A, \ is
2-good-neighbor (4n — 9)-diagnosable.

By Theorem 7, suppose, on the contrary, that there are two distinct 2-good-neighbor faulty subsets
Fiand F, of A, ; with |F;| < 4n —9 and |F,| < 4n — 9, but the vertex set pair (Fj, F,) is not satisfied
with any condition in Theorem 7. Without loss of generality, suppose that F, \ F; # @. Similar to the
discussion on V(A, ) = F; UF, in Lemma 21, we have V (A, x) # Fi U F.
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Claim 1. A,y — F; — F, has no isolated vertex.

Since F; is a 2-good neighbor faulty set, for an arbitrary vertex u € V(A, ) \ Fi, [Na, ,—r (u)| > 2.
Suppose, on the contrary, that A,  — F; — F> has at least one isolated vertex x. Since Fisa 2-good
neighbor faulty set, there are at least two vertices u,v € F, \ F; such that u,v are adjacent to x.
According to the hypothesis, the vertex set pair (Fy, F,) is not satisfied with any condition in Theorem 7,
by the condition (3) of Theorem 7, a contradiction. Therefore, there are at most one vertex u € F, \ F
such that u are adjacent to x. Thus, [Na, ,—F, (¥)| = 1, a contradiction to that F; is a 2-good neighbor
faulty set. Thus, A, , — F; — F> has no isolated vertex. The proof of Claim 1 is complete.

Letu € V(Aux) \ (FIUF). By Claim 1, (A, x — F; — F») > 1. Since the vertex set pair (F;, F)
is not satisfied with any condition in Theorem 7, by the condition (1) of Theorem 7, for any pair of
adjacent vertices u,w € V(A ;) \ (Fi UF,), there is no vertex v € F; A F, such that uw € E(A, ;) and
uv € E(A, k). It follows that u has no neighbor in F; A F,. Since u is taken arbitrarily, there is no edge
between V(A k) \ (F1UF,) and F; A F,.

Since /, \ F; # @ and F; is a 2-good-neighbor faulty set, we have that d4,, ([F2 \ F1]) > 2,
d(Aux—F—F) >2and |F \ Fi| > 2+ 1 = 3. Since both F; and F, are 2-good-neighbor faulty sets,
and there is no edge between V (A, ) \ (F; UF,) and F; A F, F; N F, is a 2-good-neighbor cut of A, k.
By Lemma 11, we have |F; N F,| > 4n — 12. If |F; N F,| = 4n — 12, then, by Lemma 12, |K\F| = 4.
If |[F; NF| = 4n —11 or 4n — 10, then |F,\F;| < 2, a contradiction to that 6(A,x[F \ B]) > 2.
Therefore, |F,| = |R\F |+ |F1 N F| > 4+ (4n —12) = 4n — 8, which contradicts with that |F,| <
4n — 9. Therefore, A, is 2-good-neighbor (4n — 9)-diagnosable and t;(A, ;) > 4n — 9. The proof
is complete. [

Combining Lemmas 27 and 28, we have the following theorem.

Theorem 13. Let n > 8. Then, ty(A,2) = 4n — 9 under the MM* model.

5. Conclusions

The conditional diagnosability of a multiprocessor system is an important research topic for fault
tolerance of the system. In this paper, we investigate the problem of g-good-neighbor diagnosability of
the (n, k)-arrangement graph A, , and present the g-good-neighbor diagnosability of A, x under the
PMC model and MM* model. The work will help engineers to develop more different networks.
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