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Abstract: An important process in the technology of plant oil production by mechanical pressing is
the wet–heat treatment of crushed oilseeds, in which the oilseed (compressed seed) is exposed to
saturated vapor and a conductive heat supply. Optimal mode selection of wet–heat treatment based
on a detailed study of the physical processes taking place in the compressed seed increases oil release,
improves its quality indicators, and decreases energy consumption. Mathematical modeling is an
advanced method for studying the dynamics of humidification and frying in the compressed seed.
The article introduces a mathematical model and a numerical method for calculating heat-and-mass
transformation and phase conversion in the process of the humidification and frying of compressed
seeds of the castor plant in a continuous multi-stage heating kettle. This study provides equations
for calculating the intensity of phase transformation on the inner and outer surfaces of the wet layer.
Data verification indicates the adequacy of the mathematical model, effectiveness of the numerical
method, and possibility of their use in optimizing the modes of wet–heat treatment for compressed
seed raw material.

Keywords: compressed seed humidification; frying; diffusion and filtration transfer; evaporation;
condensation

1. Introduction

Castor plant seeds contain around 50–55% of castor oil, which contains approximately
90% of ricinoleic acid glycerides that are not found in oils of other plants. Due to its
chemical and physical properties, especially its weakly temperature-dependent high vis-
cosity, and relative inertness, the oil of the castor plant is widely used in the military,
chemical, mechanical, radio electronic, electrical, paint and varnish, medical, cosmetic, and
other industries.

Using mechanical pressing or solvent extraction enables plant oil to be obtained from
the crushed seed mass. The first method gives a lower oil yield but it has a number of
advantages, including lower equipment costs and higher oil quality [1].

The most essential process in the technology of plant oil production by the mechanical
method is wet frying of crushed oilseed. There are two stages in the frying process. The first
stage represents the heating and wetting of crushed seeds with water or vapor to optimal
conditions that are necessary for further seed processing. During the second stage, the
wet compressed seed is dried using a power supply and additionally heated. Under such
wet–heat treatment, the optimal compressed seed structure for further pressing is created,
allowing for increased oil yields. Furthermore, the oil changes its physical properties, with
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a decrease in viscosity, density, and boundary tension, and improvement in its quality
indicators [2].

The process of compressed seed frying takes place in a continuous multi-stage heating
kettle (Figure 1).
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Figure 1. Scheme of continuous multi-stage heating kettle.

The vats have a cylindrical configuration and there are turbine agitators with inclined
blades at the heating bottoms. High-pressure saturated vapor is supplied to the bottom of
the vats to the internal cavities. The temperature of the vats’ side walls under the regular
operation mode of the brazier, and the given efficiency of external thermal isolation, is set
equal to the temperature of the bottom. Compressed seed is fed into the first vat, where
the bottom and side surfaces are heated and wet saturated vapor is supplied to the upper
surface of the layer. Then, humid raw material is fed into the second and following vats,
where it is fried and dried due to the heat supply. The residence time of the compressed
seed in each vat is the same. Turbine mixers rotate and continuously transfer particles
within the layer to protect the raw oil material from overheating. The particles move in the
radial and vertical direction [3], which increases the thickness of the dispersed wet layer.
The frequency of turbine mixers’ rotation determines the contact time of the compressed
seed with the heated surfaces of the vat bottom.

Seeds of the castor plant belong to the class of colloidal capillary–porous materials.
In the process of their grinding, a significant part of the oil is released and adsorbed by
the surfaces of the particles. Compressed seed consists of particles of uniform size, with a
diameter of 1 mm, and represents a dispersed system, with their structure characterized
by the porosity of the P particles and the εla layer. The spaces between particles are called
transport pores [4] and they are partially filled with water, oil, vapor, and air. Oil consists
of nonpolar molecules, which is why there are no chemical bonds between its molecules
and water molecules. The mass content of solid and oil phases remains unchanged.

During compressed seed processing by saturated vapor, the vapor condenses on the
surfaces of the dispersed layer, fills the transport pores, and is adsorbed by the particles.
Uniform distribution of the components of the bound substance over the volume of the
dispersed layer can thus be assumed. Mass transfer in the system occurs both in the liquid
and vapor phases, as well as in air.

The modes of wet–heat treatment of compressed castor seed are determined by the
regularities of the processes of heat and mass transfer and phase transformations in the
processes of adsorption and desorption in the porous system. An experimental study of the
kinetics of these processes in each vat represents a technically complicated and costly task.
An attempt to describe the kinetics and dynamics of compressed seed dehydration is re-
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stricted by semi-empirical research methods based on balance equations or a mathematical
model using Fick’s equation for drying (A.V. Lykov [5]).

Paper [6] proposes a mathematical model of the drying kinetics of a dispersed layer
of wheat seeds, which was used in [7] to describe oilseed drying (flax, rapeseed, etc.) in
“heating–cooling” modes. One of the simplifying assumptions is the linear dependence of
the average material temperature on its humidity. The model includes three equations: an
equation of the kinetics of heating wet products in oscillating modes [8] to calculate the
average temperature T of the material, and differential equations of the heat and material
balances to calculate temperature Td.a. of the drying agent and the bulk density of the
dispersed layer. The system of equations considers a number of specific coefficients and the
average humidity W of the material. For their determination, it is necessary to conduct an
experiment. This approach is not universal as the empirical information changes for each
drying mode. In addition, the thermophysical parameters of the material, considered to be
constant in the presented papers, significantly vary depending on both W and T.

In paper [9], Fick’s differential diffusion equation is used for the mathematical mod-
eling of the convective drying of corn grains. The material was preprocessed using the
Controlled Sudden Decompression [10] method, leading to an increase in pores in the
corn kernels. However, after such treatment, diffusion mass transfer in the pores is accom-
panied by filtration and moisture evaporation, which was not taken into account in the
mathematical model.

Study [11] gives a mathematical description of pumpkin pulp drying in a fluidized
bed, where the required value is the apparatus productivity of the dry product per unit
volume V of the drying chamber per unit time P. Based on an experimental study of the
drying kinetics, it is possible to calculate the dependence Π (W, T, V) and the empirical
equation for the drying rate dW/dt, the accuracy of which is quite low. Paper [4] presents a
mathematical model to calculate the dynamics of temperature distribution during drying
of the dispersed layer of vegetable raw material.

Paper [12] shows a mathematical description of compressed seed drying using a math-
ematical model by A.V. Lykov. This model contains two differential equations: energy
and humidity transfer for the porous system as a whole. The weak point of the model
is the method of finding the intensity of phase transition. In the mass transfer equation,
it is omitted, but in the energy equation, it is taken into account within the phase tran-
sition coefficient, which is defined as the ratio of the change in the humidity due to the
phase transformation of liquid into vapor to the total change in the humidity as a result
of humidity transfer and evaporation. In physical terms, these processes can proceed
almost independently, so this method presents the replacement of one required function
with another one. To define the phase transition coefficient, it is necessary to conduct
experimental studies, though it has been already determined for a number of materials [13].
In [14], a mathematical model of heat and mass transfer in dispersed plant material in the
process of drying and heating by an ultra-high-frequency electromagnetic field is presented.
It is also based on the model of A.V. Lykov for the diffusion–filtration transfer mechanism,
which is supplemented by the differential equation of filtration. This equation, as with
the energy equation, contains a phase transformation coefficient. Equations are solved
analytically under a number of assumptions. To calculate the process of extraction of target
components from oilseeds [15], the mathematical model by A.V. Lykov can be used.

For the mathematical modeling of the process of convective drying of wood in [16], the
following equations are involved: equations of molecular energy transfer, Stefan–Maxwell
equations for the vapor and air phases, which take into account the influence of the porous
structure, and the Darcy filtration equation for the system as a whole. The mathematical
model considers also the anisotropic nature of the thermal conductivity of wood, the
dependence of heat capacity on vapor content, and the movement of the evaporation zone
in the volume of the plate. It has a numerical implementation. From the equation of wet
and heat transfer [17], a mathematical model of the drying kinetics in a thin dispersed
layer was developed, including the radiative–convective energy supply. In [18], the above
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equations are solved analytically using an empirical approach and taking into account
material shrinkage. In [19], an approach is presented for the mathematical description of
the processes of heat and mass transfer during the frying of vegetable foods in oil, using
the equations of energy transfer, momentum, and the mass of the liquid and vapor phases.
In [20], hybrid mixture theory (HMT)-based two-scale equations were solved using the
finite element method to simulate transport processes during the frying of rice crackers.
The model was used to predict the moisture and oil content, pore pressures, evaporation
rates, elasticity coefficient, and temperature distribution as a function of frying time and
spatial coordinates inside a rice cracker.

Numerical implementation of these approaches requires a significant amount of ex-
perimental data to determine the thermophysical parameters of the material and mass
transfer characteristics. Moreover, the accuracy of mathematical modeling is significantly
reduced if the equations of the energy and mass transfer [14,17,18] are solved indepen-
dently, and the thermophysical characteristics of the material in the process of frying are
considered constant.

To describe the adsorption processes, the system of heat and mass transfer equations
containing two basic equations—heat transfer and moisture transfer with a source of sorbed
substance—was used [21,22]. The character of mass sources [21–25] was determined by
approximate empirical correlation, ∂W/∂t = flW(Weq −W), where the following symbols
apply: Weq—equilibrium specific mass content; W—specific mass content. This correlation
does not include the influence of the volume density of the absorbent (vapor of the absorbed
substance) Uv, which is the function of coordinates and time and allows the transfer of
adsorption (∂W/∂t > 0), where Uv = 0, which is physically impossible.

The second stage of the process of the wet and heat treatment of compressed seeds
is the steaming of the dispersed layer with a gradual decrease in the humidity and an
increase in temperature. Thus, the dehydration of particles located near the heating surfaces
of the vats and the humidification of less heated particles located inside the volume of
the dispersed layer occur due to the steam condensation on the vats’ surfaces. To obtain
the correct solution of such a problem, it is necessary to determine the dynamics of the
intensity of phase transformations on the outer and inner surfaces of the dispersed layer.
In addition, transfer of the liquid and vapor phases in the porous material proceeds
independently; therefore, the system of the mass transfer equations must include the mass
transfer equations of liquid, vapor, and air. During the heat treatment of thermolabile
materials, also of compressed seed, it is important that the temperature of the material does
not exceed the maximum permissible value. The most critical in such a relation are the
boundary surfaces that are in contact with the source of thermal energy. The possibility to
calculate the dynamics of temperature distribution in the material allows the selection of
such modes of thermal exposure that can help in preventing the deterioration of the final
product quality. Based on the new molecular radiation theory of heat and mass transfer,
physically justified expressions of the mass transfer characteristics were obtained in [26].
They enabled the development of closed mathematical models of the dynamics of heat
and mass transfer and phase transformation in the processes of drying and adsorption in
porous systems.

In this paper, a mathematical model of the dynamics of a full cycle of wet and heat
treatment of oilseed raw material in a continuous multi-stage heating kettle is presented,
taking into account all the features of the process. The model includes the energy equation
written for the system as a whole, and mass transfer equations for liquid, vapor, and
air phases in a dispersed layer of porous compressed seed particles. When the layer is
moistened, the vapor phase passes into the liquid phase, and when the layer is roasted,
the liquid phase passes into the vapor phase. This is reflected in the sign of the source
term. Thermophysical characteristics of the dispersed layer are determined considering
the changing concentration of the components of the bound substance and the porosity εla
of the layer and Π of the porous particles. This mathematical model, in combination with
the developed numerical method for its calculation, is a universal method of mathemat-
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ical modeling for studying the dynamics of heat and mass transfer processes and phase
transformations occurring in a multi-stage cylindrical heating kettle during the wet–heat
treatment of crushed castor and other oilseeds. Such studies underlie the effective hardware
organization of the moisture–heat treatment of oilseeds in accordance with the required
temperature and moisture content of compressed seeds, as well as the design features of
the fryer.

2. Materials and Methods
2.1. Mathematical Model

A mathematical model was developed based on the obtained differential Equation (1) of
substance transfer W (mass, energy, momentum) introduced in [26] for the deformable bodies:

∂W
∂t

= −divjW + IW −
W

1 + εV

∂εV
∂t

(1)

Here, t—time; jW—substance fluence rate W; IW—power of internal sources of the
substance; εV—relative volumetric deformation of the body as a result of substance transfer
W. In the case of the absence of shrinkable phenomena, relative volumetric deformation
εV = 0 and (1) transforms into the Umov transport equation.

When the compressed seed is humidified, saturated vapor enters into transport pores,
condenses on the outer surface of the particles, and the condensate is partially adsorbed
by porous particles. During frying, humidified compressed seed in a thick dispersed
layer, under the conditions of a predominantly conductive energy supply, implies its self-
vaporizing. In this case, the temperature and moisture content in the layer change relatively
slowly and insignificantly, allowing us to neglect the effect of shrinkage on the processes of
heat and mass transfer, assuming εV = 0.

Transfer of the substance W is carried out by diffusion and filtration: jW = jd
W + jf

W .
The diffusion current density jd

ψ masses of the components of the bound substance (liquids
ψ = fl, vapor ψ = v, air ψ = ai) are proportional to the change in the volume component
concentration Uψ and temperature T: jd

ψ = −Dψ(∇Uψ + δT
ψ∇T), where Dψ and δT

ψ are
the diffusion and relative thermal diffusion coefficients of component ψ. The density of
molecular energy flux is proportional to the temperature change and volumetric component
concentration ψ of the transferred substance: jd = −λ∇T + ∑

ψ
hψjd

ψ, where hψ—specific

enthalpy of component ψ. Terms that take into account the cross effects of heat and mass
transfer can be neglected [26]. Densities of the filtration flow of components of the bound
substances are presented as follows: jf

fl = Uflwfl, jf
v = Uvwg, jf

ai = Uaiwg, where wfl and
wg are vector sums of the linear velocity wl of compressed seed particles in regard to the
apparatus body and the speed of the filtration transfer of liquid, wfl, or gas, wg, phases.

Under the specified conditions of heat supply, the mathematical model of heat and
mass transfer and phase transformation in the humidification and frying of a dispersed
layer of compressed seed in each vat is described by the following Equations (2) to (5):

cef

(
∂T
∂t

+
∂(wef rT)

∂r
+

∂(wef yT)
∂y

)
=

1
r

∂

∂r

(
λefr

∂T
∂r

)
+

∂

∂y

(
λef

∂T
∂y

)
± LIV (2)

∂Ufl
∂t

+
∂(wfl rUfl)

∂r
+

∂(wfl yUfl)

∂y
=

1
r

∂

∂r

(
Dflr

∂Ufl
∂r

)
+

∂

∂y

(
Dfl

∂Ufl
∂y

)
± IV (3)

∂Uv

∂t
+

∂(wg rUv)

∂r
+

∂(wg yUv)

∂y
=

1
r

∂

∂r

(
Dvr

∂Uv

∂r

)
+

∂

∂y

(
Dv

∂Uv

∂y

)
∓ IV (4)

∂Uai

∂t
+

∂(wg rUai)

∂r
+

∂(wg yUai)

∂y
=

1
r

∂

∂r

(
Dair

∂Uai

∂r

)
+

∂

∂y

(
Dai

∂Uai

∂y

)
(5)
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The effective ranges of volume-specific heat capacity cef and heat conduction λef of the
compressed seed layer are calculated in the process of wet–heat treatment due to the ratio:
cef = cbρbΨb + cflUfl + cvUv + caiUai, λef = λbΨb + λflUfl/ρfl + λvUv/ρv + λaiUai/ρai,
where cb, cfl, cv, cai and λb, λfl, λv, λai—mass-specific heat capacity and thermal conductivity
of dry greasy substance, liquid, vapor, and air; Ψb—volume ratio of hard and greasy phase
in dispersed layer, Ψb = (1−Π)(1− εla); L—latent heat of phase transformations; wefk—
effective velocity of components’ filtration, wef k =

[
wflk cflUfl + wgk (cvUv + caiUai)

]
/cef,

k (k = y, r). By analogy with a fluidized bed, for which the hydrodynamic characteristics are
the porosity of the fixed bed and that of the suspended bed [13], the speed of the material
and components ψ (ψ = fl, v, ai) of the bound substance in regard to the vat body in the
mathematical model depends on the correlation between the change in the dispersed layer
thickness, mixers’ speed rate [2], and the particular value of layer porosity εla.

Equation (6), obtained by N.I. Nikitenko [27], can be used to calculate the diffusion
coefficient of the liquid phase Dfl,

Dfl = γDfl

[
exp

(
AD
RuT

)
− 1
]−1

(6)

Equation (7) shows the vapor and air diffusion coefficients [13,28]:

Dv = Dai = γDv
T3/2

Pg
(7)

where γDfl and γDv are diffusion coefficients considering the transfer of the substance in
the capillaries of particles and transport pores of the layer; AD is the activation energy of
the diffusion process; Ru is the universal gas constant; Pg is the pressure of the gas phase in
the porous body.

It should be noted that Equation (6) for Dfl transforms into the Arrhenius equation
in limit conditions (if AD/(RuT) >> 1) for solids and into the Einstein equation (if
AD/(RuT) << 1) for liquid media.

Darcy’s equation represents the filtration rates of liquid and gas: wψ = −K0Kψ/ηψ∇Pψ
(ψ = fl, g), where K0 is the total permeability of the medium, Kψ is the relative permeability,
and ηψ is the dynamic viscosity coefficient. Pressures Pfl and Pg are calculated through
the required functions Ufl, Uv, Uai and T: the volume ratio of the liquid phase in the
porous body Ψfl = Ufl/ρfl, gas mixture Ψg = 1 − Ψb − Ψfl; partial density of vapor and air
ρv = Uv/Ψg and ρai = Uai/Ψg; partial pressures Pv = ρvRuT/µv and Pai = ρaiRuT/µai, where
µv and µai are the molar masses of vapor and air. Thus, gas phase pressure Pg = Pv + Pai,
and liquid phase pressure Pfl = Pg + Pcap, where capillary pressure Pcap is as the average
capillary pressure of the liquid in the body pores [29] (Equation (8)):

Pcap = 2σ(T)
rmax∫

rmin

θ

r
f (r)dr/

rmax∫
rmin

θ f (r)dr =
2σ(T)

r∗ (8)

where rmin, rmax—minimum and maximum pore radius; r*—characteristic parameter
of pore size dispersion, rmin < r* < rmax; f (r)—differential function of pore distribution
according to size; θ(r,t) = 1 – (1 – δ/r)2—volume ratio of the liquid in capillaries of radius r
at moment t; δ—thickness of the condensate layer.

N.I. Nikitenko [30] derived the equation δ = δ∗ δ= δ∗(1−
√

1− Pv/Ps) = δ∗ (1 −
√

1−ϕ
)

to define the equilibrium thickness of the condensate layer forming on a solid surface in a
gaseous environment with relative humidityϕ. Here, δ*—thickness of the condensate layer
in which evaporation occurs (determined by the average jump distance of the activated
particle of the layer); δ = δ/δ∗ for each layer (0 < δ < δ*) and δ = 1 for a massive layer
(δ > δ*).
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The sorption and desorption dynamics of molecules are characterized by two compet-
ing processes: the condensation of vapor molecules on the surface of the adsorbing layer,
and the evaporation of liquid molecules located next to the free surface of the condensed
layer that reached the activation energy. N.I. Nikitenko [30] obtained Equation (9) for the
intensity of the phase transformation on the outer surface of the liquid layer:

I = γc

{
ϕb

(
exp

[
A

Ru T|ν=0

]
− 1
)−1
−ϕe.m.

(
exp

[
A

RuTe.m.

]
− 1
)−1

}
, γc =

ερflδ∗
4

, (9)

This equation was used to calculate the intensity of phase transformation on the
outer surface of the liquid layer of the compressed castor seed. Here, γc—coefficient of
surface evaporation; ε—emission coefficient; A—activation energy; ϕb—humidity of the
body, which, due to the sorption isotherm, is equal to the humidity of the vapor and gas
mixture and correlates with the liquid concentration Ufl in this point of the porous body;
ν—standard boundary surface; Te.m. and ϕe.m.—temperature and relative humidity of the
environment.

The term member within the curly brackets in Equation (9) shows the intensity of the
evaporation rate, while the second represents the intensity of the sorbent condensation. If
the first term is higher than the second one, liquid desorption is considered; otherwise, the
adsorption process takes place.

N.I. Nikitenko [30] used equation Ps = NP
√

T[exp(A/RuT)− 1]−1 to calculate the
saturation pressure Ps; if NP = const., it shows good correlation with tabulated data. In the
temperature range 0≤ T ≤ 100 ◦C, where NP = 0.4361× 1010 kg/(m·s2·K0.5), the maximum
error of calculation deviation from the tabulated data Ps is 3.4%.

The specific intensity of phase transformation in the compressed seed layer is de-
fined by Equation (10), which follows from Equation (9) under the condition of local
thermodynamic equilibrium of the contacting phases:

IV = γV

[
exp

(
A

RuT

)
− 1
]−1

(ϕb −ϕ), (10)

where γV—coefficient of volumetric evaporation, and γV= γcS, ϕ—relative humidity of
vapor and gas mixture in the pores of the porous layer. To determine the contact surface
area S of the liquid and gas phases in the partially filled pores of a unit volume of the
porous body [26,28], the following Equation (11) is used:

S =
2
√

1−ϕb
ρflδ∗

∂Ufl
∂ϕb

. (11)

The derivative ∂Ufl/∂ϕb is determined from the desorption isotherm equation. Data [30]
on the equilibrium humidity of compressed seed raw material Weq are quite well approxi-
mated by the equation Weq = 20.3ϕb

3 − 3.2ϕb
2 + 3.03. Transition to volume density was

carried out due to the equation Ufl = 0.01 Wρb.

2.2. Single-Value Condition

It is necessary to set the initial and boundary conditions to solve the system of
Equations (2)–(5). At the beginning of the humidification process of compressed cas-
tor seed, the temperature T(r,y,0) and concentration of the bound substance components
Ufl(r,y,0), Uv(r,y,0), Uai(r,y,0) are assumed to be the same at all points of the dispersed layer.
Initial values of the required functions in each following vat of the brazier are expected to
be equal to their average values after compressed seed processing in the previous vat.

Boundary conditions of heat and mass transfer are set for each surface of the computa-
tional domain (Figure 2), bound by the lower and side walls of the vat, the surface of the
turbine agitator shaft, and the layer of vapor and gas mixture.
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Expression (14) is obtained from [26,29] considering the following conditions: when
the system enters the equilibrium state t→∞, parameters ρv = ρva.m., T|y=H = Te.m..

On the boundary, 0 ≤ y ≤ H, r = 0, of the computational domain, the conditions for
the symmetry of the field of the desired functions are set, as in Equation (16):

∂T
∂r

∣∣∣∣
r=0

= 0;
∂Ufl
∂r

∣∣∣∣
r=0

= 0;
∂Uv

∂r

∣∣∣∣
r=0

= 0;
∂Uai

∂r

∣∣∣∣
r=0
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∂wflr

∂r

∣∣∣∣
r=0

= 0;
∂wgr

∂r

∣∣∣∣
r=0

= 0. (16)

On the right (0 ≤ y ≤ H, r = R) and lower (y = 0, 0 ≤ r ≤ R) boundaries that are in
contact with the heated surfaces of vats, heat transfer conditions of the fourth kind are set,
and mass transfer is absent, as in Equations (17) and (18):

λwall
∂T1

∂δwall

∣∣∣∣
r=R

= λef
∂T
∂r

∣∣∣∣
r=R

; T1|r=R = T|r=R + ∆T;
∂Ufl
∂r

∣∣∣∣
r=R

= 0;
∂Uv

∂r

∣∣∣∣
r=R

= 0;
∂Uai

∂r

∣∣∣∣
r=R

= 0; (17)

λwall
∂Twall
∂δwall

∣∣∣∣
y=0

= λef
∂T
∂y

∣∣∣∣
y=0

; Twall|y=0 = T|y=0 + ∆T;
∂Ufl
∂y

∣∣∣∣
y=0

= 0;
∂Uv

∂y

∣∣∣∣
y=0

= 0;
∂Uai

∂y

∣∣∣∣
y=0

= 0. (18)

Temperature difference ∆T between the wall and compressed seed occurs due to the
vapor and gas layer formation as a result of turbine mixer operation to prevent material
overheating, ∆T = qinδin/λg in, where δin/λg—thermal resistance of the interlayer, qin—
heat transfer density through the interlayer.
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2.3. Numerical Method of Solution

The system of differential Equations (2)–(5) is essentially non-linear. Its implemen-
tation is possible only using a numerical method. Equations (2)–(5) contain diffuse and
convective terms, and to solve them, implicit difference schemes are usually used. Their
main advantage is the stability of the obtained solution; however, the complexity of solving
even one-dimensional linear differential equations is a significant disadvantage. Based
on the method of combining difference schemes, N.I. Nikitenko [26] obtained an explicit
three-layer recalculation difference scheme consisting of a combination of explicit and
implicit schemes, multiplied by weight factors and added up. The most famous scheme for
solving differential equations of the parabolic type is the absolutely stable Crank–Nicolson
scheme. The indicated explicit three-layer recalculation difference scheme was developed
to solve convective transfer equations by combining difference transfer equations in the
explicit form for time layer tn and in the implicit form for time layers tn-1 and tn-2, respec-
tively, and for the splitting procedure [26]. This scheme is characterized by the simplicity
of explicit schemes and, as with the known implicit schemes, it allows the selection of the
steps of the difference grid arbitrarily. In cylindrical coordinates on proportional difference
mesh ri = (i – 1) h, (i = 1,. . . , IK; h = const), ym = (m – 1) hy, (m = 1,. . . , MK; hy = const),
tn = nl (n = 0,1,. . . , l > 0), where h, hy and l are steps of the difference mesh, each differential
equation is approximated by two finite difference equations: the first takes into account the
change in the required function as a result of filtration substance transfer, and the second
one considers the change due to diffusion, filtration, and phase transformations. The energy
transfer Equation (2), in accordance with the mentioned scheme, is presented in the form of
Equations (19) and (20):

Tn+1
i,m −Tn

i,m
l = −

[(
(wefrT)n

i+1,m − (wefrT)n
i,m
)
−
(
(wefrT)n

i,m − (wefrT)n
i−1,m

)]
/
(
2h2)

−
[(

(wefyT)n
i,m+1 − (wefyT)n

i,m

)
−
(
(wefyT)n

i,m − (wefyT)n
i,m−1

)]
/
(

2h2
y

)
,

(19)

(1 + ΩT)
Tn+1

i,m −Tn+1
i,m

l −ΩT
Tn

i,m−Tn−1
i,m

l = −
[(

(wefrT)n+1
i+1,m − (wefrT)n+1

i,m

)
−(

(wefrT)n+1
i,m − (wefrT)n+1

i−1,m

)]
/
(
2h2)− [((wefyT)n+1

i,m+1 − (wefyT)n+1
i,m

)
−
(
(wefyT)n+1

i,m − (wefyT)n+1
i,m−1

)]
/
(

2h2
y

)
+ 1

cef

{
1

2ri,m
[(λefi+1,mri+1,m + λefi,mri,m)

(
Tn+1

i+1,m − Tn+1
i,m

)
−(λefi,mri,m + λefi−1,mri−1,m)

(
Tn+1

i,m − Tn+1
i−1,m

)]
/h2 +

[
(λefi,m+1 + λefi,m)

(
Tn+1

i,m+1 − Tn+1
i,m

)
−

(λefi,m + λefi,m−1)
(

Tn+1
i,m − Tn+1

i,m−1

)]
/
(

2h2
y

)
− IV

}
(20)

Difference approximations of Equations (3)–(5) are written similarly. The weight
parameter ΩT removes the time restrictions in one step, ΩT ≥ 0. The approximation error
has the order l + h2 + h2

y. The necessary condition for the stability of the finite difference
equation, obtained based on the method of the conditional task of some required functions
of the system [26], is presented in Equation (21):

l ≤


(

w r

h
+

w y

hy

)−1
;

(1 + 2Ω)

2ν
(

h−2 + h−2
y

)
 (21)

where wr and wy stand for wef k, wfl k, wg k (k = r, y); parameter ν is equal to λef/cef, Dfl, Dv,
and Dai for Equations (2)–(5). The calculated time step for solving the equation system
(2)–(5) is chosen from the condition l ≤ min(lT ; lfl; lv; lai). After an arbitrary choice of steps
of the difference mesh, h, hy are defined according to (21) by [26] ΩT, Ωfl, Ωv, Ωai.
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To calculate the temperature at the nodal points (i, 1) at the boundary y = 0, 0 ≤ r ≤ R of
the computational domain (Figure 2), instead of Equation (20), the difference approximation
is used, including the thermal resistance of the vapor and gas interlayer between the bottom
and the wet layer, as in Equation (22):

(1 + ΩT)
T̃n+1

i,1 −Tn+1
i,1

l −ΩT
Tn

i,1−Tn−1
i,1

l = −
[(

(wefrT)n+1
i+1,1 − (wefrT)n+1

i,1

)
−
(
(wefrT)n+1

i,1 − (wefrT)n+1
i−1,1

)]
/
(
2h2)

−
[(

(wefyT)n+1
i,2 − (wefyT)n+1

i,1

)
−
(
(wefyT)n+1

i,1 − (wefyT)n+1
i,2

)]
/
(

2h2
y

)
+ 1

cef

{
1

2ri,1
[(λefi+1,1ri+1,1 + λefi,1ri,1)

(
Tn+1

i+1,1 − Tn+1
i,1

)
− 1

hy/λef i,1+δil/λg il

(
Tn+1

i,1 − Tn+1
wa

)]
/
(
hy + δil

)
− IV

}
−(λefi,1ri,1 + λefi−1,1ri−1,1)

(
Tn+1

i,1 − Tn+1
i−1,1

)]
/h2 +

[
(λefi,2+λef i,1)

2hy

(
Tn+1

i,2 − Tn+1
i,1

)
− 1

hy/λef i,1+δil/λg il

(
Tn+1

i,1 − Tn+1
wa

)]
/
(
hy + δil

)
− IV

}
(22)

The difference equation for the nodal points (I, m) is written similarly to (22).
As a result of system solution (2)–(5), the ranges of temperatures, pressures, and

filtration rates, and volumetric concentrations of the liquid, vapor, and air phases in the
dispersed layer, are found. Real concentrations of components Utrue

fl , Utrue
v , and Utrue

ai ,
associated with the compressed seed particles, are calculated from the ratio:

Utrue
fl = Ufl(1− εla), Utrue

v = (Uv + ρvεla), Utrue
ai = (Uai + ρaiεla). (23)

2.4. Approbation

According to the technological regulations, presented in [2], inactivation of the enzyme
system of compressed castor seed starts in a screw inactivator by exposure to saturated
vapor for 30–40 s; at the same time, the raw material humidity increases to 9–10% and
its temperature rises to 80–83 ◦C. In the first heating vat of the brazier, the raw material
is additionally humidified to the wet content of 13–13.5% and heated to 85 ◦C. In the
following vat, heated and humidified compressed seed is subjected to fry-heat treatment
with its gradual heating to the temperature of 100–105 ◦C, self-vaporizing, and dehydration
to wet content of 5–6%.

Based on the developed mathematical model and numerical method, we conducted
the calculation of the dynamics and kinetics of the humidification and frying of the
compressed castor seed in an experimental seven-vat brazier. Productivity of the bra-
zier was 625 kg/h. The inner diameter of each vat was 1 m, and its estimated capacity
was 95 kg; the thickness of the hollow bottoms was 0.01 m. The height of the com-
pressed seed layer in the heating vat in stationary state was h = 0.21 m; the effective layer
thickness during mixer rotation was H = 0.5 m. Accordingly, the porosity of the layer
was εla = 1 − h/H = 0.6. Physical properties of the solid fatty phase of castor seed [31]:
cb = 1.915 kJ/(kg·K); λb = 0.15 W/(m·K); ρb = 1025 kg/m−3, Π = 0.385. Activation energy
A = AD = 0.4205 × 108 J/kmol. Diffusion coefficients were determined from the solution of
the inverse problem: γDfl = 0.125 × 10−9 m2/s; γDv = 0.34 × 10−5 m2/s.

The problem was solved with initial data presented in Table 1.
The time for the processing of compressed castor seed in each heating vat is approxi-

mately 514 s. This was established from the duration of the castor seed moisturizing in the
first vat and the duration of its complete roasting in a batch laboratory two-vat brazier with
the same geometrical characteristics of the heating vats. When roasting castor seed in the sec-
ond vat, its moisture content was determined [32] at time intervals ∆t = 514 s based on the
material balance equation: G(W0 −W) = Vdr.ai(d − d0). Here, G is the consumption of dry
fatty matter of the castor plant, kg/s; Vdr.ai is the consumption of dry air in contact with the
castor plant, kg/s; W0, W are the initial and current average moisture content of the material
for the time interval ∆t, kg/kg of dry material; d0 and d are the initial and current moisture
content of wet air during time ∆t, in kg/kg of dry air. According to the known initial
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moisture content of castor seed of W0 = 9.5% and the weight of wet castor seed in the first
vat (90 kg), the weight of the liquid was found to be mfl0 = 90·0.095 = 8.55 kg and the weight
of the dry fatty material was mb = 81.45 kg. Dry air mass flow Vdr.ai = Vai0/(1 + d0·0.001),
where Vai0, as the flow rate of exhausted moist air, was determined by a flow meter.
Current air moisture content d1 = 622 Pv a.m./(Pa.m. − Pv a.m.) was calculated based on the
readings of the psychrometer, which recorded the temperature and relative humidity of
air removed from the vat. Then, the current moisture content of the castor seed was
W = W0 − Vdr.ai(d − d0)/G. In the first time interval ∆t, the initial moisture content was
W0 = 13.5%. The values of W at the end of six identical time intervals ∆t were 11.76, 9.6, 8.1,
7.1, 6.5, 6%.

Table 1. Initial data for the compressed castor seed and the environment.

Humidification Frying

Initial compressed seed parameters: Initial compressed seed parameters:

T0 = 80 ◦C; T0 = 85 ◦C;

W0 = 9.5%; W0 = 13.5%;

Ul0 = 48.7 kg/m−3; Parameters of vapor and gas mixture:

Wet saturated vapor: Ta.m. = 75 ◦C;

Ta.m. = 101 ◦C; Pa.m. = 0.1 MPa;

ϕa.m. = 1; Pv a.m. = 2.5 kPa;

Heating vapor, supplied to the bottom
of the kettle:

Heating vapor, supplied to the bottom
of the vat:

Ph..v = 0.5 MPa; Ph..v = 0.5 MPa;

Th..v = 151.8 ◦C. Th..v = 151.8 ◦C.

A spatial grid along with the thickness H and radius R (Figure 2) was built in eight
spaces so that the space along the thickness was hy = H/8 and the radius h = R/8. Thus,
there were IK = MK = 9 nodal points at each coordinate.

The results of the numerical simulation were obtained using computer programs
created in the FORTRAN algorithmic language.

3. Results

Figure 3 shows the average humidity and temperature of the compressed seed during
the whole cycle of wet–heat treatment in the seven-vat brazier. The results were obtained
by mathematical modeling and calculation [32] of discrete values of average compressed
seed humidity after each vat using the balance method. Curves of humidity change are
characterized by the moments of constant and the decreasing speed that corresponds to the
actual process. In the humidification process, the average compressed seed temperature
increases as a result of its contact with hot vat surfaces, wet saturated vapor, and the release
of the heat of adsorption. In the frying process, the temperature significantly increases
during each pouring into the following vat due to an increase in separate particles of the
dispersed layer falling into the contact zone with vat surfaces. Moreover, the compressed
seed temperature in the second and third vats slightly decreases at first due to the intensive
evaporation of water from the layers that are in contact with the heating surfaces, and then
the temperature increases as a result of partial vapor condensation on the raw material
particles remote from the heat exchange surfaces.

Gradual equalization of the average temperature of all particles of dispersed layers of
compressed seed occurs in the subsequent vats without any vapor condensation. During
the heating of the dispersed layer in each vat, the average temperature of the material
slightly decreases as a result of the evaporation and direct release of the resulting vapor
from the brazier into the environment.



Agriculture 2022, 12, 1356 12 of 17

Agriculture 2022, 12, x FOR PEER REVIEW 12 of 17 
 

 

humidity of air removed from the vat. Then, the current moisture content of the castor 
seed was W = W0 − Vdr.ai(d − d0)/G. In the first time interval Δt, the initial moisture content 
was W0 = 13.5%. The values of W at the end of six identical time intervals Δt were 11.76, 
9.6, 8.1, 7.1, 6.5, 6%. 

A spatial grid along with the thickness Н and radius R (Figure 2) was built in eight 
spaces so that the space along the thickness was hy = Н/8 and the radius h = R/8. Thus, 
there were ІК = МК = 9 nodal points at each coordinate. 

The results of the numerical simulation were obtained using computer programs cre-
ated in the FORTRAN algorithmic language. 

3. Results 
Figure 3 shows the average humidity and temperature of the compressed seed dur-

ing the whole cycle of wet–heat treatment in the seven-vat brazier. The results were ob-
tained by mathematical modeling and calculation [32] of discrete values of average com-
pressed seed humidity after each vat using the balance method. Curves of humidity 
change are characterized by the moments of constant and the decreasing speed that cor-
responds to the actual process. In the humidification process, the average compressed 
seed temperature increases as a result of its contact with hot vat surfaces, wet saturated 
vapor, and the release of the heat of adsorption. In the frying process, the temperature 
significantly increases during each pouring into the following vat due to an increase in 
separate particles of the dispersed layer falling into the contact zone with vat surfaces. 
Moreover, the compressed seed temperature in the second and third vats slightly de-
creases at first due to the intensive evaporation of water from the layers that are in contact 
with the heating surfaces, and then the temperature increases as a result of partial vapor 
condensation on the raw material particles remote from the heat exchange surfaces. 

 
Figure 3. Change in average values of humidity and temperature of compressed castor seed in time 
in the process of wet–heat treatment in a seven-vat brazier, obtained by mathematical model (lines) 
and balance calculations (dots). 

Gradual equalization of the average temperature of all particles of dispersed layers 
of compressed seed occurs in the subsequent vats without any vapor condensation. Dur-
ing the heating of the dispersed layer in each vat, the average temperature of the material 
slightly decreases as a result of the evaporation and direct release of the resulting vapor 
from the brazier into the environment. 

The average humidity of the compressed seed of the castor plant at the end of each 
frying process, obtained by numerical and balance calculations, agrees quite well and the 

Figure 3. Change in average values of humidity and temperature of compressed castor seed in time
in the process of wet–heat treatment in a seven-vat brazier, obtained by mathematical model (lines)
and balance calculations (dots).

The average humidity of the compressed seed of the castor plant at the end of each
frying process, obtained by numerical and balance calculations, agrees quite well and the
discrepancy does not exceed 7%, which indicates the adequacy of the mathematical model
and the effectiveness of the numerical method of calculation.

Areas of local temperature values and humidity concentration over the volume of the
dispersed compressed seed layer in each vat under the appropriate physical and geometric
conditions of uniqueness can be significantly uneven. The results of numerical dynamic
modeling of heat and mass transfer in the process of wet and heat transfer of the compressed
castor seed improve this result. Figure 4 shows the change in the local values of the liquid
volume concentration along the height of the dispersed layer of the compressed castor seed
when it is treated with wet vapor at different points in time. It represents the central section
along the radius of the first vat.
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Figure 4. Dynamics of liquid volume concentration Ufl change along the height H of the oil dispersed
layer at nodal points m (MK = 9) in the cross-section along the radius r = R/2 (i = 5) humidified
in the first vat: 1—t = 0 min, 2—t = 1 min, 3—t = 2 min, 4—t = 3 min, 5—t = 4 min, 6—t = 5 min,
7—t = 6 min, 8—t = 7 min, 9—t = 8 min, 10—t = 8.57 min.
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Saturated vapor is supplied to the first vat and it begins to condense on the outer
surfaces of the compressed seed dispersed layer located next to the boundary y = H (M = 9),
sharply increasing the concentration of the liquid phase in the boundary layers. Then, the
vapor, moving along the transport pores, condenses on the particles located further and
further from the outer surface. The condensate moves deep into the layer by diffusion and
filtration through the transport pores and capillaries of the particles.

Figures 5 and 6 show curves of changes in the liquid volume concentration Ufl and
temperature change T along the thickness of the oil layer H at each stage of the frying
process; particular sections are shown along the vat radius at the time of 8 min, providing
an average section of r = R/2 and the section next to the hot side surface r = R.
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Figure 6. Temperature change T of compressed castor seed in the frying process along the layer
height in sections r = R/2 (a) and r = R (b) in each vat at 8 min.

The time point of 8 min corresponds to almost the end of the frying process of the
compressed seed in each vat. During the period of drying rate decreasing, the concentration
of the liquid phase on the surface of the material that is in contact with the outside gas
environment is equal to its equilibrium value [27].

Thus, the volume concentration of the liquid Ufl at nodal point 9 corresponds to the
equilibrium value at the given temperature Ta.m. and relative humidity ϕa.m. of the gas
environment in vats. When the compressed seed is in contact with the hot bottoms of the
vats (M = 1), its intense dehydration occurs and Ufl decreases faster than at the inner points.
The formed vapor passes through the dispersed layer, partially condensing, and increases
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the concentration Ufl of the colder middle interlayers. In each following vat, Ufl is lower
than in the previous one.

The maximum temperature of the oil raw material is reached in the areas of its contact
with the side heating surfaces of vats (b). It exceeds the temperature of the compressed
seed at the bottoms of the vats (M = 1) since the blades of the turbine agitator create a gas
interlayer between the wet layer and the bottom and prevent thus longer contact with the
hot surface.

Thermal resistance of the compressed seed contact with side surfaces of vats will be
lower due to the centrifugal force created by the turbine that directs particles located at the
bottom in the radial direction, where they reach the side surface as they move upwards.
The area next to the side vats’ surface is the most critical in terms of retaining the beneficial
properties of castor oil.

Depending on the scale of oil production, it is advisable to use devices for the wet–
heat processing of oil raw materials with optimal productivity. The productivity of the
multi-stage heating kettle can be adjusted by changing the geometric parameters of the vat.
The developed mathematical model allows us to describe the roasting process in cylindrical
configuration devices of any size, specifying them when building a difference grid. Figure 7
presents the results of mathematical modeling of the kinetics of wet–heat treatment of
compressed castor seed in a seven-stage heating kettle, with the vat diameter of 1.58 m,
using other initial data as in the previous calculation.
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Figure 7. Change in average temperature and moisture content of compressed castor seed in a
seven-stage heating kettle with vat bottom diameter of 1.58 m.

The final moisture content of the compressed castor seed, which corresponds to the
technological regulation, is reached after 90 min, and the duration of compressed seed
processing in each vat is increased by 13 min.

It is known that the main parameter that allows the intensification of the process of
moist porous systems’ dehydration is the temperature [5] of the heat carrier or that of the
heat exchange surface. However, the use of this measure when modifying the process of
frying oil-containing raw materials is not advisable since the temperature of compressed
castor seed particles in contact with the hot side surface of vats can significantly exceed the
maximum permissible temperature of 115 ◦C.

4. Discussion

The development of modes of moisture–thermal treatment of crushed oilseeds involves
a detailed study of the physical processes occurring in the material. This is possible by
using mathematical modeling. It should be noted that there is no unified phenomenological
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approach to the mathematical modeling of drying, adsorption, and two-phase filtration
processes in porous systems so far. The models differ in the number of equations simulating
the temperature state of the material and moisture transfer, as well as in the method of
determination of the intensity function of phase transformations of liquid and vapor at the
internal points of the porous body. The most common methods use the phase transition
coefficient [12–15] or the mass transfer equation of the liquid phase [17–25], which require
the moisture content function, the correct determination of which, without knowing the
intensity of the phase transition, is somewhat problematic.

The molecular radiation theory of heat and mass transfer [26,27,29] enabled equations
to be obtained for the intensity of phase transformations on the external and internal
surfaces of a capillary–porous body and for the diffusion coefficient of a liquid, which
take into account the activation nature of these processes. The function for the contact
surface area of the liquid and vapor phases in pores incompletely filled with liquid allowed
the inclusion of the influence of body moisture on the intensity of phase transformations
during drying and adsorption. The equation for equilibrium vapor pressure enabled the
determination of the dynamics of changes in the relative humidity of vapor in the pores of
the body.

The applied numerical method allowed the joint solution of the system of
Equations (2)–(5) under boundary conditions (12)–(18), considering the mutual
influence of heat and mass transfer processes.

The creation of any industrial technology has an accepted scheme: conducting research
accompanying the technology (physical or mathematical modeling); approbation of the
technology in industrial conditions; and clarification of constitutive parameters based on
which the mathematical model or the results of experimental research obtained in the lab
are processed.

5. Conclusions

A general mathematical model and numerical method for the calculation of the dynam-
ics and kinetics of heat and mass transfer, and phase transformations, during the wet–heat
treatment of raw oil material in a continuous multi-vat brazier were developed. This allows
us to define the temperature range, volume concentrations, and partial pressure of the
liquid, vapor, and air phases in the dispersed layer, but also the time of humidification and
drying. Verification of the results for the compressed seed of the castor plant confirmed
the adequacy of the mathematical model and the effectiveness of the numerical method.
This testifies to the possibility of their application in the determination of necessary regime
parameters, which allow the temperature and humidity indicators for ground oilseeds
required by the wet–heat treatment regulations to be reached while taking into account the
design characteristics of the brazier.
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