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Abstract: Synthetic aperture radar (SAR) raw data do not have a direct application; therefore, SAR raw
signal processing algorithms are used to generate images that are used for various required applications.
Currently, there are several algorithms focusing SAR raw data such as the range-Doppler algorithm,
Chirp Scaling algorithm, and Omega-k algorithm, with these algorithms being the most used and
traditional in SAR raw signal processing. The most prominent algorithm that operates in the frequency
domain for focusing SAR raw data obtained by a synthetic aperture radar with large synthetic apertures
is the Omega-k algorithm, which operates in the two-dimensional frequency domain; therefore, in this
paper, we used the Omega-k algorithm to produce SAR images and modify the Omega-k algorithm
by adding the Doppler factor to improve the accuracy of SAR raw data processing obtained by the
continuous wave and pulsed frequency modulated linear frequency modulated radar system from the
surfaces of interest. On the other hand, for the case of unmanned aerial vehicle-borne linear frequency
modulated continuous wave (LFM-CW) SAR systems, we added motion compensation to the modified
Omega-k algorithm. Finally, the testing and validation of the developed Omega-k algorithm used
simulated and real SAR raw data for both pulsed synthetic aperture and continuous wave radars.
The real SAR raw data used for the validation of the modified Omega-k algorithm were the raw data
obtained by the micro advanced synthetic aperture radar (MicroASAR) system, which is an LFM-CW
synthetic aperture radar installed on board an unmanned aerial system and the raw data obtained by
European remote sensing (ERS-2) satellite with a synthetic aperture radar installed.

Keywords: omega-k algorithm; doppler factor; SAR raw data; motion compensation

1. Introduction

The synthetic aperture radar has applications in remote observation of the Earth’s
surface, forest monitoring [1], agriculture [2], damage detection in earthquakes [3], maritime
surveillance [4], cartography, topography [5], and the generation of three-dimensional
models of the surface of interest [6]. The synthetic aperture radar system can be installed
on board space vehicles such as satellites, aerial vehicles such as UAVs (unmanned aerial
vehicles) and airplanes, and ground vehicles such as automobiles automobilesar. Synthetic
aperture radars transmit a chirp signal with linear frequency modulation through pulses;
that is, they are pulsed synthetic aperture radars. Furthermore, it is not necessary to
add the word pulsed because it is understood. Continuous waves with linear frequency
modulation synthetic aperture radars transmit a chirp signal continuously; these radars are
economically low cost compared with the SAR system [7].

The operation of a synthetic aperture radar consists of the transmission of chirp signals
and the subsequent reception of said chirp signals backscattered over a surface of interest.
The platform of a synthetic aperture radar (SAR) system must move in a straight line with
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a constant speed to simulate a gigantic antenna using aperture synthesis. The reception of
backscattered signals is carried out using an antenna [8]; these backscattered signals pass
through the SAR system, which conditions them appropriately to generate SAR raw data.

SAR raw data are a matrix of raw signals [9] that are sampled using a slow time
frequency in azimuth and a fast time frequency in range; the raw signal matrix contains
electromagnetic information about the reflectivity of the surfaces of interest. On the other
hand, SAR raw data elements are generally complex values; therefore, the amplitude of the
complex values represents the intensity of the electromagnetic signal and the phase of that
value contains distance, geometry, and surface feature information. SAR raw data have
no direct applications because the desired results cannot be interpreted or described, so
processing algorithms are used to generate SAR images where the surface of interest can
be observed.

The range-Doppler algorithm [10], Chirp Scaling algorithm [11], and Omega-k
algorithm [12] operate in the frequency domain and are the most widely used algorithms
in synthetic aperture radar digital signal processing to generate SAR images. Time-domain
focusing algorithms such as the backprojection algorithm [13] generate better quality SAR
images compared with focusing algorithms operating in the frequency domain [14]; how-
ever, the advantage of frequency-domain focusing algorithms is that their computational
cost is lower than that of the time-domain focusing algorithms [12,14]; therefore, frequency-
domain focusing algorithms can be further improved. On the other hand, when the speed
of the SAR platform is high or close to supersonic, hypersonic, and relativistic speeds, the
Doppler factor is of the utmost importance. In recent research, the Doppler factor was only
added in focusing algorithms for linear frequency modulated continuous wave (LFM-CW)
SAR radars, obtaining good results [15]; however, the Doppler factor was not added in
focusing algorithms for SAR (pulsed) radars installed on board a space platform and it is
not known how the Doppler factor affects the SAR imaging approach. Therefore, in this pa-
per, the Omega-k algorithm was chosen because it has a better performance than the Chirp
scaling algorithm and the range-Doppler algorithm at large synthetic apertures [12,16], as
well as to evaluate whether the Doppler factor has positive or negative effects on SAR raw
signal processing.

In [17], the precise version of the Omega-k algorithm was developed for LFM-CW SAR
radars, because this Omega-k algorithm only worked for pulsed SAR radars; as a result, a
modified Omega-k algorithm for continuous wave radars was obtained, generating a good
LFM-CW SAR image quality by distinguishing surfaces better than the range-Doppler
algorithm; therefore, in this paper, we modify the Omega-k algorithm by adding motion
compensation and Doppler factor for LFM-CW SAR radars to improve the focusing of
the SAR images. Then, we present the structure of this paper and, in Section 1, we briefly
describe a synthetic aperture radar, as well as its applications, SAR raw data structure,
SAR raw signal processing algorithms, and problems. In Section 2, we explain the SAR
geometry, through a demonstration of the mathematical equation of the SAR raw data
and the structure of continuous wave and pulsed SAR raw data. Then, in Section 3, we
transform the SAR raw data from the time domain to the two-dimensional frequency
domain. In Section 4, we develop SAR raw signal processing using the Omega-k algorithm
for continuous wave and pulsed SAR radars. Then, in Section 5, the results are shown, that
is, testing the Omega-k algorithm using simulated and real SAR raw data. Finally, Section 6
shows the conclusions and recommendations.

2. Syntethic Aperture Radar

A synthetic aperture radar (SAR) is a pulsed radar installed on board a space, air, or
ground platform. It transmits chirp signals or electromagnetic waves with linear frequency
modulation, obtaining a raw or unprocessed signal from the surface of interest through
antennas, demodulators, filters, analog-to-digital converters, that is, through the signal
conditioning system.
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2.1. SAR Geometry

In Figure 1a, the SAR geometry is observed, which operates in stripmap mode and is
a monostatic radar, where the magenta quadrilateral represents the SAR antenna, the green
quadrilateral represents the SAR antenna footprint, the circle with a green background
represents the target, and the SAR system movement direction is called azimuth and the
chirp signal transmission direction is called the slant range. On the other hand, the Nadir
point is also observed, where the Doppler effect is minimal; in addition, the squint angle,
radar beam, and H SAR platform height are apparent.

Figure 1. (a) SAR Geometry (stripmap mode) and (b) chirp signal path (monostatic radar).

In Figure 1b, the radar system moves from point P1 to point P2 in the azimuth direction
to capture signals backscattered from the surface of interest through the SAR antenna;
therefore, the blue lines represent the transmitted signal path (slant range R1) and the
backscattered chirp signal (slant range R2), and this occurs at time ∆t. On the other hand,
Equations (3) and (4) [16] are obtained from Figure 1b.

R1 = R(n) (1)

R2 = R(n + ∆t) (2)

R(n) =
√

R2
0 + (Vsn)2 (3)

R(n + ∆t) =
√

R2
0 + (Vs(n + ∆t))2 (4)

where R1 and R2 are the slant range, ∆t is the time delay in acquiring backscattered signals
from the surface of interest, n is the time in azimuth, and Vs is the SAR platform speed;
therefore, the time delay is as follows:

∆t =
R1 + R2

c
(5)

In Equation (5), we have the speed of light c, then replacing Equations (1) and (2)
into Equation (5), we have the time delay ∆t.

∆t =
R(n) + R(n + ∆t)

c
(6)

It is known that α = c2

c2−V2
s

is the Doppler factor [15,18]. Then, using Equations (3),
(4) and (6), [14] the time delay ∆t is solved, therefore, the time delay ∆t of the chirp signal
traveling through the paths of R1 and R2 is shown in Equation (7) [18].
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∆t = 2α

(
R(n)

c
+

(
Vs

c

)2
n

)
(7)

2.2. SAR Raw Signal Modeling

In Figure 2, the equation of the chirp signal transmitted by the SAR system through its
antenna at point P1 is represented by Equation (8) [9,16], and the backscattered signal from
the surface of interest is received at point P2, and is described by Equation (9) [16,19,20].

Figure 2. Quadrature demodulation of the SAR system [19].

st(t) = rect
(

t
tp

)
exp
(

jπkrt2
)

(8)

where the transmitted chirp signal is st, chirp modulation rate is kr, pulse duration is tp,
and chirp signal received by the SAR antenna is sr which has a time delay ∆t.

sr(t) = rect
(

t− ∆t
tp

)
exp
(

jπkr(t− ∆t)2
)

(9)

Digital signal processing of synthetic aperture radar is achieved in phase and the
amplitude can be neglected, as seen below, by expressing it with cosines.

sr(t) ∼= cos
(

2π f0(t− ∆t) + πkr(t− ∆t)2
)

(10)

Then, Equation (10) can be expressed in another way, as shown in Equation (11),
where ∅(t) = −2π f0∆t + πkr(t− ∆t)2 is the backscattered signal phase and f0 is the
center frequency of the chirp signal.

sr(t) = cos(2π f0t +∅(t)) (11)

Figure 2 shows the received signal modeling by the SAR antenna based on [16,19–21].
Where the received signal is multiplied by sr1(t) and sr2(t), respectively, passing the result-
ing signal through the low-pass filter, eliminating the carrier signal, and then these signals
are digitized obtaining the SAR raw signal sa(t), which is determined mathematically in
the following way for both the real and imaginary channels.

sr1(t) = sr(t)cos(2π f0t), sr1(t) =
1
2

cos(∅(t)) +
1
2

cos(4π f0t +∅(t)) (12)

sr2(t) = −sr(t)sin(2π f0t), sr2(t) =
1
2

sin(∅(t))− 1
2

sin(4π f0t +∅(t)) (13)

Unwanted signals must be removed; therefore, the signal 1
2 sin(4π f0t +∅(t)) is re-

moved using a low-pass filter whose frequency spectrum is shown in Figure 3. Then, the
filtered signals or resulting signals are shown in Equations (14) and (15) for both the real
and imaginary channels, respectively.
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Figure 3. Removal of the 1
2 cos(4π f0t +∅(t)) and − 1

2 sin(4π f0t +∅(t)) signal located at the fre-
quency 2w0 using the low-pass filter (LPF) [19].

srr(t) =
1
2

cos(∅(t)) (14)

sri(t) =
1
2

sin(∅(t)) (15)

sa(t) =
1
2
(cos(∅(t)) + 1jsin(∅(t))) (16)

Equation (16) can be expressed exponentially using Euler’s relation as follows: 1
2exp(1j∅(t)).

Then, returning the rectangular function to Equation (16), the SAR raw signal is obtained as
shown in Equation (17), similar to that in [16,19,20]. Where the phase exp(1j∅(t)) is used for
generating SAR images through digital signal processing.

sa(t) ∼= rect
(

t− ∆t
tp

)
exp(1j∅(t)) (17)

Figure 1 shows that the chirp signal is transmitted at point P1, and said chirp signal
with a time delay is received by the antenna at point P2. In pulsed SAR systems, an antenna
is used for the transmission and reception of chirp signals, as shown in Figure 4 where the
pulse repetition interval (PRI) is the signal period in Figure 4, and in a system pulse, n is
transmitted and m is received, then pulse n + 1 is transmitted and receives m + 1, and so on.

Figure 4. Tx and Rx in SAR system [19].

2.3. LFM-CW SAR Raw Signal Modeling

Modeling synthetic aperture radar signals with continuous wave linear frequency
modulation is similar to the case of a pulsed SAR system; however, one way to quickly
obtain the SAR signal is by multiplying the transmitted signal by the conjugate of the
backscattered signal, as described in Equation (20), taking into account that stc(t) is the
signal transmitted by the LFM-CW SAR system and the backscattered signal received by
the antennas of said system is src(t) [14,19,22].

stc(t) = exp
(

j
(

2π f0t + πkrt2
))

(18)

src(t) = exp
(

j
(

2π f0(t− ∆t) + πkr(t− ∆t)2
))

(19)
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The equation of the SAR raw signal with continuous wave linear frequency modulation
is shown in Equation (21), similar to that in [14,19,22]. This equation is used in SAR digital
signal processing to focus images.

sdc(t) = stc(t)s∗rc(t) (20)

sdc(t) = exp
(

j
(

2π f0∆t + 2πkrt∆t− πkr∆t2
))

(21)

In an LFM-CW SAR system, two antennas are used, one to transmit (Tx) and the
other to receive (Rx) chirp signals, whose transmitted signal and the backscattered signal
are shown in Figure 5. On the other hand, the LFM-CW SAR systems can use two or
more transmitting and receiving antennas, and this depends on the application. Figure 6
shows the sampling of the backscattered signal by the slow time frequency also called pulse
repetition frequency (PRF = 1/PRI).

Figure 5. Transmitter (Tx) and receiver (Rx) of the LFM-CW SAR system.

Figure 6. Backscattered signals at the receiving antenna Rx in the LFM-CW SAR system [19].

2.4. SAR Raw Data

SAR raw data are an array of chirp signals (pulses of electromagnetic waves) backscat-
tered from the surfaces of interest. Figure 7 shows the general structure of SAR raw data
for pulsed and continuous SAR radars, and SAR raw data have no direct application and
cannot distinguish targets or surfaces of interest; therefore, SAR images are generated by
focusing algorithms.

The SAR raw data in Figure 7 are sampled in the azimuth direction using the slow
time sampling frequency or pulse repetition frequency (PRF = 1/PRI), the inverse of the
pulse repetition frequency (PRF) is called the pulse repetition interval (PRI); the data are
also sampled in the range direction using the fast time sampling frequency or sampling
frequency ( fs).
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Figure 7. SAR raw data [19].

3. Two-Dimensional Frequency Domain

Focusing algorithms that operate in the frequency domain have a lower computational
cost than focusing algorithms that operate in the time domain; according to the literature the
Omega-k algorithm has a better focusing quality than the Chirp Scaling algorithm and the
range-Doppler algorithm for large synthetic apertures [12], so the Omega-k algorithm will
be developed by adding parameters such as Doppler factor [15] for pulsed and continuous-
wave SAR radars.

3.1. SAR Raw Signal Spectrum

The Omega-k algorithm works in the two-dimensional frequency domain; therefore,
Fourier transform is applied in the azimuth and range direction to the SAR raw signal.
On the other hand, for SAR signal processing, Equation (17) will be used, and rewriting
said equation results in Equation (22), similar to that in [16,19,23,24].

sa(t) = rect
(

t− ∆t
tp

)
exp
(

1j
(
−2π f0∆t + πkr(t− ∆t)2

))
(22)

In Equation (22), digital signal processing is mainly conducted in phase; therefore, the
range Fourier transform is applied.

SA( ft) =
∫ ∞

−∞
sa(t)exp(−j2π ftt)dt; ψ(t) = −2π f0∆t + πkr(t− ∆t)2 − 2π ftt (23)

where ψ(t) is the integrand phase and ft is the fast-time frequency. Then, the derivative
is applied to ψ(t) and is set equal to zero because it is a stationary signal, then t is solved;
mathematically speaking dψ(t)

dt = 0, solving for t, we obtain the following:

t = ∆t +
ft

kr
(24)

Replacing Equation (24) in Equation phase (23), [16,20,24] or ψ(t), obtains the following
phase:
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ψ( ft) = −2π( f0 + ft)∆t− π f 2
t

kr
(25)

The development of digital signal processing is conducted in the SAR raw signal
phase, so for now, we only considered the phase. Then, using Equations (23) and (24), the
following result was obtained.

SA( ft) = exp(jψ( ft)) (26)

Then, using the signal of Equation (26), which is in the range-Doppler domain, we
transform the signal to the two-dimensional frequency domain by applying the azimuth
Fourier transform.

SA( ft, fn) =
∫ ∞

−∞
SA( ft)exp(−j2π fnn)dt; ψ( ft, n) = −2π( f0 + ft)∆t− π f 2

t
kr
− 2π fnn (27)

where ψ( ft, n) is the integrand phase of Equation (27), fn is the slow time frequency, and

∆t = 2α

(
R(n)

c +
(

Vs
c

)2
n
)

is the delay time; then, as it is a stationary signal, dψ( ft ,n)
dt = 0.

The value of n is shown in Equation (28).

n =
−R0

(
fnc

2αVs( f0+ ft)
+ Vs

c

)
Vs

√
1−

(
fnc

2αVs( f0+ ft)
+ Vs

c

)2
(28)

Then, we replace n in Equation (27), finally obtaining a phase in the two-dimensional
frequency domain and, consequently, the raw signal in the two-dimensional domain, which
is shown in Equation (29).

SA( ft, fn) = exp(jψ( ft, fn)) (29)

where:

ψ( ft, fn) = −
4παR0

c

√( f0 + ft)
2 −

(
fnc

2αVs
+

Vs

c
( f0 + ft)

)2
− π f 2

t
kr

(30)

3.2. LFM-CW SAR Raw Signal Spectrum

The LFM-CW SAR raw signal in the time domain was obtained by the linear frequency
modulated continuous wave (LFM-CW) synthetic aperture radar (SAR) system; then, we
converted said signal to the two-dimensional frequency domain. Therefore, the range
Fourier transform was first applied to Equation (21), as shown in Equation (31).

SDC( ft) =
∫ ∞

−∞
sdc(t)exp(−j2π ftt)dt (31)

The range Fourier transform was applied, making f0 ← f0 + ft [16,17]; thus, we
obtained Equation (32), which is in the range-Doppler domain.

SDC( ft) = I( ft)exp
(

j
(

2π( f0 + ft)∆t− πkr∆t2
))

(32)

where I( fr) is the sinc amplitude of the signal; however, the processing was conducted in
phase, so this amplitude was not taken into account. The residual video phase was removed;
that is, the πkr∆t2 phase was removed, which is known as the residual phase removal.

SDC( ft) = exp(j2π( f0 + ft)∆t) (33)
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The azimuth Fourier transform was applied to convert the signal in Equation (33),
which was in the range-Doppler domain to the two-dimensional frequency domain.

SDC( ft, fn) =
∫ ∞

−∞
SDC( ft)exp(−j2π fnn)dn (34)

Then, the integrand phase of Equation (34) is shown in Equation (35), and the deriva-
tive was applied and set equal to zero because it was a stationary signal. newpage

ω( ft, n) = 2π( f0 + ft)∆t− 2π fnn;
dω( ft, n)

dn
= 0 (35)

After applying the derivative, we had n and substituted it into phase θ( ft, n), obtaining
the phase shown in expression (36).

n =
R0

(
fnc

2αVs( f0+ ft)
− Vs

c

)
Vs

√
1−

(
fnc

2αVs( f0+ ft)
− Vs

c

)2
(36)

Finally, for SAR raw signals collected by linear frequency modulation continuous
wave radars, we use Equation (37), which is in the two-dimensional frequency domain.

SDC( ft, fn) = exp(jω( fn, ft)) (37)

where

ω( fn, ft) =
4παR0

c

√
( f0 + ft)

2 −
(

c fn

2αVs
− Vs

c
( f0 + ft)

)2
(38)

4. SAR Raw Signal Processing

In this paper, the SAR raw signal processing is performed in the two-dimensional
frequency domain using the Omega-k algorithm, which consists of general focusing and
differential focusing.

4.1. Omega-k Algorithm for SAR System

The SAR raw data processing for a pulsed radar was implemented using Figure 8
based on [16]; therefore, the Omega-k algorithm was modified by adding the Doppler
factor, so it will be developed in detail.

Figure 8. Omega-k Algorithm for the SAR System.
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4.1.1. 2D Fast Fourier Transform

Firstly, the SAR raw data are a matrix of raw signals sampled over slow time in
azimuth and fast time in the range frequencies. On the other hand, the Omega-k algorithm
operates in the two-dimensional frequency domain; therefore, two-dimensional Fourier
transform, that is, in range and azimuth, is applied to convert the data from the time
domain to the frequency domain in the range and azimuth directions.

4.1.2. Reference Function Multiply

The SAR raw data in the two-dimensional frequency domain are shown in Equation (29);
therefore, we implemented general focus, which consists of multiplying the data by the
reference function is shown in Equation (39).

Hre f ( ft, fn) = exp
(
−jψre f ( ft, fn)

)
(39)

where

ψre f ( ft, fn) = −
4παRre f

c

√( f0 + ft)
2 −

(
fnc

2αVs
+

Vs

c
( f0 + ft)

)2
− π f 2

t
kr

(40)

Then, the data are multiplied in the two-dimensional frequency domain SA( ft, fn)
with the reference function Hre f ( ft, fn) in the following way.

SA( ft, fn)Hre f ( ft, fn) = exp
(

1j
(

ψ( ft, fn)− ψre f ( ft, fn)
))

(41)

Then, the signal result phase SA( ft, fn) is as follows:

ψRFM( ft, fn) = −
4πα

(
R0 − Rre f

)
c

√( f0 + ft)
2 −

(
fnc

2αVs
+

Vs

c
( f0 + ft)

)2
 (42)

4.1.3. Stolt Interpolation

Stolt interpolation consists of the exchange of ft for f
′
t , similar to that in [16,22], that is,

it is the exchange of frequencies, as shown in the following expression.√
( f0 + ft)

2 −
(

fnc
2αVs

+
Vs

c
( f0 + ft)

)2
= f0 + f

′
t (43)

Therefore, the phase equation of the SAR raw data compressed in the range and
azimuth is shown in Equation (44) [12,16].

ψRFM( ft, fn) ∼= −
4πα

(
R0 − Rre f

)
c

(
f0 + f

′
t

)
(44)

where ψRFM( ft, fn) is the phase of the data compressed in the azimuth and range in the
two-dimensional frequency domain.

4.1.4. 2D inverse Fast Fourier Transform

We used the two-dimensional inverse Fourier transform to go from the two-dimensional
frequency domain to the time domain, thus generating a SAR image.

4.2. Omega-k Algorithm for LFM-CW SAR System

In this paper, the raw signal processing of a continuous wave linear frequency modu-
lated synthetic aperture radar is based on the Omega-k algorithm; therefore, we modified
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the omega-k algorithm as shown in Figure 9, and each one of the blocks is described in the
following sections.

Figure 9. Modified Omega-k algorithm for the LFM-CW SAR System.

4.2.1. Fast Fourier Transform in Range

The range Fourier transform is applied to the LFM-CW SAR raw data, and the fast
Fourier transform is used to convert the data from the time domain to the range-Doppler
domain, because it is an algorithm to calculate the Fourier transform.

4.2.2. Residual Video Phase Removal

Then, we proceeded to eliminate the residual video phase by multiplying Equation (32)
by exp

(
jπkr∆t2) to eliminate said unwanted phase. This phase should be eliminated be-

cause it negatively affects image quality due to its negative impact on distance measurement
applications, errors in velocity measurement, and causing blurring in the LFM-CW SAR
image. Equation (45) is used to remove the residual phase of the video.

HRVP = exp
(

jπkr∆t2
)

(45)

4.2.3. Motion Compensation 1

If the range R(n) → R(n) + ∆R(n), then motion compensation is applied, which
consists of multiplying the data by Hmc1 or equation (46) to remove the unwanted phase.

Hmc1 = exp
(

j
4πα∆R(n)

c
( f0 + ft)

)
(46)

where ∆R(n) is the distance variation or range variation, and it is dependent on the time in
azimuth n.

4.2.4. Fast Fourier Transform in Azimuth

The azimuth Fourier transform is applied to the data using fast Fourier transform
in azimuth, then the data are transformed to the two-dimensional frequency domain as
shown in Equation (37).
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4.2.5. Reference Function Multiply

The general focusing is implemented using referential slant range, which consists of
multiplying the data in the two-dimensional frequency domain by a reference function, as
shown in Equation (47).

Hre f ( ft, fn) = exp
(
−1jωre f ( fn, ft)

)
(47)

where:

ωre f ( fn, ft) =
4παRre f

c

√
( f0 + ft)

2 −
(

c fn

2αVs
− Vs

c
( f0 + ft)

)2
(48)

4.2.6. Stolt Interpolation

Differential focusing or Stolt interpolation consists of exchanging ft for f
′
t , which

is normally carried out in the processing of pulsed SAR radars [16,22]. Equation (49)
describes the stolt interpolation.√

( f0 + ft)
2 −

(
c fn

2αVs
− Vs

c
( f0 + ft)

)2
= f0 + f

′
t (49)

Another way to perform Stolt interpolation is by performing a difference of quadratic
factors [17], as shown in Equation (50). The compressed data phase in the range and
azimuth in two-dimensional domain is shown in Equation (51) [12,16].

f
′
t =

√
( f0 + ft)

2 −
(

c fn

2αVs
− Vs

c
( f0 + ft)

)2
−

√
f 2
0 −

(
c fn

2αVs
− Vs f0

c

)2
(50)

ωRFM( ft, fn) ∼=
4πα

(
R0 − Rre f

)
c

(
f0 + f

′
t

)
(51)

4.2.7. Inverse Fast Fourier Transform in Azimuth

The inverse fast Fourier transform (IFFT) is applied in the azimuth; however, the
inverse transform is no longer applied in the range because it is not necessary, and it is
enough to apply the Fourier transform in the range for the image quality to be acceptable.

4.2.8. Motion Compensation 2

Equation (52) [25] can be applied as an approximate motion compensation in the time
domain; however, Hmc2 = t4 can also be applied because the data are in the time domain.

Hmc2 = t3 (52)

Finally, filters are applied to eliminate speckle noise, and the most common filter used
is the multilook filter.

5. Results of Testing the Omega-k Algorithm

Testing of the algorithm is carried out using simulated and real SAR raw data, and doing
the same for synthetic aperture radars with continuous wave linear frequency modulation.

5.1. Simulated SAR Raw Data

Figure 10 shows the simulation of the synthetic aperture radar geometry used to
simulate SAR raw data with the main parameters of Table 1 and Equation (17). Addition-
ally, Figure 10 shows a magenta circle located at a certain height that represents the SAR
platform. On the other hand, the green triangle represents the antenna footprint that once
contained the black asterisk, which is an isolated and isotropic white dot, and it generates
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a chirp signal. Otherwise, if the footprint does not contain the black asterisk, it does not
generate a chirp signal.

Table 1 shows the initial parameters used to simulate a synthetic aperture radar
that transmits a chirp signal or an electromagnetic pulse signal with a linear frequency
modulation, as seen in Figure 10. This SAR system operates in the C band, for which the
center frequency of the chirp signal is 5 GHz, and the bandwidth of 150 MHz determines
the distance resolution.

Figure 10. SAR system (pulsed).

Table 1. SAR system parameters (pulsed).

Main Parameters Symbol Values

Carrier frequency f0 5.3 GHz
Bandwidth B 150 MHz

Pulse repetition rate PRF 100 Hz
Pulse width Tp 5 µs

Horizontal beam width θH 7◦

SAR platform speed Vs 15 m/s
Speed of light c 3× 108 m/s

Figure 11 shows the magnitude plot of the SAR raw data, because this data have
elements that are complex values; therefore, Figure 12 shows the SAR raw data phase of an
isolated and isotropic point target that serves to test the proposed Omega-k algorithm and
test the approximate quality of the SAR images.

In Figure 12a, it is observed that the SAR raw data phase has the shape of a hyperbola
and it indicates that the phase of the transmitted signal has a positive slope or is also known
as Up-Chirp. On the other hand, in Figure 12b, the the SAR raw data phase have the shape
of an ellipse, which indicates that the derivative of the phase of the transmitted signal has a
negative slope and is known as Down-Chirp.

Figure 13 shows a SAR image of a point target located in the center of the image
with the azimuth and range directions generated from the simulated SAR raw data shown
in Figure 11.

The SAR image in Figure 13 has pixels that are complex values; therefore, the image
shown in said figure is the magnitude of the SAR image demonstrating the correct operation
of the modified Omega-k algorithm for the SAR system (pulsed), and simulating the SAR
raw data using the proposed Omega-k algorithm is validated.
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Figure 11. SAR raw data magnitude.

Figure 12. This Figure shows: (a) SAR raw data phase (Up-Chirp). (b) SAR raw data phase
(Down-Chirp).

Figure 13. SAR image of a point target.

On the other hand, Table 2 shows the approximate values of the parameters of the SAR
images of a point target by making a cut in the azimuth and range at the point or pixel of
the maximum intensity of the SAR image shown in Figure 13. The quality parameters of the
Omega-k algorithm are shown in Table 2 , for which the values of the quality parameters
are acceptable. These approximate parameters were calculated by simulating the antenna
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footprint with the parameters of Table 1 along the azimuth and a point target. These quality
parameters vary depending on the dimensions of the antenna footprint and observed scene.

Table 2. Omega-k algorithm quality parameters (SAR system).

Parameters Symbol Values

Range Resolution δR 0.81 m
Azimuth Resolution δA 0.204 m

Peak Side Lobe Ratio PSLRA −7.05 dB
PSLRR −10.57 dB

Integrated Side Lobe Ratio ISLRA −4.31 dB
ISLRR −2.74 dB

5.2. Real SAR Raw Data and Discussion

Figure 14a shows the magnitude of the actual SAR raw data acquired by the Active Mi-
crowave Instrument that is installed on the ERS-2 satellite. Figure 14b shows the SAR image
obtained with the unmodified Omega-k algorithm, also called precise version algorithm;
meanwhile, in Figure 14c, the SAR image obtained using the range-Doppler algorithm is
observed. The focusing algorithm used by the ERS-2 system is the range-Doppler algorithm
(SAR Training Processor v1.1). On the other hand, comparing Figure 14b,c it is observed
that they are similar; however, some parts of the surface are better observed in the SAR
image using the Omega-k algorithm.

Figure 14. (a) Real SAR raw data obtained by the European Remote Sensing satellite (ERS-2) through
the Active Microwave Instrument (AMI), known as the SAR sensor [24]. (b) Real SAR image obtained
with the Omega-k algorithm [19,24]. (c) Real SAR image obtained with the range-Doppler algorithm
(SAR Training Processor v1.1) [24].
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Table 3. SAR ERS-2 parameters.

Main Parameters Symbol Values

Carrier frequency f0 5.3 GHz
Bandwidth B 15.5 MHz

Pulse repetition rate PRF 1679.90233438 Hz
Sample rate fs 18.86 MHz

chirp modulation rate kr 4.17788× 1011 Hz/s
Angle of incidence θH 23◦

SAR platform speed Vs 7543.41 m/s
Speed of light c 3× 108 m/s

The SAR raw data come from the surface of Lake Titicaca in Bolivia, a photograph
of which is shown in Figure 15a [26] and the magnitude of SAR raw data is shown in
Figure 15b [26]. These raw data were acquired by the European Remote Sensing satellite
(ERS-2) through its active sensor, known as the synthetic aperture radar with pulsed
linear frequency modulation (LFM), whose SAR system’s main parameters are shown in
Table 3. then, the SAR image generated with the proposed Omega-k algorithm is shown
in Figure 16, and it is observed that the SAR images of Figures 14c and 16 are similar;
furthermore, Figure 17 shows three samples obtained from Figures 14b,c and 16, that is,
images obtained with the Omega-k algorithm, range-Doppler algorithm, and the proposed
Omega-k algorithm. A selected area with a blue outline is seen clearer and sharper in the
SAR image obtained with the proposed Omega-k algorithm compared with the range-
Doppler algorithm and similar to the Omega-k algorithm; therefore, the proposed Omega-k
algorithm works correctly. On the other hand, it was also tested using other real SAR raw
data captured by the ERS-2 satellite, and the result of the modified Omega-k algorithm
focusing is shown in Figure 15c, where a SAR image of a part of Lake Titicaca located
in South America is observed. One limitation is the lack of SAR raw data obtained in
air or space vehicles with high speeds or hypersonic speeds, so it would be advisable to
test this proposed Omega-k algorithm on such SAR raw data to more effectively evaluate
its performance.

Figure 15. (a) Geographic location in ASF Data Search Vertex where the SAR raw data [27] is located.
(b) Magnitude of SAR raw data. (c) SAR image obtained with the modified Omega-k algorithm.
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Figure 16. SAR image obtained with the modified Omega-k algorithm using the SAR raw data
of Figure 14a.

Figure 17. (a) Sample of a SAR image obtained with the range-Doppler algorithm (SAR Training
Processor v1.1) [24]. (b) Sample of a SAR image obtained with the Omega-k algorithm [19,24].
(c) Sample of a SAR image obtained with the proposed Omega-k algorithm.

5.3. Simulated LFM-CW SAR Raw Data

In Figure 18, the LFM-CW SAR system is represented by the black rhombus at a certain
height, which moves in the azimuth direction and the chirp signals are transmitted and
received in the slant range direction. The antenna footprint of the LFM-CW SAR system
is represented by the green triangle and the green asterisk represents the isolated and
isotropic point target; the blue quadrilateral is the scene scanned with the radar.

On the other hand, Figure 18 shows blue chirp signals, this observed chirp signal s(t) is
continuous, which is called a continuous wave linear frequency modulated chirp. The LFM-
CW SAR system is used to generate a continuous wave chirp signal with linear frequency
modulation shown in Figure 18 using the main parameters of Table 4 and Equation (21);
the magnitude and phase of the LFM-CW SAR raw data is shown in Figure 19, which has
range and azimuth directions, and in the magnitude of the SAR raw data a yellow rectangle
is observed that has no meaning and has no direct application.
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Figure 18. LFM-CW SAR System.

Table 4. Parameters of the linear frequency modulation continuous wave SAR system.

Main Parameters Symbol Values

Carrier frequency f0 5.4287 GHz
Bandwidth B 170 MHz

Pulse repetition rate PRF 307.292 Hz
Horizontal beam width θH 11◦

SAR platform speed Vs 30.1938 m/s
Speed of light c 3× 108 m/s

Figure 19. This Figure shows: (a) LFM-CW SAR raw data phase. (b) LFM-CW SAR raw data magnitude.

The LFM-CW SAR image in Figure 20 of an point target is obtained from the LFM-CW
SAR raw data shown in Figure 19 using the modified Omega-k algorithm.

The quality parameters shown in Table 5 are approximate because they depend on the
dimensions of the scene. These parameters are obtained using Table 4 and performing a
cut in azimuth and range at the most intense point or pixel of the SAR image of a point
target (isolated and isotropic). On the other hand, PSLRR, PSLRA, ISLRR, and ISLRA
are the peak side lobe ratio (PSLR) and integrated side lobe ratio (ISLR) in the range and
azimuth, respectively.
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Figure 20. LFM-CW SAR image using the modified Omega-k algorithm.

Table 5. Omega-k algorithm quality parameters for the LFM-CW SAR system.

Parameters Symbol Values

Range Resolution δR 0.9 m
Azimuth Resolution δA 0.14 m

Peak Side Lobe Ratio PSLRA −8.26 dB
PSLRR −7.92 dB

Integrated Side Lobe Ratio ISLRA −2.95 dB
ISLRR −5.07 dB

5.4. Real LFM-CW SAR Raw Data and Discussion

Real LFM-CW SAR raw data obtained by the micro advanced synthetic aperture radar
(MicroASAR) with linear frequency modulated continuous wave (LFM-CW) on board an
unmanned aerial vehicle are obtained from “microASAR [28] data courtesy of David G.
Long at Brigham Young University [29]”. On the other hand, Figure 21 shows a comparison
of SAR images obtained between the range-Doppler algorithm and Omega-k algorithm.

Finally, the proposed Omega-k algorithm was validated by comparing the SAR images
of Figures 21 and 22; it was observed that they were similar as the same MicroASAR raw
data were used, for which the main parameters are shown in Table 6. In Figure 22, the
SAR image has range and azimuth directions, and the noise was reduced compared with
Figure 21b. Figure 23 shows that in the selected area, the noise was significantly reduced,
demonstrating the effectiveness of the proposed Omega-k algorithm. The SAR image
shown in Figure 22b was georectified according to the range and azimuth resolutions of
the MicroASAR system using the SAR image in Figure 22a.

In the selected area of Figure 23, a clean and noise-free surface could be observed
compared with the SAR image of Figure 22b; in addition, improvements were also observed
in the regions A and B of the SAR image in Figure 23. In the SAR images observed in
Figures 17a, 22, and 23, the black areas represent absorbing surfaces, water bodies with
turbulence, and areas with dense vegetation because the absorption of the chirp signals and
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the backscattered signal captured by the radar antenna was weak or the chirp signal was
simply lost. Bright parts of SAR images represented reflective or rough surfaces, metallic
objects, calm bodies of water, and urban areas. The intensities of each pixel of the SAR
image depend on the incidence angle, surface geometry, vegetation water stress, antenna,
and SAR geometry.

Figure 21. (a) LFM-CW SAR image obtained with the range-Doppler algorithm [17,25,30].
(b) LFM-CW SAR image obtained with the Omega-k algorithm [17].

Table 6. Micro advanced synthetic aperture radar parameters.

Main Parameters Symbol Values

Carrier frequency f0 5.42876 GHz
Bandwidth B 170 MHz

Pulse repetition rate PRF 307.292 Hz
Sample rate fs 18.86 MHz

Chirp modulation rate kr 1.5972563681× 1012 Hz/s
Angle of incidence θH 11◦

SAR platform speed Vs 30.1938 m/s
Speed of light c 3× 108 m/s
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Figure 22. (a) LFM-CW SAR image obtained with the proposed Omega-k algorithm. (b) Georecti-
fied LFM-CW SAR image obtained with the proposed Omega-k algorithm.

Figure 23. Noise reduction in LFM-CW SAR image obtained with the proposed Omega-k algorithm.

6. Conclusions

The SAR and LFM-CW SAR raw signals were transformed by adding the Doppler
factor using the two-dimensional Fourier transform from the time domain to the two-
dimensional Fourier domain, then the Omega-k algorithm was modified by adding the
Doppler factor for continuous and pulsed wave synthetic aperture radars.

The modified Omega-k algorithm for SAR (pulsed) systems was validated using sim-
ulated SAR raw data from a point target; additionally, this modified Omega-k algorithm
was validated with real SAR raw data that were obtained by the ERS-2 satellite through its
SAR radar (pulsed). On the other hand, in the modified Omega-k algorithm for LFM-CW
SAR systems, in addition to adding the Doppler factor, the SAR system aerial platform
movement compensation was added. This Omega-k algorithm was validated with simu-
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lated SAR raw data and real SAR raw data obtained by the MicroASAR system that was
installed on board an unmanned aerial vehicle.

SAR images generated by the modified Omega-k algorithm for continuous wave
and pulsed SAR systems have pixels with complex values and have remote observation
information of the surface of interest. These SAR images had range and azimuth directions,
and these SAR images obtained with the range-Doppler algorithm and the modified Omega-
k algorithm were compared, obtaining similar results and thus validating these proposed
Omega-k algorithms. On the other hand, the modified Omega-k algorithm for the LFM-CW
SAR system showed better results because of residual video phase elimination, and Doppler
factor and motion compensation were added.

As a contribution to the scientific community, the Doppler factor was successfully added
to the Omega-k algorithm for the pulsed SAR system, generating good quality SAR images. For
future work, the application of the Omega-k algorithm is recommended with the addition of the
Doppler factor for bistatic and circular synthetic aperture radars. It is also recommended that
the effects of adding the Doppler factor in the range-Doppler algorithm and the chirp scaling
algorithm in the approach of SAR raw data obtained on SAR platforms with high velocities
are examined.
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