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Abstract: This paper considers the information bottleneck (IB) problem of a Rayleigh fading multiple-
input multiple-out (MIMO) channel with an oblivious relay. The relay is constrained to operating
without knowledge of the codebooks, i.e., it performs oblivious processing. Moreover, due to the
bottleneck constraint, it is impossible for the relay to inform the destination node of the perfect
channel state information (CSI) in each channel realization. To evaluate the bottleneck rate, we first
provide an upper bound by assuming that the destination node can obtain a perfect CSI at no cost.
Then, we provide four achievable schemes, where each scheme satisfies the bottleneck constraint
and gives a lower bound to the bottleneck rate. In the first and second schemes, the relay splits the
capacity of the relay—destination link into two parts and conveys both the CSI and its observation to
the destination node. Due to CSI transmission, the performance of these two schemes is sensitive to
the MIMO channel dimension, especially the channel input dimension. To ensure that it still performs
well when the channel dimension grows large, in the third and fourth achievable schemes, the relay
only transmits compressed observations to the destination node. Numerical results show that, with
simple symbol-by-symbol oblivious relay processing and compression, the proposed achievable
schemes work well and can demonstrate lower bounds that come quite close to the upper bound on

a wide range of relevant system parameters.

Keywords: information bottleneck (IB); oblivious relay; Rayleigh fading; source coding; quantization

1. Introduction

For a Markov chain X — Y — Z and an assigned joint probability distribution px v,
consider the following information bottleneck (IB) problem:

1;}1ax I(X;7) (1a)
zZly
st. 1(Y;2)<C, (1b)

where C is the bottleneck constraint parameter and the optimization is with respect to the
conditional probability distribution py|y of Z given Y. Formulation (1) was introduced
by Tishby in [1] and has found remarkable applications in supervised and unsupervised
learning problems such as classification, clustering, prediction, etc. [2-7]. From a more
fundamental information theoretic viewpoint, the IB arises from the classical remote source
coding problem [8-10] under logarithmic distortion [11].

An interesting application of the IB problem in communications consists of a source
node, an oblivious relay, and a destination node, which is connected to the relay via an error-
free link with capacity C. The source node sends codewords over a communication channel
and an observation is made at the relay. X and Y are, respectively, the channel input from
the source node and output at the relay. The relay is oblivious in the sense that it cannot
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decode the information message of the source node itself. This feature can be modeled
rigorously by assuming that the source and destination nodes make use of a codebook
selected at random over a library, while the relay is unaware of such random selection.
For example, in a cloud radio access network (C-RAN), each remote radio head (RRH)
acts as a relay and is usually constrained to implement only radio functionalities while
the baseband functionalities are migrated to the cloud central processor [12]. Considering
the relatively simple structure of the RRHs, it is usually prohibitive to let them know the
codebooks and random encoding operations, particularly as the network size becomes
large. The fact that the relay cannot decode is also supported by secrecy demands, which
means that the codebooks known to the source and destination nodes are to be considered
absolutely random, as done here.

Due to the oblivious feature, the relaying strategies that require the codebooks to be
known at the relay, e.g., decode-and-forward, compute-and-forward, etc. [13-15], cannot
be applied. Instead, the relay has to perform oblivious processing, i.e., employ strategies
in the form of compress-and-forward [16-19]. In particular, the relay must treat X as a
random process with distribution induced by random selection over the codebook library
(see [12] and references therein) and has to produce some useful representation Z by simple
signal processing and to convey it to the destination node subject to the link constraint C.
Then, it makes sense to find Z such that I(X; Z) is maximized.

The IB problem for this kind of communication scenario has been studied in [12,20-26].
In [20], the IB method was applied to reduce the fronthaul data rate of a C-RAN network.
References [21,22], respectively, considered Gaussian scalar and vector channels with IB
constraint and investigated the optimal tradeoff between the compression rate and the
relevant information. In [23], the bottleneck rate of a frequency-selective scalar Gaussian
primitive diamond relay channel was examined. In [24,25], the rate-distortion region of
a vector Gaussian system with multiple relays was characterized under the logarithmic
loss distortion measure. Reference [12] further extended the work in [25] to a C-RAN
network with multiple transmitters and multiple relays and studied the capacity region
of this network. However, all of References [12,20-25] considered block fading channels
and assumed that the perfect channel state information (CSI) was known at both the relay
and the destination nodes. In [26], the IB problem of a scalar Rayleigh fading channel
was studied. Due to the bottleneck constraint, it was impossible to inform the destination
node of the perfect CSI in each channel realization. An upper bound and two achievable
schemes were provided in [26] to investigate the bottleneck rate.

In this paper, we extend the work in [26] to the multiple-input multiple-out (MIMO)
channel with independent and identically distributed (i.i.d.) Rayleigh fading. This model
is relevant for the practical setting of the uplink of a wireless multiuser system where
K users send coded uplink signals to a base station. The base station is formed by an
RRH with M antennas, connected to a cloud central processor via a digital link of rate C
(bottleneck link). The RRH is oblivious to the user codebooks and can apply only simple
localized signal processing corresponding to the low-level physical layer functions (i.e.,
it is an oblivious relay). In current implementations, the RRH quantizes both the uplink
pilot symbols and the data-bearing symbols received from the users on each “resource
block” (This corresponds roughly to a coherence block of the underlying fading channel
in the time-frequency domain) and sends the quantization bits to the cloud processor via
the digital link. Here, we simplify the problem, and instead of considering a specific pilot-
based channel estimation scheme, we assume that the channel matrix is given perfectly
to the relay (remote radiohead), i.e., that the CSI is perfect but local at the relay. Then,
we consider an upper bound and specific achievability strategies to maximize the mutual
information between the user transmitted signals and the message delivered to the cloud
processor, where we allow the relay to operate local oblivious processing as an alternative
to direct quantization of both the CSI and the received data-bearing signal.

Intuitively, the relay can split the capacity of the relay-destination link into two parts
and convey both the CSI and its observation to the destination node. Hence, in the first
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and second achievable schemes, the relay transmits the compressed CSI and observation
to the destination node. Specifically, in the first scheme, the relay simply compresses
the channel matrix as well as its observation and then forwards them to the destination
node. Roughly speaking, this is what happens today in “naive” implementation of RRH
systems. Therefore, this scheme can be seen as a baseline scheme. However, the capacity
allocated for conveying the CSI to the destination in this scheme is proportional to both
the channel input dimension and the number of antennas at the relay. To reduce the
channel use required for CSI transmission, in the second achievable scheme, the relay first
obtains an estimate of the channel input using channel inversion and then transmits the
quantized noise levels as well as the compressed noisy signal to the destination node. In
contrast to the first scheme, the capacity allocated to CSI transmission in this scheme is
only proportional to the channel input dimension.

Due to the explicit CSI transmission through the bottleneck, the performance of the first
and second achievable schemes is sensitive to the MIMO channel dimension, especially the
channel input dimension. To ensure that it still performs well when the channel dimension
grows large, in the third and fourth achievable schemes, the relay does not convey any
CSI to the destination node. In the third scheme, the relay first estimates the channel input
using channel inversion and then transmits a truncated representation of the estimate to
the destination node. In the fourth scheme, the relay first produces the minimum mean-
squared error (MMSE) estimate of the channel input and then source-encodes this estimate.
Numerical results show that, with simple symbol-by-symbol oblivious relay processing
and compression, the lower bounds obtained by the proposed achievable schemes can
come close to the upper bound on a wide range of relevant system parameters.

The rest of this paper is organized as follows. In Section 2, a MIMO channel with
Rayleigh fading is presented and the IB problem for this system is formulated. Section 3
provides an upper bound to the bottleneck rate. In Section 4, four achievable schemes are
proposed, where each scheme satisfies the bottleneck constraint and gives a lower bound
to the bottleneck rate. Numerical results are presented in Section 5 before the conclusions
in Section 6.

Throughout this paper, we use the following notations. R and C denote the real space
and the complex space, respectively. Boldface upper (lower) case letters are used to denote
matrices (vectors). Ix stands for the K x K dimensional identity matrix and 0 denotes the
all-zero vector or matrix. Superscript ()H denotes the conjugated-transpose operation, E[-]
denotes the expectation operation, and [-]* £ max(-,0). ® and ®, respectively, denote the
Kronecker product and the Hadamard product.

2. Problem Formulation

We consider a system with a source node, an oblivious relay, and a destination node as
shown in Figure 1. For convenience, we call the source-relay channel “Channel 1” and the
relay—destination channel “Channel 2”. For Channel 1, we consider the following Gaussian
MIMO channel with i.i.d. Rayleigh fading:

y=Hx+n, 2)

where x € CK*! and n € CM*1 are, respectively, zero-mean circularly symmetric complex
Gaussian input and noise with covariance matrices Ix and 021y, i.e., x ~ CN(0, Ix) and
n ~ CN(0,0%Iy). H € CM*K is a random matrix independent of both x and #, and the
elements of H are i.i.d. zero-mean unit-variance complex Gaussian random variables, i.e.,
H ~ CN(0,Ix @ Iq). Letp = % denote the signal-to-noise ratio (SNR). Let z denote a
useful representation of y produced by the relay for the destination node. x — (y, H) — z
thus forms a Markov chain. We assume that the relay node has a direct observation of the
channel matrix H while the destination node does not since we consider a Rayleigh fading
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channel and a capacity-constrained relay—destination link. Then, the IB problem can be
formulated as follows:

max  I(x;z) (3a)
p(zly,H)
s.t. I(y,H;z) <C, (3b)

where C is the bottleneck constraint, i.e., the link capacity of Channel 2. In this paper,
we call I(x;z) the bottleneck rate and I(y, H; z) the compression rate. Obviously, for
a joint probability distribution p(x,y, H) determined by (2), problem (3) is a slightly
augmented version of IB problem (1). In our problem, we aim to find a conditional
distribution p(z|y, H) such that bottleneck constraint (3b) is satisfied and the bottleneck
rate is maximized, i.e., as much information on x can be extracted from representation z.

p(y | T, H) Y > Relay z » Destination
7y

Figure 1. Block diagram of the considered information bottleneck (IB) problem.

3. Informed Receiver Upper Bound

As stated in [26], an obvious upper bound to problem (3) can be obtained by letting
both the relay and the destination node know the channel matrix H. We call the bound
in this case the informed receiver upper bound. The IB problem in this case takes on the
following form:

max  I(x;z|H) (4a)
p(zlyH)
st.  I(y;z|H) <C. (4b)

In Reference [21], the IB problem for a scalar Gaussian channel with block fading has been
studied. In the following theorem, we show that, for the considered MIMO channel with
Rayleigh fading, (4) can be decomposed into a set of parallel scalar IB problems and the
informed receiver upper bound can be obtained based on the result in [21].

Theorem 1. For the considered MIMO channel with Rayleigh fading, the informed receiver upper
bound, i.e., the optimal objective function of IB problem (4), is

R =T /°° log(1 + pA) — log(1 + v)]fr(A)dA, 5)

where T = min{K, M}, A is identically distributed as the unordered positive eigenvalues of HH';
its probability density function (pdf), i.e., f(A), is given in (A17); and v is chosen such that the
following bottleneck constraint is met:

/;o (log ‘f‘)fA(/\)dA - % ©)
0

Proof. See Appendix A. [
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Lemma 1. When M — o0 or p — 00, upper bound R*" tends asymptotically to C. When
C — 400, R approaches the capacity of Channel 1, i.e.,

Rub I(x;y,H)

_T /0 “log(1 4 pA) fr(A)dA. %

Proof. See Appendix B. [

4. Achievable Schemes

In this section, we provide four achievable schemes, where each scheme satisfies the
bottleneck constraint and gives a lower bound to the bottleneck rate. In the first and second
schemes, the relay transmits both its observation and partial CSI to the destination node.
In the third and fourth schemes, to avoid transmitting CSI, the relay first estimates x and
then sends a representation of the estimate to the destination node.

4.1. Non-Decoding Transmission (NDT) Scheme

Our first achievable scheme assumes that, without decoding x, the relay simply source-
encodes both y and H and then sends the encoded representations to the destination node.
It should be noticed that this scheme is actually reminiscent of the current state-of-the-art
in remote antenna head technology, where both the pilot field (corresponding to H) and
the data field (corresponding to y) are quantized and sent to the central processing unit.

Let h denote the vectorization of matrix H, and z; and z; denote the representations
of h and y, respectively. From the definition of H in (2), it is known that h ~ CN (0, Ixp).
Since the elements in h are i.i.d., in the best case, where I(h; z1) is minimized for a given
total distortion, representation z; introduces the same distortion to each element of h.
Denote the distortion of each element quantization by D. It can then be readily verified
by using ([27], Theorem 10.3.3) that the rate distortion function of source h with total
squared-error distortion KMD is given by

R(D) = I(h; z1)

min
f(z1|h): E[d(h,z1)]<KMD

= KMlog %, ®)

where 0 < D < 1and d(h,z1) = (h — z1)"(h — z;) is the squared-error distortion mea-
sure. Let e; denote the error vector of quantizing h, i.e.,, e = h — z1. z; and e; are the
vectorizations of Z; and E;. Hence, H = Z; + E;. Note that z; ~ CN(0, (1 — D)Igpm),
e1 ~ CN (0, DIk ), and z; is independent of e;. Hence,

E{leﬂ — K(1-D)Iy,
]E[ElEﬂ — KDI. )

In ([27], Theorem 10.3.3), the achievability of an information rate for a given distortion,
e.g., (8), is proven by considering a backward Gaussian test channel. However, the back-
ward Gaussian test channel does not provide an expression of z; or e;. Though the specific
formulations of z1 and e; are not necessary for the analysis in this section, since we are
providing an achievable scheme, we still give a feasible z; that satisfies (8) here to make the
content more complete. By adding an independent Gaussian noise vector ¥ ~ CN (0, eIxp)
with e = %, to h, we get

h=h+r (10)
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Obviously, h~CN (0, ﬁl K M). A representation of h can then be obtained as follows:

1 -
h
1+e¢
1 1
=T T ige

zZ1 =

1+¢ r

(1—D)h+ (1—D)r, (11)

which is actually the MMSE estimate of h obtained from (10). The error vector is then
given by

e| — h— Z1
= Dh—(1—D)r. (12)

It can be readily verified that z; provided in (11) satisfies (8), z; ~ CN (0, (1 — D)Ixy),
e1 ~ CN (0, DIkp), and z; is independent of e;.
To meet the bottleneck constraint, we have to ensure that

I(h,y;z1,22) < C. (13)
Using the chain rule of mutual information,

I(h,y;z1,20) =I(h,y;z1) + I(h,y; 22]21)
=I(h;z1) + I(y; z1|h) + I(y; z2|z1) + [(h; 22|21, ). (14)

Since z1 is a representation of h, y and z are conditionally independent given h. Similarly,
since z; is a representation of y, h and z; are conditionally independent given y. Hence,

I(y;z1|h) =0,
I(h; zp|z1,y) = 0. (15)

From (8), (14), and (15), it is known that, to guarantee constraint (13), I(y; z2|z1), which is
the information rate at which the relay quantizes y (given z1), should satisfy

I(y;z2]z1) < C—R(D). (16)

Obviously, C — R(D) > 0 has to be guaranteed, which yields D > 2. Hence, in this

section, we always assume Z_ﬁ <D<1.
We then evaluate I(y; z2|z1). Since H = Z; + E, y in (2) can be rewritten as

y=Hx+n
=Zix+Eix+n. (17)

For a given Z;, the second moment of y is E [yy'!|Z;] = Z,ZH + (KD + 02)I1. Denote
the eigendecomposition of Z; ZH by QU and

g =u'y
=U"Zzx + U E x + . (18)

The second moment of § is E[#§|Z;] = Q + (KD + ¢2)I,. Since E; is unknown, § is not
a Gaussian vector. To evaluate I(y; z2|z1), we define a new Gaussian vector

Yo = U"Z1x + ny, (19)
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where ng ~ CN(0, (KD + 0%)I). For a given Zy, y; ~ CN(0,Q + (KD + 0%)I)). The
channel in (19) can thus be seen as a set of parallel sub-channels. Let z¢ denote a represen-
tation of y¢, and consider the following IB problem:

max  I(x;z¢|Zy) (20a)

p(zglyg)
st I(ygzglZ1) < C—R(D), (20b)
27K <D< 1. (20¢)

Obviously, for a given feasible D, problem (20) can be similarly solved as (4) by following
the steps in Appendix A. We thus have the following theorem.

Theorem 2. For a given feasible D, the optimal objective function of IB problem (20) is

R = T/;o[log(l +7A) —log(1+v)lfa(A)dA, (21)

where v = IJD;JR'Z; the pdf of A, i.e., fA(A), is given by (A17); and v is chosen such that the
following bottleneck constraint is met:

/m <log ”;‘)hm)d}\ - C%R(D). (22)

v

T
Proof. See Appendix C. [
Since for a given Z1, (19) can be seen as a set of parallel scalar Gaussian sub-channels,

according to ([21], (16)), the representation of yq, i.e., z¢, can be constructed by adding
independent fading and Gaussian noise to each element of y,. Denote

zg = Yyo + né
= YU "Zyx + ¥ng + nl, (23)

where ¥ is a diagonal matrix with nonnegative and real diagonal entries, and 7, ~
CN (0, In). Note that y, in (19) and its representation z, in (23) are only auxiliary variables.
What we are really interested in is the representation of y and the corresponding bottleneck
rate. Hence, we also add fading ¥ and Gaussian noise n; to ¥ in (18) and obtain the
following representation:

2 = ¥§ +ng
= YU "Zx + YU E1x + YU n + nj,. (24)

In the following lemma, we show that, by transmitting representations z; and z; to the
destination node, R!P! is an achievable lower bound to the bottleneck rate and the bottleneck
constraint is satisfied.

Lemma 2. If the representation of h, i.e., z1 resulting from (8), is forwarded to the destination node
for each channel realization, with observations y and yq in (17) and (18) and representations z;

and zg in (24) and (23), we have

I(y; z2|Z1) < I(yg; 24| Z1), (25)
I(x;22|Z1) > 1(x;24|Zy), (26)

where (25) indicates that 1(y; z2|Z1) < C — R(D) and (26) gives 1(x; zp|Z;) > RL.

Proof. See Appendix D. [
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Lemma 2 shows that, by representing h and # using z; and z; in (11) and (24),
respectively, lower bound R™®! is achievable and the bottleneck constraint is satisfied.

Lemma 3. When M — o0,

b1 _C=R(D)
R — T|log(l14+yM) —log(1+yM2™ T . (27)

When p — oo, R! tends to a constant, which can be obtained by letting v = % and

using (21). In addition, when C — oo, there exists a small D such that R'*" approaches the
capacity of Channel 1, i.e.,

R = I(x;y, H)

_T /O T log(1+ pA)fr(A)dA. (28)

Proof. See Appendix E. [

. C—R(D)
Remark 1. Denote the limit in (27) by RIP! = T[log(l + M) — log(l +yM2T T )} for
convenience. It can be readily verified that 0 < Rébl < C. From (8), it is known that R(D) is also a

function of M. Moreover, as stated after (16), we always assume 2-%m < D < 1in this section
such that C — R(D) > 0. Hence, when M — +oc0, D approaches 1 and vy tends to 0. All this
makes it difficult to obtain further concise expression of RI''. We investigate the effect of M on R!%!
in Section 5 by simulation.

4.2. Quantized Channel Inversion (QCI) Scheme When K < M

In our second scheme, the relay first obtains an estimate of the channel input using
channel inversion and then transmits the quantized noise levels as well as the compressed
noisy signal to the destination node.

In particular, we apply the pseudo inverse matrix of H, i.e., (H?H) 'H", to y and
obtain the zero-forcing estimate of x as follows:

%= (HiH) 'H Y
x+ (HEH)'H %
x + . (29)

1>

For a given channel matrix H, it ~ CN'(0, A), where A = c?(H"H) 1. Let A = A; + A,,
where A; and Ay, respectively, consist of the diagonal and off-diagonal elements of 4, i.e.,
A = AOIgand Ay = A — A;. If H could be perfectly transmitted to the destination
node, the bottleneck rate could be obtained by following similar steps in Appendix A.
However, since H follows a non-degenerate continuous distribution and the bottleneck
constraint is finite, as shown in the previous subsection, this is not possible. To reduce the
number of bits per channel use required for informing the destination node of the channel
information, we only convey a compressed version of A; and consider a set of independent
scalar Gaussian sub-channels.

Specifically, we force each diagonal entry of A; to belong to a finite set of quantized
levels by adding artificial noise, i.e., by introducing physical degradation. We fix a finite
grid of ] positive quantization points B = {by, -+, b}, where by < b, < --- < bj_1 < by,
b; = +o0, and define the following ceiling operation:

[a]g = argr};réilrgl{a < b}. (30)

Then, by adding a Gaussian noise vector i’ ~ CN(0, diag{[a;| 5= AL [ak] 5= ax}),
which is independent of everything else, to (29), a degraded version of & can be obtained
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as follows:
2=x+
=x+i+i
2 x+n, (31)

where i1 ~ CN (0, A] + A,) for a given H and A} £ diag{ [al]B, oo, [ak] B}' Obviously,
due to Ay, the elements in noise vector 7 are correlated.
To evaluate the bottleneck rate, we consider a new variable

2o = X+ fig, (32)

where i, ~ CN(0,A]). Obviously, (32) can be seen as K parallel scalar Gaussian sub-
channels with noise power [ai |, for each sub-channel. Since each quantized noise level
[a | g only has | possible values, it is possible for the relay to inform the destination node
of the channel information via the constrained link. Note that, from the definition of A
in (29), it is known that g, Vk € K = {1,---,K} are correlated. The quantized noise levels
[ax] g ¥k € K are thus also correlated. Hence, we can jointly source-encode [ax| 5, Yk € K
to further reduce the number of bits used for CSI transmission. For convenience, we define
aspace E = {(j1, - ,jx)|Vjx € J, k € K}, where 7 = {1,-- -, J}. Itis obvious that there
are a total of JX points in this space. Let ¢ = (j;,- -+, jk) denote a point in space = and
define the following probability mass function (pmf):

PgZPI‘{ (al]B:bh,,[aKWB:b]K} (33)

The joint entropy of [ﬂkw B Vk € K, i.e., the number of bits used for jointly source-encoding
[ | 5 Yk € K, is thus given by

Higing = Y, —Pzlog Pz. (34)
fex

Then, the IB problem for (32) takes on the following form:

max  I(x;24]A7) (35a)
p(2gl%s)
s.t. I(J?,'g,‘ 2g|A/1) S C-— Hjoint/ (35b)

where 2, is a representation of %,.

Note that, as stated above, there are a total of JX points in space Z. The pmf P; thus has
JK possible values, and it becomes difficult to obtain the joint entropy Hjoint from (34) (even
numerically) when | or K is large. To reduce the computational complexity, we consider
the (slightly) suboptimal but far more practical entropy coding of each noise level [ay|
separately and obtain the following sum of individual entropies:

B

K
Hsum = Z Hy, (36)
k=1

where Hy denotes the entropy of [ay]| 5 Or the number of bits used for informing the desti-
nation node of noise level [ai| 5. In Appendix F, we show that 4, Vk € K are marginally
identically inverse chi squared distributed with M — K + 1 degrees of freedom and that
their pdf is given in (A44). Hence,
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Hsum = KI_IO

J
=-K)_ Pjlog P;, (37)
j=1

where P; = Pr{ [a] B= b]-} can be obtained from (A45) and a follows the same distribution
as a. Since P; only has ] possible values, the computational complexity of calculating Hsum
is proportional to J. Using the chain rule of entropy and the fact that conditioning reduces
entropy, we know that Hjoint < Hsum. In Section 5, the gap between Hjoint and Hgum is

investigated by simulation. Replacing Hjoint in (35b) with Hsum, we get the following:
IB problem

max  I(x;£,|A7) (38a)
p(gl%e)
st I(%g24/A}) < C— KHy,. (38b)

The optimal solution of this problem is given in the following theorem.

Theorem 3. If A} is conveyed to the destination node for each channel realization, the optimal
objective function of IB problem (38) is

J—1
R = 1 KP;[log(1 + p;) —log(1+ p;j27%)]. (39)
]:

q+
where p; = %, cj = [log %] , and v is chosen such that the following bottleneck constraint is met:
]

71
KP;c; = C — KHj. (40)
i=1

]:
Proof. See Appendix F. O

Since (32) can be seen as K parallel scalar Gaussian sub-channels, according to
([21], (16)), the representation of %, i.e., Z;, can be constructed by adding independent
fading and Gaussian noise to each element of £¢. Denote

2 = @Ry + iy
= ®x + Pig + iy, (41)

where @ is a diagonal matrix with positive and real diagonal entries, and ﬁ:q ~ CN(0, Ix).
Note that, similar to y; and z¢ in the previous subsection, £, in (32) and its representation
£¢ in (41) are also auxiliary variables. What we are really interested in is the representation
of # and the corresponding bottleneck rate. Hence, we also add fading @ and Gaussian
noise i, to £ in (31) and obtain its representation as follows:

= @x + Pt + . (42)

In the following lemma, we show that, by transmitting quantized noise levels [a| g Yk €

K and representation z to the destination node, R"”? is an achievable lower bound to the
bottleneck rate and the bottleneck constraint is satisfied.

Lemma 4. If A is forwarded to the destination node for each channel realization, with signal
vectors & and %o in (31) and (32), and their representations z and 2o in ( 42) and (41), we have
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1(%;2]A7) < 1(%g; 24|A7), (43)
I(x;z|A}) > I(x;24]A)), (44)

where (43) indicates that 1(£;z|A}) < C — KHy and (44) gives I(x;z|A}) > R/,
Proof. See Appendix G. [

Lemma 5. When M — o0 or p — 00, we can always find a sequence of quantization points
B ={by,--,bj} such that R"> — C. When C — +oo,

R — KE [log (1 + i)]
<I(x;y,H), (45)

where the expectation can be calculated by using the pdf of a in (A44) and I(x;y, H) is the capacity
of Channel 1.

Proof. See Appendix H. O

For the sake of simplicity, we may choose the quantization levels as quantiles such
that we obtain the uniform pmf P; = % The lower bound (39) can thus be simplified as

=K .
RP2 — Zi 7 [log(1+p;) —log(1+ pj2 )], (46)
]:
and the bottleneck constraint (40) becomes
J—1 A+
pilT _JC
]; {log - } =% B, (47)

where B = log | can be seen as the number of bits required for quantizing each diagonal
entry of A;. Since p1 > - -+ > pj_1, from the strict convexity of the problem, we know that
there must exist a unique integer 1 <[ < | — 1 such that [28]

l
Pi_JC
]glogv—K JB,
pj<v, VI+1<j<]-1 (48)

Hence, v can be obtained from

L logp; JC JB
logv:zi 1]7{7K+]T’ (49)
]:

and R'! can be calculated as follows:

RIP2 —

—| =

l
[log (1 + pj) —log(1+v)]. (50)
j=1

Then, we only need to test the above condition for/ = 1,2,3, - - - until (48) is satisfied. Note
that, to ensure R'*2 > 0, % — JBin (47) has to be positive, i.e.,, B < % Moreover, though
choosing the quantization levels as quantiles makes it easier to calculate R"*?, the results in
Lemma 5 may not hold in this case since the choice of quantization points B = {by,- - -, by}

is restricted.
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4.3. Truncated Channel Inversion (TCI) Scheme When K < M

Both the NDT and QCI schemes proposed in the preceding two subsections require
that the relay transmits partial CSI to the destination node. Specifically, in the NDT scheme,
channel matrix H is compressed and conveyed to the destination node. Hence, the channel
use required for transmitting compressed H is proportional to K and M. In contrast,
the number of bits required for transmitting quantized noise levels in the QCI scheme is
proportional to K and B. Due to the bottleneck constraint, the performances of the NDT and
QCI schemes are thus sensitive to the MIMO channel dimension, especially K. To ensure
that it still performs well when the channel dimension is large, in this subsection, the relay
first estimates x using channel inversion and then transmits a truncated representation of
the estimate to the destination node.

In particular, as in the previous subsection, we first obtain the zero-forcing estimate of
x using channel inversion, i.e.,

= (H"H) 'H"y
= x+ (HEH)'Hn. (51)

As given in Appendix A, the unordered eigenvalues of H'H are A, V k € K. Let
Amin = min{Ay, Vk € K}. Note that, though the interfering terms can be nulled out by
a zero-forcing equalizer, the noise may be greatly amplified when the channel is noisy.
Therefore, we put a threshold Ay, on Ay, such that zero capacity is allocated for states
with Apin < A

Specifically, when Apin < Ay, the relay does not transmit the observation, while when
Amin > A, the relay takes ¥ as the new observation and transmits a compressed version
of % to the destination node. The information about whether to transmit the observation is
encoded into a 0 — 1 sequence and is also sent to the destination node. Then, we need to
solve the source coding problem at the relay, i.e., encoding blocks of ¥ when Apin > Ay,.
For convenience, we use A to denote event “Amin > Ay,”. Here, we choose p(z|%, A) to be a
conditional Gaussian distribution:

_ [x+gq, ifA
= {@, otherwise ’ (52)

where g ~ CN (0, DIk) is independent of the other variables. It can be easily found
from (52) that I(x; z[Amin < Am) = 0 and I(% z|Amin < Aw) = 0. Hence, we consider the
following modified IB problem:

max Pyl(x;z|A) (53a)

where Py, = Pr{A} and Hy, is a binary entropy function with parameter Py,.

Since we assume K < M in this subsection, as stated in Appendix A, HHH ~
CWk (M, Ix). Then, according to ([29], Proposition 2.6) and ([29], Proposition 4.7), Py,
is given by

det ¢
Fin = : 54
§ TTE (M —K)!TTE (K — k)! (54)
where
¢O . llJK—l
=1 to| = [(i2)])
Yk-1 o P2

e A (55)
th



Information 2021, 12, 155

13 of 42

When K = M, using ([30], Theorem 3.2), a more concise expression of Py, can be obtained
as follows:

= ¢ MK, (56)

Note that, in (56), the lower bound of the integral is 2Ay, rather than Ay,. This is because,
in this paper, the elements of H are assumed to be i.i.d. zero-mean unit-variance complex
Gaussian random variables, while in [30], the real and imaginary parts of the elements in
H are independent standard normal variables.

Given condition A, let X denote a zero-mean circularly symmetric complex Gaussian
random vector with the same second moment as %, i.e., £, ~ CN (O,E[f.’fH |A]), and
Z, = %g + q. PpI(Xg; Z|A) is then achievable if Py, I(%g; Z¢|A) < C — Hy,. Hence, let

1
P I(Xg; Z¢|A) = Py, log det(IK + BE [XQZH|A} )
= C — Hy,. (57)

To calculate D from (57), we denote the eigendecomposition of H'H by VAV, where
V is a unitary matrix in which the columns are the eigenvectors of H” H, A is a diagonal
matrix in which the diagonal elements are unordered eigenvalues Ay, V k € K, and V and
A are independent. Then, from (51),

E [;zysz} = Ix+0°E [(HHH)—1|A],
= Ix +0°E [V/i_lVH|A},
= Ix+ °E [i |A] Ik. (58)

Based on [31], the joint pdf of the unordered eigenvalues Ay, V k € K under condition A is
given by

1 K e—/\iAM—K K )
P — L PR .
S A = 5 LK —i)(M—i)! Ii<1j(/\l A 9

The marginal pdf of one of the eigenvalues can thus be obtained by integrating out all the
other eigenvalues. Taking A; for example, we have

Fruald) = [ [T Al AN A (60

Then,

EBM - ]EL/\111|A]

= — A1|A)dA. 61
Ath/\lf)“( 1/A)dA (61)

Combining (57), (58), and (61), D can be calculated as follows:
1+0%E[}A]

C—Hy, ’
2 fmk —1

(62)

Remark 2. Note that we show in Appendix I that, when K = M and Ay, = 0, the integral in (61)
diverges. E H|A} thus does not exist in this case. Therefore, without special instructions, the



Information 2021, 12, 155

14 of 42

results derived in this subsection are for the cases with K = M and Ay, > 0 or with K < M and
Ay 2 0.

With (57), rate Py, I(%; Z¢|A) is achievable. Due to the fact that Gaussian input maxi-
mizes the mutual information of a Gaussian additive noise channel, we have I(%; z|A) <
I(%g; Z¢|A). Py I(%; z|A) is thus also achievable.

The next step is to evaluate the resulting achievable bottleneck rate, i.e., I(x; z). To this
end, we first obtain the following lower bound to I(x; z|A) from the fact that conditioning
reduces differential entropy,

I(x;z|A) =h(z|A) — h(z|x, A)
>h(z|H,A) — h(z|x,A). (63)

Then, we evaluate the differential entropies h(z|H, A) and h(z|x, A). From (51) and (52), it
is known that z is conditionally Gaussian given H and A. Hence,

h(z|H,A) =E [log(ne)K det(IK +2(HIH) T 4 DIK> |A]
=F [log(ne)K det (IK +o?A 4 DIK) |A}

=KE {log(rie) (1 +D+ f) |A} . (64)

On the other hand, using the fact that Gaussian distribution maximizes the entropy over
all distributions with the same variance ([27], Theorem 8.6.5), we have

h(z|x,A) =h(z — x|A)
=h((HEH) ' H"n + q|A)
<log(rre)X det(o?E|(H"H) 1|A| + DIx)

=K log(e) <D +0’E HA} ) (65)

Substituting (64) and (65) into (63), we can obtain a lower bound to I(x; z), as shown in the
following theorem.

Theorem 4. When K < M, with truncated channel inversion, a lower bound to I1(x; z) can be
obtained as follows:

2
RS — p, KE [log(l +D+ ‘;\) |A} - PthKlog<D +’E [)UA] ) (66)

where Py, and D are, respectively, given in (54) and (62), and the expectations can be calculated by
using pdf (60).

Lemma 6. Using Jensen’s inequality on convex function log(1+ 1/ x) and concave function log x,
we can get a lower bound to R je.,

2
5Ib3 _ v _ 2|1
R _PthKlog<1+D+EWA]> PthKlog<D+a E{AAD, (67)

and an upper bound to R e,

R™S = py,Klog <1 +D+0’E Bm} > — PyKlog <D +°E Bm} ) (68)
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Remark 3. Obviously, R'*3 is also a lower bound to I(x;z). For R'*3, it is not an upper bound
to I(x; z) since it is derived after lower bound R'3. However, we can assess how good the lower
bounds R'® and R'3 are by comparing them with RS,

Lemma 7. When M — o0, R'3, R, and RI®3 all tend asymptotically to C. When p — +oo,
R RV and RY3 4il tend asymptotically to C — Hy,. In addition, when C — oo, R RIP3,
and R all approach constants, which can be respectively obtained by setting D = 0 in (66)~(68).

Proof. See Appendix]. [

When K < M and Ay, = 0, it is obvious that Py, = 1, Hy, = 0, and E[A] = M. Since
HYH ~ CWi(M, Ix), (H?H)~! follows a complex inverse Wishart distribution. Hence,

E H} = ﬁ Then, from Theorem 4 and Lemma 6, we have the following lemma.

Lemma 8. When K < M and Ay, =0,

R’b3=KE{1og<1+D+‘f>} —Klog(DJrM‘TZK), (69)
szs:Klog<1+D+‘;> —Klog<D+M‘7_2K>, (70)
and 9 >
R’b3:1<10g<1+D+M‘T_K> —Klog(D—i—M(T_K), (71)
where 2
.

Remark 4. When K < M, Ay, = 0, and M‘T—EK is small (e.g., when p is large, i.e., o2 is small,

or when M — K is large), RI3 — RIV3 ~ 0. In this case, R'"® is close to R'"® and is thus also
close to R'Y3. Then, we can use R'Y3 instead of R'Y3 to lower bound 1 (x; z) since it has a more
concise expression.

4.4. MMSE Estimate at the Relay

In this subsection, we assume that the relay first produces the MMSE estimate of x
given (y, H) and then source-encodes this estimate.

Denote 1
F= (HHH + a2IM) H. (73)
The MMSE estimate of x is thus given by
X = FHy
= F"Hx + Fln. (74)

Then, we consider the following modified IB problem:

max I(x;z) (75a)
p(z|%)
st. I(xz) <C. (75b)

Note that, since matrix HH" + Iy in (73) is always invertible, the results obtained in this
subsection always hold no matter K < M or K > M.
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Analogous to the previous subsection, we define
z=X+4q,
% ~ CN (0,E |21 ),
Zo=%¢+94, (76)
where g has the same definition as in (52), and
E [xxH } —E [FH HH"F + ¢*FH P} . 77)

Let

- H
I(xg;2) = 10gdet<IK + E[ch;c ] )
~C. o)

Then, rate I(%g; 2, ) is achievable and D can be calculated from (78). Since I(%; z) < I(%g; Zg),
I(%; z) is thus also achievable.

In the following, we obtain a lower bound to I(x; z) by evaluating h(z|H) and h(z|x)
separately and then by using

I(x;z) =h(z) — h(z|x)
|

=h
>h(z|H) — h(z|x). (79)
First, since z is conditionally Gaussian given H, we have

h(z|H) = E[log(e)* det(FHH"F + 0*F/'F + DI |. (80)

Next, based on the fact that conditioning reduces differential entropy and Gaussian distri-
bution maximizes the entropy over all distributions with the same variance [32], we have

h(zlx) = h(z - E(z[x)|x)
= h((F"H ~ E[F"H] )x + Fn + g|x)
<n((F"H-E[FYH])x+ Fln + q)
< log(me)X det(G), (81)
where
G = E[(PHH — E[FHHD (HHF f E[HHFD + azFHF} + DI
—E [PH HHHF} —E [FH H} E [HH P] 1 0°E [FH P] 4 DIy. 82)
Combining (79)—(81), we can get a lower bound to I(x; z) as shown in the following theorem.

Theorem 5. With the MMSE estimate at the relay, a lower bound to I(x;z) can be obtained
as follows:

A
1b4 _
R —TE{log</\ (72+D)]+(K T)log D

T A T2 A 2
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where
T A
D— F]E|:/\+0'2:|
- C
2k —1

and the expectations can be calculated by using the pdf of A in (A17).

, (84)

Proof. See Appendix K. O

Lemma 9. When M — o0 or when K < M and p — o0, lower bound R'* tends asymptoti-
cally to C. When K < M and C — +o0,

2
R'™ 5 KE {bg(Ai‘(ﬂﬂ —Klog{]E[)H}_\az] — (E{Af(ﬂD } (85)

Proof. See Appendix L. O

5. Numerical Results

In this section, we evaluate the lower bounds obtained by different achievable schemes
proposed in Section 4 and compare them with the upper bound derived in Section 3. Before
showing the numerical results, we first give the following lemma, which compares the bot-
tleneck rate of the NDT scheme with those of the other three schemes in the C — oo case.

Lemma 10. When C — o0, the NDT scheme outperforms the other three schemes, i.e.,
R > max { RIb2 RIb3 Rlb4}. (86)
Proof. See Appendix M. [

Remark 5. Besides the proof in Appendix M, we can also explain Lemma 10 from a more intuitive
perspective. When C — +oo, the destination node can obtain perfect y and H from the relay by
using the NDT scheme. The bottleneck rate is thus determined by the capacity of Channel 1. In the
QCI scheme, though the destination node can obtain perfect signal vector and noise power of each
channel, the correlation between the elements of the noise vector is neglected since the off-diagonal
entries of A are not considered. The bottleneck rate obtained by the QCI scheme is thus upper
bounded by the capacity of Channel 1. As for the TCI or MMSE schemes, the destination node
can obtain perfect % or X from the relay. However, the bottleneck rate in these two cases is not only
affected by the capacity of Channel 1 but is also limited by the performance of zero-forcing or MMSE
estimation since the estimation inevitably incurs a loss of information. Hence, the NDT scheme has
a better performance when C — +o0.

In the following, we give the numerical results. Note that, when performing the QCI
scheme, we choose the quantization levels as quantiles for the sake of convenience.

Figure 2 depicts R/*! versus distortion D under different configurations of SNR p. Tt
can be found from this figure that R™®! first increases and then decreases with D. It is thus
important to find a good D to maximize R™!. Since it is difficult to obtain the explicit
expression of (21), it is not easy to strictly analyze the relationship between R'*! and D.
However, we can intuitively explain Figure 2 as follows. When using the NDT scheme, the
relay quantizes both h and y. Due to the bottleneck constraint C, there exists a tradeoff.
When D is small, the estimation error of h is small. The destination node can get more
CSI, and R’*! thus increases with D. When D grows large, though more capacity in C is
allocated for quantizing y, the estimation error of h is large. Hence, R"! decreases with
D. In the following simulation process, when implementing the NDT scheme, we vary D,
calculate R!P! using (21), and then let R!"1 pe the maximum value.
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Figure 2. Lower bound R'®! versus D with K = M = 4 and C = 40 bits/complex dimension.

In Figures 3 and 4, we performed Monte Carlo simulations to obtain joint entropy
Hjoint in (34) and the sum of individual entropies Hsum in (37). Note that, as stated in
Section 4.2, the complexities of calculating Hioint and Hsum are, respectively, proportional to
JK and J. Hence, when ] or K is large, it becomes quite difficult to obtain Hjoins. For example,
when B = 4 and K = 4, we have | = 16 and JX = 65,536, i.e., there are 65,536 points in
space Z. To obtain a reliable pmf P; for each point, the number of channel realizations has
to be much greater than 65,536.

Figure 3 shows that the gap between Hjoint and Hsym is small. In addition, as
M increases, Hjoint approaches Hsum quickly, indicating that the dependence between
[ g ¥V k € K becomes weak. This can be explained by considering an extreme case
where M — +o0. Based on the definition of H and the strong law of large numbers, we al-
most surely have HH — MIx — 0 when M — +co. Hence, A — ‘TMZIK — 0. [ax|z Vhke K
are thus almost independent.

When M = K and K increases, Figure 4 shows that there exists an obvious increase
in the gap between Hjoint and Hsym. Hence, when M = K and K increases, the correlation
between (ak] g Vk € K is enhanced. We will thus obtain a gain to R2 if we use Hjoint
instead of Hgym. However, we would like to point out the following: First, it can be found
from Figure 4 that, when M > K, this trend becomes less evident. Second, as shown in the
following results, when K > 4, since the QCI scheme uses a lot of capacity in C to quantize
[a | 5 ¥k € K, its performance is not as good as the TCI scheme or MMSE scheme. Third,
when K or B is large, it becomes difficult to obtain Hioint- Therefore, when implementing the
QCI scheme in the following, we obtain RIb2 by using Hsum, i.e., quantizing [ak] B’ Vke K
separately.
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Figure 4. Hjoint and Hsum versus K with B = 2 bits and different values of M.

In Figures 5 and 6, we investigate the effect of threshold Ay, on R™®® for the cases with
K = Mand K < M, respectively. From these two figures, several observations can be made.
First, when K = M, and p or K is small, R'Y3 increases greatly and then decreases with Ay,
indicating that the choice of Ay, has a significant impact on R/*3. It is thus important to look
for a good Ay, to maximize RP3 in these cases. Second, when K = M, and K as well as 0
are large or when K < M, R'®S first remains unchanged and then monotonically decreases
with R™3, In these cases, a small Ay, is good enough to guarantee a large R"*® and a search
for Ay, can thus be avoided. For example, when K < M, we can set Ay, = 0, based on

which a simpler expression of R3 js given in (69). For the case with K = M, since E [ﬂ
does not exist when Ay, = 0, we can set Ay, to be a fixed small number.
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Figure 6. Lower bound R versus Ay, for the K < M case with K = 4 and C = 40 bits/complex
dimension.

In Figures 7 and 8, we compare R'® with its upper bound R'*® and lower bound
R As expected, R3, RI3 and R'*3 all increase with M and p. When M or p is small,
there is a small gap between R and R'*3, and a small gap between R/*® and R*3. As M
and p increase, these gaps narrow rapidly and the curves almost coincide, which verifies
Remark 2. As a result, when M — K or p is large, we can set Ay, = 0 and use RIP3 in (70) to
lower bound I(x; z) since it has a more concise expression.
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Figure 8. RIY3, RIB3 and R'Y3 versus p with K = 4 and C = 40 bits/complex dimension.

In Figures 9 and 10, the upper bound R and lower bounds obtained by different
schemes are depicted versus SNR p. Several observations can be made from these two
figures. First, as expected, all bounds increase with p. Second, when K, M, and p are
small, the NDT scheme outperforms the other achievable schemes. However, as these
parameters increase, the performance of the NDT scheme deteriorates rapidly. This is
because, when K, M, and p are small, the performance of the considered system is mainly
limited by the capacity of Channel 1, and the NDT scheme works well since the destination
node can extract more information from the compressed observation of the relay and
CSI. However, when K and M increase, the NDT scheme requires too many channel uses
for CSI transmission. Third, the QCI scheme can obtain a good performance when K is
small. Of course, as stated at the beginning of Section 4.3, the number of bits required for
transmitting quantized noise levels in the QCI scheme is proportional to K and B. Hence,
the performance of the QCI scheme varies significantly when K and B change. Moreover,
it is also shown that the performance of the TCI scheme is worse than that of the MMSE
scheme in the low SNR regime while getting quite close to that of the MMSE scheme in the
high SNR regime. When p grows large, the lower bounds obtained by the TCI and MMSE
schemes both approach C and are larger than those obtained by the NDT and QCI schemes.
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In Figures 11 and 12, the effect of the bottleneck constraint C is investigated. From
Figure 11, it can be found that, as C increases, all bounds grow and converge to different
constants, which can be calculated based on Lemmas 1, 3, 5, 7 and 9. Figure 11 also shows
that, thanks to CSI transmission, the NDT and QCI schemes outperform the TCI and
MMSE schemes when C is large. By comparing these two figures, it can be found that,
in Figure 11, no bound approaches C, even for the case with C = 20, while in Figure 12,
it is possible for R, R'*3, and R'* to approach C. For example, when K = M = 4 and
C <30, Rub, R! b3, R _s C. This is because the bottleneck rate is limited by the capacity of
Channel 1 and C. In Figure 11, since K and M are small, the capacity of Channel 1 is smaller
than C. Hence, the bounds of course will not approach C. In Figure 12, more multi-antenna
gains can be obtained due to larger K and M. The capacity of Channel 1 is thus larger than
C in some cases (e.g., K = M = 4 and C < 30). Hence, Rub RII3 and RIP4 may approach C
in these cases. Note that, as shown in Figure 11, since B < % is not satisfied, R'** = 0 when
C < 30.
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Figure 11. Upper and lower bounds to the bottleneck rate versus C with K = M = 2 and p = 40 dB.
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Figure 12. Upper and lower bounds to the bottleneck rate versus C with K = M = 4 and p = 40 dB.

In Figures 13 and 14, the effect of M is investigated for different configurations of
p. These two figures show that Rub RIbZ RIS and R all increase monotonically with
M and that, as M grows, R""3 as well as R'** become very close to R™. For R™®!, except
the M = 3 case in Figure 13, R'*! monotonically decreases with M since the relay has to
transmit more channel information to the destination node.
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Figure 13. Upper and lower bounds to the bottleneck rate versus M with K = 2, o = 10 dB, and
C = 40 bits/complex dimension.
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Figure 14. Upper and lower bounds to the bottleneck rate versus M with K = 2, p = 40 dB, and
C = 40 bits/complex dimension.

In Figures 15 and 16, we set K = M and depict the upper and lower bounds versus
K or M. In Figure 15, we fix C to 50, while in Figure 16, we set C = 8K, which makes
sense since the bottleneck constraint should scale with the number of degrees of freedom of
the input signal x. Since we choose the quantization levels as quantiles when performing
the QCI scheme, as stated at the end of Section 4.2, B < % should be satisfied. Hence, in
Figures 15 and 16, we only consider B = 1,2,4 bits when performing the QCI scheme.
When K = M and they grow simultaneously, the capacity of Channel 1 increases due to
the muti-antenna gains. Hence, for a fixed C, Figure 15 shows that all bounds increase first.
When K or M grows large, R'"®> and R™** approach the bottleneck constraint C while R/??
decreases for all values of B. This is because the number of bits per channel use required
for informing the destination node of A} in the QCI scheme is proportional to K while CSI
transmission is unnecessary for the TCI and MMSE schemes. For the NDT scheme, since
the number of bits required for quantizing H is proportional to both K and M, there is only
an increase when K grows from 1 to 2. After that, R”’! decreases monotonically and has the
worst performance. In contrast, when C = 8K, the bottleneck rate of the system is mainly



Information 2021, 12, 155

25 of 42

limited by C. Hence, Figure 16 shows that all bounds except R"’! increase almost linearly
with K and that R"°, R"3 and R'%* are quite close to C.
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Figure 15. Upper and lower bounds to the bottleneck rate versus K or M with K = M, p = 40 dB,
and C = 50 bits/complex dimension.
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Figure 16. Upper and lower bounds to the bottleneck rate versus K or M with K = M, p = 40 dB,
and C = 8K bits/complex dimension.

6. Conclusions

This work extends the IB problem of the scalar case in [26] to the case of MIMO
Rayleigh fading channels. Due to the information bottleneck constraint, the destination
node cannot obtain a perfect CSI from the relay. Hence, we provide an upper bound to
the bottleneck rate by assuming that the destination node can obtain a perfect CSI at no
cost. Moreover, we also provide four achievable schemes, where each scheme satisfies
the bottleneck constraint and gives a lower bound to the bottleneck rate. Our results
show that, with simple symbol-by-symbol relay processing and compression, we can
obtain a bottleneck rate close to the upper bound on a wide range of relevant system
parameters. Note that tightening the upper bound is a challenge for future studies. In
addition, although we have focused on a MIMO channel with one relay, we plan to
extend the problem to considering the case of multiple parallel relays, which is particularly
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relevant to the centralized processing of multiple remote antennas, as in the so-called
C-RAN architectures.
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Appendix A. Proof of Theorem 1

Before proving Theorem 1, we first consider the following scalar Gaussian channel:
y=sx+mn, (A1)

where x ~ CN(0,1), n ~ CN(0,02), and s € C is the deterministic channel gain. With
bottleneck constraint C, the IB problem for (A1) has been studied in [21] and the optimal
bottleneck rate is given by

Ro = log(1+ pls|?) — log(1+p|s|27C). (A2)

In the following, we show that (4) can be decomposed into a set of parallel scalar IB
problems, and (A2) can then be applied to obtain upper bound R"" in Theorem 1.
According to the definition of conditional entropy, problem (4) can be rewritten as

max I(x;z|H = H H)dH A3a
max [ 1zl H = E)p () (A3a)
sit. / I(y; 2| H = H) pg (H)dH < C, (A3b)

where H is a realization of H. Let UAU™ denote the eigendecomposition of HH'!, where U
is a unitary matrix in which the columns are the eigenvectors of HH", and A is a diagonal
matrix in which the diagonal elements are the eigenvalues of HH!. Since the rank of
HH" is no greater than T = min{K, M}, there are at most T positive diagonal entries in A.
Denote them by Ay, wheret € T and 7 = {1,--- ,T}. Let

= U"Hx + ufn. (A4)
Then, for a given channel realization H = H, § is conditionally Gaussian, i.e.,
§|H = H ~ CN(0, A+ 0*Iy). (A5)

Since
I(x;y|H = H) = I(x;y|H = H), (A6)

we work with § instead of y in the following.

Based on (A3) and (A5), it is known that MIMO channel p(#|x, H) can be first di-
vided into a set of parallel channels for different realizations of H and that each channel
p(§|x, H = H) can be further divided into T independent scalar Gaussian channels with
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SNRs pA4, Vt € T. Accordingly, problem (4) can be decomposed into a set of parallel IB

problems. For a scalar Gaussian channel with SNR pA;, let c}‘b denote the allocation of the

bottleneck constraint C and R} denote the corresponding rate. According to (A2), we have
RY = log(1 + pA;) — log (1 + pAtz—be) . (A7)

Then, the solution of problem (4) can be obtained by solving the following problem:
belr]
max E|R} (A8a)
{¢*} =3

T
s.t. Z E
t=1

—

c;lb] <cC. (ASb)

Assume that Ay, Vt € T are unordered positive eigenvalues of HH H_ (Note that, when
deriving the upper and lower bounds in this paper, we consider the unordered positive
eigenvalues of HHY or HYH since it simplifies the analysis. If the ordered positive
eigenvalues of HH' or H H are considered, it can be readily proven by following similar
steps in ([31], Section 4.2) to arrive at problems equivalent to those in this paper). Then,
they are identically distributed. For convenience, define a new variable A that follows the
same distribution as A;. The subscript “+” in ci® and R can thus be omitted. In order
to distinguish from R"™ in (5), we use Rblb to denote the bottleneck rate corresponding to
c e,

RE® = log(1+ pA) —log (1+pA27"). (A9)

Then, we have

y E[c‘t‘b} —TE [cub]. (A10)

Problem (A8) is thus equivalent to

max E[Rgb] (Alla)
ne
sit. E[cuﬂ < % (A11b)

This problem can be solved by the water-filling method. Consider the Lagrangian

L=F {ngb + zxcub} - % (A12)

where « is the Lagrange multiplier. The Karush-Kuhn-Tucker (KKT) condition for the
optimality is

oL ( =0, ifc® >0
ac“b{ <0, i =0 (A13)
Then,
log A ifA > v
ub: gu’ 0 A14
¢ {0, ifA< L (Al4)

where v = «/(1 — «) and it is chosen such that the following bottleneck constraint is met:

E[logpy)\ A > ;]Pr{)t > ;} = % (A15)
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The informed receiver upper bound is thus given by
R = TE |log(1 + pA) — log(1 + v) |A > :]Pr{A > ;} (A16)

From the definition of H in (2), it is known that, when K < M (resp., when K > M),
H"H (resp., HH') is a central complex Wishart matrix with M (resp., K) degrees of
freedom and covariance matrix Ix (resp., In), i.e., HHH ~ CWk (M, Ik) (resp., HHY ~
CWum(K, Ip)) [33]. Since A can be seen as one of the unordered positive eigenvalues of
H"H or HHY, its pdf is thus given by [31] and ([33], Theorem 2.17):

faA) = % i Z_FSi'T)[LS T(A)}Z)\S*Teﬂl (A17)

where S = max{K, M} and the Laguerre polynomials are
A i
s-T_ ¢ d' (A \S—Ti
LT = e (A57TH), (A18)
Substituting (A17) and (A18) into (A16) and (A15), (5) and (6) can be obtained. Theorem 1

is thus proven.

Appendix B. Proof of Lemma 1

In order to prove that RU approaches C as M — oo, we first look at the special case
with K = 1. In this case, S = M and T = 1. From (A18) and (A17), we have LS*T =1and

the pdf of A
)\Mflef)\
fHA) = ek (A19)

which shows that A follows Erlang distribution with shape parameter M and rate parameter 1,
i.e.,, A ~ Erlang(M,1). The expectation of A is thus M. As M — +oo, f)(A) becomes a
delta function [34]. Hence, for a sufficiently small positive real number €,

lim Pr{|A —M]| <e} —1,
M—+o0

li Pr{|A — . A2
pim r{[A -M| >e} =0 (A20)

Then, when M — +o0, the bottleneck constraint (6)

/;o (log pj)f,\(/\)d)x —C

M—
— log #, (A21)
based on which we get
v -C
— 27 A22
7P (A22)

Using (5), (A20), and (A22), it is known that, when M — o0,
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RYP = /j [log(1+ pA) —log(1 4 v)]f1(A)dA

0

M-+e 1+P)\
— 1 A)dA
[ (loe 2 ) )
1+poM
— log Y
—C. (A23)

Next, we consider the general case. For any positive integer K, when M — o0,
based on the definition of H and the strong law of large numbers, we almost surely have
HYH — MIg — 0. Since HH" and H" H have the same positive eigenvalues, A — M — 0
almost surely. (A20) thus also holds for this general case. Then,

M—
> log 2, (A24)
based on which we get
= p2 T, (A25)

Hence, when M — +o0,

R ST [ [log(1+pA) — log(1+ )] fu(A)dA

M+e 1+ P)\
—>T/M7€ <log - >fA(A)dA

1+pM
1+v
—C. (A26)

—Tlog

Now we prove that R" approaches C as p — -+co. From (6), it can be seen that
J v (log %) fa(A)dA reduces with v. Therefore, when p — 400, to ensure that constraint (6)
p

holds, v becomes large. Then, we have
R =T [“llog(1+ p) ~ log(1 + )] f1 (A)dA
0
ST / llog(pA) — log v] fr (A)dA
]

=C. (A27)

In addition, when C — +00, it can be found from (6) that v — 0. Using (5), we can
get (7), which is the capacity of Channel 1. This completes the proof.

Appendix C. Proof of Theorem 2

For a given Z;, y; ~ CN' (0,2 + (KD + 02)I). Let w denote the unordered pos-
itive eigenvalue of 212{{ . Since the elements in Z; and H, respectively, follow ii.d.,
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CN(0,1— D) and CN(0,1), and A is the unordered positive eigenvalue of HH as defined
in Appendix A, w is thus identically distributed as (1 — D)A. Then, the pdf of w is

1 w
folw) = 7=/ (1 — D), (A28)
where f) is the pdf of A and is given in (A17).

For a given feasible D, problem (20) can be similarly solved as (4) by following the
steps in Appendix A and the optimal solution is

T w _
R =T / . [log (1 + +02> log(1 +u)] Fo(w)deo, (A29)

where v is chosen such that the following bottleneck constraint is met:

i C—R(D)
/v<1<D+az> {log (I<D+02)} fulw)dw = =5 (A30)

Using (A28), (A29) can be reformulated as
Ib1 *© w
=T log(1+ ——=—— | —log(1
: / (KD+02) |:Og( + KD+0'2> Og( +V):|fw(w)ﬁlw
w

_T/KD+U2[ ( +KDCj— 2>_log(1+v)]1—ll)f)‘<1—l)>dw

T/ log(1 + 7A) — log(1 + v)]fr(A)dA (A31)

1—
KD+ 2"

Analogously, bottleneck constraint (A30) can be transformed to

/1 ” <log 73) F(A)dA = C%R(D). (A32)

where v =

Theorem 2 is thus proven.

Appendix D. Proof of Lemma 2

We first prove inequation (25).

I(y; 22|Z1) =1(¥; 22|Z1)
=h(22|Z1) — h(22|Z1, %)
@) 2 2\ g2
§E[logdet(ﬂ‘l’ + (KD + 0¥ +1M)}
=I(yg; Zg‘Zl)r (A33)

where (a) holds since Gaussian distribution maximizes the entropy over all distributions
with the same variance. Then, we prove inequation (26). Since for a Gaussian input,
Gaussian noise minimizes the mutual information ([27], (9.178)), we have

I(x;22|Z1) > 1(x; 24| Zy). (A34)

Since ¥ is optimally obtained when solving IB problem (20), bottleneck constraint (20b) is
thus satisfied and I(x; z¢|Z;) = R™1, Then, from (A33) and (A34), we have

I(y;z2|Z,) < C—R(D),
I(x;22|1Zy) > R™". (A35)
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This completes the proof.

Appendix E. Proof of Lemma 3
When M — +00, as stated in Appendix B, A — M — 0 almost surely. Then,

[ (10822 ) frmnan = SR

¥

— log # (A36)
based on which we get
C—R(D)
v—yM2™ T =0 (A37)
From (21), it is known that, as M — +o0,
b1 _C-R(D)
R — T|log(1+yM) —log| 14+ yM2™ T . (A38)

It can be readily proven that 0 < T {log(l +YM) — log(l + 'yMZ’Cil;(D) )} <C.

When p — +o00, 02 — 0. Lety = %. R®! thus tends to a constant and can be
obtained from (21).

When C — +o0, it is possible for the relay to transmit h almost perfectly to the
destination node, i.e., D — 0. Hence, v = I<1D7+[()7 > — p. In addition, it can be found
from (22) that v — 0. Then, from (21),

RM T/ log(1+ pA) f1 (A)dA
0
= I(x;y, H). (A39)
Lemma 3 is thus proven.

Appendix F. Proof of Theorem 3

Since fig ~ CN(0,A}) and [ak]B has | possible values, i.e., by, - - ,bj, the channel
in (32) can be divided into K] independent scalar Gaussian sub-channels with noise power
[ax ]z = bj for each sub-channel. For the sub-channel with noise power [a;| ; = bj, let ¢ ;
denote the allocation of the bottleneck constraint C and Ry ; denote the corresponding rate.
According to (A2), we have

Ry; = log(1+ p;) —log(1+p2~%), (A40)

where p; = bl—] Since by = +o00, we let R ; = 0 and ¢ ; = 0. Note that, based on ([21], (16)),

the representation of %, i.e., £¢, can be constructed by adding independent fading and
Gaussian noise to each element of £, in (32). Denote

Pk,]' = Pl‘{ [ak]B = b]} (A41)

Then, the optimal I(x; £¢|A}) is equal to the objective function of the following problem:

K J-1
max Y ) PiRy; (A42a)
{aej} k=122
K J—-1 K
st Y ) Pejckj <C— ) Hy, (A42b)
k=1j=1 k=1

where H, = — 2]121 Py ;log Py ;.
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Since K < M, as stated in Appendix A, HYH ~ CWg(M, Ix). Matrix (HH)~! thus
follows complex inverse Wishart distribution and its diagonal elements are identically
inverse chi squared distributed with M — K + 1 degrees of freedom [35]. Let 17 denote one
of the diagonal element of (H" H)~!. The pdf of 7 is thus given by

7—(M—K+1)/2

—(M—-K+1)/2-1,-1/(2n)
Ty (MiKH) e . (A43)
2

fy(n) =

Since A = ¢>(H'H ) ~1 the diagonal entries of A, i.e., i, Vk € K, are marginally identically
distributed. Let a denote a new variable with the same distribution as 4. a thus follows
the same distribution as 7, and its pdf is given by

fa(a) = %f’i (i>

o2

_ @A) MR ki) j2e1,-02/(20) (A44)

()

In addition, Py j, Ry j, and ¢k ; can be simplified to P;, R;, and ¢; by dropping subscript “k”.
Using (A44), P; can be calculated as follows:

P =Pr{fa]y = b}
= Pr{bj_1 <a< b]}

b.
- / " fu(a)da. (Ad5)
b
Problem (A42) thus becomes
J-1
max ) KPiR; (A46a)
{5 =
J—1
s.t. KPjc; < C — KHy, (A46b)
j=1

where
R; =log(1+ p;) —log(1+ p;27°),
J
Ho=—) PjlogP; (A47)
j=1

Analogous to problem (A11), (A46) can be optimally solved by the water-filling method.
The optimal I(x; 24| A}) is given by

J-1
R'"2 = Y KP;[log(1+ p;) —log(1 + p;2”%)]. (A48)
=1
1+
where ¢; = [log %} and v is chosen such that the bottleneck constraint

J—1
KP]C] =C-— KH(), (A49)
=1

=

is met. Theorem 3 is then proven.
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Appendix G. Proof of Lemma 4

Since @ is a diagonal matrix with positive and real diagonal entries, it is invertible. Denote

Z =@z
=x+i+ @ i,
g, =@ 'z
= x+iig+ & iy, (A50)

For a given A/, each element in #i is Gaussian distributed with zero mean and variance
[akw B However, 71 is not a Gaussian vector since H is unknown. Hence, z’ is not a Gaussian

vector. For 2g, from (32) and (41), it is known that £, ~ CN(0, Ix + A + D2).
We first prove inequation (43).
1(%;z|A)) =I(%;2/|A))
h(|A]) — h(2'|5, A))

(%)E {logdet<11< +E[ﬁﬁH} + quz) _logdet(q&*z)}

()

<E[logdet(Ix + A7 + @72) —logdet(@72)]|

=1(%g; 24|A7)

=I(%; 24|A7), (A51)
where (a) holds since Gaussian distribution maximizes the entropy over all distributions

with the same variance and (b) follows by using Hadamard’s inequality.

Denote x = (x1,---,xx)T, 2/ = (z,-+-,Z)T, gy = (2;/1,--~ ,ﬁ’g/K)T, and @ =

diag{¢1,- - -, ¢k }. Then, we prove inequation (44). Using the chain rule of mutual information,

=I(x; 2|41), (A52)

where Q is a nonnegative constant; () holds since for a given A, both z} and 2; « follow

CN (O, 1+ [ag] s T P 2) ;and (D) follows since the elements in x and 2; are independent.

Since @ is optimally obtained when solving IB problem (38), bottleneck constraint (38b)
is thus satisfied and I(x; 2¢|A}) = R2_ Then, from (A51) and (A52), we have

I(%;z|A7) < C—KHy,
I(x;z|A7) > R (A53)

This completes the proof.

Appendix H. Proof of Lemma 5
As stated in Appendix B, when M — +oo, H'H — MIx — 0 almost surely. Hence,
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A— VMZI k —0.Let] =20 = ‘TMZ + €, and by = 400, where € is a sufficiently small positive
real number. Since A — ‘TMZIK — 0, we have P; — 1 and Hy — 0. Then, from (39) and (40),

C1—>K,

M M
R K{log(l + 02) - log(l + 022_%”

—C. (A54)

When p — +00, 02> — 0 and A — 0. By setting ] = 2 and b; small enough, it can be
proven as above that R"*2 — C.

When C — +o0, we could choose quantization points B = {by,- - -, by} with suffi-
ciently large | such that the diagonal entries of A;, which are continuously valued, can
be represented precisely using the discretely valued points in B, and the representation
indexes of all diagonal entries can be transmitted to the destination node since C is large
enough. On the other hand, as shown in (41), a representation of %, is

2g = PR + 1, (A55)

where @ is a diagonal matrix with positive and real diagonal entries, and ﬁg ~ CN(0, Ix).
As C — 400, according to ([21], (17) and (20)), the diagonal entries of @

_ [“;]B—f—zc_
PN T [l Tl

C
— _ ,VkeKk. (A56)
1+{61k—|8

Since @ is a diagonal matrix with positive and real diagonal entries, as in (A50), we can get

=% + @ it (A57)

From (A56), it is known that the elements in noise vector @7/, have zero mean and very
small (approaches 0) power when C — +oco. Hence, (x, 2;) — (x, £g) in distribution. Then,
based on [36], we have
I(x; 4| A}) < liminf I(x; 2,|A%). A58
(x; 25| A7) < liminfI(x;2.|A) (A58)

In addition, since Gaussian noise vector fi¢ (defined in (32)) is independent of x and di’lﬁig
in (A57) is independent of both x and 7tg, x — %, — 2(; forms a Markov Chain. Then,
according to data-processing inequality, we have

I(x;25|A7) < I(x; 2| A7). (A59)
Combining (A59) and (A58), we have

I(x;%4]A7) < %rgirgl(x,‘ﬁ"gm;) < I(x;%4|A7), (A60)
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showing that the limit léri} J1rro1of I(x;2,|A}) exists and that it is equal to I(x; £¢|A]). Then,
when C — +o0,
R = I(x; 24| A))
=I(x; 2g|A/1)
— 1(x; 2| A7)
= E[logdet(Ix + A}) — logdet(A7})]
— Ellogdet(Ix + A1) — logdet(A1)], (A61)

On the other hand, the capacity of Channel 1 is given by
I(x;y, H) = I(x;y|H)
=E {log det (HHH + (TZIM) —log det ((TZIM> }
=E {log det (HHH + O'ZIK) — log det (UZIK) }
= E[logdet(Ix + A) —log det(A)]. (A62)
To prove that (A61) is upper bounded by (A62), we first give and prove the following lemma.

Lemma A1. For any K-dimensional positive definite matrix N, let Ny = N © Ik, i.e., Nj consist
of the diagonal elements of N. Then,

logdet(Ix + N) —logdet(N) > log det(Ix + Nj) — log det(Ny). (A63)
Proof. Obviously, (A63) is equivalent to
log det(Np) — log det(N) > logdet(Ix + N7) —logdet(Ix + N). (A64)

To prove (A64), we introduce an auxiliary function g7 (x) = log det(xIx + Np) —log det(xIx+
N) and show that g1 (x) decreases monotonically with respect to x when x > 0. By taking
the first-order derivative to g1 (x), we have

81(x) = tr[(xIK + N1)’1} —tr [(xIK + N)*l] (A65)

To prove g} (x) < 0, we show in the following that, for any positive definite matrix O, we
always have

w(or!) <u(07), (A66)

where O consists of the diagonal elements of O, i.e.,, 01 = O © Ig. Denote the diagonal
entries of O (or O1) by 0 = (0, - - ,0r)T and the eigenvalues of O by 8 = (6y,- - - ,0x)T.
Since O is a positive definite matrix, the entries of o and 6 are real and positive. In addition,
according to the Schur-Horn theorem, o is majorized by 0, i.e.,

0~ 0. (A67)

Define a real vector u = (uy, - -+ ,ug)T with ug > 0, Vk € K, and function g (u) = Y&, ulk
It is obvious that g»(u) is convex and symmetric. Hence, g»(u) is a Schur-convex function.
Therefore,

$2(0) < £2(8). (A68)
Using (A68), we have
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—tr 0*1), (A69)

based on which we get g} (x) < 0 and (A63) can then be proven. [

Then, from (A61), (A62), and Lemma A1, it is known that, when C — +oo,

R — E[logdet(Ix + A1) — log det(A;)]

i)

< I(x;y, H), (A70)

where the expectation can be calculated by using the pdf of a in (A44). Lemma 5 is
thus proven.

Appendix I. Proof of Remark 2

In this appendix, we show that, when K = M and Ay, =0, E H} does not exist.
When K = M, f)(A) is given in (A17). From (A18), it is known that, for any 0 < i <
K —1, LY can always be expressed as follows:
A g0
0_ & (i
b= d/\i(e v)
i

cijM+1, (A71)
j=1

where ¢; ; is a constant. Accordingly, from (A17),

=Y N et (A72)

where 7; is a constant. Let € denote a sufficiently small positive real number. Then, when
/\th - 0,

Em _ m%fA(A)dA

0
© e*/\ 2(K-1) i1 o 1 A
_ [T -)u*d)ur/ Ze A
0 ]; K 0o A
1 2(K-1)
=% X Gli—1D!—Ei(-0), (A73)
j=1

where we used [;° e~*A71dA = (j — 1)! and Ei(-) is the exponential integral. As is well-
known, lim,_,y — Ei(—x) = co. Hence, the integral in (A73) diverges. E [ﬂ thus does
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not exist.

Appendix J. Proof of Lemma 7
As stated in Appendix B, when M — +co, HYH — MIx — 0 almost surely. Hence,

1
——=0
)\ 7

Pth = Pr{)\min > )\th}

B
E [}JA] — 0. (A74)
Combining (A74) with (66)-(68), we have

D
—C. (A75)

. N 1
R, kI3 R Klog (1 i )

When p — +o0, 2 — 0. Hence,

1

D— —5— i ,

2 fmk —1
S35 1
R%3, RIP3 RIS 5 Py Klog (1 + D)
— C — H. (A76)

When C — +o0, it can be found from (62) that D — 0. Then, from (66)—(68), it is
known that R™®3, R'%3, and R all approach constants, which can be, respectively, obtained
by setting D = 0 in (66)—(68). Lemma 7 is thus proven.

Appendix K. Proof of Theorem 5

As stated in Appendix A, UAU" is the eigendecomposition of HH and A, Vt € T
are unordered positive eigenvalues of HH". To derive R**, we further denote the singular
value decomposition of H by ULV, where V € CX*K is a unitary matrix and L € RM*K
is a rectangular diagonal matrix. In fact, the diagonal entries of L are the nonnegative
square roots of the positive eigenvalues of HH'. Then, from (73), we have
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-1
FiH —HH (HHH 4 021M> H,
-1
—vLH (A + 021M> LvH,
. M Ar H H
=Vvd R L0 v,
1ag{)\1+0'2 /\T+(72 K=T
-1 -1
FMHHPF =vLH (A + UZIM) A(A + ale) Lvh,
A2 A2
=Vdiag 1 550 T 2,OIIEI_T vH,
(M +02) (A +02)
-2
FAF =vLH (A + 021M> LvH,
A A
—Vdiag L, L of svh, (A77)
(A +02) (A1 +02)
where Og_7 is a (K — T)-dimensional all “0” column vector. Based on (A77),
FYHHYF + 2FIF + DIy
. M At H H
=Vd ——+D,---,————+4+D,Dx1y_5 V7, A78
lag{)\1+a2+ Aoz TP kT (A78)

where 1x_r is a (K — T)-dimensional all “1” column vector. Since A is independent of U,
L is independent of U as well as V, and A, Vt € T is unordered, we have

E [1og det (FHHHHF +o?FHF ¢ DIK)}
A
=TE|l —+D K—T)logD. A79
o (23 +D) |+ (k= T)1og (a79)
Then, we calculate G in (82). For this purpose, we have to calculate E[FEH]|, E[FFHH F|,

and E[F HF ]. To obtain these expectations, we consider two different cases, i.e., the case
with K < M and the case with K > M. When K < M, from (A77), we have

_ H /\2
E|[FFHH P] :E{()H_UZ)Z]IK,
- A
H _

When K > M, denote V = (vy, - - - ,vk). Then, from (A77),

. M Am H H
FAH = vd ,0 1%
lag{ /\1 +(72 /\M +(72 K-T
A A vf
1 M H H .
=L o, , M 00 :
()\1 +0_2171 )\M+O'ZUM K K) :
og
M
A
= vmvg. (A81)

m
mgl Am + o?
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Since vy, is the eigenvector of matrix H H and is independent of unordered eigenvalue
Am, we have

M
Hyrl Am 1

m=1
M A
=—E|l—— .
K [/\ T 02] Ik (A82)

Similarly, we also have

M A2
H H _
]E[F HH P] _KE[(AJFUZ)Z]IK,

E [FHF] - %E [(Afcﬂ)z} Ix. (A83)

Using (A80), (A82), (A83), and (82), G can be calculated as

G=E [PHHHHF} _E [FHH} E [HHF} +0%E [FHF] + DI

T A T2 A 2
A Ter] - B (e[ ) oo e s

2 2
logdet(G) = Klog{ZE {)\_'/_\0'2} - IZ(]E [@]) +D}. (A85)

Substituting (A79) and (A85) into (80) and (81), respectively, and using (79), we can get (83).
We then calculate D in (84). From (77), (A80), and (A83),

Hence,

E {xxH} —E [FHHHHP + (TZFHF}

T A

I(%g; Zg) in (78) can thus be calculated as follows:

Elx =H
I(%q;Zg) = log det (IK+ [Jg ) )
T A
= KlOg(l e [W] )
=C, (A87)
based on which (84) can be obtained. Theorem 5 is then proven.

Appendix L. Proof of Lemma 9

When M — +oo, T = K. As stated in Appendix B, H' H — MIx — 0 almost surely.
Hence, A — M — 0. From (A87),

1 A
I(%g;2) = Klog(l + BE {W})
=C
— Klog <1 + 11)> (A88)

Combining (83) and (A88), we have
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R — Klog(1+ D) — Klog D

1
=Klog( 1+ =
#(1p)
— C. (A89)
When K < M and p — 400, T = K and ¢ — 0. Using (A87) and (83), we can also
get (A88) and (A89).

When K < M and C — +o00, it can be found from (84) that D — 0. Then, using (83),
we can get (85). This finishes the proof.

Appendix M. Proof of Lemma 10

As shown in Lemmas 3 and 5, when C — +oo0, R"’! approaches the capacity of
Channel 1 while R'*? is upper bounded by the capacity of Channel 1. Hence,

Rlbl > Rlbz. (A90)

Moreover, as shown in (52), we quantize ¥ by adding Gaussian noise vector g ~
CN (0, DIk) when event A happens and obtain its representation z. When C — +oo, it is
known from (62) that D — 0. Hence, (x,z) — (x, %) in distribution, and it can be proven
similarly to (A61) that

R < Py I(x;z|A)
s Ppl(x;E|A). (A91)

Using (A39) and (A91), we have

> RIS, (A92)

Analogously, from (76) and (84), it is known that (x,z) — (x, %) in distribution when
C — +o00. Hence,

R — I(x;y, H)
= h(x) — h(x|y, H)
= h(x) — h(x|y, H, x)
> h(x) — h(x|x)
> I(x; %)
— I(x;z)
> R (A93)

where x is the MMSE estimate of x at the relay, i.e., (74). This completes the proof.
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