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Abstract: High-efficiency permanent-magnet synchronous machine (PMSM) drive systems need not
only optimally designed motors but also efficiency-oriented control strategies. However, the existing
control strategies only focus on partial loss optimization. This paper proposes a novel analytic loss
model of PMSM in either sine-wave pulse-width modulation (SPWM) or space vector pulse width
modulation (SVPWM) which can take into account both the fundamental loss and harmonic loss.
The fundamental loss is divided into fundamental copper loss and fundamental iron loss which is
estimated by the average flux density in the stator tooth and yoke. In addition, the harmonic loss
is obtained from the Bertotti iron loss formula by the harmonic voltages of the three-phase inverter
in either SPWM or SVPWM which are calculated by double Fourier integral analysis. Based on the
analytic loss model, this paper proposes a maximum efficiency per torque (MEPT) control strategy
which can minimize the electromagnetic loss of PMSM in the whole operation range. As the loss
model of PMSM is too complicated to obtain the analytical solution of optimal loss, a golden section
method is applied to achieve the optimal operation point accurately, which can make PMSM work at
maximum efficiency. The optimized results between SPWM and SVPWM show that the MEPT in
SVPWM has a better effect on the optimization performance. Both the theory analysis and experiment
results show that the MEPT control can significantly improve the efficiency performance of the PMSM
in each operation condition with a satisfied dynamic performance.

Keywords: maximum efficiency per torque control; efficiency improvement; PMSM; fundamental
loss; harmonic loss; copper loss; iron loss; double Fourier integral analysis

1. Introduction

Compared with direct-current (DC) motors and induction motors, permanent magnet
synchronous motors (PMSMs) are preferred to power propulsion in the aviation and aerospace field
for their high efficiency and high power-to-weight ratio. The efficiency performance is particularly
important in the aviation and aerospace field since there is only limited energy. The efficiency of
PMSMs will directly be related to the safe run time, battery size and effective load capacity.

The motor losses of PMSMs consist of mechanical loss, copper loss, iron loss and stray loss.
To achieve a higher efficiency of PMSMs, the electromagnetic structure is in the optimized design to
reduce the copper loss and iron loss [1–3]. However, the high-performance PMSMs need not only
the optimal design of the electromagnetic structure but also efficiency optimization control strategies.
There are several vector control strategies for PMSMs such as id = 0 control, unity power factor (UPF)
control, maximum torque per ampere (MTPA) control, maximum speed per voltage (MSPV) control
and loss model control (LMC). The id = 0 control keeps the electromagnetic torque and q-axis current

Appl. Sci. 2016, 6, 425; doi:10.3390/app6120425 www.mdpi.com/journal/applsci

http://www.mdpi.com/journal/applsci
http://www.mdpi.com
http://www.mdpi.com/journal/applsci


Appl. Sci. 2016, 6, 425 2 of 19

in a linear relationship by keeping the d-axis current at zero [4,5]. The id = 0 control is widely used in
surface-mounted PMSMs (SPMSMs) and will not damage the permanent magnet. The id = 0 control is
the MTPA control in SPMSMs as the inductance in the d-axis is equal to that in the q-axis, and the torque
is linearly related to the q-axis current. However, id = 0 control cannot maximize the electromagnetic
torque in interior PMSMs (IPMSMs), and, therefore, MTPA control is presented to make the most
use of the reluctance torque in IPMSMs [6,7]. The MTPA control can achieve the minimum copper
loss since the least armature current is required to obtain the same electromagnetic torque. The id = 0
control and MTPA control only optimize the copper loss and will not raise the maximum efficiency
of PMSMs [8–10]. The MSPV control can minimize the winding terminal voltage and significantly
decrease the iron loss. The MSPV control just affects the iron loss and cannot acquire the minimum
loss of the PMSM. The UPF control could decrease the reactive power to zero and reduce the energy
loss between power transmissions [11,12]. However, the UPF control does not focus on the loss of
the PMSM and will not achieve the maximum efficiency in each operation condition of the PMSM.
The LMC takes into account both the copper loss and iron loss of the PMSM, and could optimize the
motor loss in the whole operation range of the PMSM [13,14]. However, the LMC only focuses on the
optimization of the fundamental loss of the PMSM and ignores the harmonic loss of the PMSM. As the
PMSM is fed by the pulse-width modulation (PWM) inverter, there must be a large number of harmonic
components on the terminal voltage of the PMSM. The harmonic voltage will cause the harmonic
current in the PMSM which can generate harmonic loss and have an influence on the efficiency of
the PMSM. To acquire the minimum motor loss, the efficiency optimization control algorithm has to
consider both the fundamental loss and harmonic loss.

This paper proposes a novel analytic loss model of PMSMs, which is able to calculate fundamental
loss (copper loss and iron loss) and harmonic loss (iron loss) together in either sine-wave pulse-width
modulation (SPWM) or space vector pulse width modulation (SVPWM). The fundamental iron loss
is estimated by the average flux density in the stator tooth and yoke. As the PMSM is fed by the
PWM inverter, the harmonic content of the output voltage in the inverter is analyzed by the double
Fourier integral analysis and the harmonic loss is obtained in the Bertotti iron loss formula by the
harmonic voltages. Based on the entire frequency domain loss model, this paper proposes an efficiency
optimization control strategy named maximum efficiency per torque (MEPT) control which allows
optimizing both the fundamental loss and harmonic loss through the injection of the optimal direct-axis
current according to the operating speed and the load conditions. In particular, a golden section method
is used in order to acquire, in a fast and simple way, the optimal solution which is suitable for all kinds
of PMSMs. The MEPT control is designed to improve the efficiency of PMSMs in the steady-state
condition, which is the major opportunity for energy savings. The theoretical analysis and experimental
tests on a specific PMSM drive employing the proposed MEPT control have shown that the efficiency
performance is enhanced in each operation condition and the dynamic performance is maintained in
comparison to the PMSM drive equipped with a traditional id = 0 control.

2. Fundamental Loss Model of PMSMs

To optimize the efficiency of PMSMs, it is crucial to build an accurate and fast approach for
motor loss calculation. The controlled electromagnetic loss of PMSMs can be divided into two parts:
fundamental loss and harmonic loss. The fundamental loss consists of fundamental copper loss caused
by the fundamental current in the stator armature windings and fundamental iron loss caused by
fundamental flux linkages in the stator and rotor. Compared with the stator iron loss, the rotor iron
loss at steady state is quite small and can be neglected. So the fundamental loss model of PMSMs in
this paper only takes into account the stator armature copper loss and stator iron loss.

2.1. Fundamental Copper Loss

The mathematics model of the PMSM decoupled into the d-axis and q-axis is shown in Figure 1 [15–17].
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Figure 1. Decoupled mathematics model of PMSM: (a) Dynamic mathematical model in d-axis;
(b) Dynamic mathematical model in q-axis.

From Figure 1, the voltage equation of the PMSM can be described as{
ud = Ld1

did
dt + Rsid + Ldm

didm
dt − npωrψq

uq = Lq1
diq
dt + Rsiq + Lqm

diqm
dt + npωrψd

(1)

where Ld1 and Lq1 are the stator’s leakage inductance in the d-axis and q-axis, and Ldm and Lqm are
the stator’s self-inductance in the d-axis and q-axis, respectively; Rs is the stator’s resistance, and np is
the pole pairs of the PMSM; ωr is the motor rotation speed; ud,q and id,q are the stator’s voltage and
the stator’s current, respectively; idm and iqm are the magnetizing currents of the PMSM in d-axis and
q-axis; Ψd and Ψq are the flux linkage in d-axis and q-axis.

The flux linkage in the d-axis and q-axis can be described as{
ψd = ψ f + Ldmidm
ψq = Lqmiqm

(2)

where Ψf is the flux linkage of the permanent magnet.
Additionally, the current equations of the PMSM in Figure 1 are expressed as{

idi =
1
Ri

(
Ldm

didm
dt − npωrψq

)
id = idm + idi

(3)

{
iqi =

1
Ri

(
Lqm

diqm
dt + npωrψd

)
iq = iqm + iqi

(4)
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where idi and iqi are the iron loss current in the d-axis and q-axis. Ri is the iron loss resistance of
the PMSM.

From Equation (2), the fundamental copper loss of the PMSM can be obtained as

Pf _Cu =
3
2

Rs

(
i2d + i2q

)
(5)

where Pf_Cu is the fundamental copper loss of the PMSM. As the d-axis current id and q-axis current iq
are calculated by the CLARKE transmission and PARK transmission using the principle in which the
flux value remains invariable, there is the transformation coefficient of 3

2 in the power calculation.
The electromagnetic torque of the PMSM is described as

Te =
3
2

np

[
ψ f iqm +

(
Ldm − Lqm

)
idmiqm

]
(6)

The fundamental copper loss can be derived from Equation (5) as

PCu_ f = 3
2 Rs(i2d + i2q)

= 3
2 Rs

{(
idm +

Ldm
didm

dt −npωr Lqmiqm
Ri

)2

+

[
iqm +

Lqm
diqm

dt +npωr(ψ f +Ldmidm)
Ri

]2} (7)

From the electromagnetic torque of the PMSM, the fundamental copper loss in the steady state
can be simplified as

PCu_ f = 3
2 Rs(i2d + i2q)

= 3
2 Rs


(

idm +
−npωr Lqm

Ri
· 2Te

3npω f +3np(Lmd−Lqm)idm

)2
+[

2Te
3npω f +3np(Lmd−Lqm)idm

+
npωr(ψ f +Ldmidm)

Ri

]2


= f (idm, Te) = f (id, Te)

(8)

From Equation (8), the fundamental copper loss is a function of the d-axis current and
electromagnetic torque.

2.2. Fundamental Iron Loss

In the PMSM, the iron loss can be accurately calculated by finite element analysis (FEA) which
can estimate both the fundamental iron loss and harmonic iron loss. Unfortunately, FEA is too
time-consuming to be practical for efficiency optimization control. This paper presents an accurate
and fast approach for iron loss calculation.

The Bertotti iron loss formula [18] is the most common evaluation method of iron loss, which
calculates the iron loss per volume as

dPFe = khB2
m f +

π2σk2
d

6
B2

m f 2 + keB1.5
m f 1.5 (9)

where kh and ke are the coefficients of the hysteresis loss and excess loss, respectively; σ is the
conductivity of the material; and kd is the thickness of the lamination. These four parameters are
material characteristics of the motor cores; f is the frequency, and Bm is the peak value of the magnetic
flux density.

To calculate the iron loss in the stator core, it is crucial to determine the accurate average flux
density in the stator tooth and stator yoke, which is shown in Figure 2.
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Figure 2. Diagram of stator tooth and stator yoke.

The St and Sy are the cross-section area of the stator tooth and stator yoke in Figure 2, respectively.
Therefore, the average flux density in the stator tooth and stator yoke in the d-axis and q-axis can be
obtained as 

Btd =
2npΦd
αiStQ

Btq =
2npΦq
αiStQ

Byd = Φd
2Sy

Byq =
Φq
2Sy

(10)

where Φd and Φq are the flux in the d-axis and q-axis, αi is the pole arc factor, and Q is the number of
slots.

The d-axis and q-axis fluxes can be derived from the flux linkage as Φd = ψd
N1Kdq1

Φq =
ψq

N1Kdq1

(11)

where N1 is the number of turns per phase, and Kdp1 is the fundamental winding factor. Therefore,
from Equations (9)–(11), the iron loss caused by the d-axis and q-axis flux linkages or currents can be
calculated as

PFe_ f = dPFetd,qVt + dPFeyd,qVy

= 3
2 khd

(
ψ2

d +ψ
2
q

)
+ 3

2 kep

(
ψ2

d +ψ
2
q

)
= 3

2 khd

[(
Ldmidm +ψ f

)2
+
(

Lqmiqm
)2
]
+ 3

2 kep

[(
Ldmidm +ψ f

)1.5
+
(

Lqmiqm
)1.5
] (12)

where PFetd,q is the fundamental iron loss of the stator tooth in the d-axis and q-axis, and PFeyd,q is the
fundamental iron loss of the stator yoke in the d-axis and q-axis. Vt and Vy are the total volumes of the
stator tooth and yoke, respectively, {

Vt = QhtSt

Vy = π(D1 − hy)Sy
(13)

where ht and hy are the heights of the stator tooth and stator yoke, respectively. D1 is the outer diameter
of the stator.
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Further, khd is the coefficient of the equivalent iron hysteresis and eddy losses, and kep is the
coefficient of the equivalent iron excess loss, i.e.,

khd =

(
kh f0 +

π2σk2
d

6 f 2
0

)[
(2np)

2
Vt

(αiStQ)2 +
Vy

(2Sy)
2

]
kep = keB1.5

m f 1.5
0

[
(2np)

1.5
Vt

(αiStQ)1.5 +
Vy

(2Sy)
1.5

] (14)

where f 0 is the frequency of the stator fundamental current.
Equation (12) shows that the fundamental iron loss is a function of the fundamental frequency

f 0, the d-axis current id and the q-axis current iq. The increasing q-axis current, which enlarges ψq,
will increase the iron loss, and the negative d-axis current, which can weaken the flux and reduce ψd,
will decrease the iron loss.

The fundamental current frequency can be obtained from the rotational speed as

f0 = 2πnpωr (15)

By substituting Equations (6) and (15) into Equation (12), the fundamental iron loss is a function of the
rotational speed, the d-axis current and the q-axis current.

PFe_ f = f (ωr, idm, iqm) (16)

2.3. Fundamental Loss Model

From fundamental copper loss (Equation (8)) and fundamental iron loss (Equation (12)),
the fundamental loss of the PMSM can be derived as

Ploss_ f = PCu_ f + PFe_ f = f (ωr, id, iq) (17)

Equation (13) shows that the fundamental loss of the PMSM is only a function of the rotational
speedωr, the d-axis current id and the q-axis current iq. This proposed fundamental loss calculation
method is verified by finite element analysis (FEA) based on a 5 kW PMSM. The FEA model is shown
in Figure 3.
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Figure 3. Simulation model of the FEA.

Based on the FEA, the analytical results of the motor fundamental loss compared with the
simulation results of the FEA at different speeds and torques are illustrated in Figure 4. Additionally,
the difference of the motor loss calculated by the FEA method and the proposed analytical method is
shown in Figure 5.

Figure 4 shows that the fundamental loss of the PMSM in the proposed analytical method could
match well with the simulation results of the FEA, and Figure 5 shows that the loss calculation error at
the rated operation point where the rated speed is 2000 rpm and the rated torque is 19.1 N·m stays
within 4.2%. The proposed loss calculation method can be used in the motor loss optimization.
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Figure 4. Fundamental loss comparison between FEA and the analytical method at different speeds
and torques.
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Figure 5. Difference of motor loss between the FEA method and the proposed analytical method at
different speeds and torques.

3. Harmonic Loss Model of the PMSM

As the PMSM is fed by a PWM inverter, there must be several harmonic currents in the stator
windings caused by the PWM output voltage of the inverter. The harmonic current will generate the
harmonic iron loss in the stator core, which must affect the efficiency of the PMSM. To achieve the
maximum efficiency of the PMSM, it is important to build an accurate harmonic loss model of the
PMSM fed by a three-phase half-bridge inverter. Figure 6 shows the typical three-phase PMSM power
system where 2Udc is the DC bus voltage.
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Although there are a large number of pulse-width modulation modes, SPWM and SVPWM are
the most common modulation modes. Therefore, this paper only focuses on the harmonic voltage
components caused by SPWM and SVPWM in the PMSM. Determination of the harmonic frequency
components of a PWM switched inverter output is quite complex and is often done by using a fast
Fourier transform (FFT) analysis of a simulated time-varying switched waveform. This approach
could offer the benefits of expediency and reduce the mathematical effort, but it requires considerable
computing capacity and always leaves uncertainty as to whether a subtle simulation round-off or
error may have slightly tarnished the results obtained. In contrast, an analytical solution using
double Fourier integral analysis can exactly identify the harmonic components of a PWM waveform,
which ensures the correct harmonics are precise. In double Fourier integral analysis theory, the PWM
output voltage of the inverter can be obtained by two time variables, x(t) and y(t), where x(t) is the
carrier signal and y(t) is the fundamental (sinusoid) signal.

x(t) = ωct + θc (18)

where ωc is the carrier angular frequency and θc is the arbitrary phase offset angle for the carrier
waveform.

y(t) = ω0t + θ0 (19)

where ω0 is the fundamental angular frequency and θ0 is the arbitrary phase offset angle for the
fundamental waveform.

The output voltage of the inverter leg can be present as

an(t) = f (x(t), y(t)) =

{
2Udc y(t) > x(t)
0 y(t) ≤ x(t)

(20)

where 2Udc is the DC voltage, which is shown in Figure 5. The output voltage of the inverter leg is
defined with respect to the negative DC bus rather than with respect to the midpoint of the DC bus,
which could simplify the mathematics of the Fourier solution at the trivial expense of introducing
a DC offset of +Udc into the final solution.

With double Fourier integral analysis theory [19], the time-varying function f (x(t),y(t)) can be
expressed as a summation of the harmonic components

f (x, y) = A00
2 +

∞
∑

n=1
{A0ncos[n(ω0t + θ0)] + B0nsin[n(ω0t + θ0)]}

+
∞
∑

m=1
{Am0cos[m(ωct + θc)] + Bm0sin[m(ωct + θc)]}

+
∞
∑

m=1

∞
∑

n = −∞
(n 6= 0)

{
Amncos[m(ωct + θc) + n(ω0t + θ0)]

+Bmnsin[m(ωct + θc) + n(ω0t + θ0)]

} (21)

where A00 is the DC offset; A0n and B0n are the fundamental component and base-band harmonics;
Am0 and Bm0 are the carrier harmonics; Amn and Bmn are side-band harmonics.

Based on the double Fourier integral analysis, the fundamental component and harmonics of the
inverter leg output can be calculated as

Amn + jBmn =
1

2π2

w π
−π

w π
2 (1+Mcosy)

−π2 (1+Mcosy)
2Udcej(mx+ny)dxdy (22)

where M is the modulation ratio of PWM.
This paper applies the double Fourier integral analysis to calculate the harmonic voltage of the

three-phase inverter in SPWM or SVPWM, by which the harmonic iron loss is estimated accurately.
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3.1. Harmonic Components of SPWM

The typical working principle of SPWM is shown in Figure 7. The three-phase sinusoidal
references displaced in time by 120◦, viz:

U∗az = U0cosω0t = MUdccosω0t
U∗bz = U0cos

(
ω0t− 2

3π
)
= MUdccos

(
ω0t− 2

3π
)

U∗cz = U0cos
(
ω0t + 2

3π
)
= MUdccos

(
ω0t + 2

3π
) (23)

where U0 is the output voltage peak magnitude, M is the modulation ratio, and the reference waveforms
are defined with respect to the DC bus center point z.

M =
U0

Udc
=

√
u2

d + u2
q

Udc
= f (id, Te,ωr) (24)
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uaz(t) = Udc + Udc Mcosω0t + 4Udc
π

∞
∑

m=1

1
m J0(mπ2 M)sin(mπ2 )cos[m(ωct + θc)]

+ 4Udc
π

∞
∑

m=1

n=∞
∑

n = −∞
n 6= 0

{
1
m Jn(mπ2 M)sin[(m + n)π2 ] · cos[m(ωct + θc) + nω0t]

}

ubz(t) = Udc + Udc Mcos(ω0t− 2
3π) +

4Udc
π

∞
∑

m=1

1
m J0(mπ2 M)sin(mπ2 )cos[m(ωct + θc)]

+ 4Udc
π

∞
∑

m=1

n=∞
∑

n = −∞
n 6= 0

{
1
m Jn(mπ2 M)sin[(m + n)π2 ] · cos[m(ωct + θc) + n(ω0t− 2

3π)]
}

ucz(t) = Udc + Udc Mcos(ω0t + 2
3π) +

4Udc
π

∞
∑

m=1

1
m J0(mπ2 M)sin(mπ2 )cos[m(ωct + θc)]

+ 4Udc
π

∞
∑

m=1

n=∞
∑

n = −∞
n 6= 0

{
1
m Jn(mπ2 M)sin[(m + n)π2 ] · cos[m(ωct + θc) + n(ω0t + 2

3π)]
}

(25)
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where the constant term Udc is caused by the output voltage definition with respect to the negative DC
bus. Jn(ξ) is the Bessel function of the nth order.

From these phase output voltage components, the line-line output voltage components can be
presented as



uab(t) = uaz(t)− ubz(t) =
√

3Udc Mcos(ω0t + π
6 )

+ 8Udc
π

∞
∑

m=1

n=∞
∑

n=−∞

1
m Jn(mπ2 M)sin[(m + n)π2 ]sin(nπ3 )cos[mωct + n(ω0t− π

3 ) +
π
2 ]

ubc(t) = ubz(t)− ucz(t) =
√

3Udc Mcos(ω0t− π
2 )

+ 8Udc
π

∞
∑

m=1

n=∞
∑

n=−∞

1
m Jn(mπ2 M)sin[(m + n)π2 ]sin(nπ3 )cos[mωct + n(ω0t− π) + π

2 ]

uca(t) = ucz(t)− uaz(t) =
√

3Udc Mcos(ω0t + 5π
6 )

+ 8Udc
π

∞
∑

m=1

n=∞
∑

n=−∞

1
m Jn(mπ2 M)sin[(m + n)π2 ]sin(nπ3 )cos[mωct + n(ω0t + π

3 ) +
π
2 ]

(26)

The harmonic components of the line-line output voltage are significantly different from the phase
output voltage, since a lot of harmonic cancelation occurs between the phase legs. The line-line output
voltage will not have these harmonic components which appear in the phase output voltage.

• Carrier harmonics, which are the same components for all three-phase output voltages.
• Side-band harmonics with even combinations of m± n, which are eliminated by the sin[(m+ n)π2 ]

terms in Equation (24).
• Side-band harmonics where n is a multiple of 3.

3.2. Harmonic Components of SVPWM

There are only eight possible switch combinations for a three-phase inverter, and they are shown
in Figure 8.
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Figure 8. Eight switch states for the three-phase inverter.

The state of the phase leg is defined as “1” when the phase leg is open, and the state of the phase
leg is defined as “0” when the phase leg is closed. The U0 (000) state and U7 (111) state correspond to
a short circuit on the output, while the other six states can be considered to form stationary vectors
in the d-q complex plane. Each stationary vector corresponds to a particular fundamental angular
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position. The SVPWM applies these eight stationary vectors from an arbitrary target output vector U0

at any point in time by the summation of a number of these space vectors within one switching period
(TPWM). The space vectors and active times for a different target output vector are shown in Table 1.
Where U1 to U6 are the six space state vectors, respectively, which are shown in Figure 8. And TU1 to
TU6 are the active times of six space vectors (U1 to U6) in one switching period, respectively.

From Table 1, the phase leg reference voltage for SVPWM can be obtained in Table 2.
Table 2 shows that the phase reference signal for SVPWM is not a continuous function, but is now

made up of six segments across a complete fundamental cycle. Therefore, the harmonic calculation for
SVPWM will have to become a summation of six integral terms, each spanning 60◦ of the fundamental
signal in the double Fourier integral analysis.

Amn + jBmn =
1

2π2

6

∑
i=1

w y2(i)

y1(i)

w x2(i)

x1(i)
2Vdcej(mx+ny)dxdy (27)

From Equation (22), the harmonic components of the phase output voltage can be obtained as

uaz(t) = A00
2 +

∞
∑

n=1
[A0ncos(nω0t) + B0nsin(nω0t)]

+
∞
∑

m=1
{Am0cos[m(ωct + θc)] + Bm0sin[m(ωct + θc)]}

+
∞
∑

m=1

∞
∑

n = −∞
(n 6= 0)

{Amncos[m(ωct + θc) + nω0t] + Bmnsin[m(ωct + θc) + nω0t]}
(28)

Table 1. Space vector and active time in the SVPWM.

ω0t = θ0 Space Vector Space Vector Active Time

0 ≤ θ0 < π
3

U1 TU1 = U0
Udc

√
3

2 cos
(
θ0 +

π
6
)
TPWM

U2 TU2 = U0
Udc

√
3

2 cos
(
θ0 − π

2
)
TPWM

π
3 ≤ θ0 < 2π

3

U2 TU2 = U0
Udc

√
3

2 cos
(
θ0 − π

6
)
TPWM

U3 TU3 = U0
Udc

√
3

2 cos
(
θ0 − 5π

6

)
TPWM

2π
3 ≤ θ0 < π

U3 TU3 = U0
Udc

√
3

2 cos
(
θ0 − π

2
)
TPWM

U4 TU4 = U0
Udc

√
3

2 cos
(
θ0 − 7π

6

)
TPWM

π ≤ θ0 < 4π
3

U4 TU4 = U0
Udc

√
3

2 cos
(
θ0 − 5π

6

)
TPWM

U5 TU5 = U0
Udc

√
3

2 cos
(
θ0 − 3π

2

)
TPWM

4π
3 ≤ θ0 < 5π

3

U5 TU5 = U0
Udc

√
3

2 cos
(
θ0 − 7π

6

)
TPWM

U6 TU6 = U0
Udc

√
3

2 cos
(
θ0 − 11π

6

)
TPWM

5π
3 ≤ θ0 < 2π

U6 TU6 = U0
Udc

√
3

2 cos
(
θ0 − 3π

2

)
TPWM

U1 TU1 = U0
Udc

√
3

2 cos
(
θ0 − π

6
)
TPWM
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Table 2. Phase reference voltage for SVPWM.

ω0t = θ0 A Phase Leg B Phase Leg C Phase Leg

0 ≤ θ0 < π
3

√
3

2 MUdccos(θ0 +
1
6π)

√
3

2 MUdccos(θ0 − 5
6π)

3
2 MUdccos(θ0 +

2
3π)

π
3 ≤ θ0 < 2π

3
3
2 MUdccosθ0

√
3

2 MUdcsinθ0 −
√

3
2 MUdcsinθ0

2π
3 ≤ θ0 < π

√
3

2 MUdccos(θ0 − 1
6π)

3
2 MUdccos(θ0 − 2

3π)
√

3
2 MUdccos(θ0 +

5
6π)

π ≤ θ0 < 4π
3

√
3

2 MUdccos(θ0 +
1
6π)

√
3

2 MUdccos(θ0 − 5
6π)

3
2 MUdccos(θ0 +

2
3π)

4π
3 ≤ θ0 < 5π

3
3
2 MUdccosθ0

√
3

2 MUdcsinθ0 −
√

3
2 MUdcsinθ0

5π
3 ≤ θ0 < 2π

√
3

2 MUdccos(θ0 − 1
6π)

3
2 MUdccos(θ0 − 2

3π)
√

3
2 MUdccos(θ0 +

5
6π)

The outer and inner integral limits of Equation (27) are defined in Table 3.

Table 3. Outer and inner integral limits for SVPWM.

i y1(i) y2(i) x1(i) x2(i)

1 2
3π π −π2 [1 +

√
3

2 Mcos(y + π
6 )]

π
2 [1 +

√
3

2 Mcos(y + π
6 )]

2 1
3π

2
3π −π2 (1 +

3
2 Mcosy) π

2 (1 +
3
2 Mcosy)

3 0 1
3π −π2 [1 +

√
3

2 Mcos(y− π
6 )]

π
2 [1 +

√
3

2 Mcos(y− π
6 )]

4 − 1
3π 0 −π2 [1 +

√
3

2 Mcos(y + π
6 )]

π
2 [1 +

√
3

2 Mcos(y + π
6 )]

5 − 2
3π − 1

3π −π2 (1 +
3
2 Mcosy) π

2 (1 +
3
2 Mcosy)

6 −π − 2
3π −π2 [1 +

√
3

2 Mcos(y− π
6 )]

π
2 [1 +

√
3

2 Mcos(y− π
6 )]

The harmonic coefficient can be shown as:

A00 = 2Udc

A0n + jB0n|n>1 =
√

3MUdc
π(1−n2)

[sin(π6 n)2][2cos( 2π
3 n) + 1]

Am0 + jBm0 = 8Udc
mπ2


π
6 sin(mπ2 )[J0(m 3

4πM) + 2J0(m
√

3
4 πM)]

+
∞
∑

k=1

2
k sin[(m + k)π2 ]cos(kπ2 )sin(kπ6 )[Jk(m 3

4πM) + 2cos(kπ2 )Jk(m
√

3
4 πM)]



Amn + jBmn = 8Udc
mπ2



π
6 sin[(m + n)π2 ][Jn(m 3

4πM) + 2cos(nπ6 )Jn(m
√

3
4 πM)]

+ 1
n sin(mπ2 )cos(nπ2 )sin(nπ6 )[J0(m 3

4πM)− J0(m
√

3
4 πM)]

∣∣∣
n 6=0

+
∞
∑

k = 1
k 6= −n

1
n+k sin[(m + k)π2 ]cos[(n + k)π2 ]sin[(n + k)π6 ][Jk(m 3

4πM) + 2cos[(2n + 3k)π6 ]Jk(m
√

3
4 πM)]

+
∞
∑

k = 1
k 6= n

1
n−k sin[(m + k)π2 ]cos[(n− k)π2 ]sin[(n− k)π6 ][Jk(m 3

4πM) + 2cos[(2n− 3k)π6 ]Jk(m
√

3
4 πM)]



(29)

where the constant term A00 is caused by the output voltage definition with respect to the negative
DC bus.

3.3. Harmonic Iron Loss of PMSM

As the PMSM is droved by the three-phase PWM inverter, the PWM output voltage of the phase
leg in the three-phase inverter will generate the harmonic current in the stator windings of the PMSM,
which will cause the harmonic iron loss. The harmonic voltage is calculated with respect to the negative
DC bus; hence, the harmonic voltage with respect to the load neutral point can be obtained as

.
uannm =

.
uaznm −

( .
uaznm +

.
ubznm +

.
ucznm

)
3

(30)
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where
.
uaznm ,

.
ubznm and

.
ubznm are the harmonic voltages with respect to the negative DC bus in the nth

fundamental signal and the mth carrier signal. In addition,
.
uannm is the harmonic voltage with respect

to the load neutral point in the nth fundamental signal and the mth carrier signal.
Based on the voltage equation of the PMSM, the stator harmonic current can be obtained as

Isnm =

∣∣∣∣ .
uannm

Rs + jωmnLs

∣∣∣∣ (31)

where Isnm is the amplitude of the harmonic current in the nth fundamental signal and mth carrier signal.
Similar to the calculation of the fundamental iron loss, the harmonic iron loss can be derived from

the Bertotti iron loss formula as

PFe_h = 3


∞

∑
m=0

∞

∑
n = −∞

n 6= 0

khd_mn(Ls ISmn)
2 + kep_mn(Ls ISmn)

1.5

 (32)

where Ls is the phase self-inductance of the PMSM; khd_mn is the coefficient of the equivalent iron
hysteresis and eddy losses in the nth fundamental signal and mth carrier signal; and kep_mn is the
coefficient of equivalent iron excess loss in the nth fundamental signal and mth carrier signal, which are
shown as 

khd_mn =

(
kh fmn +

π2σk2
d

6 f 2
mn

)[
(2np)

2
Vt

(αiStQ)2 +
Vy

(2Sy)
2

]
kep_mn = keB1.5

m f 1.5
mn

[
(2np)

1.5
Vt

(αiStQ)1.5 +
Vy

(2Sy)
1.5

] (33)

where fmn is the frequency in the nth fundamental signal and mth carrier signal.
As the modulation mode affects the harmonic components of the output voltage in the three-phase

inverter, the harmonic components of the stator current will be different between SPWM and SVPWM.
Hence, the harmonic iron loss will also remain somewhat different between SPWM and SVPWM,
and the difference will be greater when either the PWM frequency or modulation ratio M is lower.

4. Maximum Efficiency per Torque Control of PMSM

From Equation (17) and Equation (32), the loss of the PMSM can be obtained as

Ploss = Ploss_ f + PFe_h = f (ωr, id, iq) + f (M) (34)

Additionally, substituting Equation (6) and Equation (24) with Equation (34), the loss of the PMSM
can be derived as

Ploss_PMSM = Ploss_ f + PFe_h
= f (ωr, id, iq) + f (M)

= f (id,ωr, Te)

(35)

From Equation (35), it can be seen that the loss of the PMSM is a function of the d-axis current
id, the angular speed ωr and the electromagnetic torque Te. Therefore, there must be an optimal
flux-weakening d-axis current where the loss of the PMSM can achieve the minimum value in each
const operation point (ωr and Te is const). The optimal d-axis current id* can be obtained from
Equation (36) as

∂Ploss_PMSM
∂id

∣∣∣∣ωr=const,Te=const

id=i∗d

= 0 (36)
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The MEPT control can make the d-axis flux-weakening current remain the optimal value id*

and achieve the maximum efficiency of the PMSM in the whole operation range. As Equation (36)
makes it too difficult to acquire the analytical solution of the optimal current, this paper applied the
golden section method to obtain the numerical solution of the optimal current. The golden section
is a technique for finding the minimum value of a unimodal function by successively narrowing the
range of values inside which the minimum is known to exist. The flowchart of the golden section
procedure is shown in Figure 9, where ϕ is the golden ratio: ϕ = 1+

√
5

2 = 1.618.Appl. Sci. 2016, 6, 425    16 of 21 
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5. Experimental Results and Discussion

The model parameters of the SPMSM are listed in Table 4.

Table 4. Model parameters of SPMSM.

Parameter Value

rated power 4 kW
rated speed 2000 rpm
max power 5 kW

poles 10
phase resistance 0.12 Ω

phase inductance 1.67 mH
DC bus voltage 270 V

stator outer diameter 150 mm
Stator inner diameter 100 mm

axial length 68 mm
PWM frequency 5 kHz
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To verify the proposed control strategy, the experiment is implemented by a PMSM test platform,
which is shown in Figure 10.Appl. Sci. 2016, 6, 425    17 of 21 
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Figure 10. PMSM test platform: (a) Experimental platform; (b) Block diagram of test platform. 
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Figure 10. PMSM test platform: (a) Experimental platform; (b) Block diagram of test platform.
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Figure 11. Results of the PMSM in SPWM: (a) Efficiency of PMSM in traditional id = 0 control;
(b) Efficiency of PMSM in proposed MEPT control; (c) Difference of efficiency between id = 0 control
and MEPT control.

Figure 11a,b show the efficiency of the PMSM using the traditional id = 0 control and proposed
MEPT control, respectively, where the maximum efficiency of the PMSM using id = 0 control is 94%.
It can be seen that the MEPT control can broaden the high-efficiency field of the PMSM and obtain
a higher efficiency in each operation condition of the PMSM. It is shown in Figure 11c that the efficiency
can be increased in the whole operation range of the PMSM and the maximum efficiency enhancement
is 0.36%.

The efficiency of the PMSM in SVPWM is shown in Figure 12.
The efficiency of the PMSM using the traditional id = 0 control and proposed MEPT control is

shown in Figure 12. From Figure 12a,b, the MEPT control can also enhance the high-efficiency field of
the PMSM. Compared with the efficiency of the PMSM using the id = 0 control, Figure 12c shows that
the efficiency of the PMSM is increased by the MEPT control in the whole operation range, and the
maximum efficiency enhancement is 0.51%.

From Figures 11 and 12, it can be seen that the operation speed range is different between SPWM
and SVPWM, because the DC bus voltage utilization of SVPWM is higher than SPWM. It can be also
seen that the efficiency optimization performance of MEPT control in SVPWM is greater than the
performance in SPWM.
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Figure 12. Results of the PMSM in SVPWM: (a) Efficiency of PMSM in traditional id = 0 control;
(b) Efficiency of PMSM in proposed MEPT control; (c) Difference of efficiency between id = 0 control
and MEPT control.
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It is generally observed that the MEPT control strategy can increase the efficiency performance
of the PMSM in the whole operation range in both SPWM and SVPWM. For the experimental 5 kW
high-efficiency PMSM, although the motor efficiency has achieved as great as 94% efficiency using
the traditional id = 0 control, the proposed MEPT control can also enhance the motor efficiency by
0.51%. The MEPT control strategy is a fast and efficient way to increase the efficiency of the PMSM
and decrease the loss of the motor system without damage to the dynamic performance in the aviation
and aerospace field.

6. Conclusions

This paper has proposed a novel analytical loss model of the PMSM for loss estimation.
The analytical loss model can take into account both fundamental loss and harmonic loss.
The fundamental copper loss and fundamental iron loss are presented in the fundamental loss model.
As the PMSM is fed by a three-phase inverter, this paper applies double Fourier integral analysis to
calculate the harmonic components of the phase output voltage in either SPWM or SPVWM accurately.
From the Bertotti iron loss formula, this paper creates the harmonic iron loss model of the PMSM in
a fast and simple way.

Based on the analytical loss model, an efficiency optimization control strategy named MEPT is
proposed in this paper, and it can optimize the fundamental loss and harmonic loss together using
the optimal flux-weakening d-axis current. The analytical solution is so difficult that a golden section
method is applied to obtain the optimal current in each operation condition. Experimental results are
implemented to demonstrate how, in comparison to a more traditional id = 0 control, the MEPT control
can increase the efficiency of the PMSM without any reduction of the dynamic performance in both
SPWM and SVPWM. Additionally, the results also show that the MEPT control in SVPWM leads to
a greater efficiency enhancement than SPWM.
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