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Abstract: In order to predict the dilution characteristics of vertical buoyant jets constrained by lateral
obstructions, we propose a new method based on a commonly used machine learning algorithm: the
adaptive neuro-fuzzy inference system (ANFIS). By using experimental data to train and test the AN-
FIS model, this study shows that it had better performance than commonly used empirical equations
for laterally confined jets and another artificial intelligence technique—genetic programming. The
RMSE values of the ANFIS-based model were lower, and the R2 values were higher, compared with
those of the empirical equation and genetic programming models. The reduction in RMSE achieved
by using ANFIS to replace the empirical equations or genetic programming algorithm exceeded 20%.
This research confirms that the ANFIS technique has real potential in the development of effective
and accurate models that can be used to estimate the dilution characteristics of a vertical buoyant jet
subjected to lateral confinement, providing a new avenue for the prediction of dilution characteristics
using artificial intelligence techniques, which can also be utilized for other effluent mixing problems
in marine systems.

Keywords: vertical buoyant jet; adaptive neuro-fuzzy inference system; artificial intelligence;
dilution characteristics

1. Introduction

Liquid pollutants from coastal domestic waste plants, oil- and gas-related plants,
hydropower stations, and other industrial activities are often discharged into the marine
system as effluent jets [1,2]. A buoyant jet is a continuous fluid flow containing both
momentum and buoyancy fluxes, which can be categorized as a positively or negatively
buoyant jet depending on the density difference between the jet and the receiving water
body [3,4]. If the density of the jet is lower than that of the surrounding water, the jet
is called a positively buoyant jet [5]. Due to the jet’s advective and diffusive transport
processes, and shear stresses at the interface between the jet and the ambient water, a jet is
diluted by the ambient water [6]. Sewage discharges with high pollutant concentrations
can potentially seriously harm human health and the coastal environment [7,8], so a
better understanding of the mixing characteristics of buoyant jets is very important for the
effective design of discharge systems and the accurate assessment of their ecological and
environmental impacts.

A jet can be classified as a free or confined jet. If a jet is not close to any obstruction, it
is known as a free jet. In practical applications, jets are often affected by boundaries, such
as jets within protective riser tubes and those in dredged trenches. These jets are known
as confined jets [9]. The dilution and mixing processes of confined jets are typically more
complicated than those of simple free jets and plumes; thus, they cannot be predicted using
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classical jet and plume theories [10,11]. Turbulent plumes are driven completely by the
buoyancy effect, but a buoyant jet is driven by both momentum and buoyancy effects. A
free jet can freely spread in, and mix with, the surrounding water; thus, the rapid diffusion
of a free jet and the entrainment of ambient water can effectively dilute the effluent of
which the jet is composed. However, confinement can restrain free diffusion from a jet and
limit the invasion of ambient water into the jet, thereby affecting the dilution of the jet [12].
The existing theories of jets and plumes do not work for confined jets, and new modelling
and predictive techniques for this type of jet are needed.

The mixing processes can be studied using experimental, numerical, and artificial intel-
ligence (AI) approaches. Experimental studies have provided comprehensive and reliable
datasets for the understanding of the mixing processes of confined jets [12], and have made
significant contributions to the estimation of their flow and mixing characteristics. How-
ever, in practical applications, the disadvantages of high costs and long implementation
times have obstructed the wider usage of experimental observations. Numerical models
have also been utilized to study confined jets. Yan and Mohammadian [13] simulated a
laterally confined jet using a modified three-dimensional solver in the OpenFOAM plat-
form, and their results demonstrated that the models can satisfactorily predict the mixing
properties of buoyant jets subjected to lateral confinement. However, although the costs for
numerical studies were lower than experimental approaches, numerical studies require
more computational resources. Therefore, there is an urgent need for new predictive tools
that are more efficient.

In recent years, with the development of computer science and technology, artificial
intelligence (AI) approaches have been adopted to address water environment and ma-
rine engineering issues, such as studies of velocity field estimation [14], downscaling of
hydrological variables [15], flood forecasting [16–18], streamflow simulations [19], auto-
matic water stage measurements [20], prediction of local scour depth [21], monitoring
of oil spills [22], and estimating kinetic parameters [23]. The adaptive neuro-fuzzy infer-
ence system (ANFIS) technique is one of the most popular AI techniques, and has been
widely employed for various purposes [24,25]. For example, Kisi et al. [24] applied ANFIS
techniques for the estimation of sedimentation in rivers. Akpinar et al. [25] studied the
performance of an ANFIS model and several parameterization methods for the prediction
of wave characteristics using a case study in the Black Sea, and showed that the ANFIS
model was more accurate than the parameterization method. Based on an experimental
dataset, Mandal et al. [26] established an ANFIS model to predict the degree of damage to
breakwaters; results from the ANFIS model were compared with those of artificial neural
network (ANN) models, and the results showed that ANFIS was an effective tool to predict
the failure degree of non-remodeled slope protection breakwaters. However, the ANFIS
algorithm has never been applied to study effluent mixing problems; thus, its suitability in
these applications requires further investigation.

In the present study, the ANIFS approach was adopted because it has many merits,
such as the capability of capturing the nonlinear structure of a process, adaptation capacity,
and rapid learning capability [26]; it can solve nonlinear problems better than traditional
methods, such as the moving average model or the autoregressive moving average model.
Compared to the other AI techniques, significant advantages of ANFIS are that it has a very
rapid learning capability and can be easily accessed using various platforms and software,
such as MATLAB. Although AI technologies have significant advantages, few studies have
been conducted to predict wastewater dilution characteristics using them. Yan et al. [27–29]
utilized the multigene genetic programming (MGGP) algorithm to develop models of jet
dilution, but key disadvantages of the MGGP approach are that the scheme is not widely
available and the speed of model training is quite slow; furthermore, the approach produces
many different models instead of a converged solution, and the solutions significantly
change during runs, making it very difficult to obtain stable predictions and repeatable re-
sults. Thus, it is important to evaluate whether it is possible to use ANFIS for the prediction
of the dilution characteristics of vertical buoyant jets subjected to lateral confinement.
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The primary objective of the present study is to propose a new method based on ANFIS
to predict the dilution characteristics of vertical buoyant jets hindered by lateral obstruction.
An ANFIS-based model was developed, then trained and tested using experimental data.
The developed model was used to predict the dilution of a jet at different locations based
on the differences in jet and ambient fluid density, the momentum of the jet, and the
details of the confinement. Existing empirical equation formulations and a traditional
genetic programming approach were used to recalculate the dilution properties, and
the performance of the different approaches was compared. To the best of the authors’
knowledge, an ANFIS-based model of the dilution of vertical buoyant jets subjected to
lateral confinement has never been previously reported.

2. Methodology
2.1. Fundamental Analysis

The main factors affecting a free jet are the discharge volume flux, the buoyancy flux,
and the kinematic momentum flux. Using a dimensional analysis, it can be concluded
that the dilution of a jet can be estimated based on the port diameter and the densimetric
Froude number, which is defined as follows [12,27]:

Fr =
uj√
g′D

(1)

with
g′ = g

ρa − ρj

ρa
(2)

where uj = the initial velocity of the jet, g = the gravitational acceleration, ρa = the density
of the ambient fluid, and ρj = the initial density of the jet.

Due to the lateral restriction, the dilution characteristics of a confined jet are more
complicated than those of free jets, because the restriction inhibits the transport of the jet
and the entrainment of ambient water. The jet concentration can be defined as a function
of the densitometric Froude number, the confinement index, and the locations of the
cross-sections. Dimensionless forms are commonly utilized in the field; thus, the relevant
equations can be effectively applied in practical situations.

Following a dimensional analysis, the dimensionless jet’s centerline concentration
can be written as (Cc − Ca)/(Cj − Ca), where Cc is the jet’s centerline concentration, Ca
is the ambient concentration, and Cj is the initial jet’s concentration. The dimensionless
confinement diameter can be expressed as Dc/D, where Dc is the confinement diameter
and D is the port diameter. The dimensionless confinement diameter can be expressed as
Hc/D, where Hc is the confinement height. The dimensionless cross-section location can be
expressed as Z/D, where Z is the vertical location of the cross-section. The dimensionless
confinement diameter and dimensionless confinement height can be manipulated to form
the confinement index, which can be expressed as β = (Hc/D)/[(Dc/D) − 1].

An empirical formulation that has been widely utilized to calculate the dimensionless
jet centerline concentration, and which has been used in this study for comparison to the
ANFIS model, can be written as follows [12]:

Cc − Ca

Cj − Ca
=

(2.594β + 1.978)[Z/(DFr)]−5/3

Fr
(3)

2.2. Experimental Data

The experimental data utilized in this study were obtained from Lee and Lee [12], who
reported a synthetic dataset for buoyant jets subjected to lateral confinement measured from
laboratory experiments. The experimental tank was 1 m long, 1 m wide, and 0.5 m deep, and
the water depth was kept at approximately 0.45 m. Water with a higher temperature then
the ambient water was vertically issued from the bottom of the water tank into the receiving
water from a jet nozzle. Outside the jet nozzle, a tube was installed to simulate confinement.
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A laser-induced fluorescence (LIF) system was used to measure the concentration field
within the jet.

The experiments investigated the major parameters influencing the jet’s mixing prop-
erties, and typical ranges for these parameters were tested. Ranges of the densitometric
Froude number and confinement index were 3.0–18.7 and 1.47–12.3, respectively. It should
be noted that these ranges appear quite narrow, but they cover most of the commonly
seen values in nature. Values beyond these ranges are not commonly experienced, so they
were not considered in this study. The present study adopted 58 runs, which provided a
synthetic dataset with 442 data points. In order to evaluate the performance of the machine
learning algorithm, it was necessary to split the experimental dataset into training and
testing datasets. In this study, an 80%:20% splitting rule was adopted. Hence, firstly, 80%
of the data points were selected to train the model, and then the remaining data were used
to evaluate the performance of the model. The raw data were combined and reorganized to
obtain the dimensionless parameters, including dimensionless distances, dimensionless
concentrations, and densitometric Froude numbers.

2.3. The ANFIS Algorithm

ANFIS is a type of fuzzy reasoning system structure that combines fuzzy logic with
neural networks [30]. Fuzzy reasoning systems are widely used in fuzzy control, and
neural networks have adaptive learning functions [31]. ANFIS has both of these beneficial
characteristics and, hence, has been widely used in fuzzy control, pattern recognition, and
other engineering applications [25,32]. ANFIS has the ability to approach any linear or
nonlinear function with any required precision, and has a fast convergence speed. Another
key merit of ANFIS is that it requires few training samples. The fuzzy inference system
(FIS) consists of five modules [30]:

(1) The rule base of some fuzzy if–then rules;
(2) A database that defines membership functions of fuzzy sets using fuzzy if–then rules;
(3) Decision-making units that perform reasoning operations on rules;
(4) A module that transforms explicit input into a fuzzy interface that matches the value

of the language;
(5) A module that transforms the fuzzy result obtained by reasoning into a clear output

deblurring interface.

An adaptive network is a multilayer feedforward network composed of directional
links of nodes and connected nodes [33], in which each node performs a specific function
(node function) for the incoming signal and a set of parameters related to this node. The
structure of an adaptive network contains square nodes with parameters and circular nodes
without parameters. The parameter set of an adaptive network is the combination of the
parameter set of each adaptive node. Their output depends on the parameters associated
with these nodes, and the learning algorithm specifies how to change these parameters.

The model structure of ANFIS is formed by the combination of adaptive network and
fuzzy inference system and inherits the interpretable characteristics of the fuzzy inference
system and the learning ability of the adaptive network [34]. ANFIS can change the system
parameters according to prior knowledge and make the output of the system closer to the
real output.

An ANFIS schematic structure diagram is presented in Figure 1, and the example can
be interpreted as follows [35]:

(1) The input x, y is fuzzification in the first layer, for simplicity, assuming that the
rule base contains two fuzzy rules [30]: fuzzification membership of a 0~1, usually
represented by U Ai,U Bi

Rule 1: If x is M1 and y is N1, then f1 = p1x + q1y + r1

Rule 2: If x is M2 and y is N2, then f2 = p2x + q2y + r2
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(2) In the second layer, the membership of each feature multiplier yields the trigger
strength wi for each rule. Each node in this layer is a circular node marked as Λ.

wi = µAi(x) × µBi(y); i = 1; 2:

(3) The third layer normalizes the trigger strength of each rule obtained from the previous
layer as the ratio of the sum of the emission intensity of Rule 1 to the firing intensity
of all rules, indicating the trigger proportion of the rule in the whole rule library. Each
node in this layer is a circular node marked as Γ.

wi* = wi/(w1 + w2); i = 1; 2:

(4) The results of the fourth inference layer and generally given by a linear combination of
input features, and the parameters in that layer will be known as subsequent parameters.

wi*fi = wi*(pix + qiy + ri)

(5) The fifth layer’s defuzzification yields the exact output, and the final system output is
the sum of the results for each rule.

F = w1 × f1/(w1 + w2) + w2 × f2/(w1 + w2) = w1* × f1 + w2* × f2
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2.4. The ANFIS-Based Model

An ANFIS model of the initial dilution in a transversely constrained, vertical, buoyant
jet is established by taking the dimensionless parameters Fr, β, and Z/D as input variables
and the dimensionless jet’s centerline concentration as the output variable. The input
variables (features) are often determined through principal component analyses. How-
ever, the present study determined the input variables using theoretical and dimensional
analyses. As indicated in Section 2.1, the variables Fr and D can represent the influence of
the discharge volume flux, buoyancy flux, and kinematic momentum flux on the mixing
processes, and the variable β can describe the influence of the confinement. Therefore, it is
believed that the current input variables are the driving factors in the present problem; thus,
no additional principal component analyses were performed. The results of the present
study demonstrate the performance of the current approach, confirming again that the
current selection of the input variables is reasonable.

Data processing was performed in the standard MATLAB environment, and the
specific steps were as follows: (1) the available experimental data were divided into a
training dataset and a testing dataset; (2) the ANFIS model was trained using the method
described above; (3) the developed model was used to calculate the dimensionless jet’s
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centerline concentration of the training dataset as a function of Fr, β, and Z/D, and the
optimal model was selected.

The function “genfis2” available in MATLAB, which generates a Sugeno-type FIS
structure, was employed in this study. The present work used subtractive clustering to
build an initial network. Subtractive clustering is a fast single algorithm used to estimate
the number of clusters and the location of clustering centers in a group of data. Subtractive
clustering is used to adaptively adjust the clustering number and clustering center of
modeling data in order to determine the number of fuzzy rules and the membership
functions of the load model. In this study, the “gaussmf” membership function was utilized
as the input membership function, and the linear membership function was employed
as the output membership function. The “prod”, “probor”, “prod”, “max”, and “wtaver”
were used as the “AND”, “OR”, “Implication”, “Aggregation”, and “Defuzzification”
inference methods, respectively. The data network constructed by subtractive clustering
was expressed as “in fismat = genfis2 (input_ train, output _train, ci, std)”; the number of
training steps was 200. Input_train was a matrix containing the input values of each data
point. Output_train was a matrix that contained the output values of each data point. Ci
refers to the scope of influence of the clustering centers in each data dimension, which were
set as 0.6, 0.4, 0.6, and 0.6, respectively.

Std is an optional matrix of 2 × N, and N is the data (row) dimension. The first row
of std indicated that the data value in the data dimension contained the minimum axis
range, and the second row recorded whether the data value in the data dimension scaled
the maximum axis circumference value of each data dimension. The predicted results were
constrained to be positive values. The size of the dataset in this study was comparatively
small, which is a very common issue in the field of machine learning, and this weakness
can be effectively overcome through careful data splitting or cross-validation approaches.
The present study randomly split the data 8 times and then ran the algorithm for each
of the data-splitting cases, and found performance to be almost identical. Therefore, the
simple train–test split approach, rather than a complicated cross-validation approach (e.g.,
the k-fold approach), was finally adopted to prevent the overfitting problem and determine
the model setup, and this provided convincing conclusions about the performance of
the algorithm.

2.5. Performance Indices

The performance of the algorithms was assessed using the mean bias error (MBE),
mean absolute error (MAE), root-mean-square error (RMSE) and R-squared (R2) values,
given as follows:

MBE =
1
N

N

∑
i=1

(xcalc − xobs) (4)

MAE =
1
N

N

∑
i=1
|xcalc − xobs| (5)

RMSE =

√√√√ 1
N

N

∑
i=1

(xcalc − xobs)
2 (6)

R2 =


N

N
∑

i=1
(xobsxcalc)−

N
∑

i=1
(xobs)

N
∑

i=1
(xcalc)√√√√[ N

∑
i=1

(xobs
2)−

(
N
∑

i=1
xobs

)2
][

N
∑

i=1
(xcalc

2)−
(

N
∑

i=1
xcalc

)2
]


2

(7)

where xobs = observed (actual) data, and xcalc = calculated (predicted) data.
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3. Results and Discussion
3.1. General Performance

The general performance of the ANFIS model is illustrated in Figure 2, which shows
observed and predicted concentration profiles for different scenarios. Concentrations
decrease with increasing Z/D as the vertical buoyant jet is diluted along its trajectory
due to jet diffusion and ambient water entrainment. When the Fr number is large, the
concentration is usually higher, as the buoyancy force becomes less obvious compared to the
inertial force at higher Fr numbers. The concentration generally increases with increasing β

as the confinement limits diffusion with ambient water, thus reducing dilution. It is obvious
that the ANFIS model correctly captures the general characteristics of the observations,
indicating that the trained model successfully learned the mechanisms underlying the
principal mixing processes.
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3.2. Comparisons of Observed and Predicted Results

Figure 3 presents a comparison between the experimental and predicted results for
all available data points. As can be seen, the ANFIS results closely follow the peaks and
troughs of the measured data, indicating that the model can satisfactorily capture the
data trend. In this study, predicted values were constrained to be positive, but an upper
bound was not considered. The results show that there was only one predicted point
exceeding 1, implying that the algorithm can satisfactorily keep the predictions within a
reasonable range even without range constraints. Generally, the predicted results matched
the experimental data very well. To further evaluate the performance of the model, a
scatterplot comparing the training and testing datasets is presented in Figure 3.

To evaluate the predictive capability of the ANFIS technique, the training and testing
datasets are separately shown in Figure 4. The testing data points overlap with the training
data points very well, indicating that the developed model did not suffer from overfitting.
Most of the data points lie close to the 1:1 line, demonstrating the good performance of the
ANFIS algorithm for laterally confined jets. A few symbols corresponding to very large



J. Mar. Sci. Eng. 2022, 10, 439 8 of 13

and small values deviate further from the line of agreement. This phenomenon is quite
common for AI techniques, which usually perform relatively poorly for extreme data.
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However, overall, the performance of the current algorithm is satisfactory. The per-
formance indices for the ANFIS predictions are summarized in Table 1. The values for
the training dataset and testing dataset were close, confirming that the risk of overfitting
has been satisfactorily eliminated. Overall, the MBE values were very close to zero, and
the value for the entire dataset was 0.002, confirming that the model can satisfactorily
control the bias with slight overprediction. The MAE and RMSE values were at magnitudes
of ~0.036 and ~0.053, respectively, which were quite low, and the R2 values were above
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0.93, which was quite high, confirming again that the current algorithm can reproduce the
experimental data very well.
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Table 1. Performance indices for the ANFIS model predictions.

Index Training Dataset Testing Dataset Entire Dataset

MBE 0.000 0.007 0.002

MAE 0.037 0.034 0.036

RMSE 0.054 0.049 0.053
R2 0.934 0.938 0.934

3.3. Comparison with the Empirical Equations and Genetic Programming Methods

Dimensionless jet concentrations were also predicted using existing empirical equa-
tions, as well as using the genetic programming algorithm. All predictions are compared in
Figure 5. The empirical equation used is described in Equation (3).

The genetic programming analyses were conducted primarily using the MATLAB
code GPTIPS2 [36], which was adapted to solve the problem in this study. The following pa-
rameters, determined by cross-validations, were utilized: population size = 250, maximum
generations = 150, tournament size = 20, probability of Pareto tournament = 0.3, maxi-
mum depth of the chromosome tree = 5, elite fraction = 0.3, crossover probability = 0.84,
and mutation probabilities = 0.14. The genetic programming approach can provide
explicit equations, and the best performing equation for this case can be expressed as
(Cc − Ca)/(Cj− Ca) = [29.1β(Fr + Z/D− 8.6)]/(Z/D)3 + 0.00997.

As can be seen in Figure 5, the results obtained by the three methods were close,
indicating that all of these methods can produce acceptable predictions. The performance
indices for three prediction methods are summarized in Table 2. The performance of the
empirical equation and that of the genetic programming algorithm were almost identical,
and their RMSE values exceeded 0.065 while their R2 values were below 0.9. However, the
ANFIS model provided the best predictions and, in terms of RMSE, reduced the error index
by more than 20%.
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Table 2. Performance indices for the predictions obtained by three different methods: empirical
equations, genetic programming, and the ANFIS model.

Index Empirical Equation Genetic Programming ANFIS

RMSE 0.068 0.067 0.053
R2 0.895 0.894 0.934

3.4. Novelty and Limitations

To the best of the authors’ knowledge, the use of an adaptive neuro-fuzzy inference
system for predicting mixing processes has not been previously reported. A major contribu-
tion of this study is that it demonstrates that the ANFIS algorithm can reasonably predict
the dilution characteristics of vertical buoyant jets subjected to lateral confinement. The
proposed approach can facilitate accurate estimation of the mixing characteristics of vertical
buoyant jets subjected to lateral confinement because it can provide rapid predictions of
the key mixing features for arbitrary densitometric Froude numbers, port diameters, and
confinement indices. It is meaningful to develop such AI-based models for predicting the
dilution characteristics of effluents, because experimental and numerical methods are typi-
cally more expensive and time consuming, whereas AI models can provide cost-effective
predictions in seconds.

Compared to the empirical formulation, which was derived using a traditional regres-
sion approach, the present approach is more accurate, and can be further improved when
more data are available. The current ANFIS predictions performed better than the genetic
programming algorithm, but the major advantage of ANFIS over genetic programing
techniques is that ANFIS is a readily available AI algorithm and can be easily accessed in
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many programs. It should be acknowledged that the genetic programming algorithm can
provide explicit equations while ANFIS cannot, but the ANFIS algorithm can be readily
utilized, is fast to run, and its predictions are generally more stable, so it can be seen as a
valuable complementary approach. As the genetic programming algorithm can provide
explicit equations, prediction confidence analysis can be performed using the symmetric
confidence interval approach. However, ANFIS cannot provide explicit equations, so the
same analysis cannot be conducted. The primary objective of this study was to investigate
the ANFIS approach for predicting confined vertical buoyant jets and demonstrate its
suitability. In future studies, the uncertainty of the algorithm should be quantified using
suitable approaches to further assess the performance of the algorithm. A limitation of
the present study is that the model was only trained and validated against well-controlled
experimental data. This demonstrates that the algorithm can satisfactorily learn the under-
lying mechanism of the phenomenon, but its performance for practical applications should
also be further evaluated in future studies.

4. Summary and Conclusions

The present study proposes a new approach based on ANFIS for the estimation of
the initial dilution of laterally confined jets. The model can produce fast predictions of
the jets’ centerline concentration based on a confinement index and the densitometric
Froude number. The predicted results were compared against experimental data, and the
results showed that the ANFIS model can satisfactorily reproduce the data. The existing
empirical equations method and the traditional genetic programming method were also
utilized to analyze the same problem, and the results confirmed that the ANFIS algorithm
can outperform these other methods. The performance of the empirical equations and
that of the genetic programming algorithm were almost identical. In terms of RMSE, the
ANFIS algorithm reduced the associated errors by more than 20%. The principal benefit of
using an ANFIS-based model to predict effluent mixing problems is that the algorithm is
readily available and can be easily accessed. The proposed approach also has many other
merits, such as the capability of capturing the nonlinear structure of a process, adaptation
capacity, and rapid learning capability. The results of this study confirm that the proposed
approach based on ANFIS is promising for estimating effluent mixing phenomena, and can
facilitate accurate estimation of the mixing characteristics of vertical buoyant jets subjected
to lateral confinement; it can also provide rapid predictions of the key mixing features for
arbitrary densitometric Froude number, port diameter, and confinement index. Future
studies should be conducted in order to further quantify the uncertainty of the approach
and evaluate its performance in practical applications.
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