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Abstract: Accurate running safety assessment of trains under earthquakes is crucial to ensuring the
safety of line operation. Extreme contact behaviors such as wheel flange contact and wheel jump
during earthquakes will directly affect the running safety of trains. To accurately simulate a wheel-rail
extreme contact state, the calculation of the normal compression amount, the normal contact stiffness,
and a number of contact points are crucial in wheel-rail space contact modeling. Hence, in order to
clarify the applicable algorithms during earthquakes, this paper first introduces different algorithms
in three aspects mentioned above. Taking a single CRH2 motor vehicle passing through a ballastless
track structure under EI-Centro wave excitation as an example, a comparative analysis of wheel-rail
contact dynamics and running safety was conducted. The results showed that adopting the normal
compression algorithm based on vertical penetration and the consideration of only single-point
contact will result in the maximum calculation error of wheel-rail contact force to reach 339.50% and
35.00%, respectively. This significantly affects the accuracy of train safety assessment, while using the
empirical formula for wheel-rail normal contact stiffness has relatively less impact. To ensure the
accuracy of running safety assessment of trains during an earthquake, it is recommended to adopt
the normal compression algorithm based on normal penetration and consider the multi-point contact
in wheel-rail contact modelling.

Keywords: running safety assessment; earthquake; wheel-rail contact; contact point; normal
compression amount; normal contact stiffness

1. Introduction

In China, high-speed railways are increasingly crossing high-intensity earthquake-
prone areas given their wide distribution, thus influencing the running safety of trains [1].
The running safety problems of trains under earthquake excitation has become an ongoing
concern. Under earthquake excitation, extreme contact behaviors such as wheel flange
contact and wheel jumping occur, directly impacting the running safety of trains [2].
Therefore, it is crucial to accurately simulate the wheel-rail extreme contact state.

Wheel-rail contact modeling under earthquake excitation needs to consider wheel-rail
spatial rolling contact characteristics, and the typical wheel-rail contact model is associated
with three problems: (i) wheel-rail contact geometry calculation, (ii) normal contact force
calculation, and (iii) tangential contact force calculation [3]. In previous studies, the contact
trace method [4], nonlinear Hertz theory, and Shen-Hedrick-Elkins theory [5] have been
used to solve the above problems and establish a corresponding model [6–8]. Since this
model can balance the requirements of wheel-rail contact modeling and computational
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efficiency [9,10], it is widely applied in vehicle dynamic simulations and running safety
analyses under earthquakes [11–13].

However, in order to ensure the accuracy of the wheel-rail extreme contact state
simulation, the algorithm used in wheel-rail contact modelling under earthquake excitation
in the following aspects needs to be further clarified. First, the contact points are generally
detected by the maximum wheel-rail vertical penetration in most cases; thus, only a single
contact point can be determined [14]. Seismic excitation causes a large relative lateral
displacement between the wheel and rail [15], leading to simultaneous elastic penetrations
in different regions [16,17]. Hence, the consideration of the number of wheel-rail contact
points under earthquake excitation needs to be further clarified.

The wheel-rail contact geometry relationship, as the basis for contact force calculation,
mainly includes determining the contact point and the normal compression amount, and
the wheel-rail searching method plays a decisive role. The vertical searching method [9], in
which the contact point and the normal compression amount are determined according
to the maximum wheel-rail vertical penetration, is widely adopted for the convenience
of calculation. As the normal compression amount is a key parameter in calculating
the contact normal force [17], it is essential to ensuring its calculation accuracy. The
approximate calculation method based on vertical penetration is applicable to ordinary
conditions [18], whereas it is not convincing under extreme operation conditions such as
during earthquakes. The normal searching method [19–21], in which the contact point
position and the normal compression amount are determined according to the maximum
wheel-rail normal penetration, can ensure the reliability of the solution to the normal
compression amount under all conditions. Hence, it is crucial to clarify the necessity
of introducing the normal searching method for seismic conditions by comparing the
two methods.

The normal contact stiffness, which is another key parameter in the calculation of
the wheel-rail normal contact force, is calculated on the basis of the geometric parameters
at wheel-rail contact points when using the Hertzian contact theory [22]. However, an
empirical formula based on wheel-rail constants [23] is widely used in the wheel-rail contact
force calculation, which is only applicable in cases where the contact points are located in a
narrow region of the wheel tread and rail head [24]. Hence, the normal contact stiffness
algorithm also needs to be further clarified for seismic conditions.

Therefore, in order to evaluate the algorithm of normal compression, the normal con-
tact stiffness and the considerations of single-point or multi-point contact under earthquake
excitations, various algorithms in the above three aspects were introduced in wheel-rail
contact modelling. Taking a single CRH2 motor vehicle passing through a ballastless track
structure under El-Centro wave excitation as an example, the wheel-rail contact dynamics
and the running safety evaluation results calculated based on different algorithms were
compared and analyzed.

2. Wheel-Rail Contact Model
2.1. Wheel-Rail Contact Geometry Calculation

To solve the wheel-rail contact geometric relationship, two types of methods have
been developed currently: the spatial direct search method and the projection method.
The spatial direct search method requires searching for wheel rail contact points in the
spatial dimension and involves a considerable number of iterative calculations [25–27]. As
a representative of the projection method, the contact trace method [28] uses the idea of
constructing spatial traces to transform the three-dimensional search problem into a planar
search problem [9], greatly improving computational efficiency and making it widely used
in the calculation of wheel rail spatial geometric relationships. Thus, the contact trace
method was employed in this study, as illustrated in Figure 1. Two coordinate systems are
defined in the system, namely, the absolute coordinate system (O-XYZ) and the wheelset
coordinate system (Ow-XwYwZw). In the absolute coordinate system, O is positioned at the
center of the track, with the OX axis pointing in the direction of rolling, the OZ axis pointing
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vertically, and the OY axis aligning with the track transverse direction as determined by
the right-hand rule. In the wheelset coordinate system, Ow is situated at the center of mass
of the wheelset, and the OwYw-axis aligns with the wheelset’s axis of revolution. The basic
idea of this method is as follows. First, the wheel profile is discretized along the transverse
direction to obtain several rolling circles. A coordinate expression of the potential contact
points on the wheel in the absolute coordinate system O-XYZ is obtained:

x = dwlx − lxRw tan δw

y = dwly + Yw + Rw
1−l2

x

(
l2
xlylz tan δw − lz

√
1− l2

x

(
1 + (tan δw)

2
))

z = dwlz + Zw + Rw
1−l2

x

(
l2
xlz tan δw + ly

√
1− l2

x

(
1 + (tan δw)

2
)) (1)

where lw is the lateral distance of the rolling circle from the wheelset center of mass; Rw
is the rolling circle radius; δw is the contact angle at the wheel-rail contact point; Yw and
Zw are the lateral and vertical displacements of the wheelset, respectively. lx, ly, and lz are
the elements of direction cosine matrix between the absolute coordinate system and the
wheelset coordinate system, which can be expressed as:

lx = −cos φw sin ψw
ly = cos φw cos ψw

lz = sin φw

(2)

where φw and ψw represents the rolling angle and the yaw angle of the wheelset, respectively.
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methods based on the vertical searching method or normal searching method are adopted, 
as shown in Figure 2. In the normal searching method, for each discrete point on the wheel 
and rail profiles, the distance from the normal to another profile curve is defined as the 
normal penetration amount. The maximum normal penetration is adopted for the judge-
ment of the contact point position and the determination of the normal compression 
amount, which is characterized by the length of the red line segment shown in Figure 2. 
The mathematical expression can be written as: 𝛿௖௡ = max (𝑑௡) (3)

where 𝑑௡ represents the normal penetration amount.  

Figure 1. Calculation of wheel-rail contact geometric relationship.

The potential contact points of each rolling circle form a space curve, namely, the
contact trace, and it is then projected onto the rail cross-section. To determine the contact
point position and the normal compression amount in the projection plane, the calculation
methods based on the vertical searching method or normal searching method are adopted,
as shown in Figure 2. In the normal searching method, for each discrete point on the
wheel and rail profiles, the distance from the normal to another profile curve is defined
as the normal penetration amount. The maximum normal penetration is adopted for the
judgement of the contact point position and the determination of the normal compression
amount, which is characterized by the length of the red line segment shown in Figure 2.
The mathematical expression can be written as:

δcn = max(dn) (3)

where dn represents the normal penetration amount.
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Figure 2. Determination of wheel-rail contact points and normal compression amounts based on
different searching methods: (a) wheel-tread contact; (b) wheel-flange contact.

In the vertical searching method, the maximum wheel-rail vertical penetration is
introduced as the judgement condition when determining the contact point, which is
characterized by the length of the green line segment shown in Figure 2. The normal
compression amount can be determined by constructing a right triangle, as characterized
by the length of the blue line segment shown in Figure 2. The mathematical expression is
given as:

δcv = δz/cos θ (4)

where δz is the maximum vertical penetration amount, and θ is equal to δw − φw.
In the wheel tread penetration zone, as presented in Figure 2a, since θ is small, the

difference between δcn and δcv is not evident, indicating that the algorithm based on the
vertical penetration is applicable in this case. In the wheel flange penetration zone, as
shown in Figure 2b, δcv is significantly different from δcn in this case due to the significant
impact of θ. Hence, using the algorithm based on the vertical penetration tends to cause
large calculation errors of the normal compression amount in this case.

In addition, for the consideration of the number of wheel-rail contact points, if only
single-point contact is considered, the position corresponding to the maximum penetration
in the whole range of wheel tread is generally regarded as the wheel-rail contact point. In
contrast, to consider multipoint contact, the segment searching method can be introduced
to determine each wheel-rail penetration zone, as illustrated in Figure 3. For each discrete
point on the wheel profile, its vertical coordinate is denoted by Zw, and the rail vertical
coordinate corresponding to the vertical direction is denoted by Zr. The difference between
the two vertical coordinates is denoted by ∆Z and can be expressed as:

∆Z = Zw − Zr (5)

Thus, each wheel-rail penetration zone can be determined when ∆Z < 0. The
contact point position and the normal compression amount can be determined in each
penetration zone.
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2.2. Wheel-Rail Contact Force Calculation

The wheel-rail normal contact force based on the Hertz elasticity theory is given as:

FN = Knrδ3/2
c (6)

where Knr is the wheel-rail normal contact stiffness, and δc is the wheel-rail normal com-
pression amount.

According to an empirical formula, Knr is expressed as:

Knr = (1/G)3/2 (7)

where G is the wheel-rail contact constant
(

m/N2/3
)

.
In contrast, the general expression for Knr derived from the Hertz theory is given as [24]:

Knr =
2
√

2
3

qk
(δ1 + δ2)

(
ρ

Rwx

)1/2√
Rwx (8)

where δ1 and δ2 are the calculated parameters related to the Poisson’s ratio and elastic
modulus of the wheel and rail; ρ is the parameter related to Rwy and Rry at the contact
points; Rwy and Rry are the curvature radii of the wheel and rail profiles; and Rwx is the
rolling circle radius of the wheel. ρ/Rwx is obtained from the corresponding calculation
table. The intermediate calculation parameter qk is expressed as:

qk = [m/2K(e)]3/2 (9)

where m and K(e) are the intermediate parameters in the solution obtained using the
Hertz theory.

To clarify the difference between the empirical formula and the theoretical formula,
the cases of wheel-tread contact and wheel-flange contact were analyzed. The different
colored line segments on the wheel and rail profiles represent areas with different curvature
radii in Figure 4. For wheel-tread contact, the contact points on the wheel and rail are
located on lines AB and CD, respectively, as shown in Figure 4. In this case, the applicability
of the empirical formula has been verified [24]. In contrast, for wheel-flange contact, the
contact points are located on the lines EF and GH, respectively, as shown in Figure 4. In
this case, Rwy and Rry at the contact points are significantly different from that in wheel-
tread contact. When using the theoretical formula, the calculation result of Knr must be
significantly different from that in wheel-tread contact according to Equation (8). However,
Knr will not change compared to that in wheel-tread contact when using the empirical
formula according to Equation (7). Hence, using the empirical formula tends to cause large
calculation errors of normal contact stiffness in this case.
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Figure 4. Distribution range of wheel-rail contact point positions in wheel-tread contact and
flange contact.

After obtaining the normal contact force within each contact patch, the wheel-rail
tangential force is first calculated using Kalker linear theory [29]. Considering the non-
linear relationship between wheel-rail creepages and creep forces for large creepages, the
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Shen-Hedrick-Elkins theory [5] is applied for the nonlinear correction of the tangential
contact force.

Thus, the wheel-rail contact forces in each contact patch can be calculated, represented
by blue line segments with arrows in Figure 5. Notably, the contact forces should be
converted to an absolute coordinate system in dynamic analysis, which is given as:

FY = ∑ FYi, FZ = ∑ FZi, MX = ∑ MXi, MZ = ∑ MZi(i = 1, 2, . . . n) (10)

where FY, FZ, MX and MZ are composed by the wheel rail contact force and spin moment;
i is the indicator of each wheel-rail contact point, and n is the number of contact points;
and FYi, FZi, MXi and MZi can be expressed as:

FXi = FNi·i + Fxi·i + Fyi·i, FYi = FNi·j + Fxi·j + Fyi·j
FZi = Ni·k + Fxi·k + Fyi·k, MXi = Mi·i, MZi = Mi·k

(11)

where (i, j, k) is the unit vector in the absolute coordinate system; FNi, Fxi, Fyi, and Mi are
the contact force and spin moment vectors at the ith wheel-rail contact point.
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3. Dynamic Analysis Model of Train-Track Coupling System under Earthquakes

The dynamic analysis model of the train-track coupling system under the effect of
earthquakes is used for analysis of the influence of different algorithms on wheel-rail
contact dynamics and running safety, as presented in Figure 6. The coupling system is
divided into two subsystems: a train subsystem and a track subsystem. The subsystems
are coupled by wheel-rail interaction. Earthquake excitations are applied to the bottom of
the track. The vibration equation of the coupling system can be written as:[

Mv 0
0 Mr

]{ ..
Xv..
Xr

}
+

[
Cv 0
0 Cr

]{ .
Xv.
Xr

}
+

[
Kv 0
0 Kr

]{
Xv
Xr

}
=

{
Fvg + Fw
Fr + FEA

}
(12)

where Mv, Cv, and Kv represent the mass, damping, and stiffness matrices of the train
subsystem, respectively; Xv represents the displacement vector of the train subsystem; Mr,
Cr, and Kr represent the mass, damping, and stiffness matrices of the track subsystem,
respectively; Xr represents the displacement vector of the track subsystem; Fvg represents
the self-weight load vector of the train system; Fw and Fr represent the load vectors of the
wheel-rail force applied to the train subsystem and track subsystem, respectively; and FEA
is the earthquake load obtained using the large mass method [30].
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3.1. Train Subsystem

Each vehicle of a train can be simplified as a vibration system comprising vehicle
body, bogies, wheelsets, and double-suspension systems, as shown in Figure 7. Four
degrees of freedom, namely, vertical movement, lateral movement, rolling, and yawing,
are considered for each wheelset, and for the vehicle body and each bogie, the degree of
freedom of pitching is considered in addition to the former four degrees of freedom. To
accurately simulate the motion behavior of vehicles under extreme conditions, such as
during an earthquake, the nonlinearity of the secondary lateral stop, spring stiffness, and
damping of the suspension systems [31–33], is considered in this paper. Thus, the vibration
equation of the train subsystem can be given as:

Mv
..
Xv + Cv

.
Xv + KvXv = Fvg + Fw (13)

where the definitions of each variable are the same as that given for Equation (12).
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3.2. Track Subsystem

The China Railway Track System II (CRTS II) slab ballastless track structure was
adopted in this study, the main construction and dimensions of which are shown in
Figure 8. This type of ballastless track was derived from German Borg slab ballastless
track structure and developed in China, which can provide a more stable, durable, and
lower maintenance alternative to traditional ballasted track systems [34]. It has been widely
used in China’s high-speed rail line, including the Beijing-Tianjin Intercity Railway and the
Beijing-Shanghai High-Speed Railway [35]. The track structure was established using the
finite element (FE) method. For the modeling, the rail was built using beam element, the
track plate and base plate were built using shell element, and the fastener was simulated
by a spring damping element. The CA mortar layer and support layer were simulated
by uniformly distributed spring damping element. The vibration equation of the track
subsystem under earthquakes is given as:

Mr
..
Xr + Cr

.
Xr + KrXr = Fr + FEA (14)

where the definitions of each variable are the same as that given for Equation (12).
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Figure 8. Diagram of CRTS II slab ballastless track (unit: m).

3.3. Train-Track Coupling

Figure 9 shows a scheme of the force state of each wheelset in the train subsystem.
The loads at the wheelset centroid can be expressed as:

FYw = ∑ FYLi + ∑ FYRi, FZw = ∑ FZLi + ∑ FZRi,
MXw = −∑ FZLi·lli −∑ FYLi·rli + ∑ FZRi·lri −∑ FYRi·rri + ∑ MXLi + ∑ MXRi

MZw = ∑ FXLi·lli + ∑ FYLi·lli·ψw + ∑ FXRi·lri + ∑ FYLi·lli·ψw + ∑ MZLi + ∑ MZRi
(i = 1, 2, . . . n)

(15)

where FYw, FZw, MXw, and MZw are the lateral force, vertical force, rolling moment, and
yawing moment at the wheelset centroid, respectively; FX(L,R)i, FY(L,R)i, FZ(L,R)i, MX(L,R)i,
and MZ(L,R)i can be obtained by Equation (11).
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Fw in Equation (13) can be written as:

Fw =
[
Fw1, Fw2, · · · , Fwj

]T
(j = 1, 2, · · · , m) (16)

where m is the number of vehicles, and Fwj is expressed as:

Fwj(1×31) =
[
Fcj, Fbj1, Fbj2, Fwj1, · · · , Fwjk

]T
(k = 1, 2, 3, 4) (17)

where Fcj, Fbj(1,2), Fwjk are the load vectors corresponding to the vehicle body, bogies, and
the kth wheelset of the jth vehicle. Fwjk can be written as:

Fwjk(1×4) = [FYw, FZw, MXw, MZw]
T (18)

In the track subsystem, taking the left rail as an example, the concentrated wheel-rail
load applied to the rail can be expressed as:

FYr = −∑ FYLi, FZr = −∑ FZLi (19)

Here, FYr and FZr represent the lateral and vertical forces, respectively; FYLi and FZLi
are the same as that in Equation (15).

The node load vector of the rail element is expressed as:

Fre(1×Nr) = [FYr FZr]
T·N(x) (20)

where N(x) represents the vector of the cubic Hermit form functions corresponding to the
cell nodes, and Nr is the number of degrees of freedom of each node.

Fre(1×Nr) is applied to the corresponding degrees of freedom; thus, Fr in Equation (14)
can be established.

4. Comparison of Different Wheel-Rail Contact Models

To analyze the impact of different algorithms on wheel-rail contact dynamics, different
wheel-rail contact models were established based on the corresponding algorithms. By
considering single-point contact, calculating normal compression amount based on vertical
penetration and adopting the empirical formula for normal contact stiffness calculation, the
corresponding wheel-rail contact model was established. This model was designated as
Model 1. Similarly, different wheel-rail contact models were established, as listed in Table 1.
The effect of considering multipoint contact versus single-point contact can be clarified
by comparing Models 1 and 2. The effect of different algorithms for wheel-rail normal
compression amount can be clarified by comparing Models 2 and 3, while the effect of
different calculation formulae for the normal contact stiffness can be clarified by comparing
Models 3 and 4.

Table 1. Setting of different wheel-rail contact models.

Wheel-Rail Contact Model Consideration of Contact
Point

Calculation Basis for Normal
Compression Amount

Algorithm for Normal
Contact Stiffness

Model 1 Single-point contact Vertical penetration Empirical formula
Model 2 Multipoint contact Vertical penetration Empirical formula
Model 3 Multipoint contact Normal penetration Empirical formula
Model 4 Multipoint contact Normal penetration Theoretical formula

A single CRH2 motor vehicle passing through the CRTS II slab ballastless track was
taken as the example. The train running speed was set to 300 km/h. LMA and CHN60
were adopted as the wheel and rail profiles, respectively, as presented in Figure 10.
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Figure 10. Profiles of the wheel and rail (units: mm): (a) wheel profile; (b) rail profile.

A comparative analysis under ordinary and seismic conditions was conducted. Under
the seismic condition, the track irregularity excitation was considered; Figure 11 shows
the irregularity samples. Since the wheel-rail dynamic response is mainly influenced by
transverse excitations of earthquakes [36], only the transverse excitations were considered in
this study. The El-Centro wave, generated by the 6.5 magnitude earthquake that took place
in California, United States on 18 May 1957, has distinctive waveform characteristics that
make it one of the frequently utilized seismic waves in the field of train-running safety under
earthquakes [37,38]. The acceleration time history of this earthquake wave was obtained
from the Pacific Earthquake Engineering Research (PEER) Ground Motion Database, and
the peak acceleration was adjusted to 0.3 g as the ground motion input, as shown in
Figure 12. For ordinary conditions, only track irregularity excitation was considered.
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4.1. Comparison under Ordinary Conditions

To verify the correctness of the four models and to analyze the applicability of the
wheel-rail contact algorithms under ordinary conditions, the wheel-rail contact dynamics
on the left wheel of the first wheelset calculated based on the different models were
compared, as shown in Figure 13.
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Figure 13a,b show that the time histories of 𝐹௒ and 𝐹௓ based on the different models 
are in good agreement, thus verifying the correctness of the established models. As pre-
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Figure 13a,b show that the time histories of FY and FZ based on the different models are
in good agreement, thus verifying the correctness of the established models. As presented in
Figure 13c, Knr calculated based on Model 1 is maintained at 11.52 × 1010 N/m3/2. In con-
trast, when calculating based on Model 4, this value is maintained at 9.20 × 1010 N/m3/2
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due to the straight segment of the wheel tread keeping in contact with the R300 arc segment
of the rail head. Figure 13d shows a slight difference in δc calculated based on Models 1
and 4. Moreover, although the empirical formula causes a calculation error for Knr and
δc, it has largely no impact on the contact force. Thus, it can be concluded that under this
condition, it is applicable to adopt the normal compression algorithm based on vertical
penetration, the empirical formula for calculating the normal contact stiffness, and only
consider single-point contact.

4.2. Comparison under Seismic Conditions
4.2.1. Wheel-Rail Contact Dynamics

The wheel-rail dynamic responses on the left side of the first wheelset calculated based
on the different models were compared under seismic conditions firstly. The calculation
results based on Models 1–4 are denoted by R1, R2, R3, and R4, respectively.

To clarify the effect of considering multipoint contact versus single-point contact, the
wheel-rail dynamic responses calculated on the basis of Models 1 and 2 are compared, as
shown in Figures 14 and 15. The relative calculation error between the two models can be
expressed as (R1 − R2)/R2 × 100%. Figure 14 shows that the differences in FY and FZ that
were calculated based on Models 1 and 2 mainly occur during the period when the contact
force surges, i.e., when the wheel-flange contact occurs.
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Figure 14. Time histories of wheel-rail contact forces based on Models 1 and 2: (a) Vertical wheel-rail
force; (b) Lateral wheel-rail force.
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Figure 15. Wheel-rail contact state at time t = 3.80 s simulated based on Models 1 and 2: (a) Simulation
result based on Model 1; (b) Simulation result based on Model 2.

Figure 15 shows the wheel-rail contact states obtained at a time of 3.80 s based on
the two models. The wheel profile and rail profile are represented by red and blue curves
respectively in Figure 15. In this case, the two-point contact state can be simulated based
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on Model 2 while the contact area existing in the wheel tread region is ignored when
Model 1 is used. The solutions to FZ based on Models 1 and 2 are 221.78 kN and 258.16 kN,
respectively, with a calculated relative error of −14.09%, and the solutions to FY based
on Models 1 and 2 are 130.20 kN and 76.98 kN, respectively, with a calculated relative
error of 69.13%. Considering single point contact only will adversely affect the simulation
of the wheel-rail contact state. Hence, multipoint contact should be considered under
seismic conditions.

To clarify the effect of different algorithms for the wheel-rail normal compression
amount, the wheel-rail dynamic responses calculated based on Models 2 and 3 are com-
pared, as shown in Figure 16. Both wheel-tread contact region and flange-root contact
region are considered as wheel-rail contact potential areas, which are recorded as region
1 and region 2, respectively. From Figure 16a,b, it can be found that the difference in δc
based on the two models is mainly reflected in region 2, where the maximum values of
δc obtained based on Models 2 and 3 are 0.186 mm and 0.083 mm, respectively, and the
former is 2.24 times that of the latter. From Figure 16c,d, it is observed that the trend in FN
is consistent with δc since the same calculation formula for Knr is adopted. The maximum
values of FN calculated based on Models 2 and 3, are 297.72 kN and 87.02 kN, respectively,
in region 2, and the former is 3.42 times that of the latter. In addition, the wheel jumping
amount, defined as the maximum vertical distance between the wheel and rail without
wheel-rail contact occurring, was also introduced as an indicator of wheel rail dynamic
response here. The responses of the wheel jump amount are given, as depicted in Figure 16e.
Wheel jump is consistent with the occurrence of the contact in region 2 based on Model
2, which means that an unreasonable surge in the wheel-rail contact force will lead to an
unreasonable wheel jump. Hence, the algorithm for the wheel-rail normal compression
amount based on normal penetration should be introduced to avoid any unreasonable
surge in the wheel-rail normal contact force.

To clarify the influence of different calculation formulae for the normal contact stiffness,
the wheel-rail dynamic responses calculated based on Models 3 and 4 are compared, as
plotted in Figure 17. For the contact in region 1, Figure 17a shows that based on Model 4,
when contact occurs between the straight-line segment of the wheel tread and the R300 arc
segment of the rail head, Knr is maintained at 9.20 × 1010 N/m3/2. When contact occurs
between the R450 arc segment of the wheel tread and the R300 arc segment of the rail head,
Knr decreases to 8.21 × 1010 N/m3/2. Figure 17c,e show that the theoretical formula also
causes a difference in δc, but has no significant effect on FN , which is consistent with the
phenomenon observed under ordinary conditions. For the contact in region 2, the solutions
to Knr based on Models 3 and 4 are significantly different, as presented in Figure 17b. In
this case, the contact mainly occurs between the R14 arc segment of the wheel flange root
and the R13 arc segment of the rail gauge corner. The calculation result of Knr based on
the theoretical formula is 5.13 × 1010 N/m3/2, which is approximately half of that based
on the empirical formula. A different calculation formulae for Knr will cause significant
differences in δc, as shown in Figure 17d. Consequently, there is a noticeable difference
after 8 s, as shown in Figure 17f. Therefore, to ensure the reliability of the normal contact
force calculation, the theoretical calculation formula for the normal contact stiffness should
be introduced.
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Figure 16. Time histories of wheel-rail dynamic responses based on Models 2 and 3: (a) Normal 
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force in region 1; (d) Normal contact force in region 2; (e) Wheel jump amount. 

Figure 16. Time histories of wheel-rail dynamic responses based on Models 2 and 3: (a) Normal
compression amount in region 1; (b) Normal compression amount in region 2; (c) Normal contact
force in region 1; (d) Normal contact force in region 2; (e) Wheel jump amount.
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Figure 17. Time histories of wheel-rail dynamic responses based on Models 3 and 4: (a) Normal
contact stiffness in region 1; (b) Normal contact stiffness in region 2; (c) Normal compression amount
in region 1; (d) Normal compression amount in region 2; (e) Normal contact force in region 1;
(f) Normal contact force in region 2.

To clarify the significance of the effect of the normal compression algorithms, the nor-
mal contact stiffness algorithms, and the considerations of the number of the contact point,
the maximum values of wheel-rail forces on both sides of the four wheelsets calculated
on the basis of the different models are presented in Figure 18. The relative calculation
errors can be expressed as: ∆12 = (R1 − R2)/R2 × 100%, ∆23 = (R2 − R3)/R3 × 100%
and ∆34 = (R3 − R4)/R4 × 100%. As shown in Figure 18, the algorithm for the normal
compression amount has the most significant impact on the FZ and FY solutions, with
∆23 ranging from 48.97% to 339.50%. Regarding the impact of considering the wheel-rail
contact point, considering only single-point contact may cause FZ and FY to increase or
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decrease, with ∆12 ranging from −15.26% to 35.00%. The impact of the normal contact
stiffness algorithm is minimal, with ∆34 ranging from 6.04% to 23.55%.

Appl. Sci. 2023, 13, x FOR PEER REVIEW 17 of 22 
 

decrease, with ∆ଵଶ ranging from −15.26% to 35.00%. The impact of the normal contact 
stiffness algorithm is minimal, with ∆ଷସ ranging from 6.04% to 23.55%. 

 
Figure 18. Maximum wheel-rail forces calculated based on different models: (a) Left vertical wheel-
rail force; (b) Left lateral wheel-rail force; (c) Right vertical wheel-rail force; (d) Right lateral wheel-
rail force. 

4.2.2. Running Safety Assessment 
In order to clarify the impact of different models on the running safety of trains dur-

ing earthquakes, the calculation results of the running safety indices and running safety 
assessment results based on different models were compared. Three indices were adopted 
in this study: (i) derailment coefficient (Q/P), (ii) wheel unloading rate (∆P/P), and (iii) 
wheelset lateral force (∑Q). According to the Technical Code for Dynamic Acceptance of 
High-Speed Railway Engineering (TB10761-2013), the limit values of each index are listed 
in Table 2. 

Table 2. Limit values of train running safety indices. 

Running Safety Indices Q/P ∆P/P ∑Q (kN) 
Limit 0.8 0.8 55 

Table 3 shows the maximum values of the three running safety indices calculated 
based on different models. The results demonstrate that the selection of algorithms in 
wheel-rail contact modelling has a significant effect on the safety assessment of trains dur-
ing earthquakes. All the indices calculated based on Models 1 and 2 exceed their limits, 
indicating that the train has entered a dangerous state of operation. In comparison, all the 
indices calculated based on Models 3 and 4 are within the safe range, indicating that the 

1 2 3 4
0

100

200

300

400

Wheelset Number

 Model 1  Model 2
 Model 3  Model 4

F Z
Lm

ax
  (

kN
)

1 2 3 4
0

100

200

300

400

Wheelset Number

 Model 1  Model 2
 Model 3  Model 4

F Y
Lm

ax
  (

kN
)

(a) (b) 

1 2 3 4
0

100

200

300

400

Wheelset Number

 Model 1  Model 2
 Model 3  Model 4

F Z
Rm

ax
  (

kN
)

1 2 3 4
0

100

200

300

400

Wheelset Number

 Model 1  Model 2
 Model 3  Model 4

F Y
Rm

ax
  (

kN
)

(c) (d) 

Figure 18. Maximum wheel-rail forces calculated based on different models: (a) Left vertical wheel-
rail force; (b) Left lateral wheel-rail force; (c) Right vertical wheel-rail force; (d) Right lateral wheel-
rail force.

4.2.2. Running Safety Assessment

In order to clarify the impact of different models on the running safety of trains
during earthquakes, the calculation results of the running safety indices and running
safety assessment results based on different models were compared. Three indices were
adopted in this study: (i) derailment coefficient (Q/P), (ii) wheel unloading rate (∆P/P), and
(iii) wheelset lateral force (∑Q). According to the Technical Code for Dynamic Acceptance
of High-Speed Railway Engineering (TB10761-2013), the limit values of each index are
listed in Table 2.

Table 2. Limit values of train running safety indices.

Running Safety Indices Q/P ∆P/P ∑Q (kN)

Limit 0.8 0.8 55

Table 3 shows the maximum values of the three running safety indices calculated
based on different models. The results demonstrate that the selection of algorithms in
wheel-rail contact modelling has a significant effect on the safety assessment of trains
during earthquakes. All the indices calculated based on Models 1 and 2 exceed their limits,
indicating that the train has entered a dangerous state of operation. In comparison, all
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the indices calculated based on Models 3 and 4 are within the safe range, indicating that
the train is in a safe state of operation. Comparing the results of Models 1 and 2, the
relative calculation errors of Q/P, ∆P/P, and ∑Q reach to −4.60%, −5.0%, and −8.84%,
respectively. This finding indicates that the running safety of trains during earthquakes
is underestimated when considering only the single-point wheel-rail contact. Comparing
the results of Models 2 and 3, the relative calculation error of Q/P, ∆P/P, and ∑Q reach
to 11.54%, 20.99%, and 432.09%, respectively. This finding indicates that calculating the
wheel-rail normal compression based on vertical penetration will significantly overestimate
the running safety indices under earthquakes, leading to misjudgment of the running safety
of trains. Comparing the results of Models 3 and 4, there is no significant difference in the
indices, indicating that although using an empirical formula for wheel-rail normal contact
stiffness will have a certain impact on the calculation accuracy of wheel-rail contact force,
the influence on the calculation results of the running safety assessment of trains under
earthquakes is small.

Table 3. Maximum values of the running safety indices based on different models.

Running Safety Indices Model 1 Model 2 Model 3 Model 4

Q/P 0.83 0.87 0.78 0.78
∆P/P 0.95 1.0 0.80 0.79

∑Q (kN) 228.79 250.99 49.33 46.65

5. Model Validation

Through the analysis in Section 4, Model 4 should be the most reasonable choice as the
wheel rail contact model under earthquake excitations. In order to verify the correctness
of the model, the calculation results of wheel-rail contact force based on the model estab-
lished in this paper were compared with those given in the study of Nishimura et al. [33].
Nishimura et al. simplified the vehicle as a system consisting of four rigid bodies, including
a body, a frame, and two wheelsets. They considered the lateral, sinking, and rolling
movements of each rigid body and assumed that the two wheelsets had the same motion
state, establishing a 9-degree of freedom vehicle model. Furthermore, they also considered
the lateral and vertical degrees of freedom of the rail, resulting in a comprehensive vehicle
dynamic simulation model with a total of 13 degrees of freedom (as shown in Figure 19).
The correctness of this model was verified through shaking table tests [39].
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Taking five-circle sine waves with frequencies of 0.5 Hz, 0.8 Hz, and 1.5 Hz as excita-
tion, the wheel rail force calculation results are shown in Figures 20–22. It can be seen that
the time histories of the vertical and lateral wheel-rail forces calculated based on this article
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are in good agreement with those presented in the literature, thus verifying the correctness
and effectiveness of the model established in this article.
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Figure 20. Time histories of wheel-rail contact force under excitation with frequency of 0.5 Hz and
amplitude of 320 mm: (a) Vertical wheel-rail force; (b) Lateral wheel-rail force.
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Figure 21. Time histories of wheel-rail contact force under excitation with frequency of 0.8 Hz and
amplitude of 105 mm: (a) Vertical wheel-rail force; (b) Lateral wheel-rail force.
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Figure 22. Time histories of wheel-rail contact force under excitation with frequency of 1.5 Hz and
amplitude of 100 mm: (a) Vertical wheel-rail force; (b) Lateral wheel-rail force.

6. Conclusions

This paper investigated the effects of different normal compression algorithms, normal
contact stiffness algorithms, and considerations of single-point/multi-point contact on the
running safety assessment of trains under earthquakes. Through a case study of a single
CRH2 train passing over a CRTS II type slab track structure under El-Centro wave excita-
tion, a comparative analysis of the effect of different algorithms on the wheel-rail contact
dynamics and running safety was conducted. The findings provided recommendations for
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the selection of wheel-rail contact algorithms under earthquakes. The main conclusions are
as follows:

1. Using different wheel-rail contact algorithms will significantly affect the calculation
accuracy of wheel-rail force in the case of flange-root contact under earthquakes.
The most significant influence is due to the normal compression algorithm. Using
an algorithm based on vertical penetration can lead to a maximum relative error of
339.50% for the case considered in this study. The consideration of the number of
wheel-rail contact points also has a notable impact, with a maximum relative error of
35.00% caused by only considering single point contact. The influence of the normal
contact stiffness algorithm is the least significant, with a maximum relative calculation
error of 23.55% caused by using the empirical formula.

2. Using different wheel-rail contact algorithms will have a significant impact on the
indices of running safety assessment under earthquakes. Using wheel-rail normal
compression algorithm based on vertical penetration will significantly underestimat-
ing the train running safety margin, while only considering the wheel-rail single point
contact will overestimate the train running safety margin, and using the wheel-rail
normal contact empirical formula has little impact.

3. To ensure the accuracy of running safety assessment of trains under earthquakes, it is
recommended to use the normal compression algorithm based on normal penetration
and consider multi-point contact in wheel-rail contact modelling.
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