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Abstract: For decades, underwater vehicles have been performing underwater operations, which are
critical to the development and upgrading of underwater robots. With the advancement of technology,
various types of robots have been developed. The underwater robotic snake is a bioinspired addition
to the family of underwater robotic vehicles. In this paper, we propose an innovative underwater
snake robot actuated by rigid propulsions and soft joints, which can improve the swimming efficiency
and flexibility of the robot and reduce the probability of collision leading to damage. Existing
math models of robotic snakes typically incorporate only planar motion, rarely considering spatial
motion. So, we formulate a complete three-dimensional dynamic model for the robotic snake, which
is extended by deriving expressions for the geometric Jacobians. This modeling approach is well
suited since it provides compact matrix expressions and easy implementation. We use the constant
curvature method to describe the configuration of the soft joint, use the Lagrangian method to obtain
its dynamic characteristics, and focus on deriving the visco-hyperelastic mechanical energy of the
soft material. Next, the local dynamics of soft members are extended as a nonholonomic constraint
form for modeling the snake robot. Finally, the multi-modal swimming behavior of the robot has
been verified by simulations, including forward and backward rectilinear motion, yaw turning, pitch
motion, and spiral rising motion. The overall results demonstrate the effectiveness and the versatility
of the developed dynamic model in the prediction of the robot trajectory, position, orientation,
and velocity.

Keywords: three-dimensional modeling; rigid-soft robots; robot dynamics; underwater robotics;
soft actuator

1. Introduction

In the past decades, due to technological innovation, robotic underwater vehicles
have increased rapidly, enabling these mechanisms to operate in deep water and harsh
seabed environments [1,2]. Today, autonomous underwater vehicles (AUVs) and remotely
operated vehicles (ROVs) are widely used subsea for different challenging tasks, such as
inspection, surveillance, maintenance, repair, and construction, and they are extensively
used in the subsea oil and gas industry [3–5].

In addition to the common ROVs and AUVs, the underwater robots also include
various types, such as robotic fish [6,7], snake robots [8], etc. The conventional work-class
ROVs can work in deep waters and are equipped with a powerful manipulator, which
can perform heavy intervention tasks [9]. However, their operation is always expen-
sive, because they need the support of surface ships, professionals for deployment, and
constant supervision. In contrast, the inspection-class ROVs are much smaller, easier to
deploy, and cheaper to operate [10]. However, they are not powerful enough to perform a
heavy intervention. Moreover, ROVs are usually restricted by the attached tether. Some
limitations related to ROVs can be solved by using AUVs, such as the need to support
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surface ships, continuous monitoring, and tether control. Most commercial AUVs are
single torpedo-shaped vehicles, which are used for reconnaissance and surveillance, as
well as long-term search missions [11]. Although some AUVs possess hovering capabili-
ties and can perform stationary tasks, they are not particularly suitable for intervention
operations. In recent years, modular underwater snake robots have developed rapidly,
such as ACM [12], AmphiBot [13], and HUMRS [14]. Due to their slender and flexible
body structure, they are superior in terms of accessibility and passability, so they can
provide access to narrow areas that are difficult to access by other types of underwater
vehicles. Furthermore, Pettersen et al. propose the concept of an underwater swimming
manipulator [15], which is a promoted snake robot equipped with additional effectors, such
as a stern propeller and head gripper. Three generations of products have been released up
to now, namely Mamba [16], Eelume [17], and Eely500 [18], undoubtedly, this research is
cutting-edge. However, there are two basic problems in the current research on snake robots.
The first is that the utilization of articulated joints leads to low degrees of freedom, espe-
cially for a robot composed of a small number of modules. The second is that the whole
robot is made of rigid materials, which is prone to collision and damage in the complex
underwater environment.

Underwater soft robot technology has developed rapidly in recent years, such as
octopus tentacle soft arm [19,20], elephant trunk arm [21,22], and deep-sea self-powered
soft fish [23], which shows that soft robot has broad prospects in a marine application.
This paper, inspired by the locomotion gait of biological snakes, proposes an innovative
modular underwater snake robot actuated by rigid propulsions and soft joints, which can
improve the swimming efficiency and flexibility of the robot and reduce the probability
of collision leading to damage. Based on the above presentation of the current state of
underwater robots, and the rigid-soft snake robot presented in this paper, we summarize
a variety of properties from size and weight, drag force, accessibility, payload capacity,
intervention, collision consequence, and maneuverability, and the author compares these
performances from low to large based on our own experience as shown in Figure 1. The
proposal of the rigid-soft underwater snake robot provides a novel reference and choice for
the diverse development of underwater robots.

J. Mar. Sci. Eng. 2022, 10, x FOR PEER REVIEW 2 of 21 
 

 

heavy intervention. Moreover, ROVs are usually restricted by the attached tether. Some 

limitations related to ROVs can be solved by using AUVs, such as the need to support 

surface ships, continuous monitoring, and tether control. Most commercial AUVs are sin-

gle torpedo-shaped vehicles, which are used for reconnaissance and surveillance, as well 

as long-term search missions [11]. Although some AUVs possess hovering capabilities and 

can perform stationary tasks, they are not particularly suitable for intervention operations. 

In recent years, modular underwater snake robots have developed rapidly, such as ACM 

[12], AmphiBot [13], and HUMRS [14]. Due to their slender and flexible body structure, 

they are superior in terms of accessibility and passability, so they can provide access to 

narrow areas that are difficult to access by other types of underwater vehicles. Further-

more, Pettersen et al. propose the concept of an underwater swimming manipulator [15], 

which is a promoted snake robot equipped with additional effectors, such as a stern pro-

peller and head gripper. Three generations of products have been released up to now, 

namely Mamba [16], Eelume [17], and Eely500 [18], undoubtedly, this research is cutting-

edge. However, there are two basic problems in the current research on snake robots. The 

first is that the utilization of articulated joints leads to low degrees of freedom, especially 

for a robot composed of a small number of modules. The second is that the whole robot is 

made of rigid materials, which is prone to collision and damage in the complex underwa-

ter environment. 

Underwater soft robot technology has developed rapidly in recent years, such as oc-

topus tentacle soft arm [19,20], elephant trunk arm [21,22], and deep-sea self-powered soft 

fish [23], which shows that soft robot has broad prospects in a marine application. This 

paper, inspired by the locomotion gait of biological snakes, proposes an innovative mod-

ular underwater snake robot actuated by rigid propulsions and soft joints, which can im-

prove the swimming efficiency and flexibility of the robot and reduce the probability of 

collision leading to damage. Based on the above presentation of the current state of un-

derwater robots, and the rigid-soft snake robot presented in this paper, we summarize a 

variety of properties from size and weight, drag force, accessibility, payload capacity, in-

tervention, collision consequence, and maneuverability, and the author compares these 

performances from low to large based on our own experience as shown in Figure 1. The 

proposal of the rigid-soft underwater snake robot provides a novel reference and choice 

for the diverse development of underwater robots. 

At present, the vast majority of existing studies of underwater snake robot modeling 

have focused on planar motions [24–30]. Notice that land snakes crawl on the flat surface, 

while water snakes always swim in three-dimensional motion. Hence, the three-dimen-

sional modeling of an underwater robotic snake will facilitate the understanding of mo-

tions in swimming and the design of motion controllers. Several groups have preliminar-

ily studied the three-dimensional modeling of the robotic snake in the literature [31–33]. 

However, these models are typically incomplete in predicting multimodal three-dimen-

sional behaviors. In addition, these studies either involve only simulation or contain lim-

ited experimental verification.  

 

Figure 1. Comparison of various characteristics of common underwater vehicles. 

Fish robot

Inspection ROV

Operational ROV

Small AUV

Rigid snake robot

Rigid-soft snake

Size & height

Drag force

Accessibility

Payload capacity

Intervention capability

Collision performance

Maneuverability

Large

Low

Figure 1. Comparison of various characteristics of common underwater vehicles.

At present, the vast majority of existing studies of underwater snake robot mod-
eling have focused on planar motions [24–30]. Notice that land snakes crawl on the
flat surface, while water snakes always swim in three-dimensional motion. Hence, the
three-dimensional modeling of an underwater robotic snake will facilitate the understand-
ing of motions in swimming and the design of motion controllers. Several groups have
preliminarily studied the three-dimensional modeling of the robotic snake in the litera-
ture [31–33]. However, these models are typically incomplete in predicting multimodal
three-dimensional behaviors. In addition, these studies either involve only simulation or
contain limited experimental verification.

In fact, underwater snake robots are a special type of underwater vehicle manipulator
system (UVMS) because their body structure is integrated. Therefore, the modeling method
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of the snake robot in this paper is extended by deriving expressions for the geometric
Jacobians, using a method inspired by literature [34]. This modeling approach is well
suited since it provides compact matrix expressions, easy implementation, and flexibility
that accommodates an arbitrary number of modules, with variable module length. The
expressions are also valid if the robot includes soft joints. The geometric Jacobians are
then utilized to derive the state-dependent rigid propulsion inertia matrix and the state-
dependent propellers configuration matrix. For the soft joint part, we use the Constant
Curvature method to describe its configuration [35], use the Lagrangian method to obtain its
dynamic characteristics, and focus on deriving the visco-hyperelastic mechanical energy of
the soft material. Next, the local dynamics of soft members are extended as a nonholonomic
constraint form for modeling the multibody rigid-soft snake robot system. Finally, the multi-
modal swimming behavior of the robot has been verified by simulation, including forward
and backward rectilinear motion, yaw turning, pitch motion, and spiral rising motion. The
overall results demonstrate the effectiveness and the versatility of the developed dynamic
model in the prediction of the robot trajectory, position, orientation, and velocity.

2. Methodology
2.1. Notation

The proposed underwater snake robot is composed of rigid propulsion modules and
soft joints connected in series, in which rigid propulsions are rigid cylinder shapes and
can be installed with multiple groups of propellers, which can be regarded as micro AUV.
The soft joints mainly consist of three hydraulic soft actuators that are evenly distributed,
which can be bent in all directions by controlling properly. In practical applications, the
precise manipulation of soft joints and soft actuators will be very complicated and difficult.
In the derivation of the mathematical model, we first used the constant curvature model,
assuming that the soft joint bends with a constant curvature when bending, has no torsion,
and the section is always perpendicular to the centerline. In addition, when inputting
pressure to the joint, there will be interference from a variety of uncertainties. Here, we
assume that the output of joint torque is in direct proportion to the water pressure. In
addition, when the soft joint is disturbed by the water flow, it will deform, so that the
hydrodynamic coefficient is not a fixed value, which greatly increases the difficulty of
modeling. For details, see the modeling section below. Figure 2 shows a schematic diagram
of the multi-modal motion of the proposed snake robot, taking the single-joint structure
as an example, it can perform various motions such as rectilinear, turning, pitching, and
spiral motion. Obviously, this performance cannot be accomplished with the rigid joint
with only one degree of freedom of a traditional snake robot. We will focus on these four
modes in subsequent simulation studies.
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Figure 2. Schematic diagram of multi-modal motion of snake robot: (a) linear motion, (b) turning
motion, (c) pitching motion, (d) helical motion.

The snake robot is modular essentially and can expand the multi-module structure,
so in the mathematical modeling we consider that the snake robot consists of n + 1 rigid
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propulsions connected by n soft joints. Assuming that the rigid propulsions are standard
cylindrical shape with their center of mass located at the geometric center, they are num-
bered from the tail forward and indicated by subscripts i ∈ [0 . . . n’], where i = 0, the
tail rigid propulsion is considered as the base of the snake robot. In addition, each rigid
propulsion module is equipped with m propellers numbered j ∈ [1, . . . , m], including
embedded longitudinal propellers and external transverse propellers. The propeller con-
figuration can be described with thrust direction and attack point, which is not affected
by joint configuration. The propeller provides forward propulsion and hovering retention
by eliminating nonzero buoyancy, water currents, and other disturbances. The soft joints
have three degrees of mobility, and they are numbered with i ∈ [1 . . . n], such that the rigid
propulsion i and i − 1 are connected by joint i.

The following reference frames will be referred to when considering the motion
description of the snake robot. All frames are displayed in Figure 3 and all frames have
y-axes pointing into the plane and x-axes pointing along the tangential direction such that
the coordinate systems conform to the right-hand rule.
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• Inertial frame FI is fixed with the earth.
• Rigid propulsion body frames are attached to the centerline on the side closest to the

tail, which is represented by Fi ‘.
• The rigid propulsion module of the tail is the robot base, so the frame F0 ‘ is defined as

the base frame Fb.
• The body frames of the soft joints are fixed at the end closest to the tail, which is the

same as the definition of a rigid propulsion frame, denoted by Fi.
• There is an additional end frame Fe at the robot head.
• The coordinate of the propeller is described by the frames Ft,i,j, where the subscript i

and j are the rigid propulsion index and propeller index, respectively. The origin of
the frame Ft,i,j is at the attack point of the propeller, and the thrust direction coincides
with the x-axis.

2.2. Kinematic Analysis

Kinematics modeling is the description of the robot’s motion, without considering the
forces causing the motion. Forward kinematics can be used to describe the end motion
with respect to joints and base. Inverse kinematics is reversed to find the base and joint
motion corresponding to the required end motion [36]. Therefore, consistent with industrial
manipulators, kinematics includes the conversion between configuration space and task
space and vice versa. The kinematic matrix is however invertible only in certain cases.
Therefore, differential kinematics may be used to calculate the desired base and joint
trajectories instead. This section focuses on the derivation of the forward kinematics and
differential kinematics of the snake robot.

(1) Forward Kinematics: The snake robot is an articulated structure that consists of
multiple rigid and soft bodies connected to each other, that is, a multibody system. A
mathematically convenient and geometrically meaningful method is to use a homogeneous
transformation matrix to represent the configuration of each part in the 3D Euclidean space
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and the transformations among these parts. For example, the pose of Fb with respect to FI
is given by the homogeneous transformation matrix:

gI
b =

[
RI

b pI
b

01×3 1

]
∈ SE(3) (1)

where RI
b ∈ SO(3) is rotation matrix describing the orientation of the base frame and pI

b∈
R3 is the vector from the origin of FI to the origin of Fb. The transformation in (1) indicates
a translation by pI

b followed by a rotation given by RI
b. We use pose as a general term for

position and orientation.
Rigid propulsion is a rigid component that keeps straight all times, so the transforma-

tion matrix T from the arbitrary rigid propulsion body frame Fi’ to the soft joint body frame
Fi+1 (i.e., one end to the other end of rigid propulsion) is

Ti′
i+1 =

[
03×3 pi′

i+1
01×3 1

]
(2)

A general kinematic model for the soft joint with continuum medium is the constant
curvature approach [35] that defines the configuration states as the length L, bending angle
θ, and the orientation ϕ of the deformation for each joint. Furthermore, the configuration
state of soft joint i is determined by the three soft actuators’ length state Li1~3 according to
the following relationship (see Figure 4):

Li =
Li1+Li2+Li3

3

θi =
2
√

L2
i1+L2

i2+L2
i3−Li1Li2−Li1Li3−Li3Li2

3rs

ϕi = arctan2(
√

3(Li3 − Li2), Li2 + Li3 − 2Li1)

(3)

where Li1~3 = L0 + qi1~3, L0 is the initial length,qi = [qi1, qi2, qi3] is the actuator space, and
rs is the distance from the actuator position to the center of the soft joint. The pose of soft
joint body frame F i with respect to rigid propulsion body frame F i’ (i.e., from the bottom
to the top of the joint) is given by the homogeneous transformation matrix H,

Hi
i′(q) =


[

I3
[
Li 0 0

]T

0 0

]
θ = 0[

Ri
i′(q) pi

i′(q)
0 1

]
θ 6= 0

(4)

where I3 is the third-order identity matrix. If all three actuators have the same length such
that the soft joint is not bent but straight, the bending angle θ is zero. Only the lengths
among them are different to give the soft joint bending and orientation angle. When θ 6= 0,
the specific expression is:

Hi
i′(q) =


c2

ϕi

(
cθi − 1

)
+ 1 cϕi sϕ i

(
cθi − 1

)
cϕi sθi Li

cϕi

(
1−cθi

Li

)
θ

sϕi cϕi

(
cθi Li − 1

)
c2

ϕi

(
1− cθi l

)
+ cθi Li sϕi sθi Li

sϕ

(
1−cθi

Li

)
θ

−cϕi sθi Li −sϕi sθi Li cθi Li
sθi

Li
θi

0 0 0 1

 (5)

where cϕi = cos ϕi, sϕi = sin ϕi, cθi = cos θi, sθi = sin θi. Therefore, according to (2) and (4),
it can be further deduced that the homogeneous transformation matrix from the FI to Fe of
the snake robot is

gI
e = TI

bTb
1H1

1′T
1′
2︸ ︷︷ ︸

g1
2

· · ·H(n−1)
(n−1)′T

(n−1)′
n︸ ︷︷ ︸

gn−1
n

Hn
n′T

n′
e︸ ︷︷ ︸

gn
e

(6)
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where T and H represent the transformation matrix of rigid propulsion and soft joint,
respectively, and gi

i+1 represents the transformation matrix of their combination.
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(2) Differential Kinematics: The differential kinematics describes the velocity relationship
between different parts of the snake robot. The motion of the robot can be determined by
the speed vector ζ:

ζ =

[
Vb

I.
q

]
∈ R6+3n, Vb

I =

[
v1
v2

]
(7)

where V ∈ R6 represents the body-fixed velocity vector of the robot base relative to the
inertial frame F I, including linear velocity vector v1 ∈ R3 and angular velocity vector
v2∈R3, can be obtained by the velocity twist and the transformation matrix TI

b,

.
T

I
b= (Vb

I )
∧TI

b ⇒

(Vb
I )
∧
= (TI

b)
−1 .

T
I
b =

[
v∧2 v1
0 0

]
∈ se(3)

(8)

where the operator ˆ converts the angular velocity vector from R3 to skew-symmetric matrix
R3×3. The velocity derivation method of any part of the snake robot is similar, here taking
the robot end as an example, the velocity twist of the end with respect to the inertial frame
F I can then be expressed in end frame F e by

(Ve
I)
∧ = (TI

e)
−1 .

T
I
e

= (TI
bTb

e )
−1

(
.
T

I
bTb

e + TI
b

.
T

b
e )

= Tb
e
−1(Vb

I )
∧

Tb
e + (Ve

b)
∧

(9)

Next, we convert the twist expression in (9) into vector expression

Ve
I = Ad−1

gb
e

Vb
I + Ve

b (10)

where Adgb
e

is the adjoint map for the transformation gb
e . The velocity variable Ve

b represents
the relative velocity between the robot base and end. When acting on a transformation g,
the adjoint map and its inverse are given by

Adg =

[
R p∧R
0 R

]
, Ad−1

g =

[
RT −RTp∧

0 RT

]
(11)

In (10), the inverse adjoint maps transform the body-fixed velocity vector Vb
I so that it

represents velocities in the end frame F e. We write the relative end velocity as functions of
the joint space velocities according to

Ve
b = Ad−1

gb
e

Je
.
q, Je ,

[
Adgb

1
Js,1 · · · Adgb

n
Js,n

]
(12)
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where Je is the Jacobian matrix of the robot end determined by Js. Js,i is Jacobian matrix of
each soft joint, and the specific derivation refers to [37]. Finally, by inserting (12) into (10),
we can obtain

Ve
I = Jg,eζ, Jg,e ,

[
Ad−1

gb
e

Ad−1
gb

e
Je

]
(13)

where Jg,e is the geometric Jacobians, which map the base frame and the joint velocities to
the linear and angular velocities of the robot end. See [34] for more theoretical details of
this geometric method.

2.3. Dynamic Formulation

The snake robot is controlled by hybrid actuation of rigid propulsions and soft joints.
An approach for three-dimensional dynamics modeling decouples motion equations of soft
members from those of rigid members. Therefore, simpler sets of dynamics equations will
be achieved so that obtained model can be used for control conveniently. In this section, this
approach is divided into two sections. Firstly, we model the local dynamics of the soft joint,
because the soft joint is different from the general rigid joint, but as an independent module
component. Next, the local dynamics of soft members are extended as a nonholonomic
constraint form for modeling the multibody rigid-soft snake robot system.

(1) Local Dynamic for Soft Joints: The local dynamic model of a soft joint is obtained
by employing the Lagrangian analysis [38]. The equation of motion can be obtained by
applying the Euler–Lagrange equation formulated in (14).

F =

(
d
dt

∂L
∂

.
q

)
− ∂L

∂q
(14)

where F is the generalized force, including driving pressure force and load force, L is the
Lagrangian defined as

L = Ek − Eg − Em (15)

where Ek is the kinetic energy, Eg is the gravitational potential energy, and Em is the
mechanical energy caused by the elastic and viscous stresses of soft materials.

Figure 4 depicts the configuration of a soft joint. Taking a similar approach as in
literature [39], the soft module is assumed to be made up of infinitesimal slices of thickness
Ldξ, where ξ ∈ [0,1] is the normalized position parameter along the axis length from the
base to the top, where ξ = 0 is the base. The kinetic energy of the soft joint is

Ek(q,
.
q) =

1
2

∫ 1

0
(Vb

ξ)
T

δmVb
ξ dξ =

1
2

.
qTm(q)

.
q (16)

where δm = ms · diag
{

1 1 1 1
4 R2

s
1
4 R2

s
1
2 R2

s
}

is the mass matrix of the slice, ms and
Rs are the mass and radius of the soft joint, respectively. m is the generalized mass matrix
and Vb

ξ ∈ R6 is the velocity vector, which are formulated as

m(q) =
∫ 1

0 (Jb
ξ)

T
δmJb

ξdξ

Vb
ξ(q) =

[
RTp

(RTR)
∨

]
= Jb

ξ(q)
.
q

(17)

where Jb
ξ ∈ R6×3 is the Jacobian matrix, according to constant curvature approach, relevant

to L, θ, ϕ. If ξ = 1, R and p in (17) correspond to the rotation matrix and position vector in
(4), and Jb

ξ correspond to Js in (4). The operator ∨ is the inverse operation of operator ˆ, that
is, converts the skew-symmetric matrix into a vector.

Next, the gravitational potential energy is

Eg(q) = m(q) ·
∫ 1

0
pTe1dξ (18)
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where e1 = [0.0, 9.8]T is the gravity vector.
The mechanical stress-related energy takes into account the axial strain energy gener-

ated by the tension or compression of an actuator,

Em =
1
2

3

∑
i=1

Vsiσiεi (19)

where i = 1, 2, 3 here represents the three actuators of one soft joint, σi is the tensile stress, εi
is the axial strain and Vsi is the chamber volume of an actuator.

Due to the special material properties of soft joints, the soft material models presented
in this section are incorporated in the mechanical energy terms of (15) describing the
module deformation energy and viscous losses. The sectional view of modeled soft joint in
this study is presented in Figure 5, which is composed of multiple material parts. More
specifically, each hydraulic soft actuator has a soft silicone chamber of internal radius ra
and silicone wall thickness hc, surrounded by a fabric-reinforced layer of wall thickness hs.
So, a novel non-Newtonian visco-hyperelastic constitutive model is considered for the soft
silicone. First, the circular fabric reinforcement prevents radial expansion in each actuator,
and only allows it to elongate when actuated under water pressure. Considering axial
tensile stress applied to each actuated chamber, the inverse rule of mixtures as in (20) is
applied for determining the mechanical properties of the composite layer as the stress is
transverse to the fabric [40].

1
Ec

=
Vf

E f
+

Vm

Em
(20)

where Ec is the elastic modulus of the actuator compound body. Ef and Em are the modulus
of the fabric layer and silicone matrix, respectively, and Vf and Vm are the corresponding
volumes. Furthermore, it reveals that upon water pressure actuation, in fact, the fabric and
the silicone matrix volume fraction change. The formulae for the changing matrix volume
fraction Vm and that of the silicone part associated with each of the three channels, Vsi in
(19), are as follows:

Vsi =
πR2

s−3π(ra+hs+hc)
2

3 + 2π(ra+hc)hs
Vmi

+ 2πrars

Vmi =
εi+Vm0

εi+1

(21)

where εi =
qi
L0

is the strain of the actuator i and Vm0 is the initial volume fraction of the
silicone matrix.
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The visco-hyperelastic constitutive model proposed for the soft actuator is described
by a system of a non-Newtonian viscous damper and a hyperelastic spring in parallel,
which is equivalent to the simplified Kelvin–Voigt model [41]. Therefore, σ in (19) includes
hyperelastic stress σh and viscous stress σv.



J. Mar. Sci. Eng. 2022, 10, 1914 9 of 20

The standard approach to describe the strain energy of the hyperelastic material is by
applying a polynomial energy model [42]. For this study, the simplified polynomial Yeoh
hyperelastic model as in (22) has been chosen to describe the energy potential.

Uh(q) =
3

∑
i=1

Ci0(I1(qi)− 3)i (22)

where C10~30 are the constant coefficient of soft material based on the Yeoh model, and its
value can be measured by the uniaxial tensile test. I1 is the first partial strain invariant,
depending on the type of load applied. For the case of axial strain under the constant
volume hypothesis, the first deviatoric strain invariant for actuator i is described as follows:

I1(qi) =

(
1 +

qi
L0

)2
+ 2
(

1 +
qi
L0

)−1
(23)

The viscous part of the visco-hyperelastic material model [43] is obtained from the
following equation:

σv = η
dε(t)

dt
(24)

where η is the power law viscosity defined as

η(
.
ε) = η0

∣∣∣∣dε(t)
dt

∣∣∣∣k−1

(25)

where η0 is the consistency of the material and k is the power law index for a non-Newtonian
fluid. If k < 1, the power law predicts that the effective viscosity would decrease with
increasing deformation rate, which is usually the case for polymeric materials. Thus, the
viscous energy potential of the visco-hyperelastic constitutive model is described.

Uv(q,
.
q) =

1
2

η0ε(t)
dε(t)

dt

∣∣∣∣dε(t)
dt

∣∣∣∣k−1

(26)

The stress σh and σv can be calculated, respectively according to (22) and (26), then the
axial strain energy can be calculated by substituting (21) for (19). Finally, substituting the
energy Equations (16), (18), and (19) for (15) and (14) to further deduce the local dynamics
of the soft joint. Thus, the state variables q of the soft joints can be obtained.

(2) System Dynamic for Snake Robot: The proposed dynamic approach separates dy-
namics modeling of the soft elements from the unified overall system. Subsequently, the
coupling between the soft members and overall system corresponding sets of equations
is realized by the nonholonomic kinematic constraints. According to the local dynamics
of the soft joint obtained above, on the basis of the floating frame hypothesis [44], we
uniformly use the Lagrange method to calculate the dynamic model of the snake robot.
Attaching a floating frame to each rigid member, the motion of the latter rigid propulsion
module is specified by a set of configurations of the former soft joint. Finally, the total
three-dimensional dynamics model of this rigid–soft multibody system is presented.

The snake robot is considered a free-floating serial chain manipulator [24]. The
dynamic formulations are therefore structurally similar to those of underwater vehicle
manipulator systems presented in [45]. In this paper, the velocity vector ζ, including the
base and all joint components, has been defined in (7). The equations of motion can also be
derived from the Lagrangian method [45],

M(q)
.
ζ + D(q, ζ)ζ + C(q, ζ)ζ + G(q) = τ(q) (27)
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where M(q) is the inertia matrix, D(q, ζ) is the hydrodynamical drag matrix, C(q, ζ) is
the Coriolis and centrifugal force matrix, G(q) is hydrostatic force contained weight and
buoyancy, and τ(q) is the driving control force including soft joints and rigid propulsions.

First, M(q) is an inertia matrix containing rigid body and hydrodynamical inertia
terms, and D(q, ζ) is a hydrodynamical drag-wrench-related item. For the purpose of
simulation, it is extremely challenging to determine the required M(q) and D(q, ζ) to
achieve (27). In practice, most are forced to adopt additional simplified assumptions at the
expense of model accuracy, which makes this task more manageable. Therefore, it can be
assumed that the modules are hydrodynamically decoupled [46]. Under this assumption,
there will be no hydrodynamic interaction between modules, and the static surface will
confine the fluid. Consequently, the matrices M(q) and D(q, ζ) become block-diagonal and
configuration-independent [47].

The inertia matrix M(q) is made up of rigid body and hydrodynamic contributions also
called added mass. The rigid body is simply the mass of the body itself, while the added
mass forces are hydrodynamic pressure-induced forces developing when it accelerates. As
the snake robot consists of many modules in a chain, the inertia matrix contains the sum
for each module transformed to the base frame through the Jacobian found in (13),

M(q) =
n
∑

i=1
JT

g,i(q)Mi(q)Jg,i(q)

Mi(q) = MR,i(q) + MA,i(q)
(28)

where MR,i = MT
R,i is the rigid-body inertia matrix and MA,i = MT

A,i the added inertia matrix.
A general expression for MR,i can be given as,

MR,i =

[
mR,iI3 mR,i(γ

∧
g,i)

T

mR,iγ
∧
g,i IR,i

]
, IR,i = diag(Ixx,i, Iyy,i, Izz,i) (29)

where mR,i denotes the mass of rigid propulsion module i, γg,ithe position of the center of
mass of module i expressed in F i’, and IR,i the rigid body rotational inertia matrix, where

Iyy,i = Izz,i =
πR2

r
4 , Ixx,i = Iyy,i + Izz,i, Rr is the radius of rigid propulsion consistent with the

soft joint.
The added inertia matrix depends on the shape of the module. It must be emphasized

that MA,i appears under the assumption of hydrodynamically decoupled links. A more
practical approach in the context of commonly encountered cylindrical geometries is to
take the hydrodynamical inertia matrix as follows,

MA,i = ρπR2
r LR,iCa



αi 0 0 0 0 0
0 1 0 0 0 1

2 LR,i
0 0 1 0 − 1

2 LR,i 0
0 0 0 0 0 0
0 0 1

2 LR,i 0 − 1
3 L2

R,i 0
0 1

2 LR,i 0 0 0 1
3 L2

R,i


(30)

where ρ is the density of water, LR,i the length of rigid propulsion module i, Ca is the added
mass coefficient, and αi is a parameter that allows added mass in the surge to be added
of each module. These parameters must be determined by experiment or high-quality
calculation method.

The drag wrenches are selected as a combination of linear and nonlinear components
of the form:

D(q, ζ) =
n
∑

i=1
JT

g,i(q)Di(q, ζ)Jg,i(q)

Di(q, ζ) = DNL,i(q, ζ) + DL,i

(31)



J. Mar. Sci. Eng. 2022, 10, 1914 11 of 20

where DNL,i(q, ζ) is the nonlinear drag force contribution and DL,i is the linear. The nonlinear
resistance is calculated by strip theory [48], in which the difficult surface integral is replaced
by a line integral over the length of the cylindrical object divided into disk units. The
contribution of linear drag influence is given by the following equation,

DL,i = ρπLR,iCdVi
I



βi 0 0 0 0 0
0 1 0 0 0 1

2 LR,i
0 0 1 0 − 1

2 LR,i 0
0 0 0 ΩiR2

S 0 0
0 0 − 1

2 LR,i 0 1
3 L2

R,i 0
0 1

2 LR,i 0 0 0 1
3 L2

R,i


(32)

where Vi
I and Cd are the reference velocity and drag coefficient, respectively. βi and Ωi are

parameters which allow linear drag effects to be added in surge and roll. It should be noted
that it is also a challenging task to determine these parameters, because they depend on
other parameters that might not be constant during the motion.

The centripetal and Coriolis forces are described by

C(q, ζ) =
n
∑

i=1

[
JT

g,i(q)Mi
d
dt (J

T
g,i(q))− JT

g,i(q)Wi(q, ζ)Jg,i(q)
]

Wi(q, ζ) =

 03×3

{
MiVi

I

}∧
v1{

MiVi
I

}∧
v1

{
MiVi

I

}∧
v2

 (33)

where W i(q, ζ) is an intermediate variable symbol.
{

MiVi
I

}
v1
∈ R3 and

{
MiVi

I

}
v2
∈ R3

are the first three entries and the last three entries of MiVi
I , respectively. Although this term

is traditionally referred to as centripetal and Coriolis force, in fact, it takes into account
forces that are more complex than centripetal force and Coriolis force alone [49].

When the robot is in the water, hydrostatic force is caused by hydrostatic pressure
on the robot. Because the horizontal hydrostatic forces acting on the modules cancel each
other out, only the vertical hydrostatic forces contribute to this term. Additionally, this
term is given as a sum of the hydrostatic force contribution to each module transformed to
the base frame,

G(q) =
n
∑

i=1
JT

g,i(q)Gi(q)Jg,i(q)

Gi(q) =

[
(ρπR2

r LR,i −mR,i)I3
ρπR2

r LR,iγ
∧
b,i
−mR,iγ

∧
g,i

]
(RI

i )
Te1

(34)

where γb,i and γg,i are the location of the center of buoyancy and gravity of rigid propulsion
i expressed in Fi ‘. Furthermore, the influence of steady (time constant) and uniform (space
constant) water currents can also be included without much difficulty.

The driving forces and torques τ that are applied to the snake robot are provided by
joint actuators and propellers, and τ can be divided into joint torques τJ and propulsions
torques τT,

τ(q) =
[

τT(q)
τJ(q)

]
=

[
B 0(6+3n)×3n

03n×m K

][
uT
uJ

]
(35)

where B ∈ R(6 + 3n) × m is the propellers’ configuration matrix, uT ∈ Rm and uJ ∈ R3n are the
control inputs of propellers and joints, respectively. According to our previous research
on three-chamber actuated soft manipulators [50], uJ and τJ is the linear relation and K is
the linear coefficient matrix. Contrary to the traditional ROVs or AUVs, the position of the
propellers relative to the robot base depends on the joints’ configuration. The propellers
also affect the position and orientation of the base as well as the joint configurations. The
control input uT is applied to the propellers to achieve the desired force on the base, while
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the joints’ configuration is controlled by the joint actuators. The propulsion forces τT
corresponding to a control input uT depend on the structural variables of the propellers as
well as the fluid density. Therefore, the relationship between the propulsion’s forces τT and
the control input uT is highly nonlinear [47]. The relationship can however be simplified
to a linear relationship. Each propulsion module has a matrix Bi∈R6×mi associated with it
to describe how the propellers exert forces and torques on that module, where mi is the
number of propellers of module i. The matrix Bi is found from the thrust direction βt,i,j
and the point of attack χt,i,j on the propeller j of module i expressed in Fi’. Bi can then be
written as:

Bi =

[
βt,i,j · · · βt,i,m

χt,i,j × βt,i,j · · · χt,i,j × βt,i,m

]
(36)

The forces and torques on the base and joints from all the propellers can therefore be
expressed through the Jacobian matrix as:

τT =
n

∑
i=1

JT
g,iτi =

[
JT

g,1B1 JT
g,2B2 · · · JT

g,nBn

]
ut (37)

A flow chart of the snake robot system dynamics of (27), including the local dynamics
of soft joints, and joint actuators and propellers’ inputs, can be seen in Figure 6. Finally, we
can solve kinematics and dynamics parameters such as robot position, pose, force, linear
velocity, and angular velocity by numerical Runge–Kutta method in a MATLAB environ-
ment. Therefore, multiple spatial motions of the snake robot will be widely generated in
simulations, and then estimated through the following experiments.
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3. Results

In this section, we first describe the design prototype of the proposed snake robot and
then show four simulation cases to reflect the multi-modal motion of the robot. Finally, the
practicability of the model is verified through experiments.

3.1. Robot Prototype Overview

The proposed rigid-soft snake robot is a mechanically robust and easily reconfigurable
experimental object, which is developed to support the research on snake robot behavior.
The main characteristics of the robot are as follows:

1. Modular: The modular design of the robot is adopted, and the rigid propulsion and
soft joint modules have universal mechanical and electrical interfaces.

2. Flexible: Compared to rigid joint, The soft one can be bent in all directions, which
greatly improves flexibility, especially in a few modules.

3. Waterproof: All modules of the robot are waterproof at water depths down to at least 5 m.

The types of modules developed for the snake robot include head modules, control
modules, soft joint modules, rigid propulsion modules, and tail modules. The snake
robot verified in this study is shown in Figure 7a, including 3 rigid modules and 2 soft
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joints. These rigid modules, whose casings have been 3D printed in plastic using selective
laser sintering. The propellers are installed externally and internally to fabricate a rigid
propulsion module. Since our soft actuator adopts a fabric-reinforced structure, possessing
high strength, the output force and stiffness are also considerable, which can ensure the
controllability of the posture during the motion of the snake robot. It must be pointed
out that, in the manufacturing process of soft actuators, as multiple steps will inevitably
produce errors, we have carried out the static pressure test for three actuators of one joint,
and the static bending and force pressure test for one joint, as shown in Figure 8. The
error below 0.5 MPa is lower, so the subsequent test is within this interval. Furthermore,
in the design and manufacturing process, the mass distribution of the overall robot has
been carefully considered. Firstly, the centroid of the robot is calculated by setting the
density/mass of each module in Solidworks. Secondly, assuming that the robot has a
uniform mass distribution, the buoyancy center of the robot can be obtained by Solidworks.
Finally, the density design of the robot is close to water. The center of mass of the robot is
slightly lower than the center of buoyancy, but on the same vertical axis as the center of
buoyancy. These features contribute to the planar and spatial motion of the snake robot.
We have verified the usability of this designed structure in the pool. Taking the horizontal
plane turning as an example, the movement process of the robot is shown in Figure 9.
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The main controller of the robot adopts an STM32 used for locomotion control, attitude
calculation, and data acquisition. Moreover, a credit-card-sized Raspberry Pi acting as
an auxiliary processor is used for image processing, localization, and motion planning.
Figure 7b shows the implementation diagram of the robot control system. Moreover, the
robot integrates several types of sensors onboard. An inertial measurement unit (IMU) is
fixed parallel to the body’s principal axes to monitor the motion information of the robot.
The motion controller, including 6 propellers and 6 soft actuators, serves as the actuation
of the robot system to generate multiple motions such as forward and backward motion,
turning, ascending, descending, and spiraling motion. Note that the sonar and depth
sensors are not used in this study. The snake robot moves underwater, and the joints do not
need to be sealed, so the water medium is a natural driving source. The external connection
method was adopted to provide water pressure from the land. The robot has two soft joints,
that is, six soft actuators. The driving equipment used is six water pressure cylinders, so
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the robot is dragging water pipes behind it. However, we will study how to remove the
water pipe and integrate the micro water pressure pump into the robot body. Preliminary
plan has been made, as shown in Appendix A.
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Figure 8. Static pressure test results for one soft joint.
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3.2. Numerical Simulation

First of all, for the values of the design parameters described previously, see Table 1.
Additionally, the snake robot works in water, characterized by environment parameters
summarized in Table 2.

Table 1. Design parameters of the prototype snake robot.

Symbol Meaning Value

L0 soft joint length 200 mm
Rs soft joint radius 90 mm
ra actuator radius 8 mm
rs actuator to soft joint center 24 mm
hc silicone wall thickness 6 mm
hs fabric layer thickness 2 mm

C10~30 silicone material parameters
12,563 J/m3

−67.784 J/m3

2.7385 J/m3

η0 consistency of the material 22,263.8 Pa s0.3

k power law index 0.3
Em elastic modulus 2.048 × 105 Pa
ms soft joint mass 158 g
mR rigid propulsion mass 563 g
χ point of attack 76 mm
LR rigid propulsion length 200 mm
Rr rigid propulsion radius 90 mm
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Table 2. Environment parameters.

Symbol Meaning Value

Ca added mass coefficient 1
αi added mass in the surge 0.2

CD drag coefficient 1
βi linear drag effects in surge 0.2
Ωi linear drag effects in roll 0.5
ρ Water density 1000 kg/m3

e1 Gravitational acceleration [0.0–9.81]

In order to verify the effectiveness and generality of the dynamic model studied in
this paper, the multi-modal swimming behavior of the robot has been widely simulated,
including forward and backward rectilinear motion, yaw turning, pitch motion, and spiral
rising motion.

CASE 1: Rectilinear motion
Rectilinear motion is one of the most basic motion modes of snake robot, which can

move quickly in spacious waters. The base frame of the robot in the initial state coincides
with the inertial frame, and the body is in the positive direction of the X-axis. Corresponding
to the propeller and actuator index in Figure 7a, the control input corresponds to (36). We
first set the propeller control parameters uT(1) = uT(3) = uT(4) = uT(6) = 1, uT(2) = uT(5) = 0.
It can be seen that the forward motion trajectory of the robot is as shown in Figure 9. Next,
set uT(1) = uT(3) = uT(4) = uT(6) = −1, uT(2) = uT(5) = 0 to make the robot move in reverse.
The above control input is named condition 1. In addition, in linear motion, one or more
groups of propellers can be controlled to change the motion speed, such as uT(1) = uT(3) =1,
uT(4) = uT(6) = uT(2) = uT(5) = 0. Such control input is named condition 2. Figure 10 shows
the position and velocity of the forward and backward motion under two conditions. In
this case, only the propeller is manipulated to perform the rectilinear motion of the robot.
It is also possible to only manipulate the joints to perform a winding forward gait, but
Pettersen et al. has confirmed that the efficiency of only the propeller being manipulated is
higher than that of joints [51].
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Figure 10. Simulation tests for forward and backward rectilinear motion, which contain the trajecto-
ries, position and velocity under condition 1, and position and velocity under condition 2. Note that
position and velocity are in the inertial reference frame.

CASE 2: Yaw motion
Yaw motion is represented by turning motion in a large space. For the snake robot, the

turning motion can be realized in different ways. For example, the soft joint input is zero to
keep it straight, and then input to the propeller on one side without input or negative signal
on the other side, which can make the robot do the overall turning motion like an AUV. Or
the input signal of the actuator makes the soft joint bend and then turns on the propeller to
make the robot move in circles. We did a simulation comparison test, and the results can be
seen in Appendix B. In fact, the motion of implementation achieved by thrusters and joints
is the unique advantage of the snake robot, especially in the underwater confined space, the
conventional AUVs are difficult or unable to pass, but the snake robot has a flexible body
and can be bent locally, which will be easy to pass through. In the simulation, the propeller
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control parameters are set to uT(1) = uT(3) = uT(4) = uT(6) = 1, uT(2) = uT(5) = 0, and the soft
joint control parameters are set to uJ(1) = uJ(4) = 0.3, uJ(2) = uJ(3) = uJ(5) = uJ(6) = 0. The above
control input is named condition 1, which can make the robot do yaw and turn in the XOY
plane. In order to verify the generality and rationality of the model, the control parameters
of the soft joint are reset to uJ(1) = uJ(4) = 0.1, and other parameters remain unchanged. Such
a control input is named condition 2. The trajectories of the motion under conditions 1 and
2 are shown in Figure 11, the configuration of soft joints, and the spatial position, linear
velocity, orientation, and angular velocity are shown in Figure 11. It is clear that the range
of motion increases as the bending angle of the joint decreases, i.e., the radius of gyration
increases. Interestingly, the forward speed controlled by the propeller does not change
and only changes the bending angle of the joint, which makes the positions of the rotation
centers of the two conditions do not coincide and not on the same line. This relationship
enables additional considerations for motion controller design and path planning for robotic
snakes in practical applications requiring various steering conditions.
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Figure 11. Simulation tests for yaw turning motion under different conditions, which contain the
trajectories under conditions 1 and 2, configurations of soft joints, position and orientation under
condition 1, linear and angular velocity under condition 1, position and orientation under condition
2, and linear and angular velocity under condition 2.

CASE 3: Pitch motion
Pitch motion can also be realized in different control modes. For example, the longitudinal

propeller can be manipulated to make the robot float or sink in a fixed attitude. However, due
to the large side area, the water resistance will be large. The advantage of the snake robot
is that it can coordinate the manipulation of the propeller and joints and can quickly reach
the predetermined altitude. The simulation shows the pitching motion of the robot on the
XOZ plane, in which the first sets of parameters are set as uT(1) = uT(3) = uT(4) = uT(6) = 1,
uT(2) = uT(5) = 0, uJ(1) = 0.2, uJ(2) = 0.3, uJ(3) = uJ(4) = uJ(5) = uJ(6) = 0. The second sets of
different control parameters are set as the soft joint parameters are changed to uJ(1) = 0.2,
uJ(3) = 0.1, uJ(2) = 0, and the others remain unchanged. The pitch and heave motion trajectories
of the two conditions are shown in Figure 12. The configuration of soft joints is shown in
Figure 12, it should be pointed out that the pitch motion is in the XOZ plane, so the orientation
angle of the soft joint is near 90◦. Additionally, the spatial position, linear velocity, orientation,
and angular velocity are shown in Figure 12. It is necessary to explain the reason for the
oscillation at the beginning of the motion because the position of the center of gravity and the
center of buoyancy changes in the Z-axis direction, which leads to the change of the propeller
configuration matrix, and then becomes smooth as the motion becomes stable.
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Figure 12. Simulation tests for pitch motion under different conditions, which contain the trajectories
under conditions 1 and 2, configurations of soft joints, position and orientation under condition 1,
linear and angular velocity under condition 1, position and orientation under condition 2, and linear
and angular velocity under condition 2.

CASE 4: Spiral motion
Spiral motion is one of the three-dimensional motion modes of snake robot. For spiral

motion, the soft joint configuration needs to be adjusted so that the bending angle exists,
and the orientation angle is between −π/2~π/2 rad. Therefore, the control parameters
are set as follows: the parameters of propellers are set as uT(1) = uT(3) = uT(4) = uT(6) = 1,
uT(2) = uT(5) = 0, and the control parameters of soft joints are set as uJ(1) = uJ(2) = 0.2,
uJ(3) = uJ(4) = 0.3, uJ(5) = uJ(6) = 0. The trajectory of the motion is shown in Figure 13, and
the configuration of soft joints is shown in Figure 13. In this case, we only do one set of
simulations, but show the state of the base and end of the robot, and the three-dimensional
position, orientation, linear and angular velocity are shown in Figure 13. In the simulation
results, we found that the states of the base and the end are inconsistent. The main reason
is the existence of joints, especially the soft joints that have less damping and are easier to
deform, unlike the integral structure of AUV. Although the combination of soft joints can
improve the performance of the snake robot, it cannot be ignored that it will pose a difficult
problem for control. In fact, it reveals some general challenges that soft robot technology
is faced with, that is, high nonlinearity, serious hysteresis, and poor repeatability, which
mainly influence the accuracy.
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4. Conclusions

In this study, we have developed a complete three-dimensional dynamic model for
an underwater robotic snake actuated by rigid propulsions and soft joints. The modeling
method of the snake robot is extended by deriving expressions for the geometric Jacobians.
This modeling approach is well suited since it provides compact matrix expressions, easy
implementation, and flexibility that accommodates an arbitrary number of modules, with
variable module length. The geometric Jacobians are then utilized to derive the state-
dependent rigid propulsion inertia matrix and the state-dependent propellers configuration
matrix. For the soft joint part, we use the constant curvature method to describe its
configuration, use the Lagrangian method to obtain its dynamic characteristics, and focus
on deriving the visco-hyperelastic mechanical energy of the soft material. Finally, the local
dynamics of soft members are extended as a nonholonomic constraint form for modeling the
multibody rigid-soft snake robot. Simulations show that the model can predict multimodal
swimming behaviors of the robot, such as forward and backward motion, yaw turning,
pitch maneuvers, and even complicated spiraling motions. The results of the robot have
demonstrated the effectiveness of the three-dimensional dynamic model in describing
multiple swimming modes. In summary, the work presented in this paper provides a
versatile dynamic model capable of predicting multiple three-dimensional motions for the
hybrid rigid-soft actuated robotic snake.
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Appendix A

The appendix Figure A1 shows the preliminary plan of how to remove the water pipe
and integrate the micro water pressure pump into the robot body.
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it is difficult or impossible for the traditional AUV to pass through, but the snake-like robot
has a flexible body, which can bend locally and pass easily.
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