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Abstract: The time-delayed displacement feedback control is provided to restrain the superharmonic
and subharmonic response of the elastic support beams. The nonlinear equations of the controlled
elastic beam are obtained with the help of the Euler-Bernoulli beam principle and time-delayed
feedback control strategy. Based on Galerkin method, the discrete nonlinear time-delayed equations
are derived. Using the multiscale method, the first-order approximate solutions and stability
conditions of three superharmonic and 1/3 subharmonic resonance response on controlled beams are
derived. The influence of time-delayed parameters and control gain are obtained. The results show
that the time-delayed displacement feedback control can effectively suppress the superharmonic
and subharmonic resonance response. Selecting reasonably the time-delayed quantity and control
gain can avoid the resonance region and unstable multi-solutions and improve the efficiency of the
vibration control. Furthermore, with the purpose of suppressing the amplitude peak and governing
the resonance stability, appropriate feedback gain and time delay are derived.

Keywords: piezoelectric elastic beam; time-delayed feedback; superharmonic response; subharmonic
response

1. Introduction

The elastic beams have wide application in many engineering fields. Therefore, it is important to
investigate the vibration problem of the elastic beams. As a very important topic in structural dynamics,
the dynamics problem of the elastic beam is of practical importance in civil engineering [1-3]. At the
same time, the vibration control problem of flexible structures has also received extensive attention.
Different vibration control strategies are used to study vortex-induced vibrations of a bridge deck [4-6],
building structure [7-12], and other structures [13-15]. It is worth mentioning that scholars have
carried out much research on piezoelectric-based vibration control [16-26].

As a control strategy, the time-delayed feedback control technology, along with the rapid
development of control theory [27-29], sensor testing technology, and computer technology, has
attracted widespread attention and practical application in the field of aerospace engineering [30],
vehicles engineering [31], mechanical engineering [32] , civil engineering [33], etc. Delay feedback
control can improve the stability of the controlled system. Based on the time-delayed displacement
feedback, the time-delayed velocity feedback and the time-delayed acceleration feedback control
strategy, the vibration absorber has excellent effectiveness to suppress the vibration of the system.
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In the past few years, the time-delayed feedback control technology has received much attention.
An optimal control method for seismic-excited building structures with multiple time delays is
investigated [34]. The time delay may be used to improve the system stability [35,36]. The delayed
position-feedback technique is used to reduce the payload pendulations [37]. Dagaq et al. [38] presented
a comprehensive investigation of the effect of feedback delays on the non-linear vibrations of a
piezoelectrically-actuated cantilever beam. Qian and Tang [39] studied the time delay control and
presented that it can achieve good control performance of a dynamic beam structure system. Xu and
Pu [40] investigated the bifurcations due to time delay in the feedback control system with excitation.
Kalmar-Nagy, Stepan, and Moon [41] studied the existence of a subcritical Hopf bifurcation in the
delay-differential equation model of the so-called regenerative machine tool vibration. Peng et al. [42]
investigated the stability and bifurcation of an SDOFsystem with time-delayed feedback. Li et al. [43]
investigated the nonlinear dynamics of a Duffing—van der Pol oscillator under linear-plus-nonlinear
state feedback control with a time delay. Kammer and Olgac [29] conceived of a concept study
that explores new directions to enhance the performance of such energy-harvesting devices from
base excitation. Jin and Hu [44] investigated the stabilization of traffic flow in an optimal velocity
model via delayed-feedback control. Omidi and Mahmoodi [45,46] investigated nonlinear vibration
suppression of flexible structures using the nonlinear modified positive position feedback approach.
El-Ganaini et al. [47] investigated the positive position feedback (PPF) controller for suppression of
nonlinear system vibration. Warminski et al. [48] selected control algorithms for active suppression
of nonlinear composite beam vibrations. Belhaq et al. [49,50] investigated energy harvesting in
a Mathieu—van der Pol-Duffing MEMS device using time delay and quasi-periodic vibrations in
a delayed van der Pol oscillator with time-periodic delay amplitude. Ji et al. [51-53] presented
modeling and tuning for a time-delayed vibration absorber with friction and investigated sub-harmonic
resonances and periodic and chaotic motion of a time-delayed nonlinear system.

These results show that the new control method (time-delayed feedback control) makes the system
more stable and improves the control performance. Therefore, in this paper, adopting the time-delayed
displacement feedback control strategy, the piezoelectric coupling elastic beam is controlled in order to
study its superharmonic resonance and subharmonic resonance response. Based on the established
delay dynamic system, we obtained the first-order resonance response approximate solution and
analyzed the influence of the control gain and the time delay values on the two resonant responses.
We organize the rest of the paper as follows: In Section 2, we present a mathematical formulation of
the problem. In Section 3 and Section 4, the three superharmonic resonance and 1/3 subharmonic
resonance are respectively discussed by using the method of multiple scales. A short summary of the
results is presented in Section 5.

2. Equations of Motion

The mathematical model for the cantilever is based on the nonlinear Euler-Bernoulli beam
theory.The partial-differential equation of planar motion and that associated with an external excited
elastic beam are as follows [54]:

1

mii + cv — EAp(t)v" + EV"" + kvé(x — 1) — %v”/ v2dx = q(x,t) + Fy(x) cos O, 1)
0

v(0,t) = 0,v/(0,t) = 0,v"(I,t) = 0, EIV""(I,t) + kv(I,t) = 0, )

where m is the linear density; c is the coefficient of linear viscous damping per unit length; v denotes
the displacement component along the y-axis; the primes and overdots indicate the derivatives with
respect to the arc length x and time f, respectively; E is Young’s modulus of elasticity; A is the
cross-sectional area; I is the moment of inertia about the neutral axis of the beam; / is the length of the
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beam; and p(t) is the axial force; The distributed load g(x, t) of the piezoelectric actuator (see Figure 1),
is given by:

0°M
)= Ga )
where M is a uniformly-distributed bending moment expressed as:
3bdds E,EIV,(t)
= H . _ H B . 4
3ET + 6bEatad? + 2bE, 31— X)) ~Hx =) 4)

where b and t, are the width and thickness of the piezoelectric actuator, respectively; ds; is a
piezoelectric constant; E, is the actuator Young’s modulus; t, is the thickness of the beam; V,(t)
is the control voltage; H(x) is the Heaviside step function; and xj and x; are the starting and ending
coordinates of the piezoelectric strip.
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Figure 1. The theory model of the controlled beams.

In this paper, the time delayed feedback control is used to suppress the large vibration of the
beam. The block diagram is shown in Figure 2.
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___________________________________________________

Figure 2. A block diagram of the time-delayed feedback control.

We derive a reduced-model for the system under consideration by using the Galerkin procedure
in the form:

N

e

N
I
—

¢i(x)qi(t), ©)

where the g;(t) are generalized temporal coordinates and the ¢;(x) are the linear mode shapes of a
elastic beams and are given by:

5
¢i(x) = A; |cosdix — coshe;x — 0; <sin dix — s—l sinh sixﬂ (6)

1
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where:

6% cos §;1 + €2 cosh ¢l (r‘+g4>1/2+g2 o (r.+g4)1/2_32
(525m(51+8(55mh£l Y4 477 P4 4’

and ¢? = p(t)/EI, while r; is calculated using the following transcendental equation:

EIS; + Ele}d; + 2E1e263 cos ;1 cosh e;l + EI(g;6} — €267) sin §;l sinh e;
—k(e% + 512) sin ;I sinh ¢;1 + k(&?/el- + €;0;) cos §;l sinhe; =0 (7)

Substituting Equation (5) into Equation (1) and using the Galerkin method, we obtain the following
set of nonlinear ordinary differential equations:

Gin (1) + pndin (1) + wpgn(8) + Y i (£)4;(£) e ()
ijk=1 (8)

= M, V,(t) + fu(x)cosQt, n =1,2,...,00
where:
1
Hn = %/ rm'jk = _ZET;?Z 0 fO (P] )dde

3bdds EEI
M = Gt 0BT [qb(xl) B <P(X2)], fu=F 20 Pndx. ©)

We nondimensionalize Equation (8) and obtain:

i (E°) + i (£) + 024, () + Z Doiieti (8)45 ()i (£7)
i,j,k=1 (10)

=MV (t")+ ficosQ't", n=1,2,..,00,
where t* = wit, 7" = wiT,q; = Qn(t)/l/wz = wy/wi, hy = pn/wr, FZijk = rnijklz/w%/ M; =
My, fii = f/wil, and OO* = O3/ w;. For convenience, remove the asterisk of the following equation.

In this article, the driving voltage of piezoelectric excitation uses the time-delayed displacement
feedback strategy, for the following form:

Z i (X3)qm (t — T), (11)

where k, is control gain and 7 is time delay. Substituting V,(t) into Equation (10), we obtain:

in(t) + pnn(t) + wagn(t) + Y Tuijedi(Oq;(0qc(t) = — Y kanmm(t — T) + fucos Qt,  (12)
i,jk=1 m=1

where Myka¢m (x3) = kanm-
The governing equation expressed in the modal coordinate form is:

G (£) + Hnn(t) + Wign () + Tonnndy (£) = —KannGn(t — T) + fu cos Ot. (13)
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3. Superharmonic Resonance

We use the method of multiple scales [55-57] to solve three superharmonic resonance. The
adjusting parameters are as follows: p, = O(¢), [puun = O(€), kaun = O(e), fu = O(e),3Q = wp +
eo, 0 = O(1). We express the solution of Equation (13) in the form:

Qn(t/ S) - an(TO/ Tl/ ) + SqTIl(TO/ Tl/ ) + ey (14)

Substituting Equation (14) into Equation (13) and equating the coefficients of ¢’ and ¢! on both
sides, we obtain:

D3qn0 + wiguo = fu cos QTp, (15)

D(%qnl + c'-J(Z)‘inl = —2DoD1gno — #nDogno — rnnnnq%o - kunn’]no(t - T)' (16)

The general solution of Equation (15) can be written as:
gno = An(Ty) exp(iwoTp) + A exp(iQTp) + cc, (17)

wherei = V-1, A, = % fu(wi — %), and cc stands for the complex conjugate of the preceding
terms. Substituting g,,0 into Equation (16), we obtain:

Didm + win1 = — [iwo(2A} + pnAn) + 6Tpnnn AnAG + 3T nunn AL Ay
+ kann An exp(—iwoT)] exp (iwoTy) — l"nmmA?, exp(3iwTy)
+ Tnnn /Ny exp(3iQTy) + 3T pnnn A A expli(2wo + Q) Ty
+ BT nnn A% Ay expli(Q — 2w0) Ty + 3T nnn An A2 expli(wp + 2Q) Ty
+ 3rnnnnAnA%z expli(wo —2Q) To] — An[ipn Q) + 3rnnnn/\% +6I'A,A,]
exp(iQTy) — kannAy expliwo(Ty — T)] + cc.

(18)

Secular terms will be eliminated from the particular solution of Equation (18), if we let:

iwo(2AL + unAn) + 6T nnun An A 4 3T unnn A2 Ay + Tonun NS exp (ioTy)

. (19)
+kannAn exp(—iwT) = 0.

To solve Equation (19), we write A, in the polar form:

Ay = %un exp(iBn), (20)

where a,, and ; are real functions of Tj . Substituting Equation (20) into Equation (19) and separating
the result into real and imaginary parts, we have:

1 Crnnn NS

ay, = ~ o Hnelin = oo sin 7y, (21)
3L A2 3r |
anyh = Oty — "ZT; Ly B 8:5;11 ai — WCZ':) oS Y, (22)

where v, = 0T1 — Bn, Pne = Pn — kann SIn(woT) /wp and 0, = 0 — kann cos(woT) / (2wy ). Therefore, for
the first approximation:

Gn = %an cos(3Q — 1) + fu(wf — Q)" cos Ot + O(e). (23)

where a,, and vy, are defined by Equations (21) and (22).
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The steady-state motions correspond to a], = ), = 0; that is, they correspond to the solutions of:

1 Kannfn . TpnnnAS .
— S Hntn + ”;Z;O" sin(woT) = "”:}Z " siny, (24)
3rnrmn/\% 3T nnn 3 kunnan rnnnn/\%
_ S-nnnntip _ _ _ _nnnntin 2
(0 w0 ap 800 a, 200 cos(woT) wo COS Yy (25)

Squaring and adding these equations leads to the frequency-response equation:

1 K, 2 3TunnA2 3T k ?
K—Zyn + 2‘:}2 sm(wor)) + ((r_ nzz:(? no_ 821:” a’ — ZZZ;[ cos(wor)> a o
— r%”’”’ll’lAg
S
“o
Here, we study the stability of the steady-state motion , setting:
@ = a0+ an1, Yn = Yno + Ynls (27)

Substituting Equation (27) into Equations (21) and (22), expanding for small a,,; and -,,1, noting
that a,,0 and 0 satisfy Equation (24), and keeping linear terms in 4,7 and -y,;1, we obtain:

1 c] Y, G S
1 = ~gnetnt — ol — 0 = =gl T, 28)
a 1 3TununA2 9T 1
(4 )7y = (0o = =0 — Sy — et 29)

Using Equations (28) and (29), one can obtain the following eigenvalue equation:

1 3rnnmzA;21 Sannnﬂz,
—5Hne — A —an0 (Ue W ~ T 8w ¢) 0
1 3rnnmzA% T pnnn 42 1
o (UB T wo ~ TBwp anO) — o Hne — A
Expanding this determinant yields:
A2+ pwed +p =0, (30)

where:

. 3rnnnnA% . 3rnnrma%0)(ae

_ 3rnnnnA% . M vnnn 2
wo 8wy wo 8wy

1
p= Z#ie + (e 10)-

Hence, the steady-state motions are stable when y,,, > 0 and p > 0, and are otherwise unstable.

Through concrete examples, we carry out the numerical analysis and discussion of the
superharmonic resonance response of the first order modal of the controlled beam. Geometric
dimensions and material characteristic parameters of the beam and piezoelectric actuator are as follows.
Beam: [ = 99.62 x 1072 m, A = 15.36 x 10 m? E = 34.5 GPa,I = 9.8662 x 10~ m*, k = 6.872 x
10* N/m, p = 2.574 x 10~ kN, m = 4.4 kg/m.Piezoelectric actuator: d3; = —270 x 1072 m/V,E, =
108 GPa,b = 02 x 102 m,2t, = 004 x102m,d = 05x10 2 mx; = 12x10 2 m,x, =
18 x 1072 m,x3 = 80 x 1072 m. For such an elastic beam, the first four non-dimensional natural
frequencies and eigenfunctions are shown in Figure 3.
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Figure 3. The planar mode shapes and natural frequencies of the elastic beam.

In order to more intuitively display the suppression effect of the delay feedback control, Figure 4a
shows the response of the system with no control, active control, and time delay feedback control.
It shows that the time delay feedback control can achieve significant vibration suppression effects,
and the effect is better than active control. On the other hand, the delay feedback control depends on
two important parameters, the control gain and the time lag value. If the parameters are not properly
selected, the system response will increase, as shown in Figure 4b.

@ 5002

()
e ——|<7 0.010
no control active control delayed control . — -
1 k=25 © a:iZ.(i;::r?r/A { —k=0.25,x=n/4
0.001 + 0.005 +

o
0.000 ©0.000

-0.005

-0.001

-0.002 , ———1 -0010 ——

T T T T T T T T 1
0 50 100 1?0 200 250 300 100 150 2?0 250 300

Figure 4. Time history curve of the system response. (a) Time history curve under no control, active
control, and time delay feedback control; (b) increased response under time delay feedback control.

Given f; = 0.005,u; = 0.02, Figure 5 is the amplitude frequency curve of the first order modal
of the beam with different control gain and time delay, from which we can see, when k;11 = 0, the
non-control system response amplitude is larger. When k11 # 0, that is the response amplitude is
evidently suppressed by using the time-delayed displacement feedback control. In particular, when
T = 11/2,kg11 = 0.5, the peak amplitude of the response of the beam is decreased by about 53%, which
is compared with T = 71/2,k;11 = 0.25. Moreover, the curves are multivalued. The multivalued of
the response curve due to the nonlinearity has significance from the physical point of view because it
leads to jump phenomena.

Figure 6 shows the first order modal excitation-response amplitude curve of the controlled beam
in the case of different time delay T and detuning parameter ¢. We can see that as the delay time
increases, the response amplitude increases. At the same time, it also can be demonstrated by Figure 7.
Figure 7 shows the time history curve of the system response when T = 7t/4 and T = 77/2.
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Figure 5. The amplitude-frequency curve of the superharmonic resonance.
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Figure 6. The response-excitation amplitude curve of the superharmonic resonance.
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Figure 7. The time history curves of the response of the controlled beams.

4. 1/3 Subharmonic Resonance

In this section, to analyze the 1/3 subharmonic resonance of the system , we let:

O = 3wy + €0

8 of 14

(31)



Appl. Sci. 2019, 9, 1557 90f 14

To eliminate the secular terms in Equation (18), we put:

iwo (A% 4 unAn) + 6T punn An N2 + 3T upnn A2 Ay + 3T pun An A2 exp (i Ty)
+kannAn exp(—iwgT) = 0, (32)

Substituting A, = a,exp(if,)/2 into Equation (32) and separating the result into real and
imaginary parts, we have:

3r A .
ay = —pnely — %znaﬁ sin y,,, (33)
) — or ) -
any, = (Ug — 7’(’1}”()”") ay — 8’:;’:" ai — ’ZZ’; " a% COS Vi, (34)

where v, = 0Ty — Bu, pne = Hn/2 — kann sin(wot)/(2wp) and 0. = ¢ — 3kann cos(woT)/ (2wp).
Therefore, for the first approximation:

qn = %an cos[%(ﬂf — )]+ fu(wh — )~ cos Ot + O(e). (35)

The steady-state motions correspond to aj, = 1y, = 0, that is they correspond to the solutions of:

3r A
— Unely = %a% sin vy, (36)

O i A2 T M nnnn A

Squaring and adding these equations leads to the frequency-response equation:

Su+ (a0 — Heml_ S aiﬂ 2 - 81226%%“014 38)
Equation (38) shows that either a, = 0 or:
92, + <Ue B 9rnZ:,:A$l B 92,5:” a%)z B glrliyzéAi 2, (39)
which is quadratic in a2. Its solution is:
at=v+ (V¥ -0)?, (40)
where: , 2n 2
— o A} and o= b o+ (o - el ) ] , @)

We note that ¢ is always positive, and thus, nontrivial free-oscillation amplitudes occur only when
v > 0and v2 > 1. These conditions demand that:

—2u2,>0. (42)

A2 < w0 Twnmny (- 63T mwnn A
" 27T wnnn” wo ¢ 8wy

is follows that I, and o, must have the same sign.
It follows from Equation (42) that, for a given A, nontrivial solutions can exist only if:

2u2,wp 63T puun N2
Tunce 2 =G0 o 2=

(43)
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while for a given ¢, nontrivial solutions can exist only if:

1/2 1/2
‘Te_<‘72€2_63) SW‘§%+((TE—63> . (44)
Hne He 4wotne Hne He

In the Ay-0e/ pne-plane, the boundary of the region where nontrivial solutions can exist is given by:

¢ _ 63

(45)
e

63T} _ e (02 >” 2
4“]0}4116 Wne

For I'ypun > 0, Figure 8 shows the regions where the subharmonic response exists. Figures 9 and 10
show the amplitude-frequency curve and the response-excitation amplitude curve of the subharmonic
resonance of different time delay and control gain. We note that there is no jump phenomenon in
this case.

40
30+
. J
£20
<
—
3 E Nontrivial
solutions
10 4 exist here
0 v T v T v T v
0 5 10 15 20

Ge/|le

Figure 8. Regions where the subharmonic response exists.

0.03
ka11=0
] ka11=0.25,1=n/2
- = = ka11=0.5,7=n/4
~~~~ Ka11=0.5,1=n/2
0.02 4
m -
0.01+4
0.00 T T T T T T T T
0 1 2 3 4 5

Figure 9. The amplitude-frequency curve of the subharmonic resonance.

Can be seen from Figure 10, as k,1; increases, the resonance regions decrease obviously, but as T
increases, those are on the contrary. As excitation amplitude increases, the resonance curve moves
to the right, the resonance regions of the system expand, and the vibration amplitude increases.
The subharmonic resonance regions of the system are very sensitive to external excitation amplitude.
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It is worth noting that the amplitude can be effectively suppressed by adjusting the control gain k,11
and time delay.

0.03

ka11=0.5,7=n/2,6=6

0.029 k.11=0.5,:=n/4,0=3

- X

0.01 1
ka11=0.25,1=n/4,6=1.5 ka11=0.25,7=n/4,6=3
0.00 T T T
0.000 O./(\)05 0.01¢

Figure 10. The response-excitation amplitude curve of the subharmonic resonance.

5. Conclusions

In this paper, we study the control effect of time-delayed displacement feedback control on the
superharmonic and subharmonic resonance response of the elastic beam. The first-order approximate
solutions of the superharmonic and subharmonic resonance containing the control parameters are
obtained. The response curves of the external excitation amplitude f, the control gain k, and the time
delay 7 are presented. The results show that the vibration of the beam can be effectively suppressed by
using the time-delayed displacement feedback control. Adjusting the control gain and time delay can
avoid the resonance region and unstable solutions. Hence, the time-delayed displacement feedback is
an effective control strategy to control the vibration of the system.
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