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Abstract: We propose a frequency-tunable source to emit entangled microwave photons on the
platform of a superconducting circuit, in which two superconducting transmission-line resonators are
coupled via a capacitor and one resonator is inserted with a superconducting quantum interference
device (SQUID) in the center. By pumping the circuit appropriately with an external coherent
microwave signal through the SQUID, microwave photons are emitted in pairs out of the circuit. The
entanglement between the two modes is demonstrated by numerically calculating the second-order
coherence function and the logarithmic negativity of the output microwave signals. Due to the
tunability of SQUID’s equivalent inductance, the frequencies of the entangled microwave photons
can be tuned by an external flux bias in situ. Our proposal paves a new way for obtaining entangled
frequency-tunable two-mode microwave photons.
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1. Introduction

A source emitting entangled microwave photons is an indispensable quantum re-
source for quantum information processing [1,2]. It can be used in many quantum appli-
cation technologies, for example, entangling distant superconducting qubits [3,4] and/or
other physical qubits [5], realizing quantum key distribution [6–8] and quantum teleporta-
tion [9,10], acting as quantum repeaters and sensors [11], performing continuous-variable
(CV) quantum computing [12], and accomplishing quantum illumination [13].

In the optical domain, using a nonlinear optical crystal to generate entangled photons
with tunable frequency has been sufficiently investigated [14,15] through the spontaneous
parametric down-conversion (SPDC) [16] in an optical parametric system. In the microwave
domain, one promising physical candidate to construct such sources is superconducting
devices [17–20]. One of the previous proposals takes advantage of cooper pairs tunneling
in a Josephson junction [2]. However, it is difficult to tune the frequencies of entangled
two-mode photons freely. Other proposals use the nonlinearity of SQUID with suitable
parametric excitation [21–25] or the dynamical Casimir effect [26,27]. However, the en-
tanglement property and frequency tunability are restricted to the nonlinearity of SQUID.
A coplanar waveguide terminating with an asymmetric SQUID has also been used to
construct a multi-mode superconducting crystal with its high-order nonlinearity, in which
multi-mode SPDC entangled photons in the microwave domain are generated by suitably
driving the SQUID [22–24]. However, the tunability of frequencies is limited by the Kerr-
nonlinearity [28], and it is hard to excite the high-order modes with an external pump
field [24]. Recently a Josephson ring modulator (JRM), a nonlinear device with four ports
working as a three-wave mixer, has been applied to entangle two superconducting coplanar
waveguide resonators (CPWRs) [29–33]. This kind of entanglement source uses the nonlin-
earity of JRM to emit entangled two-mode microwave signals under the proper external
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parametric excitement. Its tunable spectrum is limited due to the harsh working condi-
tions for nonlinearity. Almost all the superconducting entanglement sources mentioned
above need the nonlinearity originally provided by the Josephson junction. This limits the
tunability of frequency due to the unstablity of nonlinearity at different working points.
Therefore, building an entanglement source to emit entangled microwave photons without
using the nonlinearity of Josephson junctions will increase the tunable frequency range,
which is promising and attractive in the quantum information process.

In this paper, we propose a source of generating entangled frequency-tunable mi-
crowave photons with proper extra excitation to obtain a similar SPDC process in a super-
conducting quantum circuit, which is composed of a frequency-fixed resonator coupled
to a frequency-tunable resonator. In other words, we construct a correlative microwave
beam splitter that down-converts the coherent input microwave pump into two entangled
microwave beams through the device. The photons are generated in pairs out of the system
with a high level of entanglement characterized by the logarithmic negativity (N ) [34].
The frequencies of the two inseparable modes can be tuned in situ by adjusting the external
flux bias applied.

2. The Circuit Model

The circuit in our proposal is illustrated in Figure 1a. A frequency-fixed transmission-
line resonator (TLR) (orange) is capacitively coupled to a frequency-tunable TLR (green),
which is inserted with a SQUID in the center that behaves as a tunable inductance modu-
lated by the flux bias through its loop. In the standard quantized manner, assuming that
h̄ = 1, the Hamiltonian of the circuit is

Ĥ = Ĥa + Ĥb + Ĥab

= ωa â† â + ωb b̂† b̂− g(â− â†)(b̂− b̂†)

= ωa â† â + ωb b̂† b̂ + g{(âb̂† + â† b̂)− (âb̂ + â† b̂†)}, (1)

where â (â†) and b̂ (b̂†) are the annihilation (creation) operator of modes a and b, respectively,
and ωa and ωb are the corresponding resonant angular frequencies of the two modes of
our system, respectively. g is the capacitive coupling strength between the two modes.
(âb̂† + â† b̂) is the rotating term, and (âb̂ + â† b̂†) is the counterrotating (CR) term.

The two modes of the system come from the coupled resonators. The eigenfrequency
of the frequency-fixed resonator (orange) is ω f . The resonant frequency of the frequency-
tunable resonator (green) is ωt = ω0

t /(1 + γ0cos(πΦdc/Φ0)) with geometric frequency ω0
t ,

i.e., the resonant frequency without a SQUID. The participation ratio γ0 is the ratio between
the equivalent inductance of SQUID (at zero dc flux bias), and the inductance of the tunable
resonator. Φ0 = h/2e is the flux quantum. Then, the two different modes [35,36] of the
superconducting circuit are

ωa =
1
2
(ω f + ωt)−

√
g2 + (

∆ω

2
)2,

ωb =
1
2
(ω f + ωt) +

√
g2 + (

∆ω

2
)2, (2)

where ∆ω = ωt−ω f , and the coupling strength g = CgZ0(2ω2
f +ω2

t )/2π with impedance Z0

of resonators. Here, we have set ω f = 5.416 GHz, ω0
t = 5.844 GHz, γ0 = 4.8%, Cg = 5.1 fF and

Z0 = 50 Ω. The rates of decay into the environment of the two modes are κa/2π = 0.02 GHz
and κb = 2κa, respectively.

Equation (1) describes the quantum states of two coupled modes. The entangled
photons between the two modes hardly escape from the circuit without external energy ex-
citation due to the usual neglect of the CR term in the rotating-wave approximation [35,36].
In our proposal, the high-frequency oscillation terms of the last part in Equation (1) are
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excited with the help of a strong external pump through the SQUID [37–39]. In this case,
the resonant frequency of SQUID is modulated by Φe = Φdc + Φac periodically as

ωb(t) = ωb(Φdc) + βsin(ωpt + ϕp0), (3)

where Φdc is the dc flux bias and Φac = βsin(ωpt + ϕp0) is a microwave pump. β, ωp, and
ϕp0 are the amplitude, frequency, and initial phase of the pump field, respectively.
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Figure 1. (a) Equivalent circuit of our proposed scheme to emit entangled frequency-tunable mi-
crowave photons. A λ/2 frequency-fixed TLR (orange) coupled to a λ/2 frequency-tunable TLR
(green) via a coupling capacitor Cg. The tunable resonator is inserted with a SQUID that is composed
of two identical Josephson junctions. The SQUID is driven by an external direct current (dc) flux
bias Φdc and a continuous microwave tone (ac) Φac. The output signals are processed by a detector.
(b) (Upper panel) A proposed sketch of a setup for detecting the correlations of output photons.
The second-order coherence function can be calculated by recording the intensities of modes such as
D̂a(t), D̂a(t + τ), D̂b(t), and D̂b(t + τ). (Lower panel) A proposed schematic to observe the in-phase
and quadrature voltages of output signals from the circuit. The emitted microwave signals are de-
modulated via a local oscillator (LO) and into the detector for calculating the quadrature components,
which can be used to reconstruct the quantum properties of output signals using Îa, Q̂a, Îb, and Q̂b
for modes a and b. (c) Model of generating the entangled microwave photons. The green and orange
energy levels represent the harmonic behavior of modes a and b. κa and κb are the rates of decay into
the environment of the two modes a and b, respectively. The curves with double arrows indicate the
coupling between two oscillators. The red microwave signal denotes the extra pump field. The dark
gray oval is the output envelope consisting of the entangled modes a and b.

By moving the system into the rotating frame by defining the unitary operator as
Û = Û1 × Û2, in which

Û1 = exp[−i(ωa â† â + ωb b̂† b̂)t],

Û2 = exp[iαpcos(ωpt + ϕp0)b̂† b̂], (4)

with a dimensionless parameter αp = β/ωp, we can obtain the transformed Hamiltonian
of the system

Ĥtrans = Û† ĤÛ − iÛ† ∂Û
∂t

= Û†
2 Û†

1 [−g(â− â†)(b̂− b̂†)]Û1Û2

= Û†
2 g[(â† b̂ei∆t + H.c.)− (âb̂e−iΩt + H.c.)]Û2

= g{(â† b̂ei∆t + H.c.)× exp[iαpcos(ωpt + ϕp0)]

− (âb̂e−iΩt + H.c.)× exp[−iαpcos(ωpt + ϕp0)]}, (5)

where ∆ = ωa −ωb, Ω = ωa + ωb. Then, the Jacobi–Anger identity with m-th order Bessel
function of the first kind Jm(αp) is used to expand the cosine oscillation of exponential term,

exp[iαpcos(ωpt + ϕp0)] =
m=∞

∑
m=−∞

im Jm(αp)exp[im(ωpt + ϕp0)]. (6)
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Now, we truncate Equation (6) into the order −1, 0, and 1 and set the initial phase ϕp0
to zero for convenience. Then, Equation (5) is reduced to

Ĥtrans ≈ g{(â† b̂ei∆t + H.c.)×
m=1

∑
m=−1

im Jm(αp)eimωpt

− (âb̂e−iΩt + H.c.)×
m=1

∑
m=−1

(−i)m Jm(αp)e−imωpt}. (7)

The frequency of the pump field that we implement is a sum of resonant frequencies
of the two modes, i.e., ωp = ωa + ωb. If the higher oscillation terms in the rotating-wave
approximation are neglected, e.g., â† b̂exp[i(ωp + ∆)t] and â† b̂†exp[i(ωp + Ω)t], the Hamil-
tonian in the interaction picture of the circuit becomes

ĤI = χ0(â† b̂ei∆t + âb̂†e−i∆t)− iχ1(âb̂− â† b̂†), (8)

with the effective couplings χ0 = gJ0(αp) and χ1 = gJ1(αp). The first term is the swap
interaction of states between the two modes, which means the two modes may exchange
information with each other. The second term is the interaction between two oscillators,
which is the origin of entanglement with the excitation of the pump field. In other words,
the second term down-converts the coherent input microwave pump into two entangled
microwave beams, which are similar to the signal and idle modes generated by the SPDC
in the optical nonlinear system.

3. Parameters and Spectrum of the System

To demonstrate the feasibility of our proposed circuit, the parameters in the numerical
simulation are set to the values that can be readily achieved experimentally with standard
micro-fabrication techniques [35,36,40–42].

Using Equations (1) and (2) and the parameters mentioned above, we calculate
the spectroscopy of the system with Ĥ(Φdc)|ψ〉 = E(Φdc)|ψ〉, where the eigenenergy
E(Φdc) = h̄ω(Φdc) is in the unit of frequency as shown in Figure 2. The numerical solutions
to Equation (1) agree well with analytical solutions to Equation (2). Due to the existence
of the coupling between the two modes, the spectroscopy has anti-crossings [35,36] in the
vicinity of Φdc = (k + 0.5)Φ0 (k ∈ Z). The coupling strength varies with the dc flux bias
periodically as shown in Figure 2.
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Figure 2. (a) Spectroscopy of the circuit as a function of the dc flux bias Φdc. The dashed (solid) black
line (left axis) represents the resonant frequency ωa/2π (ωb/2π) of the mode a (b) with analytical
solutions using Equation (2). The data marked by diamonds and circles are the numerical solutions
according to Equation (1). The red line (right axis) is the effective coupling strength g/2π. (b) The
enlarged view of the blue dashed box in (a) explicitly displays the anti-crossings between the
two modes.
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Figure 1b shows the proposed schematic measurement setups to characterize the
quantum physical properties of the output fields of the source. These measurements have
been realized in the research of continuous quantum variables in the superconducting
nonlinear microwave circuits [27,29,43,44], with which we numerically demonstrate the
entanglement property between the output signals in our proposed source.

Because the swapping of quantum states destroys the anisotropy of the entangled
photons and transforms them into isotropy [45], the existence of swap interaction between
different modes will reduce the entanglement of the continuous-variable microwave on
average when the swap and entanglement interactions appear simultaneously. To eliminate
the swap interaction with moderate radiation in the circuit, we apply a pump filed [37]
with αp = 2.404, which sets χ0 ≈ 0 and χ1 ≈ 0.519g in Equation (8), as shown in Figure 3.
Then, Equation (8) can be rewritten as

ĤI = −iχ1(âb̂− â† b̂†). (9)

0 1 2 3
0

0.2

0.4

0.6

0.8

1.0

1.2

4

Swap off

Figure 3. Dependence of the Bessel function of the first kind of order 0 (red) and 1 (blue) on
the dimensionless parameter αp of the pump field, which determines the strength of χ0,1, where
αp = 2.404 is chosen to eliminate the swap interaction between the two modes.

4. Numerical Results
4.1. Creation of the Photon Pairs

The system is initialized in the two-mode vacuum state |ψv〉 = |0, 0〉with 〈â†â〉 = 〈b̂†b̂〉 ≡ 0.
Under the excitation of the pump field, the photons of the two modes are emitted out of
the circuit; i.e., the input pump photons are split into two different modes when they pass
through the superconducting circuit. The state of an emitter is |ψ〉 ≡ |ψa〉⊗ |ψb〉, where |ψa〉
and |ψb〉 are the cavity Fock states with twenty dimensions Ra and Rb, respectively. Ra
andRb build the truncated Hilbert space G = Ra ⊗Rb (note that the increasing dimension
of the truncated Hilbert space G does not significantly affect the numerical steady-state
results of our system [46–51]). The output photon modes a and b can be described by the
corresponding operator ρ̂(t) and governed by the master equation, which describes the
evolution of the quantum system as

dρ̂

dt
= − i

h̄
[Ĥ, ρ̂] + κaD[â]ρ̂ + κbD[b̂]ρ̂, (10)
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where D[ĉ]ρ̂ = ĉρ̂ĉ† − ĉ† ĉρ̂/2− ρ̂ĉ† ĉ/2, (ĉ = â, b̂). D[ĉ] is the dissipative superoperator
and κa (κb) is the decay rate of the mode a (b). Under the rotating wave approximation with
the pump excitation, the master equation of our circuit with effective Hamiltonian ĤI is

d ˆ̃ρ
dt

= − i
h̄
[ĤI , ˆ̃ρ] + κaD[â] ˆ̃ρ + κbD[b̂] ˆ̃ρ, (11)

where the ˆ̃ρ is the density matrix of the source under the rotating framework.
To demonstrate that the proposed circuit pumped by an external field will generate

photons, we use QuTip [52,53] to numerically calculate the master equation of Equation (11)
combined with Equation (9) at different working points Φdc corresponding to different
coupling strengths g. As shown in Figure 4a, the mean microwave photons of both modes
flee from the system with the same tendency, which means the two modes are generated
simultaneously and have an identical dependence on the coupling strength g, which is a
function of Φdc. Φdc = 0 with a coupling strength g/2π = 22.889 MHz is selected as an
example to demonstrate the detailed behavior in Figure 4b. In the steady state of the two
modes, the mean photon number is 〈â† â〉 ≈ 1.59 and 〈b̂† b̂〉 ≈ 0.80, respectively. Note that
we carry out the numerical calculations with the whole Hamiltonian of our system and
compare the results with these calculated with the interaction Hamiltonian. No obvious
difference is observed.
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Figure 4. (a) Photon number of modes a and b as functions of the dc flux bias Φdc in the time domain.
(b) Detailed photon creation along the horizontal white dashed line in (a) with Φdc = 0 where the

red line (right axis) is the second-order coherence functions g(2)ab (t, 0) between the two modes with
zero delay.

One can measure the bunching effect of the generated two different modes by ob-
serving D̂j(t), D̂j(t + τ) (j = a, b), which represent the intensity of modes with a delay
time τ (upper panel in Figure 1b) and record the photon statistics in the time domain.
To further demonstrate that the photons are emitted in pairs simultaneously, we reconstruct
the second-order coherence function g(2)ab (t, τ) of the output microwave signals at different
dc working points using numerical simulation.

g(2)ab (t, τ) =
〈: D̂a(t)D̂a(t + τ)D̂b(t + τ)D̂b(t) :〉

〈D̂a(t)〉〈D̂b(t)〉

∝
〈â†(t)â(t + τ)b̂†(t + τ)b(t)〉
〈â†(t)â(t)〉〈b̂†(t)b̂(t)〉

, (12)

where the dots :: denote the normal ordering.
As shown in Figure 5, we reconstruct the second-order coherence function with

zero delay g(2)ab (t, 0) at dc working points {−0.5,−0.25, 0.25, 0.5}Φ0. The g(2)ab (t, 0) starts
from a high value, which means the output microwave photons between the two modes
are emitted in pairs out of the emitter at all dc working points. The g(2)ab (t, 0) decreases
significantly as time goes on due to the losses of both resonators, which destroy the
correlation between both modes, and also due to the increase in photon number as shown
in the Figure 4b.
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Figure 5. The second-order coherence functions g(2)ab (t, 0) of the output photons at dc working points
{−0.5,−0.25, 0.25, 0.5}Φ0 with zero delay.

4.2. Two-Mode Entanglement

Using path entanglement detection is a straightforward and accurate way to character-
ize the quality of entanglement of the photons generated from the continuous-variable en-
tanglement source [22,27,30,33,43]. We numerically calculate the in-phase Îa, Îb, and quadra-
ture Q̂a, Q̂b values of the two modes (lower panel in Figure 1b) to reconstruct the 4× 4
covariance matrix V containing the information between the two modes in the phase space

Vαβ =
1
2
〈R̂αR̂β + R̂βR̂α〉, (13)

where α, β = {1, 2, 3, 4}, R̂ = { Îa, Q̂a, Îb, Q̂b} and

Îa = (â + â†)/
√

2, Q̂a = −i(â− â†)/
√

2, (14)

Îb = (b̂ + b̂†)/
√

2, Q̂b = −i(b̂− b̂†)/
√

2. (15)

With the covariance matrix, it is convenient to build the logarithmic negativityN , and
N > 0 means entanglement [34].

N = max[0,−log(2ξ)],

ξ = [λ/2− (λ2 − detV)1/2/2]1/2,

λ = detA + detB− 2detC,

V =

(
A C

CT B

)
. (16)

The 2× 2 submatrices A, B, and C compose the covariance matrix V. The diagonal
submatrices A and B are the phase-space distributions of modes a and b, respectively,
and the off-diagonal matrix C and its transposed matrix CT indicate the correlation between
the two modes in the phase space.

Figure 6a shows the inseparable level of the two modes characterized by N at dif-
ferent working points in the time domain with continuous pump driving. The tendency
of entanglement between the two modes is similar at different working points, and the
value of N of steady states is different, especially near Φdc = ±0.50Φ0 due to the dif-
ferent coupling strength g in one period. Figure 6b shows the detailed N at Φdc = 0,
i.e., g/2π = 22.889 MHz. The inset of Figure 6b is a visualization of the covariance matrix
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V when the state of the system becomes steady. The diagonal elements of C and CT are
non-zero, indicating the strong correlation between the two modes.
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Figure 6. (a) Dependence of entanglement between the two modesN on the external dc flux bias Φdc

in the time domain. (b) N at Φdc = 0 where g/2π = 22.889 MHz is indicated by the white dashed
line in (a). The inset is a visualization of covariance matrix V of the steady state at the selected dc flux
bias. (c) Spectrum (left axis) and N of the steady state (right axis) of the entangled photons in one
period. (d) The enlarged view of the blue dashed box in (c).

4.3. Frequency-Tunable Entangled Photon Pairs

Due to the tunability of SQUID, which acts as a tunable inductance in the frequency-
tunable TLR, ωa(Φdc) and ωb(Φdc) can be adjusted by an external dc flux bias in situ.
By implementing proper pump power according to the pump frequency, one can make the
emitted pairwise photons reach a steady entanglement at each working point.

We record N as a standard to evaluate the degree of entanglement as well as
the frequencies of the emitted two-mode signals with corresponding pump frequency
ωp(Φdc) = ωa(Φdc) + ωb(Φdc). As shown in Figure 6c,d, pairwise photons with varied
frequencies at different working points are generated in the range of 4 GHz. The saturated
entanglement is stable around N = 0.5. Note that the equivalent inductance of SQUID
has larger Kerr-nonlinearity when it works in the vicinity of (k + 0.5)Φ0 (k ∈ Z) [28]. In
addition, the strong pump field may induce a shift in resonant frequencies [33,54–56]. These
two factors will modify the frequencies of the two modes and are worthy of attention in the
tuning of the source. In low temperatures such as 10 mK, the effect of thermal excitation on
the properties of our circuit can be neglected, which is proved by our numerical calculations.
The effect of decoherence is dominated by the decay rates κa and κb of the system.

5. Conclusions

In conclusion, we propose a microwave source that can emit entangled frequency-
tunable microwave photons. The photons are emitted in pairs from the circuit with suitable
parameters set in the pump field. The two output microwave packets with different
frequencies are strongly entangled at every working point. Due to the tunability of the
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equivalent inductance of SQUID, the frequencies of the entangled photons can be tuned
in situ, which is an important quantum resource in the quantum information process.
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