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Abstract: The commingling of the two types of heavy fuel oils (fuel remaining in the tanks and fuel
loaded) is determined by the company’s guidance and safety management system. Remained heavy
fuel oil must be distributed in the heavy fuel oil tanks before bunkering efficiently, in order to obtain
maximum bunker loading. This paper proposes the use of the bisection method to calculate the
distribution of the remaining fuel in heavy fuel oil tanks on the liquefied natural gas carrier. The use
of this method is illustrated by three examples. The first and second examples show that the iterations
converge quickly to the solution. It is found that maximum tank filling with fuel commingling is
achievable if the bunker intervals satisfy the company policy of 10% as a lower limit of tank filling,
and 90% to 100% as an upper limit. The third example illustrates a situation when the proposed
mathematical model does not allow maximization of the total tank capacity without risk assessment.
The mathematical spectrum of the possible tank filling solution is presented. Despite its limitations,
the bisection method is suitable for onboard applications because it is simple and fast, and can be
easily programmed.

Keywords: fuel oil bunker tank; commingling; permutation; bisection iteration method

1. Introduction

Exposure to air pollutants has harmful effects on human health, as was recognised as
early as the time of Hippocrates, ca. 400 BC. Efforts to reduce it intensified in the 1950s and
1960s, as a result of the negative consequences of substantial air quality degradation [1].
Heavy fuel oils are made of raw crude oil and composed of high-molecular-weight paraf-
finic and aromatic hydrocarbons, along with minor amounts of metals and sulphur, with
boiling points greater than 350 ◦C and high viscosity. Fuel emissions decreased through the
addition of lower-viscosity residuals and distillates, but additional heating and onboard
processing (filtration and separation) are required to achieve suitable flow and combustion
performances for engine use [2,3]. Globally, the most important measure was a stepwise
reduction in the sulphur content in marine fuel, implemented by the International Maritime
Organisation (IMO). Under the revised International Convention for the Prevention of
Pollution from Ships (MARPOL) Annex VI, a global sulphur cap of 0.5% m/m has been
effective since 1 January 2020 [4,5], to control and reduce emissions of air pollutants (nitro-
gen oxides, particulate matter, sulphur oxides, and volatile organic compounds) [6]. Within
specific designated emission control areas (SECAs), the sulphur content in fuel has been
limited to 0.1% by mass since 2015.

Today, about 60% of all vessels are powered by engines that use heavy fuel oil [7–9],
and are the source of a considerable share of SO2 emissions, especially in port cities, sub-
stantially contributing to air quality degradation [10]. For compliance with the 2020 sulphur
regulation, three main options are available to ship owners: use very-low-sulphur fuel
oil (VLSFO), distillate marine (DM) or residual marine (RM) fuel oils with sulphur con-
tent lower than that required; switch to alternative, sulphur-free fuels, such as biodiesel,
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LNG, methanol, ammonia, or hydrogen; and the use of exhaust gas cleaning systems
(scrubbers) [11]. Because the use of alternative marine fuels (carbon-neutral fuels) also
helps to reduce greenhouse gas emissions, it can be expected that it will increase [12–14].
However, substantial efforts are needed to solve issues related to the production capacity
and affordability of carbon-neutral fuels, and fossil fuels may remain the main type of fuel
used in the near future [15]. For example, in 2018, the shares of LNG and methanol were
3%, and of biofuels, less than 1% [16].

As a result of the demand for RM VLSFOs, a share of composite fuels (blends of
residual and distillate components) has increased, leading to greater variations in the
composition and formulations, and increased attention to fuel management practices [17].
Namely, new types of blended fuels have been produced with shifted attention from
viscosity and density control to sulphur content, and as a result, the characteristics of RM
changed. In comparison with RM high-sulphur fuel oil (HSFO), RM VLSFOs generally
have lower viscosity, lower density, lower Micro Carbon Residue value, lower Calculated
Carbon Aromaticity Index, higher net specific energy, higher pour point, and wider viscosity
distribution [18]. An important property of RM fuel oils is stability (resistance to precipitate
asphaltenic sludge), influenced by fuel formulation, thermal and mechanical stresses,
and storage time. Formed sludge causes numerous problems, including filtration and
separator problems. Because stability depends on interactions between asphaltenes and
other components of the complex chemical matrix (paraffins, naphthenes, aromatics, and
resins), the risk of asphaltene precipitation in VLSFOs is increased in comparison to in
HSFOs [19]. The responsibility of the supplier is to supply stable fuel, as specified in ISO
8217:2017. However, two stable fuels may be incompatible at some of, or over the entire,
mixing ratio, and the engineers on board must take care to avoid incompatibility issues [19].

The safest way to avoid fuel compatibility issues is to segregate different bunker stems
whenever possible. Therefore, most branded gasoline firms require that their product is not
commingled, to preserve the integrity of the brand. The commingling of the fuel is defined
according to [20] as the term which generally applies to the mixing of two petroleum
products with similar specifications.

However, in practice, commingling is very often unavoidable. Each company has
its voyage plan concerning safe fuel oil margin. The safe fuel oil margin is related to the
distances between two bunker loading positions. If the charterer decides that cargo must
be delivered from the loading port to the delivery port without stoppage, then the charterer
requests to top up tanks with heavy fuel oil (HFO). However, the charterer may request that
the ship stops on the way back from the discharging port and take the HFO if the price for
that bunker is more favourable for the charterer. In such cases, a certain quantity of the old
HFO remains inside the tanks, and it must be distributed in order to avoid commingling
with the new HFO that needs to be loaded. Because the compatibility report for the old fuel
and new fuel is often not available before commencing the bunkering, the vessel must load
the HFO bunker blindly. It is not unusual that even the charterer delays or avoids giving
information about fuel quality, but gives only a frame for the fuel stem, which increases the
negative impact of the two different HFOs on the vessel filtration and purification system.
Although the ship is provided with the fuel compatibility test kit, once the bunker tanker is
alongside the LNG carrier, it is too late to cancel the operation. The vessel owner reluctantly
approaches the charterer to change the HFO bunker type, as that will be a costly operation
that will have a bad impact on the ship owner from the charterer’s point of view.

For cases when commingling is necessary, the ship owner’s safety management system
(SMS) policy allows mixing a maximum of 10% of one fuel with the other one at the chief
engineer’s discretion [21]. Additionally, the total quantity of oil after the bunkering should
be maximal (all tanks should be filled to capacity). The problem is how to redistribute old
fuel inside various tanks before loading new fuel to maximize total loading quantity while
following SMS policy request. Currently, to the best of our knowledge, there is no proposed
method to solve this problem. Therefore, chief engineers use various ways to determine a
distribution plan. There is a possibility that they spend a lot of time and that some solutions
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are not optimal. In this manuscript, the bisection method is proposed as a solution for the
multi-fuel oil bunker tank filling problem. In order to illustrate the mathematical model,
the vessel Al Utouriya, with her tank distribution, is taken as the example [22].

2. Description of the Heavy Fuel Oil Tanks and Their Application

The Al Utouriya is a Q-flex LNG carrier with a reliq plant. The whole quantity of the
boiled-off gas reliquefies back to the cargo tanks. In the case of a higher presence of N2
inside the tanks, that gas is burned in the gas combustion unit along with the LNG traces,
to prevent releasing the LNG into the atmosphere. The burning of the N2 together with
the traces of LNG is additionally required, as the liquefaction point of the N2 is lower than
that of LNG, and in that sense, captured N2 circulating in the reliq system only degrades
the efficiency of liquefaction. As that type of LNG carrier liquefies all of the cargo and
does not use boil-off gas for the machinery, the main sources of the chemical energy in
the combustion process inside the engine are HFO and DM. The HFO is permanently
used while sailing, and DM is used only in special areas, where the use of 0.5% S of HFO
is forbidden.

There are certain restrictions, according to the company SMS policy, that are related to
the filling volume of the tanks. Forward HFO bunker tanks are allowed to be filled up to
85%, while all other tanks may be filled up to 90%. The HFO tank total capacities, in m3,
among the nine tanks of the observed vessel, are shown in Table 1.

Table 1. Total HFO bunker capacity in cubic meters.

HFO Tank 100% [m3] 90% [m3] 85% [m3]

HFO Tank Forward (Port) 3457.6 3111.8 2938.9

HFO Tank Forward (Starboard) 3007.4 2706.7 2556.3

HFO Tank Aft (Port) 608.2 547.4 -

HFO Tank Aft (Starboard) 608.2 547.4 -

HFO Settling Tank (Port) 111.1 100 -

HFO Settling Tank (Starboard) 111.1 100 -

HFO Service Tank (Port) 94.8 85.3 -

HFO Service Tank (Starboard) 94.8 85.3 -

LSHFO tank (Starboard) 528.1 475.3 -

In general, the bunker tanker pumping capacities vary from 150 to 3500 m3/h [23].
The bunker stem is given in MT, and the bunker barge calculates the pumping rate in metric
tons per hour (MT/h). If the HFO density is taken to be 970 kg/m3, then the filling capacity
in MT is given in Table 2.

In Tables 1 and 2, all HFO tanks are storage tanks, with the exception of the port and
starboard HFO service tanks, and port and starboard HFO settling tanks. Service tanks feed
purified fuel from the settling tanks to the main propulsion units on the port and starboard
sides, and to auxiliary generators for electrical power production.

The distribution and general arrangement of the HFO bunker tanks are given in
Figures 1 and 2, respectively.

The procedures of distributing old fuel and subsequently loading new fuel are affected
by the necessity of ballasting or deballasting operations. Depending on the location of
bunkered fuel, it is required to carry out the ballasting or deballasting operation when the
fuel is taken or laden from one side of the vessel, as in HFO Aft tanks port and starboard
and low-sulphur fuel oil (LSHFO) tank starboard. The same ballasting or deballasting
operation occurs when the bunker is filled or taken from the forward port and starboard
tanks to keep the ship’s trim and list in the neutral position. As this LNG carrier calls
various ports in the world, some discharging ports have no required seawater depth for
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this type of LNG carrier and, in that case, the quantity of fuel must satisfy restrictions
concerning under keel clearance, which is often different from the local port authorities’,
and ship owners’, SMS policies. Therefore, the maximum loading capacity may be lower
than the one shown in Table 2.

Table 2. Total HFO bunker capacity in metric tons, if the density is 970 kg/m3.

HFO Tank 100% [MT] 90% [MT] 85% [MT]

HFO Tank Forward (Port), (No1) 3353.9 3018.4 2850.8

HFO Tank Forward (Starboard), (No2) 2917.2 2625.5 2479.6

HFO Tank Aft (Port), (No3) 590 531 -

HFO Tank Aft (Starboard), (No4) 590 531 -

HFO Settling Tank (Port), (No6) 100 97 -

HFO Settling Tank (Starboard), (No7) 100 97 -

HFO Service Tank (Port), (No8) 85.4 82.8 -

HFO Service Tank (Starboard), (No9) 85.4 82.8 -

LSHFO tank (Starboard), (No5) 475.3 461 -
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3. Mathematical Model of HFO Bunker Distribution and Maximal Loading Quantities
inside the HFO Tanks

Several factors must be considered in order to plan the optimal quantity of HFO fuel
inside tanks. As mentioned previously, forward bunker tanks are not allowed to be filled
up to more than 85%, while aft tanks may be filled up to 90% by SMS policy. Therefore,
those allowed quantities will be considered as 100%. Furthermore, loading of the new fuel
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is allowed if 10% of the tank is filled by the old HFO fuel (in which case, 90% of the new
HFO fuel is allowed) or if 90% of the tank is filled by the old HFO fuel (in which case,
10% of the new HFO fuel is allowed) to fulfil the rule concerning commingling. In order for
the vessel to maintain stable plant operation, HFO service tanks (enumerated as No8 and
No9 in Table 2) should be filled up to 90% before the bunker operation, in order to avoid a
blackout scenario during the bunkering of the ship. Therefore, they will be excluded from
consideration. With such limitations, the number of disposable tanks is reduced from nine
to seven HFO tanks. Thus, the number of possible combinations for distributing the fuel
equals 27, or 128 possible combinations, which vary from empty to partially filled tanks
before bunker operations.

3.1. Mathematical Explanation of the Given Problem

An ordinary bisection method for iteratively converging on a solution that is known to
be inside the interval [a, b] proceeds by evaluating the function in question at the midpoint
of the original interval of a and b [24,25]

x =
(a + b)

2
(1)

and it may be tested to see which of the subintervals is a solution.

a,
(a + b)

2
(2)

(a + b)
2

, b (3)

The method is then repeated with the new interval as much as possible to find the
solution with the desired accuracy. If an and bn are the endpoints at the nth iteration (with
a1 = a and b1 = b) and rn is the nth approximate solution, then the number of iterations
required to achieve an error smaller than ε is found by

an − bn =
(b− a)

2n−1 (4)

and thus, rn is defined by

rn =
1
2
(an − bn) (5)

In order for the error to be smaller than ε,

|rn − r| ≤ 1
2
(bn − an) = 2−n(b− a) < ε (6)

After taking the natural logarithm of both sides, an obtained solution for n is

−nln 2 < ln ε− ln(b− a) (7)

n >
ln (b− a)− ln ε

ln 2
(8)

3.2. Mathematical Binary Setup and Filling Limits

The permutations of seven HFO tanks may be listed as 1, which means that the tank
is filled up partially or fully, or 0, which means that the tank is empty. The possible
combinations are listed in Table 3.

Table 4 shows the allowed quantities (intervals) of the old HFO fuel in the tanks before
loading the new HFO.
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Table 3. Binary permutation distribution of the HFO tanks.

Permutation No1 No2 No3 No4 No5 No6 No7

0 0 0 0 0 0 0 0
1 0 0 0 0 0 0 1
2 0 0 0 0 0 1 0
3 0 0 0 0 0 1 1
4 0 0 0 0 1 0 0
5 0 0 0 0 1 0 1
6 0 0 0 0 1 1 0
7 0 0 0 0 1 1 1
8 0 0 0 1 0 0 0
9 0 0 0 1 0 0 1

10 0 0 0 1 0 1 0
11 0 0 0 1 0 1 1
12 0 0 0 1 1 0 0
13 0 0 0 1 1 0 1
14 0 0 0 1 1 1 0
15 0 0 0 1 1 1 1
16 0 0 1 0 0 0 0
17 0 0 1 0 0 0 1
18 0 0 1 0 0 1 0
19 0 0 1 0 0 1 1
20 0 0 1 0 1 0 0
21 0 0 1 0 1 0 1
22 0 0 1 0 1 1 0
23 0 0 1 0 1 1 1
24 0 0 1 1 0 0 0
. . . . . . . . . . . . . . . . . . . . . . . .
36 0 1 0 0 0 1 1
. . . . . . . . . . . . . . . . . . . . . . . .
128 1 1 1 1 1 1 1

Table 4. The lower and upper filling intervals of the HFO tanks.

Tank No 0% 10% [MT] 90% [MT] 100% [MT]

No1 0 285.1 2565.7 2850.8
No2 0 248 2231.6 2479.6
No3 0 53.1 477.9 531
No4 0 53.1 477.9 531
No5 0 46.1 414.9 461
No6 0 9.7 87.3 97
No7 0 9.7 87.3 97

3.3. Examples of the Fuel Distribution by Using the Bisection Method

The given intervals may be determined and then maximized by the bisection method,
which is the division of a given curve, figure, or interval into two equal parts (halves) [24].
The use of the bisection method in cases when a mathematical solution can be directly
applied in practice is illustrated by the following two examples.

The first example is to distribute 939.6 MT of the old HFO fuel. In total, 165.6 MT is
located in the service tanks. The remaining fuel is inside tanks No3 (474 MT) and No4
(300 MT) which is 774 MT in total (Figure 3). The red lines in Figure 3 are lower and upper
intervals, i.e., from 0 to 10% and 90 to 100% of the tank filling limits. Such a configuration
of tanks matches permutation 24. In the first iteration, the old HFO may be loaded in the
aft starboard tank, forward starboard tank, aft port tank, LSHFO tank starboard, and the
settling port tank in the interval from 477.9 to 897.6 (248 + 531 + 53.1 + 46.1 + 9.7 + 9.7) MT.
The result of the first iteration is 687.8 MT, that of the second iteration is 582.8 MT, and
that of the third iteration is 530.4 MT, which matches with the almost-full HFO starboard
or port tank. In this case, the choice will be the aft port tank (No3) with 530.4 MT. The



J. Mar. Sci. Eng. 2023, 11, 849 7 of 13

remaining quantity is 243.6 MT, which is simply distributed as follows: 97 MT to the
settling tank port, 97 MT to the settling tank starboard, and 49.6 MT to the aft starboard
tank (Figure 4). With such a configuration, the total bunker capacity of the new and old fuel
is maximized to 7213 MT, which is the maximum capacity, and the new bunker loading
quantity is 6273.4 MT.
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Such a transfer combination must be planned if there is no provided additional transfer
pump in the engine room which handles fuel transfer from the aft to forward tank.
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The second example is to distribute 2265.6 MT of the old HFO. In total, 165.6 MT is
located in the service tanks. The remaining fuel is located in tank No2 (1906 MT) and in
the two settling tanks on the port (97 MT) and starboard (97 MT) sides (Figure 5). Such a
configuration matches permutation 36. The filling interval is set from 533.1 (10% in forward
tanks port and starboard) to 2009.9 (10% in forward tanks port and starboard and full tanks
aft port and aft starboard, and 90% LSHFO tank). The first iteration supplies 1271.5 MT,
which cannot be loaded, as the start of the interval is higher than the full capacity of
the available tank aft port or starboard. In that case, the interval moves to subinterval
285.1–2009.9 MT. The first iteration of the new interval is 1147.5 MT, the second iteration is
716.3 MT, and the third iteration is 500.7 MT, which is in the desired interval from 90 to
100% of the aft port or aft starboard tank capacity. With such a solution, the old fuel from
tank No2 is distributed as follows: 500.7 MT in aft port, 500.7 MT in aft starboard, 414.9 in
LSHFO, 285.1 in forward port, and the remaining old fuel (204.6 MT) is in the forward
starboard tank, which is 8.25% of the tank capacity and complies with the company policy
(Figure 6). With the second configuration, the total bunker capacity of the new and old fuel
is 7213 MT, which is the maximum capacity, and the bunker loading quantity is 4947.4 MT.
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Figure 5. HFO bunker condition before bunker distribution for the second example.

The third example illustrates a situation when the proposed mathematical model does
not allow for maximization of the total quantities, because the calculated old fuel quantity
is in the interval between 10% and 90% of tank capacity. In this case, the quantity of the
old fuel is 5110.6 MT, located as follows: the service tanks contain 82.8 MT, both settling
tanks full (97 MT), LHSFO 400 MT, HFO aft port 531 MT, HFO aft starboard 0 MT, forward
starboard 2000 MT, and forward port 1820 MT (Figure 7). The total capacity of the bunker
is 7213 MT.

The maximum quantity, in this case, cannot be achieved because, for the given interval
from 53.1 to 5861.4 MT, the bisection iteration solution is 2957.25 MT, which is out of range
for the forward port tank. Taking into account the 43.79 MT that cannot be transferred
by respecting all requirements, the iteration solution is corrected to 3001.04 MT. In this
case, the problem may be solved if 1181.04 MT of the fuel is transferred from the forward
starboard tank to the forward port tank. However, in that case, the tank is filled to 89.47%,
which is more than allowed by SMS policy. In such a case, it is required to prepare risk
assessments and send them for approval to the company. In the risk assessment, it will
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be required to assess aspects of the voyage, weather conditions, the fuel quality, and the
heating temperature of the stored HFO in the forward tank, in order to avoid overflowing
of the HFO onto the deck through the bunker tank vent pipe. An additional 818.96 MT from
the forward starboard tank must be distributed because 10% of the capacity is 247.96 MT.
Additionally, 531 MT may be transferred to the aft port tank, and the remaining 40 MT is
transferred to the LSHFO tank (Figure 8). With such a configuration, the forward starboard
tank may be bunkered to 2231.6 MT, which maximizes fuel to 7342.2 MT, which can then
be approved by the company although it is more than allowed by SMS policy.
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3.4. Mathematical Spectrum of Solution Intervals

As fuel remains in more tanks, or they are partially filled, the number of combinations
decreases, and maximized filling quantity is reduced. The mathematical spectrum of
solution intervals, in cases when one tank is kept fixed and the rest (from six to one) are
varied, is presented in Table 5. The fixed tank is filled up to 10%, while the other tanks are
filled in the range from 90 to 100%.

Table 5. The interval of the tanks and tank available spaces.

Tank No 0% 10% 90% 100% Fixed–Varied Tanks

No1 0 285.1 3776.8 4196.5 1-2, 3, 4, 5, 6, 7
No2 0 248 4110.9 4567.7 2-1, 3, 4, 5, 6, 7
No3 0 53.1 5864.7 6514.4 3-1, 2, 4, 5, 6, 7
No4 0 53.1 5864.7 6516.4 4-1, 2, 3, 5, 6, 7
No5 0 46.1 5927.7 6586.3 5-1, 2, 3, 4, 6, 7
No6 0 9.7 6255.3 6950.3 6-1, 2, 3, 4, 5, 7
No7 0 9.7 6255.3 6950.3 7-1, 2, 3, 4, 5, 6

Tank No 0% 10% 90% 100% Fixed–varied tanks

No1 0 285.1 3689.6 4099.4 1-2, 3, 4, 5, 6
No2 0 248 4023.6 4470.7 2-1, 3, 4, 5, 6
No3 0 53.1 5777.4 6419.4 3-1, 2, 4, 5, 6
No4 0 53.1 5777.4 6419.4 4-1, 2, 3, 5, 6
No5 0 46.1 5840.4 6489.3 5-1, 2, 3, 4, 6
No6 0 9.7 6255.3 6950.3 6-1, 2, 3, 4, 5

Tank No 0% 10% 90% 100% Fixed–varied tanks

No1 0 285.1 3602.3 4002.5 1-2, 3, 4, 5
No2 0 248 3936.3 4373.7 2-1, 3, 4, 5
No3 0 53.1 5690.1 6322.4 3-1, 2, 4, 5
No4 0 53.1 5690.1 6322.4 4-1, 2, 3, 5
No5 0 46.1 5753 6853.3 5-1, 2, 3, 4
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Table 5. Cont.

Tank No 0% 10% 90% 100% Fixed–varied tanks

No1 0 285.1 3187.4 3541.5 1-2, 3, 4
No2 0 248 3521.4 3912.7 2-1, 3, 4
No3 0 53.1 5275.2 5861.4 3-1, 2, 4
No4 0 53.1 5275.2 5861.4 4-1, 2, 3

Tank No 0% 10% 90% 100% Fixed–varied tanks

No1 0 285.1 2709.5 3010.6 1-2, 3
No2 0 248 3043.6 3381.7 2-1, 3
No3 0 53.1 4797.4 5330.4 3-1, 2

Tank No 0% 10% 90% 100% Fixed–varied tanks

No1 0 285.1 2231.6 2479.6 1-2
No2 0 248 2565.7 2850.8 2-1

The problem becomes even more complicated if three different HFO fuels remain in
the vessel at the same time. Such a situation occurs when problematic fuel is loaded and
this fuel cannot be used in auxiliary diesel generators to avoid a possible blackout situation.
Instead, it is used in the main engines, which causes excessive wear of the piston ring,
cylinder liner, and fuel distribution system of the main engine. In the worst-case scenario,
metal dust may cause excessive wear of the piston rod. In that case, problematic fuel must
be kept separated, which additionally complicates loading distribution.

Using the bisection method, it is easy to find the optimum total bunker filling because
it may be programmed by one of the methods described in [26,27].

4. Conclusions

The bunkering operation should be planned carefully in order to avoid human error.
All filling restrictions, and the human factor, should be considered. In cases when the
maximization of the filling level is in question, the risk of HFO bunker pollution is increased,
and the crew must operate carefully. The bunker tanker pumping capacities vary from
150 to 3500 m3/h. With high pumping capacities, the crew must respond quickly, which
increases the possibility of errors. However, a reduced pumping rate prolongs bunker
operation to more than 24 h, which also increases the probability of errors. Therefore, it is
essential to coordinate with the bunker tanker properly, reduce the pumping rate when
topping up of the tank is approaching, and enable the crew to rest before bunker operation.
The smallest tanks should be filled first, and the largest tanks last, because crew focus
weakens over time, and the time for reaction is longer for the larger tanks. Additionally,
the bunkering operation should be planned to fill as few tanks as possible at the same time.

To the best of our knowledge, the bisection method is applied here for the first time to
HFO bunker distribution, with commingling and filling restrictions for the given examples
on a ship with nine tanks.

Generally, the problem is solved quickly by a bisection method if the solution is in
between the lower and upper intervals. The iterations converge quickly to the solution.
The bisection method targets the tank in intervals of either 10, 90, or 100%. If one tank is
targeted, all tanks are also within the desired interval.

Aside from solutions that may be used immediately, there is a mathematical spectrum
of solutions that are obtained by correcting an iteration solution. Some of them may be
used after risk assessment. In some cases, HFO locations among tanks do not allow for
obtaining optimum solutions. In these cases, it will be required to bunker less than the
maximum quantity.

Other numerical methods, such as regula falsi, may also be used to solve this problem.
However, they are not practical for use on board because they require a high level of
mathematical knowledge and programming skills. The use of the bisection method is



J. Mar. Sci. Eng. 2023, 11, 849 12 of 13

proposed because it is simple, fast, and can be easily programmed by a crew member.
Therefore, there are no additional costs for the ship owner.

In this study, the temperature correction and pressure correction factors are not consid-
ered. The mathematical model will be extended to include them in future work. Addition-
ally, the effect of the proposed method on stability will be investigated, and cost analysis
will be completed.
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Abbreviations

DM Distillate Marine Fuel Oil
HFO Heavy Fuel Oil
HSFO High-Sulphur Fuel Oil
IMO International Maritime Organisation
LNG Liquefied Natural Gas
LSHFO Low-Sulphur Fuel Oil
MARPOL International Convention for the Prevention of Pollution from Ships
RM Residual Marine Fuel Oil
SECAs Sulphur Emission Control Area
VLSFO Very-Low-Sulphur Fuel Oil
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