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Abstract: This paper presents an analytical method based on the shear flow distribution law to study
the shear lag effect of thin-walled single- and double-cell box girders. The first step in this method
is to determine the box girder’s shear flow distribution. Subsequently, a series of novel improved
longitudinal displacement functions mathematically expressed as cubic parabolas are established.
The parabolic origin of these functions is located at the zero point of the shear flow corresponding to
each plate; the unknown parameters used to describe the function form can be determined according
to the shear flow distribution, the continuity conditions, and the axial force balance condition. Then,
the variational energy method is adopted to derive the governing differential equations. The shear
lag effect in thin-walled single- and double-cell box girders under several boundary conditions and
load cases is studied and analytical expressions for the shear lag coefficient are derived. Finally,
results obtained using the proposed method are validated via comparison with numerical results.
The results show that the proposed method can provide reasonable predictions for the shear lag effect
of single- and double-cell box girders, and that this method is more straightforward and practical.
In addition, the shear lag coefficients at different webs are not entirely equal, which is related to the
distance from the web to the zero point of the shear flow.

Keywords: thin-walled box girders; shear lag effect; shear flow distribution; theoretical analysis;
variational energy method; numerical simulation

1. Introduction

Thin-walled box girders are affected by a phenomenon known as the shear lag effect,
which is the non-uniform stress distribution along flanges caused by shear deformation [1,2].
This effect increases deflections and peak stresses, causing bridge cracking and collapsing [3].
This topic is well known and widely studied in the literature [4-13]. Moreover, in re-
cent decades, many scholars have adopted variational analyses to study the shear lag
effect [14,15]. Although the variational energy method is simple and well applicable, its
accuracy depends on the selected shear lag warping displacement functions. Many authors
have contributed to this.

Reissner [14] was the first to adopt the variational energy method to study the shear
lag effect and established a quadratic parabolic model to describe the normal stress dis-
tributions of rectangular box beams. However, other scholars discovered that the shear
lag warping displacement function with a cubic parabola was more suitable for analyzing
the shear lag effect of box girders [16-18]. Combining the above two models, Hu [19] and
Yu [20] proposed that the warping displacement function of top plates was a quadratic
parabola, while the warping displacement function of cantilever plates was a cubic parabola.
In addition, cosine function models were also used to address the shear lag effect prob-
lem [21]. An additional term was introduced to the cosine function model to ensure the
axial equilibrium of the single-cell box section [22], which improved the accuracy and
preciseness of shear lag analysis. Zhang [23] then defined two global modification factors
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that prevented the generation of additional axial force and bending moment caused by
shear lag warping stresses, successfully capturing the self-balancing characteristic of the
system. Additionally, the web’s longitudinal displacement was added to satisfy axial
equilibrium conditions, and independent shear lag warping displacement functions were
employed in different flanges [24,25]. Zhu [26] also considered axial force balance when
formulating the shear lag displacement model of the single-cell box girders and pointed
out that considering axial force balance yields more precise results.

However, although there have been many assumptions regarding displacement func-
tion, little attention has been paid to analyzing the shear lag effect in box girders from
the perspective of shear flow distribution, particularly in double-cell box girders. Lin [27]
focused on single-cell box girders’ shear flow distribution law and defined the shear lag
warpage function through the shear deformation law. Li [28,29] redivided the flange width
of multi-cell box girders based on the shear flow distribution before depicting the stress
distribution with the cosine function. Nevertheless, the above research reviews could
not obtain precisely accurate normal stress distributions, as they failed to reflect stress
differences at different webs for the double-cell box section, and the process of calculating
the coefficients was complex. Additionally, there is limited research on the shear lag effect
in double-cell box girders. The difference in shear lag coefficients for different web plates is
not reflected in [30,31]. The authors of [32] present only finite element simulation results
and do not offer specific displacement functions.

This paper presents an analytical method based on the shear flow distribution law to
study the shear lag effect of thin-walled single- and double-cell box girders. The first step in
this method is to determine the box girder’s shear flow distribution. Subsequently, a series
of novel improved longitudinal displacement functions mathematically expressed as cubic
parabolas are established. The parabolic origin of these functions is located at the zero
point of the shear flow corresponding to each plate, and the unknown parameters used to
describe the function form can be determined according to the shear flow distribution, the
continuity conditions, and the axial force balance condition. Then, the variational energy
method is adopted to derive the governing differential equations. The shear lag effect in
thin-walled single- and double-cell box girders under several boundary conditions and
load cases is studied, and analytical expressions for the shear lag coefficient are derived.
Finally, the results obtained using the proposed method are validated via comparison with
numerical results supplied by the ANSYS 2022 R2, a commercial finite element software.

2. The Distribution Law of Bending Shear Flow in Box Sections

Under vertical symmetrical loading, the bending shear flow significantly influences
the normal stress distribution [33]. Therefore, the distribution pattern of the shear flow
in single- and double-cell box girders was investigated in this work. Figure 1 displays
simplified thin-walled box cross sections that consist of one top plate of width 2b;, two
cantilever plates of width by, one bottom plate of width 2b3, and several webs of height .
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Figure 1. Schematic of thin-walled box sections: (a) single cell; (b) double cell.
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2.1. Basic Coordinate System and Solution Steps

As shown in Figure 1, a coordinate system is introduced, with the origin O located at
the section center. The Z-axis aligns with the beam’s longitudinal direction, the X-axis is
along the section’s width direction, and the Y-axis is perpendicular to the X- and Z-axis. In
addition, the cross section is symmetric about the coordinate plane Y-Z.

The steps for solving the shear flow distribution of single- and double-cell box sections
are organized as follows: first, the shear flow g in the open box section is calculated; then,
the additional static shear flow g; is derived using the deformation coordination relation-
ships; finally, the above two parts are added to obtain the total shear flow distribution in
the closed box section.

Notably, in-plane shear stresses are uniformly distributed along the direction of wall
thickness, and the magnitude of gy is mainly determined by the static moment from the
free surface to the desired point [27]. The gg can be expressed as follows:

q0 = —Q(2)Sx/Ix 1)

where Q(z) represents the cross-sectional shear force; Sy represents the static moment to the
X-axis; and I represents the inertial moment to the X-axis. Consider Q(z)/I, as constant
1 to ease the calculation, and then, the value of S, represents the magnitude of shear stress.

2.2. Shear Flow in the Single-Cell Box Girder

As can be seen from Figure 2, an opening is located at the center of the bottom plate
of the thin-walled single-cell box section. According to Equation (1), go can be obtained.
Meanwhile, it is easy to find that the additional static shear flow g; is zero due to the
symmetry of the single-cell box section. Consequently, the total shear flow g in the closed
box section equals the shear flow gy in the open box section.

Figure 2 shows the distribution pattern of shear flow in the single-cell box girder, and
Table 1 lists shear flow magnitudes at critical points. The shear flow magnitude of flanges in
the single-cell box section is observed to reach its maximum at intersections between webs
and flanges and gradually diminishes towards the flanges” interior. Eventually, it becomes
zero at the free ends of the cantilever plate and the midpoints of the top and bottom plates.
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Figure 2. Shear flow distribution of the single-cell section.

Table 1. Shear flow magnitudes of the single-cell section at critical points.

points 1 2 3 4-left 4-right 5
q 0 t2b3]’12 0 —t1b2h1 tlblhl 0

Notes: t; represents the thickness of the top plate and cantilever plates; t; represents the thickness of the bottom

plate; iy and h; represent the distances from the center axis of the section to the mid-surface of the up and down
wings, respectively.




Appl. Sci. 2024, 14, 828

4 0of 30

2.3. Shear Flow in the Double-Cell Box Girder

Two openings are inserted at the intersection of the mid web and bottom plate of
the double-cell section, and the distribution of the shear flow distribution of the open
double-cell section is given, as shown in Figure 3. It should be noted that this distribution
exhibits a positive and negative alternating phenomenon in the top plate. The position of
the zero point can be determined as follows:
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Figure 3. Shear flow distribution of the open double-cell section.

tobshy + thh%/z — thh%/z — byl

111
where X is the distance from the zero point of the shear flow to the side web in the opened
double-cell section; fw; and tw, represent the thickness of the middle web and the side

web, respectively. After assigning the additional static shear flow g; and g, for the two cells,
the conditions of deformation compatibility are described as follows:

qo g1 / g2
/ grist | G+ ds =0 3)

90 g2 /fh
/Gd+szcds ds =0 @)

where G represents the shear modulus, t represents the thickness, and s denotes the
curvilinear coordinate of the section profile. The additional shear flows can be derived
as follows:

Xp =

b%hz bstrhoh x%hl (b1 — x0)2h1
+ + -
tuwn 2 2

1SS 773 SRS 5 R #7%))

Eventually, the total shear flow distribution in the closed double-cell box section can be
obtained, as shown in Figure 4. The top and bottom plates exhibit a positive and negative
alternating phenomenon in this distribution. It can be found that the zero points of the
shear flow are not situated at the center axis of each cell but at a specific location. According
to the zero points of the shear flow, the top plate is divided into two parts, the lengths
of which are by; and bjp, and the bottom plate is divided into two parts with bs; and
b3y lengths, respectively. Additionally, the distance from the zero point of the shear flow
located at the free end of the cantilever plate to the side web is by1. The above distances can
be obtained as follows:

bi1 =by —b1p bip=1x9 o AL byy =by b3 = AL b3y = bz — b3y (6)
t1hy tah
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Figure 4. Shear flow distribution of the closed double-cell section.
Table 2 lists the shear flow magnitudes at critical points in the closed double-cell section.

Table 2. Shear flow magnitudes of the closed double-cell section at critical points.

points 1-left 2 3 4-left 4-right 5
q —tab31hy tabzohy 0 —t1ba1hy t1b1ohy —t1b11hy

3. Box Girder’s Longitudinal Displacement Functions

Based on the shear flow distribution law obtained in the previous section, this section
established the expressions of longitudinal warping displacement functions of single- and
double-cell box girders. Three different analytical perspectives were proposed to address
the coefficients introduced before the cubic term, and constant terms were deduced.

3.1. Basic Assumptions

Some assumptions are reasonably introduced before constructing displacement func-
tion models: (1) the neutral axis of thin-walled box beam sections remains constant under
bending stresses; (2) the box girders are in the linear elastic stage, and the shear deforma-
tion out of the plane is neglected; and (3) the shear lag effect only alters the normal stress
distribution in the cross section, with no effect on the distribution of internal forces along
the beam’s longitudinal direction [34].

Based on the above considerations, the box girder’s longitudinal displacement function
is expressed as follows:

u(x,z) = —yw'(z) - yf(x)p(2) (7)

where u(x,z) is the longitudinal displacement; w(z) is the vertical deflection; f(x) is a
distribution function corresponding to the shear lag effect; and ¢(z) is the maximum
difference in the shear angle.

In addition, the shear lag effect of the box girder can be regarded as a plane stress
problem [35], and the relationship between displacement and strain can be written as follows:

ou ou
€=95, TT3% (8)
where ¢ is the axial strain and 7 is the shear strain. The bending normal stress is described
as follows: 5
u
=E— 9
o=E- ©)

where ¢ is the bending normal stress and E is the elastic modulus.

3.2. Displacement Functions of the Single-Cell Box Girder

Considering the warping of webs, longitudinal displacement functions with their
origins being on the zero points of the shear flow in the single-cell box girder are established
as follows:
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U Zhll )+ <U1b3 +d1> )1 (0<x<b)
3
ulz—%[ +< N——g—— b2) +d2>(;’( )1 (b <x < by +by)
(10)
uls——hzl w'(z) + 13 +d3><P( )] (0 < x < b3)
Uiwr = —yw'(z) + hi (1 +d1)p(z) (= <y <hy)

where uq; represents the longitudinal displacement function of single-cell box girder’s slabs:
i =1 for the top plate, i = 2 for the cantilever plate, i = 3 for the bottom plate, and i = w, for
the side web; 77; and d; are introduced coefficients. The term #; can be selected from three
different analytical perspectives:

(1) The first approach for selecting the coefficients for single-cell box girders (1CS) is
based on the classical cubic parabola formula [17]. The 7; can be expressed as follows:

m=m=mnn=1 (11)

(2) The second approach of selecting coefficients (2CS) involves using the relative
magnitudes of the shear flow, which can be derived from Table 1. This is mainly due
to differences in the maximum shear flow in different flanges. The 7; can be expressed

as follows:
o bt . byt1hy o bstrhy

“hhh P T nam P bk
(3) The third approach of selecting coefficients (3CS) involves using the relative shear
deformation of each flange. The #; can be expressed as follows:

(12)

b2ty hy _ Bt _ byt
P P Bah T B

m= (13)

In addition, because the axial force caused by the shear lag effect is zero [24] and the
displacements and stresses are continuous. The expressions for d; are derived as follows:

x3 x—by —by)?
fobl t1hy (ﬂlba + d1> dx + fhl;1+b2 t1hy (—172(;32) +dy |dx
2
$ndA =2E¢'(z)-

_fo trhy (173 b3 +d3> dx—i—f I 102h1(771 +d1)d

(14)
tlhlbl(ﬂ +d1> +t1h1b2(77 +d2>
=2E¢'(z) - 73 =0
—tzhzbg( + d3> + th(171 + dl)hh1
d1 = _(Alhlﬂl + 4A2h17]1 — 3A2h11’]2 + 4A3h1171 + 3A3h2113 + 4Awh1171)/(4h114)
h (15)
dy=1m+dy—12 d3:—hf(’11+dl)—’73

where A; denotes the area of the top plate, Ay denotes the area of the cantilever plate; A3
denotes the area of the bottom plate; A, denotes the area of the web plate; and A denotes
the total cross-sectional area.
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3.3. Displacement Functions of the Double-Cell Box Girder

Similarly to single-cell box girders, the longitudinal displacement functions of double-
cell box girders are constructed as follows:

r 133
Uyl = hl w’(z) + <—7’]1<xb3bll) +d1> @(Z)] (0 <x< bll)

L 11

r 1 \3
U = hy w’(z) + (Uz(xb:l,zll) + d2> Q)(Z)‘| (bll <x< bl)

r 3
uxs = Iy |w'(2) + (—mw +d3> (P(Z)] (b < x < by +by)

L 21

(x — by)° (10
Uy = —hy lw/(z) + (77417331 + d4> 90(2)] (0 <x <b3)
31

_ / (x — b)’
ugs = —hy |w'(z) + | 115 B s 9(2) (b31 < x < b3)
32

U1 = —Yyw'(z) +hi(n1 +d1)@(2) (=1 <y < hy)

(1
Ugw = —yw'(2) + (2 + d2)9(2) (- <y <)
where u; represents the longitudinal displacement function of double-cell box girder’s
slabs: i = 1 for the top plate of length by, i = 2 for the top plate of length by, i = 3 for the
cantilever plate of length by1, i = 4 for the bottom plate of length b3y, i = 5 for the bottom
plate of length b3, i = w; for the middle web, and i = w, for the side web; #; and d; are
introduced coefficients. The term 7; can also be set from the same perspectives as the
single-cell box girder:

(1) In the first approach for selecting the coefficients for double-cell box girders (1CD),
the #7; can be expressed as follows:

m=m=mn=g=15=1 (17)

(2) In the second approach (2CD), using Table 2, the #; can be expressed as follows:

_ butilm )= biatih - baitih e = bsitahy - baptaha (18)
buitih buitil buitih buitih biitih
(3) In the third approach (3CD), the #; can be expressed as follows:
b2 tihy b3,thy b3, t1hy b3, t2hy b3,thy
MR PSR P P e, P e )
11t L L L 11t1im
However, when considering the continuity condition, a contradiction emerges:
hy h
ds = —7—(n1 +d1) =14 ds = ——(n2+d1) — 175 (20)
hz h2
Therefore, it is necessary to correct 15, which is rewritten as follows:
h
M5 = 7, (1 = 1m12) + 114 (21)

The coefficients d; are derived as follows:



Appl. Sci. 2024, 14, 828 8 of 30
b1y (x — b11)3 bi1+b1p (x — b11)3 |
fO t1hy f?ﬁT +dq |dx + fbll t1hq UZT +dy |dx
1 12
3
by1+b12+boy (x — byg — bip — byy)
§ rdA +fb11+h12 t1hy <_7]3 bgl +ds |dx
2E¢'(2) by )
b x — b3 b31+b x — b3
—Jo™ taha ("74( 5 Lt d4> dx = [y " tahz (’75( b3 a d5> ax (22)
31 32
1 hz h2
+§/ twihy (171 + di1)dx + / tw2hy (172 4 dp)dx
i i |
1
t1hy (511 (% + dl) + blz(% + dz) + by (% + d3)> + Etwlhlh(ﬁl +dq) 0
—trhy (b31 (% + d4> + b3 (% + d5)) + thhlh(ﬂz + dz)
311ah2 Az
A A — 313A 3 A
b 11771 + Ar2ip — 313 A2 + (3171 +112) Azp + I da+ mAs + 1 Aw + A
! 4A A (23)
h
dy = dy dz =1y +dy—13 d4=—h*;(171+d1)—714 dy =ds

Uy =

Ehi/o [(w")2 +20 g (T d;) + () (’7’ + I +d$> + T g2

where A;; denotes the corresponding plate’s area.

4. Governing Differential Equations and Boundary Conditions

The governing differential equations and boundary conditions for box girders can
be derived using the principle of minimum potential energy. This principle is expressed
as follows [7]:

MI=06(V+U)=0 (24)

where IT denotes the total potential energy; V denotes the external load potential energy;
and U denotes the strain energy. Under the vertical load, the V and U of each slab can be
expressed as follows:

L 2
V:/O M(z)w" (z)dz (25)

U= % fft(Eez n G'yz)dydz (26)

where L represents the length of the beam; M(z) represents the bending moment of the cross
section. Substituting Equation (8) into Equation (26), the strain energy can be rewritten

as follows: 5 5
1 ou ou
u= 2ﬂt<£<az> +G<ax> >dydz (27)

For the single-cell box girder, substituting Equation (10) into Equation (27), the strain
energy of side webs Uy, is expressed as follows:

L 2 3hy(hy —hy) (1 +dq) ;. 3m(n + di)* e
Bl [ | @) - vy 4 Sy 28
102 l(”’ A ey Al A e AN B )

where I140 = 2140 (h% + hi’) /3 is the moment of inertia of side webs. The strain energy of
each flange U,; is expressed as follows:

dz (29)

4 7 2

5ED?
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where I;; = 2bith? is the inertia moment of each flange after ignoring its self-inertia
moment; ¢ is the thickness; ki is the distance from each plate to the neutral axis; and by is
the width.

For the double-cell box girder, substituting Equation (16) into Equation (27), the strain
energy of the middle web Uy, is expressed as follows:

1 L > Byl —h)(p+di) , , 3B(m+d)® e
Uy = Eha [ | (@) - v+ S EA) Py 30
2wl 2 2wl 0 l(w ) h% _ hlhz + h% w qD + h% _ h1h2 + h% ((P ) z ( )

where Ir,;1 = ty1 (hg + h%’) /3 is the moment of inertia of the middle web. The strain energy
of side webs Uy, is expressed as follows:

1 L > B —h)(p+dy) , , 3d(p+d)? 2
Usaz = 5EDaa | (@) - gl 4 TR (o) | d 31
202 = 2 l(w) - G AR R ey
where Iy = 2ty (hg + hi’) /3 is the moment of inertia of side webs. The strain energy of
each flange Uy; is expressed as follows:
Uy — 1E12-/L (@) +20 g (L ar) + (o) M iy ) | 9O o (32)
27 72 5Eb2
where L; = 2b;th2 is the inertia moment of each flange after ignoring its self-inertia moment.
The total strain energy U of the system can be obtained by adding the strain energy of
each plate. Subsequently, the system’s total potential energy I1 is expressed as follows:
L
[I=u+Vv= / {Mw” + gNl(w”)z +ENyw" ¢’ + §N3((p/) + ﬁN 1 ]dz (33)
0
where N; is the parameter related to the cross-sectional properties.
For single-cell box girders, the parameters N; can be expressed as follows:
3 3 . _
1 3y (hy — 11)(11 + d)
Ny =Y hi+1 Ny =Y L\ +d;i)— I
1 g 1i T 1o 2 igl 11(4 + z) Z(h% “hyho +h%) lw2
2 3 5 (34)
’71 i 2 Bh% (771 + dl) 1;
I a5 |+ 5————1 Ny=) L=
Z 1z< > ) 12— s + I w2 4 i;lzbi
For double-cell box girders, the parameters N; can be expressed as follows:
5 2 5 ‘ 2 —
UL 3hy (hy — h1)
— In: I — L 4+4)— 4 AN
Ny 4;1 2i T ; 2wi N, igl 2i ( 4 + 1) igl 2(]’1% ~hihy + h%) (’71 + l) 2wi
2 2 2
L Midi 3hi(m +d1) 3hy (12 + d2)
N3= Y1 +d7 | + Dyt + I 35
3 = Z 2i ( 7 2 ) (hz hl]’lz + h%) 2wl (h% — hll’lz + I’l%) 2w2 ( )
5 ;72
Ny= ). 12ib712
i=1 k

Substituting Equation (33) into Equation (24), and then applying the partial integration
method, governing differential equations and boundary conditions are deduced as follows:

[ENjw” 4 ENag' + M]6w” =0 (36)
9G
ENyw" +EN3g" — =" Nig| 69 = 0 (37)

[ENyw” + EN3¢']8¢|5 =0 (38)
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According to Equations (36) and (37), the differential equation of the maximum differ-
ence in the shear angle ¢ can be expressed as follows:

¢" —a’p = pQ(z) (39)
In which,
= M — L Y
" \/5E(N1N3 ) P Emn N Q@ EME) (40)

5. Shear Lag Coefficient

As an essential indicator of the shear lag effect, the shear lag coefficient A represents
the relative relationship between the stress considering the shear lag effect and the stress
derived by the elementary beam theory. The shear lag coefficient can be defined as follows:

A=c/og=1401/09 (41)

where 0y is the stress calculated by the primary beam theory and o7 is the stress caused by
the shear lag. In addition, the phenomenon that A is has a value greater than one at the web
and less than one at the flanges’ interior is called the positive shear lag effect, the opposite
of which is the negative shear lag effect [36].

As shown in Figure 5, 411 and ay, represent the zero points of the shear flow of the top
slab; a1, a1, and ap3 stand for the junctions of the top slab and webs; a3 and a,4 represent
the zero points of the shear flow of the cantilever slab; a14 and ay¢ represent the zero points
of the shear flow of the bottom slab; and 435, 435, and ayy stand the for the junctions of the
bottom slab and webs. These points are the maximum or minimum stress points on each
plate, so their shear lag coefficients are representative.

a a a3 do) ar d3 dry
bi by | b b)Y b
I ,0,‘_% !l F----- Q%X _____
Y Y\bsu, b3z
ary as @25 A2 4z
(a) (b)

Figure 5. Schematic of critical points on the box section: (a) single cell; (b) double cell.

For single-cell box girders, the shear lag coefficients of critical points can be expressed
as follows:

Nidy — No)E Nigi + Nidy — No)E
A(all):]‘_%q)/ A(ﬂ]z)zl_( 1171 Al/[l 2) q)/
Nid, — Nb)E Nidx — N»)E
)L(a13) =1- %@l /\(6114) =1—- %(P/ (42)
Ninsz + Nids — Nb)E
)\(ﬂls):l—( 1773 + Nids — No) ¢

M
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For double-cell box girders, the shear lag coefficients of critical points can be expressed
as follows:

Mag) =1 (R 1\11\14611 — NZ)EG"/ Maxn) =1— (Nldl%zwq’/

AMag) =1— Nz I\]J\Zdz — Nz)E(P' Magg) =1~ W?l

Mag) =1 - (VLS = NE gy =g (e RDIE o 4
May) =1 (s & Nods “ N,

6. Closed Solutions of the Shear Lag Effect under Several Common Boundaries and Loads

Generally, shear force Q(z) is linearly distributed in bridge structures. Analytical solu-
tions for the maximum shear angle and the vertical deflection are derived from Equation (39)
and are expressed as follows:

p=28 <C1 sinhaz + C coshaz — Qa(zz)) (44)
/
¢ = Pa (Cl coshaz + Cp sinhawz — ngz) ) (45)
o _JM@)dz N, - _R(
w = EN, N, Cysinhaz 4 Cy coshaz 2 +Cs (46)
_ [IM(z)dz  Np . M(z)
w=— EN, N Cq coshaz 4+ Cp sinhaz — — +C3z+Cy (47)

where C; is the relevant unknown coefficient determined by the boundary and continu-
ity conditions.

According to Equations (36) and (37), several common boundary conditions are listed:
(1) When the beam is fixed, w = 0, w’ = 0, and ¢ = 0; (2) When the beam is hinged, w = 0
and ¢’ = 0; (3) When the beam is free, ¢’ = 0. Additionally, analytical solutions for the
shear lag effect of four typical bridge structural systems frequently used in engineering
are presented.

6.1. Simply Supported Beam under Concentrated Load

As depicted in Figure 6, the span length of the simply supported beam is L, the left
span length is /1, and the right span length is I. In addition, a concentrated load F is
applied at an arbitrary position of the simply supported beam. The analytical solutions of
this system are described as follows:

io_c L1 + [2 | 1_.2

o T $ y

Figure 6. Simply supported beam under concentrated load.

B <C11 sinh waz 4+ Cyq coshaz — 52) (0<z<a)

¢ = F (48)
B <C12 sinh az + Cyy cosh az + M) (a<z<L)
, | Ba(Ciicoshaz + Cysinhaz)(0 <z <a) (49)
v = B (Cyp coshaz 4+ Cypsinhaz)(a <z <L)
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bFz2  Nop : bF
B - - = <z<
, 2LEN, Ny <C11 sinh az + Cp1 cosh az D(2L> + C3 (0 <z< ﬂ) 50
] aRL -z NaB( oF
- h haz + —— <z<L
2LEN, Ny Cipsinhaz + Cpp coshaz + o)+ Cp(a<z<L)
bFz>  Nop bEz
- - i -— <z<
6LEN;  Nya (Cn coshaz + Cyq sinhaz i ) + Cz1z+ Cy (0<z<a)
aF(L —z Naf . aF(L —z
- - h haz — —— <z<L
6LEN] Nya <C12 coshaz 4+ Cpp sinh az L > +Cspz+Cqp (@<z<L)
in which
F sinh aa F sinh ab F cosh aL sinh aa
Cn=0 Co=—ZH— 2= o gnhal n=""5_
u a?sinhaL assinh L (52)
2aL? —3a’L + a3 a® — al? al? —a®
. 6LEN; 2 = SrEm, Ca=0 Co=—gFy

6.2. Simply Supported Beam under Uniformly Distributed Load

As depicted in Figure 7, the uniformly distributed load f is applied to the simply
supported beam. The analytical solutions of this system are described as follows:

/

lHHHHHHiMHHHHHI 7

SO 4

Figure 7. Simply supported beam under uniformly distributed load.

L—-2
P = [&(Cl sinh az + C, cosh az — Mzzf> (53)
¢ = pa (C1 coshaz + Cy sinhaz + i;) (54)
p_ 3222 Ny ~ _L=2z
w = DEN, f Nl’B Cysinhaz + C; coshaz 2 fl+GCs (55)

2L -z . N — 22

- 24EN; f- Nyja

(C1 coshaz + Cpsinhwz — Lz f) +C3z+Cqy  (56)

in which
G L sz#(coshocL—l)
3 a3 sinh aL
3 (57)
o Df o Napf
5T 24EN, * Ny

6.3. Cantilever Beam under Concentrated Load

As shown in Figure 8, the concentrated load F is applied at the free end of the cantilever
beam. The analytical solutions of this system are described as follows:
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L | l
Y
Figure 8. Cantilever beam under concentrated load.
. F
p=2p <C1 sinh az 4+ Cp coshaz — az) (58)
¢’ = Ba(Cy coshaz + Cy sinh az) (59)
F(z—L)> N . F
= _ _= h haz — —
w JEN, Ny B| Cysinhaz 4 C coshaz 2 +C;3 (60)
O Fz-L)P NoB . F(z—L)
w= 6EN; Nia Cicoshaz + Cy sinhaz — 4+ C3z+ Cy (61)
in which
c, — _ Fsinhal - EF _ FI?
1 a2coshal 2T 5T 2EN, ©2)
C.— NyBF(aLcoshaLl —sinhal) FL3
‘T Nja3 coshalL 6EN;

6.4. Cantilever Beam under Uniformly Distributed Load

As shown in Figure 9, the uniformly distributed load f is applied to the cantilever
beam. The analytical solutions of this system are described as follows:

!

Z
L L
Y
Figure 9. Cantilever beam under uniformly distributed load.
I —
¢=0p <C1 sinhawz 4+ C coshaz — f(azz)) (63)
¢ = Bu (Cl coshaz + Cp sinhaz + 0{3) (64)
3
i_ _fL=2 N : f(L—2)
w ——TNl—ﬁlﬁ Clsmhzxz+C2coshtxz—T +GC3 (65)
fL—2)" Nop . fL—2)*
= - h h —_—
w 24EN, Nia Cicoshaz + Cpsinhaz + Y +C3z+ Cy (66)
in which
c _ (aLsinhaL +1)f c _fL Ca fL3
= a3 coshaL 272 37 6EN; (67)
c NyBf(a?L?coshal —2aLsinhal —2)  fL*
4 =

2Njat cosh L - 24EN;
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7. Case Studies

Several examples of the simply supported single- and double-cell box beam were
used to analyze the shear lag phenomenon. In order to verify the accuracy of the proposed
method, the results obtained from the ANSYS finite element model and the proposed
analytical theory were compared and analyzed. Finally, some recommendations about
selecting displacement functions were provided.

7.1. Parameter Selection and Finite Element Model

The span of the simply supported beam is 40 m. The concentrated load F and the
uniformly distributed load f are 200 kN and 5 kN/m, respectively. The Young’s modulus
E and the Poisson’s ratio y of the material are 34.5 GPa and 0.2, respectively. The shear
modulus G can be derived from the following:

E
C= 2(1+u) (68)
Finite element models were constructed using the general-purpose software ANSYS
2022R2. An eight-node solid element, SOLID65, was adopted to simulate the material
properties. The mesh size is 0.2 m. The loads were applied parallel to the webs uniformly
to avoid torsion, distortion, and transverse bending of the cross section [15].
Figures 10a and 11a display a single-cell box girder’s ANSYS model. The schematic of
the cross-sectional dimensions of this single-cell box girder model is shown in Figure 1a,
where by =3m; by =25m; b3 =3m;t; =0.2m;{, =0.25m; ty, =03 m; and h =3 m.

(@) (b)

Figure 10. ANSYS finite element model of box girders: (a) single cell; (b) double cell.
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(a) (b)
Figure 11. Schematic of force application in the finite element model: (a) single cell; (b) double cell.

Figures 10b and 11b display a double-cell box girder’s ANSYS model. The schematic
of the cross-sectional dimensions of this double-cell box girder model is shown in Figure 1b,
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where by =5m; bp =3 m; b3 =5m; t; =02 m; t, = 0.25 m; fy,1 = 0.3 m; )y = 0.3 m;
and i = 5 m. The positions of zero points of the shear flow can be obtained according to
Equation (6): by1 = 2.8744 m; byp = 2.1256 m; by; = 3 m; b3y = 1.8115 m; and b3 = 3.1885 m.

7.2. Example 1: Simply Supported Single-Cell Box Beam under Concentrated Load

Figures 12 and 13 show the vertical displacement along the girder and longitudinal
distributions of shear lag coefficients for a simply supported single-cell box beam under
mid-span concentrated load. It can be seen that there is a significant increase in the
deflection of the beam due to the shear lag effect, and the results of displacements obtained
using the proposed methods are very close to those obtained by Zhang’s method [17]. In
addition, the shear lag effect is clearly visible in the region surrounding the point of the
concentrated force, whereas at the supports on the two sides the stresses are almost the
same as those calculated using elementary beam theory. Although the results of shear lag
coefficients obtained using the proposed methods and Zhang’s method [17] generally agree
with each other on most points, there are some differences at the mid span of the beam.
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0 4 8 12 16 20 24 28 32 36 40
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—— Elementary beam theory

Figure 12. Vertical displacements of Example 1. (Zhang [17]).
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Figure 13. Longitudinal distributions of shear lag coefficients of Example 1: (a) A(a;11) (top plate at
x =0m); (b) A(arp) (top plate at x = 3 m); (c) A(ay3) (cantilever plate at x = 5 m); (d) A(a14) (bottom
plate at x = 0 m); (e) A(a;5) (bottom plate at x = 3 m). (Zhang [17]).

Figure 14 shows the transverse distributions of shear lag coefficients at the mid span
(20 m) and the nearby section (18 m). Table 3 lists the relative errors between the shear
lag coefficient obtained by analytical methods and the results obtained by ANSYS. It can
be found that the theoretical solutions fit well with the finite element solution except
for the discrepancy at the point of application of the concentrated force. This problem
can be attributed to the stress concentration in ANSYS. Furthermore, the results of 1CS,
considering the axial force balance, are more accurate than those of Zhang’s method [17].
The results of 2CS are closer to solutions of ANSYS at 18 m of the girder with a maximum
relative error of only 0.06%.

Table 3. Relative errors of shear lag coefficients of Example 1.

1CS 2CS 3CS Zhang [17]
Point ANSYS
20 m 18 m 20 m 18 m 20 m 18 m 20 m 18 m
a1 1.04% 0.49% 2.29% 0.06% 1.44% 0.22% 2.20% 0.77%
an 2.02% 0.37% 3.21% 1.40% 3.96% 1.54% 1.01% 0.62%
a3 0% 1.16% 0.17% 8.61% 1.41% 11.07% 2.03% 0.02% 0.45%
a1y 0.30% 1.722% 2.61% 0.57% 2.62% 0.46% 1.33% 1.93%

a5 2.05% 1.26% 3.32% 2.23% 3.15% 2.31% 2.71% 1.47%




Appl.

Sci. 2024, 14, 828

17 of 30

Shear lag coefficient &

1.3+
1.2+
114
1.0 4
0.9
0.8 4

0.7 +— T :

0.8
0.9
1.0
1.1+
1.2

1.34

1.08
1.05
1.02
< 099
5
G 096+
g
T T T T T T T 8 0 93 T T T T T T T T T T T T T
0 -6 5 4 -3 2 -1 0 1 2 3 4 5 6
Transverse coordmates X (m) ‘—‘:’ 0.96 + o Transverse coordinates x (m)
< o
—— Zhang 1998 & 099 —~—Zhang 1998
-~ -1CS -=--1CS
——2CS 1.02 4 ——2CS
-~ -3CS -—»--3CS
—— ANSYS 1.05 ——ANSYS
1.08 4
(a) (b)

Figure 14. Transverse distributions of shear lag coefficients of Example 1: (a) z =20 m; (b) z = 18 m.
(Zhang [17]).

7.3. Example 2: Simply Supported Single-Cell Box Girder under Uniformly Distributed Load

From Figure 15, it can be seen that the results of the vertical displacements of Example 2,
obtained using the proposed method, are in good agreement with those achieved using
Zhang’s method [17]; the maximum deflection rises by about 3.1%. Compared to Example 1,
the maximum deflection of Example 2 decreases by approximately 40%, which indicates
that spreading the concentrated force can effectively reduce structural deflection.
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Figure 15. Vertical displacements of Example 2. (Zhang [17]).

As shown in Figure 16, the shear lag effect can be observed in every section of the
simply supported single-cell box girder under the uniformly distributed load. Though
the shear lag effect near the support is noteworthy, it can be disregarded as the minimal
bending moment rarely leads to damage in practical engineering. The mid-span section
(20 m) and the nearby section (18 m) with higher actual stress are selected for analysis. As
seen in Figure 17 and Table 4, the results obtained by the method in this paper fit well with
the finite element simulation values. It can be seen that the accuracy of Zhang’s method [17]
was improved.
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Figure 16. Longitudinal distributions of shear lag coefficients of Example 2: (a) A(a;1) (top plate at
x =0m); (b) A(a1p) (top plate at x = 3 m); (c) A(a13) (cantilever plate at x = 5 m); (d) A(a14) (bottom
plate at x = 0 m); (e) A(as5) (bottom plate at x = 3 m). (Zhang [17]).
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Figure 17. Transverse distributions of shear lag coefficients of Example 2: (a) z =20 m; (b) z = 18 m.
(Zhang [17]).

Table 4. Relative errors of shear lag coefficients of Example 2.

1CS 2CS 3CS Zhang [17]
Point ANSYS

20 m 18 m 20 m 18 m 20 m 18 m 20 m 18 m
a1 0.75% 0.74% 0.42% 0.41% 0.56% 0.55% 0.90% 0.89%
an 0.86% 0.85% 1.49% 1.50% 1.58% 1.59% 1.00% 1.00%
a13 0% 0.73% 0.73% 0.12% 0.13% 0.43% 0.45% 0.88% 0.88%
a4 1.08% 1.08% 0.56% 0.55% 0.51% 0.51% 1.20% 1.20%
a5 0.95% 0.95% 1.38% 1.38% 1.40% 1.40% 1.06% 1.06%

From Examples 1 and 2, the 2CS method closely approximates the finite element
solution at most points. Thus, a reasonable inference can be made that the 2CS method is
generally more suitable for analyzing the shear lag effect of single-cell box girders.

7.4. Example 3: Simply Supported Double-Cell Box Beam under Concentrated Load

Figure 18 shows the vertical displacements of a simply supported double-cell box
beam under the mid-span concentrated load. The shear lag coefficients obtained using
the proposed method are displayed in Figures 19 and 20. Table 5 lists the relative errors
of the shear lag coefficients to finite element results. The results suggest that the present
method has relatively high accuracy and excellent applicability, especially the 3CD method.
Additionally, Figures 19 and 20 demonstrate that the areas of minimum stress on the top
and bottom slabs of double-cell box girders are not located at the symmetrical axis but near
the zero points of shear flow. As a result, adopting the zero point of shear flow as the origin
of the parabola is feasible. Furthermore, the shear lag coefficients vary at different webs.
The further away from the zero point of the shear flow, the larger the value.

Table 5. Relative errors of shear lag coefficients of Example 3.

1CD 2CD 3CD
Points ANSYS

20 m 18 m 20 m 18 m 20 m 18 m
an 0.40% 4.64% 3.27% 3.32% 6.21% 1.26%
arn 4.38% 3.51% 0.53% 2.86% 1.44% 2.59%
a3 2.20% 2.37% 0.43% 2.62% 2.15% 2.54%
oy 0% 9.92% 7.56% 5.48% 6.09% 2.55% 3.51%
ans 9.70% 1.80% 6.53% 1.41% 1.70% 0.40%
a6 1.99% 0.60% 2.68% 1.16% 0.31% 1.11%

ay7 2.40% 4.59% 0.55% 3.59% 0.88% 2.81%
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Figure 18. Vertical displacements of Example 3.
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Figure 19. Longitudinal distributions of shear lag coefficients of Example 3: (a) A(a21) (top plate at
x =0m); (b) Aap) (top plate at x = by; m); (c) A(ay3) (top plate at x = 5 m); (d) A(ap4) (cantilever plate
at x =8 m); (e) A(aps) (bottom plate at x = 0 m); (f) A(ag) (bottom plate at x = b33 m); (g) A(ayy) (bottom
plate at x =5 m).
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Figure 20. Transverse distributions of shear lag coefficients of Example 3: (a) z = 20 m; (b) z=18 m.

7.5. Example 4: Simply Supported Double-Cell Box Girder under Uniformly Distributed Load

Figures 21-23 show that the shear lag effect impacts displacements and stresses of
structures, and the coefficient #; mainly influenced the stress distribution. It can be found
that the stress at the connection between the mid web and the top plate is much greater
than at the junction between the side web and the top plate, but that this is reversed in the
bottom plate. This is because the mid web is farther from the shear flow zero point of the
top plate but closer to the shear flow zero point of the bottom plate. Therefore, the shear
lag coefficient is different for different webs and is related to the distance from the web to
the shear flow’s zero point. Table 6 indicates that the 3CD method results align best with
ANSYS values.



Appl. Sci. 2024, 14, 828

22 0of 30

Shear lag coefficient & Shear lag coefficient &

Shear lag coefficient &

Longitudinal Coordinate z (m)
0 4 8 12 16 20 24 28 32 36 40

0 1 1 1 1 1 1 1 1 1 J
18.0 185 19.0 19.5 200 205 21.0 21.5 220

E 20
hd

(=1

= 40

|

Q

£

8 60

= 2

z

Z s0

<

2

t: /

> 100 ~ o -1CD

_____ ——2CD
[ -4 =3CD
120 - —— Elementary beam theory

Figure 21. Vertical displacements of Example 4.
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Figure 22. Longitudinal distributions of shear lag coefficients of Example 4: (a) A(a;1) (top plate at
x = 0m); (b) A(ay) (top plate at x = b1 m); (c) A(a3) (top plate at x = 5 m); (d) A(ap4) (cantilever plate
at x = 8 m); (e) A(aps) (bottom plate at x = 0 m); (f) A(ag) (bottom plate at x = b3 m); (g) A(ayy) (bottom

plate at x =5m).
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Figure 23. Transverse distributions of shear lag coefficients of Example 4: (a) z =20 m; (b) z=18 m.

Table 6. Relative errors of shear lag coefficients of Example 4.

1CD 2CD 3CD
Points ANSYS

20m 18 m 20m 18 m 20m 18 m
ar 3.20% 3.22% 2.57% 2.59% 1.63% 1.63%
ax 2.34% 2.35% 1.94% 1.96% 1.77% 1.78%
a3 1.02% 1.02% 1.23% 1.24% 1.27% 1.27%
a4 0% 2.68% 2.77% 2.01% 2.09% 0.88% 0.95%
ars 0.98% 0.98% 0.69% 0.69% 0.12% 0.11%
g 0.63% 0.63% 0.86% 0.87% 0.76% 0.77%
ayy 1.92% 1.93% 1.45% 1.46% 1.15% 1.15%

From Examples 3 and 4, the 3CD method closely approximates the finite element
solution at most points. Thus, a reasonable inference can be made that the 3CD method is
generally more suitable for analyzing the shear lag effect of double-cell box girders.

7.6. Example 5: Cantilever Double-Cell Box Girder Uniformly Distributed Load

The distributions of shear lag coefficients of the cantilever double-cell box girder under
uniformly distributed load are depicted in Figures 24 and 25. In this case, the negative shear
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lag effect appears. Table 7 reveals that the 3CD method exhibits a maximum relative error
of 4.69% when compared to the ANSYS values, outperforming the 1CD method, which
yields a maximum relative error of 8.21%, and the 2CD method, with a maximum relative

error of 6.93%.
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Figure 24. Longitudinal distributions of shear lag coefficients of Example 5: (a) A(a21) (top plate at
x =0m); (b) Aax) (top plate at x = by; m); (c) A(ay3) (top plate at x = 5 m); (d) A(ap4) (cantilever plate
at x =8 m); (e) A(aps) (bottom plate at x = 0 m); (f) A(ag) (bottom plate at x = b3; m); (g) A(ayy) (bottom
plate at x =5 m).
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Figure 25. Transverse distributions of shear lag coefficients of Example 5: (a) z =2 m; (b) z =20 m.

Table 7. Relative errors of shear lag coefficients of Example 5.

-=-1CD
——2CD
- =--3CD
—— ANSYS

1CD 2CD 3CD
Points ANSYS

2m 20m 2m 20 m 2m 20 m
ar 1.52% 1.34% 0.32% 2.01% 1.55% 3.01%
an 2.04% 1.72% 1.50% 2.10% 1.27% 2.27%
a3 1.37% 2.64% 1.56% 2.41% 1.47% 2.38%
Aoy 0% 8.21% 5.91% 6.93% 5.31% 4.69% 4.30%
a5 3.52% 3.16% 3.20% 2.87% 2.33% 2.30%
1513 0.16% 1.51% 0.65% 1.29% 0.63% 1.39%
ayy 0.11% 0.34% 1.04% 0.83% 1.77% 1.15%

7.7. Example 6: Double-Cell Box Girder Fixed at Both Ends under Uniformly Distributed Load

As shown in Figure 26, the beam is fixed at both ends and subjected to the uniformly
distributed load. Figure 27 shows that the shear lag coefficient near the inflection point
suddenly changes due to the bending moment being close to zero. Moreover, the result of

the 3CD method is closer to the simulated value from Figure 28 and Table 8.
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Figure 26. Double-cell box girder fixed at both ends under uniformly distributed load.
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Figure 27. Longitudinal distributions of shear lag coefficients of Example 6: (a) A(a21) (top plate at
x =0m); (b) A(ay) (top plate at x = b1 m); (c) A(ap3) (top plate at x = 5 m); (d) A(ap4) (cantilever plate
at x = 8 m); (e) A(aps) (bottom plate at x = 0 m); (f) A(ayg) (bottom plate at x = b3y m); (g) A(ayy) (bottom

plate at x =5m).
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Figure 28. Transverse distributions of shear lag coefficients of Example 6: (a) z=2 m; (b) z =20 m.

Table 8. Relative errors of shear lag coefficients of Example 6.

1CD 2CD 3CD
Points ANSYS

2m 20 m 2m 20 m 2m 20 m
an| 1.22% 4.38% 2.43% 2.57% 8.17% 0.12%
an 3.70% 2.86% 2.02% 1.67% 1.33% 1.14%
a3 0.93% 0.35% 0.44% 0.30% 0.81% 0.40%
ang 0% 36.72% 13.41% 31.35% 11.14% 21.79% 7.31%
a5 13.51% 4.59% 12.57% 3.73% 9.79% 2.00%
e 2.72% 0.13% 0.95% 0.85% 0.92% 0.55%
ayy 2.51% 3.76% 0.26% 2.42% 2.53% 1.55%

8. Conclusions

In this study, an analytical method from the perspective of shear flow was proposed to
study the shear lag effect of thin-walled single- and double-cell box girders. Longitudinal
displacement functions with cubic parabola form were built using the shear flow’s zero
points. Then, the governing differential equations were derived through the variational
energy method, and analytical solutions of the shear lag effect under several common
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boundaries and load cases were presented. Finally, some cases involving the simply
supported beam were used to analyze the shear lag effect. The results obtained using the
proposed method were validated via comparison with numerical results. Based on the
present study, the following conclusions could be drawn:

(1) The proposed method can provide reasonable predictions for the shear lag effect
of single- and double-cell box girders. It is suggested that the 2CS method is suited for
solving the shear lag effect in single-cell box girders, and the 3CD method is recommended
for double-cell box girders. The analytical methods based on the shear flow distribution
law proposed in this paper are more straightforward and practical. They also provide
theoretical support for the subsequent development of finite beam elements.

(2) For double-cell box girders, minimum stress locations on the top and bottom slabs
do not coincide with the symmetry axis. Instead, they are near the zero points of shear flow.
Therefore, it is rational to adopt the zero point of shear flow as the origin of the parabola.

(3) The shear lag coefficients are varied at different webs of the double-cell box section.
The magnitude of the coefficients is related to the distance from the web to the zero point of
the shear flow. The further away from the zero point of the shear flow, the larger the value.

(4) Considering the web’s warping variation and the section’s axial force balance can
increase the accuracy of the calculation results.
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Notation

A; = the area of the i-th flange

b; = the width of the i-th flange

C; = the relevant unknown coefficient determined by the boundary and continuity conditions
d; = the introduced coefficient

E = the elastic modulus

F = the concentrated load

f = the uniformly distributed load

f(x) = the distribution function corresponding to the shear lag effect
G = the shear modulus

h = the height of webs

h; = the distance between the centroid of the cross section and the midplane of i-th flange
I; = the inertial moment to the X-axis of the i-th flange

L = the length of the beam

M = the bending moment of the cross-section

N; = the parameter related to the cross-sectional properties

O = the origin of the coordinate

Q = the cross-sectional shear force

g = the shear flow

Sy = the static moment to the X-axis

s = the curvilinear coordinates of the section profile

t; = the thickness of the i-th flange

U; = the strain energy of the i-th flange



Appl. Sci. 2024, 14, 828 29 of 30

u;(x,z) = the longitudinal displacement of the i-th flange
V = the external load potential energy of the system

w = the vertical deflection

X = the width direction of the section

Xp = the distance from the shear flow’s zero point to the side web in the opened double-cell section
Y = the height direction of the section

Z = the longitudinal direction of the beam

v = the shear strain

¢ = the axial strain

7; = the introduced coefficient

A = the shear lag coefficient

u = the Poisson’s ratio

IT = the total potential energy of the system

o = the bending normal stress

@(z) = the maximum difference in the shear angle

References

1.  Chang, S.T,; Ding, Y. Shear lag effect in box girder with varying depth. J. Struct. Eng. 1988, 114, 2280-2292. [CrossRef]

2. Luo, Q.Z;Li, QS.; Tang, J. Shear lag in box girder bridges. J. Bridge Eng. 2002, 7, 308-313. [CrossRef]

3.  Luo, Q.Z; Yu,].L. Problems of transverse cracking in flange slabs of reinforced concrete continuous box girder bridge. J. China
Bridge Constr. 1997, 117, 41-45. (In Chinese)

4. Cambronero-Barrientos, F.; Aragén-Torre, A.; Martinez-Martinez, ].-A.; Aragén-Torre, G. Experimental verification of a beam
element for thin-walled beams with torsion, distortion, and shear lag. Eng. Struct. 2022, 261, 114249. [CrossRef]

5. Chu, K.H; Dudnik, E. Concrete box girder bridges analyzed as folded plates. In Concrete Bridge Design, SP-23; ACI Publications:
Farmington Hills, MI, USA, 1969; pp. 221-246.

6. Li, X.Y;; Wan, S.; Zhang, Y.H.; Zhou, M.D.; Mo, Y. Beam finite element for thin-walled box girders considering shear lag and shear
deformation effects. Eng. Struct. 2021, 233, 111867. [CrossRef]

7. Luo, Q.Z; Wu, YM,; Tang, J.; Li, Q.S. Experimental studies on shear lag of box girders. Eng. Struct. 2002, 24, 469-477. [CrossRef]

8. Zhou, S]. Finite beam element considering shear-lag effect in box girder. J. Eng. Mech. 2010, 136, 1115-1122. [CrossRef]

9.  Zhou, M.D.; Zhang, Y.H.; Lin, P.Z.; Zhang, Z.B. A new practical method for the flexural analysis of thin-walled symmetric
cross-section box girders considering shear effect. Thin-Walled Struct. 2022, 171, 108710. [CrossRef]

10.  Zhou, C.; Li, L.E; Wang, ].Q. Modified bar simulation method for shear lag analysis of non-prismatic composite box girders with
corrugated steel webs. Thin-Walled Struct. 2020, 155, 106957. [CrossRef]

11. Zhu, L; Su, K.L.; Li, M.]. Finite beam element with 26 DOFs for curved composite box girders considering constrained torsion,
distortion, shear lag and biaxial slip. Eng. Struct. 2021, 232, 111797. [CrossRef]

12.  Evans, HR,; Taherian, A.R. Predication of the shear lag effect in box girders. Proc. Inst. Civ. Eng. 1977, 63, 69-92.

13.  Evans, H.R; Kristek, V. A hand calculation of the shear lag effect in stiffened flange plates. J. Construct. Steel Res. 1984, 4, 117-134.
[CrossRef]

14. Reissner, E. Analysis of shear lag in box beams by the principle of minimum potential energy. Q. Appl. Math. 1946, 4, 268-278.
[CrossRef]

15. Dezi, L.; Mentrasti, L. Nonuniform bending-stress distribution (shear lag). . Struct. Engng. ASCE 1986, 111, 2675-2690. [CrossRef]

16. Guo, ].Q.; Fang, Z.Z.; Luo, X.D. Analysis of shear lag effect in box girder bridge. China Civ. Eng. ]. 1983, 16, 1-13. (In Chinese)

17.  Zhang, S.D.; Deng, X.H.; Wang, W.Z. Shear Lag Effect of Thin Walled Box; Girder, M., Ed.; China Communications Press: Beijing,
China, 1998. (In Chinese)

18. Chang, S.T. Shear lag effect in simply supported prestressed concrete box girder. J. Bridge Eng. 2004, 9, 178-184. [CrossRef]

19. Hu, SW.; Yu, J.; Huang, Y.Q.; Xiao, S.Y. Theoretical and experimental investigations on shear lag effect of double-box composite
beam with wide flange under symmetrical loading. J. Mech. 2015, 31, 653-663. [CrossRef]

20. Yu,];Hu, SW.; Zhang, Z.G.; Wei, C.J. Shear lag and related parameter impact researches for twin-cell composite box beam under
concentrated loads. J. Mech. 2017, 33, 443-460. [CrossRef]

21. Ni, Y.Z. Shear lag problem in wide channel beams. China Civ. Eng. J. 1986, 19, 32—41. (In Chinese)

22.  Qian, Y.Q.; Ni, Y.Z. Analysis of shear lag effect in single-cell box girder. China J. Highw. Transp. 1989, 2, 28-38. (In Chinese)

23.  Zhang, YH.; Hu, Y.R; Lin, L.X. Analysis on shear lag effect of thin-walled box girders based on a modified warping displacement
mode. China Civ. Eng. J. 2015, 48, 44-50. (In Chinese)

24. He, X.Y; Xiang, Y.Q.; Chen, Z.Y. Improved method for shear lag analysis of thin-walled box girders considering axial equilibrium
and shear deformation. Thin-Walled Struct. 2020, 151, 106732. [CrossRef]

25. He, X.Y,; Xiang, Y.Q.; Qiu, X.; Chen, Z.Y. Shear lag including axial balance of box beams by finite segment model. ]. Constr. Steel

Res. 2022, 189, 107043. [CrossRef]


https://doi.org/10.1061/(ASCE)0733-9445(1988)114:10(2280)
https://doi.org/10.1061/(ASCE)1084-0702(2002)7:5(308)
https://doi.org/10.1016/j.engstruct.2022.114249
https://doi.org/10.1016/j.engstruct.2021.111867
https://doi.org/10.1016/S0141-0296(01)00113-4
https://doi.org/10.1061/(ASCE)EM.1943-7889.0000156
https://doi.org/10.1016/j.tws.2021.108710
https://doi.org/10.1016/j.tws.2020.106957
https://doi.org/10.1016/j.engstruct.2020.111797
https://doi.org/10.1016/0143-974X(84)90022-1
https://doi.org/10.1090/qam/17176
https://doi.org/10.1061/(ASCE)0733-9445(1985)111:12(2675)
https://doi.org/10.1061/(ASCE)1084-0702(2004)9:2(178)
https://doi.org/10.1017/jmech.2015.31
https://doi.org/10.1017/jmech.2017.5
https://doi.org/10.1016/j.tws.2020.106732
https://doi.org/10.1016/j.jcsr.2021.107043

Appl. Sci. 2024, 14, 828 30 of 30

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

Zhu, D.; Huang, N.; Li, J.; Zhou, S.; Wu, C. Shear lag analysis of simply supported box girders considering axial equilibrium and
shear deformation. J. Build. 2023, 13, 2415. [CrossRef]

Lin, P.Z.; Zhou, S.J. Analysis on shear-lag effect of box girders based on flange-slab shear deformation law. J. China Railw. Soc.
2011, 33, 100-104. (In Chinese)

Li, X;; Wan, S.; Mo, Y.L,; Shen, K.; Zhou, T.; Nian, Y. An improved method for analyzing shear lag in thin-walled box-section
beam with arbitrary width of cantilever flange. Thin-Walled Struct. 2019, 140, 222-235. [CrossRef]

Li, X.; Wan, S.; Shen, K.; Zhou, P.; Wang, X. Prediction of shear lag effect in thin-walled single-box multicell box girder based on
the modified warping displacement function. Adv. Civ. Eng. 2020, 2020, 6815092. [CrossRef]

Zhang, H.; Zhang, Y.Y,; Zhang, Y.H. Analysis on shear deformation and shear-lag effects on twin-cell box girders. J. Appl. Math.
Mech. 2016, 37, 791-803.

Pan, J.L.; Chen, K.L. Research on shear lag effect of cantilever concrete box beam with double chambers. J. E3S Web Conf. 2022,
360, 01081. [CrossRef]

Luo, M,; Lin, PZ.; Sun, L.X. Analysis of shear lag effect in twin-cell box girders. J. IOP Conf. Ser. Mater. Sci. Eng. 2019, 563, 032043.
[CrossRef]

Lee, S.C.; Yoo, C.H.; Yoon, D.Y. Analysis of shear lag anomaly in box girders. J. Struct. Eng. 2002, 128, 1379-1386. [CrossRef]
Zhou, S.J. Shear lag analysis in prestressed concrete box girders. . Bridge Eng. ASCE 2011, 16, 500-512. [CrossRef]

Wu, Y.P; Liu, S.Z,; Zhu, Y.L.; Lai, YM. Matrix analysis of shear lag and shear deformation in thin-walled box beams. . Eng. Mech.
2003, 129, 944-950. [CrossRef]

Chang, S.T.; Zheng, EZ. Negative shear lag in cantilever box girders with constant depth. J. Struct. Eng. ASCE 1987, 113, 20-35.
[CrossRef]

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual
author(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to
people or property resulting from any ideas, methods, instructions or products referred to in the content.


https://doi.org/10.3390/buildings13102415
https://doi.org/10.1016/j.tws.2019.03.026
https://doi.org/10.1155/2020/6815092
https://doi.org/10.1051/e3sconf/202236001081
https://doi.org/10.1088/1757-899X/563/3/032043
https://doi.org/10.1061/(ASCE)0733-9445(2002)128:11(1379)
https://doi.org/10.1061/(ASCE)BE.1943-5592.0000179
https://doi.org/10.1061/(ASCE)0733-9399(2003)129:8(944)
https://doi.org/10.1061/(ASCE)0733-9445(1987)113:1(20)

	Introduction 
	The Distribution Law of Bending Shear Flow in Box Sections 
	Basic Coordinate System and Solution Steps 
	Shear Flow in the Single-Cell Box Girder 
	Shear Flow in the Double-Cell Box Girder 

	Box Girder’s Longitudinal Displacement Functions 
	Basic Assumptions 
	Displacement Functions of the Single-Cell Box Girder 
	Displacement Functions of the Double-Cell Box Girder 

	Governing Differential Equations and Boundary Conditions 
	Shear Lag Coefficient 
	Closed Solutions of the Shear Lag Effect under Several Common Boundaries and Loads 
	Simply Supported Beam under Concentrated Load 
	Simply Supported Beam under Uniformly Distributed Load 
	Cantilever Beam under Concentrated Load 
	Cantilever Beam under Uniformly Distributed Load 

	Case Studies 
	Parameter Selection and Finite Element Model 
	Example 1: Simply Supported Single-Cell Box Beam under Concentrated Load 
	Example 2: Simply Supported Single-Cell Box Girder under Uniformly Distributed Load 
	Example 3: Simply Supported Double-Cell Box Beam under Concentrated Load 
	Example 4: Simply Supported Double-Cell Box Girder under Uniformly Distributed Load 
	Example 5: Cantilever Double-Cell Box Girder Uniformly Distributed Load 
	Example 6: Double-Cell Box Girder Fixed at Both Ends under Uniformly Distributed Load 

	Conclusions 
	References

