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Abstract: To further understand the rock damage zone, an approach based on microcrack distribution
was proposed to characterize the crack space of rock specimens in this research. Acoustic emission
(AE) technology was utilized on sandstone to obtain the spatial distribution of microcracks in which
uniaxial compression forms the single-cracked fracture. The proposed theoretical distribution pattern
space (TDPS), 3D convex hull, and the minimum volume enclosing ellipsoid (MVEE) algorithms
were adopted to analyze the geometric features of the crack space. It was found that the 3D convex
hull method returned the smallest results in both area and volume of the crack space, and the largest
results were provided by the proposed TDPS method. The difference between the results of the
proposed TDPS method and the MVEE method became smaller after 85%. The deviation angle of the
principal axis of the cracked space gradually decreased as the spatial scale decreased, while the other
two major axes exhibited a tendency to increase at the 65% scale. The results indicate that a spatial
scale from 65% to 85% is a reliable range for the characterization of crack space.

Keywords: crack space; acoustic emission; TDPS method; MVEE method; 3D convex hull method

1. Introduction

Crack distribution in rock fracture is crucial for finding and understanding the dam-
age zone, which can be used to indicate the extent and the potential direction of crack
propagation [1,2]. Therefore, the distribution characterization of the cracks plays a funda-
mental role in the damage assessment of rock compression failure.

The distribution of the cracks in rocks has been realized from different spatial di-
mensions, such as the 2D crack space assessment of cracks on the rock surface, including
digital image correlation technology [3], infrared thermal imaging technology [4], optical
observation technology [5], etc. There are methods for 3D crack space assessment of cracks
inside the rock, including computer tomography [6], acoustic emission (AE) [7], etc. They
demonstrated the power of acquiring crack distribution from light waves, electromagnetic
waves, and sound waves. It is known that the original openings inside the rock are dis-
located under loading, and the released energy during rupture propagates through the
rock in the form of elastic waves, monitored as AE [8]. It has been widely used in rock
mechanics and engineering for damage assessment and hazard warning [9-11].

AE monitoring was performed on rock failure experiments with different loading
methods and paths, and the microcrack distribution results successfully indicated the real
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rupture location and the coincident damage shape [12-18]. As a result, the microcracks
were found to be more prevalent in severely damaged zones in the laboratory and the
field [9]. Therefore, for a better visualization of the damage zone directly by the microcrack,
the density estimation method was adopted on the microcrack distribution results to
find severely damaged areas [19,20]. Furthermore, the micro-seismic events detected in
earthquakes were displayed within a 2D map from different cross-sectional views [21]. The
mainshocks could be found by the density contour [22]. The results from the high-density
area demonstrate that microcracks have a potential elliptical distribution pattern [20].
Moreover, ellipsoidal-like results were observed in a granite boulder by a 3D kernel density
estimation [23]. These studies provide strong evidence for the hypothesis theory that
the single-cracked space is of ellipsoidal distribution, and demonstrate the feasibility of
single-cracked space in characterizing rock failure studies.

In addition, it is worth noting that crack recognition of multiple cracks was performed
in the triaxial compression experiments, and the results of crack space characterized by
ellipsoids were consistent with macrocrack rupture surfaces, and the distribution pattern
has been proven [24,25]. However, further investigation of the relationship between crack
space and mechanics, and the optimization on the crack space size needs to be implemented
for a more accurate result.

The investigations of the spatial distribution of cracks have focused on hydraulic
fracturing. In particular, the stimulated reservoir volume (SRV) was proposed to estimate
the storage of oil and gas [26-28]. Convex optimization algorithms such as 3D convex hull
and minimum volume enclosing ellipsoid (MVEE) were successfully adopted to evaluate
the SRV from the perspective of microcracks [29-31].

However, the mechanism and mechanical behavior are different between hydraulic
fracturing and compression failure in rocks. First, the fracturing fluid acts as a stressor in the
process of hydraulic fracturing, accompanied by physical and chemical reactions. The fluid
flows in via the hydraulic crack and forms a tensile stress zone near the non-closed fracture
zone, resulting in the continuous expansion of the fracture and the eventual formation
of the stimulated reservoir volume [32]. In contrast to hydraulic fracturing, the role of
fluids is missing in regular rock compression failure. In the second, the mechanisms of rock
compression failure include not only tensile failure, but also a part of shear failure [33-36].
Through RA-AF and moment tensor, both mechanisms have been identified in the rupture
of rock compression tests and tensile tests [16,37]. More importantly, the objective of SRV
estimation is to seek volume size rather than the spatial distribution pattern of microcracks
under loading conditions. Despite the differences between hydraulic fracturing and rock
compression fractures, they share similarities of microcracks distributed in an ellipsoid
pattern [23,27,28,38]. Therefore, the methods of SRV assessment can be applied to evaluate
the crack space of the compression failure test. Furthermore, the relationship between
crack space deformation and load needs to be considered in addition to the volume of the
crack space.

In this paper, AE monitoring was performed on sandstone specimens, which was used
to obtain the microcracks of single-cracked fracture in uniaxial compression experiments.
The theoretical distribution pattern space (TDPS) model was established based on the 3D
spatial deformation. The MVEE algorithm and the 3D convex hull algorithm were adopted
to approach the minimum crack space from different perspectives. As the scale of the
crack space varies, the geometric features and evolutionary patterns of crack space were
investigated by the three optimization methods. The proposed crack space model can be
used to analyze the rock damage subject to compression failure and provide a reference for
assessing rock damage with microcracks.

2. Materials and Experimental Procedure

The rock samples used in this research were drilled from the No. 5 coal seam floor of a
mine in Lvliang, Shanxi Province, China, and they are sandstone. The sampled seam is in
the lower to middle part of the Shanxi Formation. The Shanxi Formation is an interlocking
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sea—land coal-bearing deposit with an average thickness of 57.38 m, consisting mainly
of sandy mudstone, carbonaceous mudstone, fine sandstone, and coal seams, where the
sandstone is of medium-grain structure, laminated, and mud-cemented.

In addition, the rock samples were selected for the absence of visible joints, ensuring
that complex multi-crack failure would hardly occur after the uniaxial compression testing.
Seven specimens were polished into cylinders with a diameter of 70 mm and a height of
140 mm, as shown in Figure 1a. The average density of the specimens was 2.39 g/cm?
with a uniaxial compressive strength of 51.21 & 4.01 MPa. Two specimens were used for
pre-experiment testing and scanning electron microscopy (SEM) testing, and five specimens
were adopted for single-cracked testing.

Figure 1. Sandstone specimens and fracture surface SEM. (a) Raw rock samples; (b) SEM of specimen
at 200x magnification.

The SEM analysis result shows that at the micrometer scale, the cross-section is irregu-
lar, there are debris and a few original voids, the sedimentary distribution is disorganized,
and the microstructure is not sufficiently cemented, as shown in Figure 1b. The results
indicate that the sandstone particles are loosely cemented, and the microstructure is com-
plex, reflecting the inhomogeneity of the sandstone and providing an interpretation for the
generation of sub-cracks from sandstone damage.

The single-cracked test was performed in a rock mechanics test system. It provides a
loading speed in the range of 0.01 kN/s to 20 kN/s. The spatial distribution of microcracks
was obtained by the acoustic emission monitoring system. The AE monitoring system con-
sists of the AE processing system PCI-Express 8 model from Physical Acoustic Corporation,
5 AE sensors in the Nano 30 model, preamplifiers in the 1220A-AST model, and connec-
tion cables. The Nano 30 model has a resonant frequency of 140 kHz and an operating
frequency from 150 to 400 kHz, which is in line with the expected frequency range for rock
failure monitoring. A schematic of the mechanical loading and AE monitoring is shown in
Figure 2a. The layout of the AE sensors is shown in Figure 2b.

(a) (b)

‘ ‘ AE monitoring system

B

Rock mechanics testing system

-

20 mm

140 mm

Figure 2. A schematic diagram of the uniaxial loading and AE monitoring system. (a) The schematic
diagram of the uniaxial loading; (b) the schematic diagram of an AE sensor’s layout.

The loading test was implemented by uniaxial loading controlled by displacement,
and the loading speed was set at 0.1 mm/min. Based on previous experimental experience
and lead break tests [9,24,25], in this AE monitoring test, the acquisition threshold was set
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to 45 dB for minimizing the environmental noise effect, the sampling frequency was set to
1 MHz, and the preamplifier gain was set to 40 dB.

3. Spatial Characterization Methods
3.1. 3D Convex Hull Algorithm

Consider a subset S contains n points, where the line segment connecting any two
points is contained. The convex hull is defined as the smallest convex set. To find the
smallest convex hull in 3D, an initial hull with four facets is formed. Before new points
are added to the hull gradually to form a new hull, the point farthest away from the facet
should be added to the hull first. Points inside the hull are ignored and added to a visible
set V. For the point outside the hull, the unassigned point that above the facet is added to
an outside set FO. Then, calculate the point in the outside set FO, and put visible points
into set V, ensuring that no other points are visible in the outside set. The boundary of V' is
the set of horizon ridges. Then, a new facet is created from each ridge and point p. The new
hull is formed after deleting the old facets in V.

In this research, the quickhull algorithm was used to find the convex hull [39]. Delau-
nay triangulation was the method used to implement the triangulation function.

3.2. Minimum Volume Enclosing Ellipsoid Algorithm

Compared with the 3D convex hull, the ellipsoid is more prominent in spatial charac-
teristics. It has clear three-axis distribution characteristics, which can be used to calculate
geometric characteristics such as crack direction and crack surface. The equation of the
ellipsoidal surface is given as:

ax?® + by? + cz® + 2dxy + 2exz + 2fyz + 2gx + 2hy + 2iz = 1 1)

Nine parameters from a to i can be solved with more than 9 points [29]. However,
an ellipsoidal surface may not be formed when solving the surface equation, due to the
irregular distribution of scattered points. In the field of convex optimization, the MVEE
can be used to solve this obstacle [40].

Consider a set of m points in n dimensional crack space R": S = {s1,53,- -5} € R".
To guarantee that the ellipsoid has positive volume in any condition, it is assumed that the
convex hull of the set S spans R". Therefore, the ellipsoid ¢ in center form is given by:

e:{seR”

(s—¢) En(s—c¢) < 1} ()

where c is the center of the ellipsoid, E;; € Si ., and E,, is a positive definite matrix. Thus,
the volume of ellipsoid ¢ is given by:
0o

Ve = ey ®

where v is the volume of the unit hypersphere. Therefore, this problem is equivalent to
finding a vector ¢ and a positive definite matrix E;,, which minimizes det(E;, ).

Optimizing the problem into a convex optimization problem, the problem can be
solved easier in the following dual problem:

{ max logdet V (u) 4)

subject to 17u = 1

where V(u) = Qdig()Q", @ = [P 17]" € RUDX", P = [py, py, -+ p,] € R and
u=[uy,up,-- ~um]T, u; > 0.
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An ascent method is adopted to find the maximum. The ascent direction at a fea-
sible point # is Au = e; —u, where j = argmaxg; (#) in the j-th unit vector e;, and

gi(u) = q,"V(u)~1q,. The problem can be approached [41] with

logdet V(u =1
arg[%,)ﬁ ogdet V(i + a(ej — 1)) 5)

where the « is
_ &i(w)—(n+1)
(n+1)(g:(m) — 1)

3.3. Theoretical Distribution Pattern Space

(6)

With the rock specimen in mechanical equilibrium, we assume that a virtual unit
crack space exists in the n dimension in the form of a sphere space, which also remains in
equilibrium in all directions. Therefore, it can be represented by Equation (7) as

P> =2+ 12+ +r2 =1 )

where the vector r has a length of 1 in all directions. Deformation occurs when the unit
crack space is exposed to an applied stress ¢. In general, the stress o can be decomposed
into n components in different directions, such as oy, 03, - - - , 0, and the orientations of
the components are ay,ay, - - - , a,, respectively. When the crack space is balanced, the stress
conditions in the deformed crack space can be written as follows:

;=1 ®)

When the stress values in all orientations are equal, the crack space still maintains
a sphere. In 3D space, the crack space is thereby assumed to have three orientations
perpendicular to each other.

As we know, the internal defects are misaligned when the materials are subjected to
stress, causing microcracks, and they are detected by AE monitoring. Moreover, it was
found that the crack propagation surface produced is perpendicular to the minor principal
stress direction [28,32]. Since the three decomposed stress orientations are perpendicular
to each other, the microcracks should propagate along the other two stress orientations.
Therefore, microcracks are assumed to be distributed along the stress orientations. It can be
inferred that the orientations of the microcrack distribution (theoretically, crack space), the
stress, and the real crack should be consistent. Therefore, the distribution characteristics of
the microcracks can theoretically be used to characterize either the stress or the real crack.

At the same time, the scale of microcrack propagation varies in all directions due to the
different values of stress components. Assuming a linear relationship between the stress
value and the length of microcrack propagation, the theoretical distribution pattern space

can be established as ) 5

x 22

g =1 ©)
where 4, b, and c are the scales of microcrack propagation of the three decomposed stresses
04, 0y, and o, respectively.

On the basis of the above theoretical analysis, the optimal three directions for char-
acterizing the spatial distribution of microcracks S(x,y, z) can be found. Mathematically,
the variance Var(S*) of the projection of microcracks in the target direction should be the
largest. Second, every two directions need to be perpendicular to each other to avoid
correlation. The covariance Cov (s;*,s;*) between the projected data in each of the two

directions should be zero. The variance and the covariance are in the form:

Var(s*) =

2=

Il
—_

‘*_72_1 4 %2
(si* —s%)" = - Y s (10)
i=1
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m
Cov(s;*,s;*) = % 2si*sj* (11)
1

It is found that two conditions can be satisfied by diagonalizing the covariance

matrix Cgx:
m

1 x %2 1 o 1 &z ¥, %
o X w XY DXz
1 i=1 i=1 i=1
m m m
T| 1 1 2 1
Co =SS | X'y Xy mLy'z’ (12)
m i=1 i=1 i=1
m m m
1 1 1 2
m Yoxitzi” m > yi*zi* m Yz
i=1 i=1 i=1

where the variances are on the diagonal of the matrix Cg-, and the other elements are
covariances, as shown in Equation (12). The covariance matrices Cs+ and Cg have a
relationship as follows:

Co — LgrgrT — l(WS)(WS)T = WCsW' (13)
m m
Therefore, Cg« can be obtained when the matrix W satisfies the matrix WCg WT asa
diagonal matrix. Since the covariance matrix Cg is a symmetric matrix, a diagonal matrix A
can be found by
A=ETCsE (14)

where the E is the matrix consisting of 3 sets of unit orthogonal vectors. E' is equal to W.
Therefore, the matrix W can be calculated by solving the eigenvector of the covariance
matrix Cg. The projected data S* and its covariance matrix Cg+ can then be obtained as well.

Furthermore, the theoretical distribution pattern space can be demonstrated in the
matrix with the covariance matrix Cg«, where the eigenvalues and eigenvectors can be used
to calculate the propagation scales and propagation directions of crack, respectively.

A schematic of the spatial characterization by the three methods is presented in
Figure 3. The black dots are the monitored events, the two red ellipsoids are given by the
DTPS method at two different scales, the gray ellipsoid is calculated by the MVEE method,
and the blue irregular convex body is formed by the 3D Convex Hull method.

Figure 3. The schematic of three spatial characterization methods. Black dots mark the microcracks,
the black ellipsoid represents the space formed by MVEE, the red ellipsoids represent the TDPS space
at two different scales, where the three red line segments are the three axes of TDPS, and the cyan
irregular geometry is formed by 3D convex hull.

4. Experimental Results

After the sandstone specimens failed, the main cracks were observed to be distributed
obliquely and penetrate the specimen, as shown in Figure 4. Part of the material laminated
off near the specimen surface. The microcracks obtained in specimen S1 were found to
gather at the lower part of the rock specimen. Compared with the size of real cracks
through the specimen, there is an error in characterizing the size of the crack space with
these microcracks. Therefore, the data of specimen S1 were not adopted. The sandstone
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specimens after failure and the monitored microcracks are shown in Figure 4. The letters
(@), (b), (c), and (d) represent specimens S2, 53, 54, and S5. Letter (e) indicates the stress and
event amplitude variation of specimen S3 in time scale.

(a) (b)

] [ Stress/MPal
I Anp/dB =100
:

T T
200 400 600 800 1000
Time/s

Amp/dB

Figure 4. The results of loading and AE monitoring. (a) Results for specimen S2 failure and its 71 AE
events. (b) Results for specimen S3 and its 1069 events. (c) Results for specimen S4 and its 14 AE
events. (d) Results for specimen S5 and its 469 events. (e) Variation in stress and event amplitude in
specimen S3.

Different numbers of events were obtained under the same equipment and testing
settings, with 71, 1069, 14, and 469 events from specimens S2 to S5, respectively. It can
be observed that the more severely damaged specimens are, the fewer events monitored.
For example, in the experiment, two larger cracks were formed in specimen S2, while a
smaller crack was found in specimen S3. The number of events in specimen S2 is less than
in specimen S3. In addition, compared with specimen S5, specimen 54 has lower integrity
after failure. The number of events in specimen S5 is higher than in specimen S4.

5. Analysis and Discussion

Despite the number of events that vary with the same equipment and settings, the
number of parameters AE hit was large for each specimen tested. This result rules out
a malfunction of the machine or an error in the parameter settings. In addition to the
anisotropy and inhomogeneity of the rock specimens, this result can be explained by the
presence of a relatively large crack that hinders the propagation of the microcrack signals
from one side to the other [42]. The result coincides with the variability and uncertainty of
rock failure monitoring in both the field and in laboratory conditions.

To characterize the crack space, the TDPS method, the MVEE method, and the 3D
convex hull method were adopted to evaluate the 3D geometric characteristics of the crack.
The 3D convex hull method can obtain a relatively minimum space in three methods. The
area and volume of the smallest space can be calculated, but the directional features are
difficult to characterize parametrically, especially when the microcracks are not strictly
distributed according to a regular geometric distribution pattern. From Section 3.3, the
TDPS is assumed to be characterized as an ellipsoid. It is a regular geometric space consid-
ering the relationship between stress conditions and microcrack initiation. The geometric
directional characteristics are fixed when different crack spatial scales (in percentages) are
selected. However, the minimum volume and area are not guaranteed. As a result, it may
differ from the results of other optimization methods at the same spatial scale. Fortunately,
the MVEE method was proposed to achieve the primary goal of minimum volume while
the geometric characteristics can be obtained by solving the MVEE matrix. Therefore, the
smallest enclosed space is calculated under this constraint, and displayed as an ellipsoid.
However, it is worth noting that the geometric directional characteristics are not guaranteed
with different crack spatial ranges.
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Therefore, the 3D convex hull method and the MVEE method were adopted to evaluate
the theoretical distribution pattern space from the area, volume, and orientation character-
istics. Specimens S2, S3, and S5 were selected to represent different orders of magnitude of
microcracks. Since the nucleation zone shares similar mechanisms of micro-crack initiation,
growth, and coalescence [43-45], different spatial scales of microcracks could be selected
to characterize the optimal crack space. In this research, microcracks in each specimen
were selected for analysis ranging from 50% to 100% of the theoretical distribution pat-
tern space, and the interval of variation is 5%. Figure 5 shows the results of three spatial
characterization methods for 11 stages in specimen S3.

75%

* Microcracks/events
3D Convex Hull
MVEE

TDPS

Axes

70% 65% 60% 55% 50%

Figure 5. The spatial characterization results of specimen S3. Black dots mark the microcracks, the
red ellipsoid represents the space formed by MVEE, the black ellipsoid represents the TDPS space,
where the three red line segments are the three axes of TDPS, and the yellow irregular geometry is
formed by 3D convex hull.

5.1. Area and Volume Evaluation at Different Spatial Scales

As shown in Figure 6, the evaluations of the area at different spatial scales were obtained.
Figure 6a—c presents the area evolution results of specimens S2, 53, and S5, respectively.

X100 5x10° 4
4 (2) ) (b)
6x10*4
4x10*4
5x10*4 .
o o \4 | .
E ax10] §3x10 .
?‘;‘3)(104’ . § : .
< < 2x10*4 .
a . .
2x10*4 “ a0t ., ) I SEPR
" A . 1x10*4 " a oa
1x10°1 S ST b Tt
" m g A A .
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©
axiot{  °
& 3x10*4
% a
2
<210 4 e - T
A, o Theoretical distribution|
o~ LI S : s pattern space
.
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Figure 6. Area evaluation of three methods. (a) Area evaluation of Specimen S2. (b) Area evaluation
of Specimen S3. (c) Area evaluation of Specimen S5.
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In Figure 6a, the theoretical result at the 100% position is relatively large. The rest
of the values show potential regularity. It is possible that the number of microcracks
monitored in this specimen is relatively small and the distribution is sparse. Therefore,
the variation is significantly on a larger base when the range of spatial scales is reduced.
It can also be interpreted as a similar variation at 100% for the other two specimens, as
shown in Figure 6b,c. However, due to a greater number of microcracks, the density of
microcracks in the other two specimens is relatively greater. Therefore, the differences were
lower compared to specimen S2, and even a similar fall was found in specimens S3 and S5.

Among the three methods, it is found that the area evaluation results from the the-
oretical distribution pattern space are the largest, and the 3D convex hull result has the
smallest values. As the scale of selected intervals decreases, the values of the three methods
gradually become closer. In general, the values in the MVEE method are closer to the
TDPS method results than the 3D convex hull results. It is possible that both the TDPS
method and the MVEE method are based on an ellipsoid space, which can degenerate into
a sphere space, the area values are closer, and the MVEE results are lower than those of the
theoretical distribution pattern space because of the minimum volume target. Therefore,
this relationship can be used to find the optimal characterization interval of the theoretical
distribution pattern space.

In spite of the differences in microcrack density and the area variation from the results
of three specimens, the values of the TDPS and MVEE method are closer to each other in
the interval below 85%. The position is illustrated by the distance between the circle and
triangle symbols in the figure.

As shown in Figure 7, the volume evaluation results at different spatial scales in
three methods were obtained, and a similar trend to that of area variation was exhibited.
However, the variation is greater at the 100% scale, compared to the area evaluation
from Figure 6. The crack space formed at the 100% scale based on the TDPS method is
significantly larger than the specimen volume since the volume of the test specimen is only
5.4 x 10° cm®. The fact that the theoretical volume is greater than the actual volume of the
test specimen does not mean that it is an error. The specimen is limited in size and the
damage can only be confined and exhibited within the specimen. If the specimen boundary
is expanded virtually, then the crack space has the potential to continue to expand. In this
way, the results of the TDPS are well interpreted, demonstrating the ability to find potential
crack spaces based on existing microcracks.
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Figure 7. Volume evaluation of three methods. (a) Volume evaluation of Specimen S2. (b) Volume
evaluation of Specimen S3. (c) Volume evaluation of Specimen S5.
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Similar to the trend in area evolution, the results of the theoretical distribution pattern
space and the MVEE method are gradually matched in volume values starting at 85%.

5.2. Evolution Pattern of Area and Volume

Although the results for the distribution and number of microcracks differed across
specimens, the trends in the results for the three convex optimization methods are shared
as the spatial scale of cracks decreases. In both area and volume, the results of all three
methods show a trend of decreasing, exhibiting the potential of exponential functions.
Therefore, the evolution pattern of area and volume can be assumed by Equation (15):

y=yo+ Ae*/! (15)

where the parameter ¢ is the scaling value of the horizontal coordinate, and the parameters
yo and A are the translation value and scaling value of the vertical coordinates, respectively.

The fitting curves are shown in Figure 8. The goodness-of-fit R? values are listed
in Table 1.
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Figure 8. Fitting results of area and volume. (a) Fitting results of specimen S2. (b) Fitting results of
specimen S3. (c) Fitting results of specimen S5. The black dashes are the fitting results after masking
the maximum value.
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Table 1. The goodness-of-fit R? of area and volume.
Specimen S2 S3 S5
Method  TDPS 3DCH MVEE TDPS 3DCH MVEE TDPS 3DCH MVEE

Area 0.970 0.986 0.971 0.988 0.982 0.988 0.969 0.984 0.968
Volume 0.983 0.982 0.976 0.988 0.983 0.985 0.981 0.984 0.9670

Note: TDPS means the theoretical distribution pattern space, 3DCH means the 3D convex hull, and MVEE means
the minimum volume enclosing ellipsoid.

The fitting results of both the area and volume were observed to comply with the
exponential function, as shown in Figure 8. The mean values of the goodness-of-fit for the
area and volume evolution were 0.978 and 0.981, respectively, indicating that Equation (15)
can be used to interpret the evolution of area and volume.

5.3. Deviation Angles at Different Spatial Scales

In the assessment of crack space characteristics, area and volume were used to eval-
uate the size of the crack space. In addition, the directional characteristic is one of the
significant parameters that must be evaluated. Based on the total microcrack distribution,
the directions of the theoretical distribution pattern space are fixed, and do not vary with
the spatial scales Therefore, they were set as the basis axes to analyze the deviation angles
with the MVEE results.

It can be inferred from Section 3.3 that the theoretical distribution pattern space can
be represented by a three-dimensional matrix, which is the covariance matrix Cg«. The
direction of each axis of this crack space is represented by the eigenvector corresponding
to the eigenvalue. In the same way, the ellipsoid ¢ from the MVEE method represented
by a positive definite matrix E;, can be obtained, as well as the direction of its three axes.
Thus, for the same spatial scale, the deviation angle of the MVEE ellipsoid can be obtained
by calculating the angle between its principal axis and the principal axis of theoretical
distribution pattern space. The deviation angles in each spatial scale were calculated and
displayed in Figure 9.
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Figure 9. Results of deviation angle evolution. (a) Deviation angle evolution of Specimen S2.
(b) Deviation angle evolution of Specimen S3. (c) Deviation angle evolution of Specimen S5.

It can be observed in Figure 9 that the X-axis deviation angles of three specimens
were generally less than 10 degrees, with an average of 6.24 degrees, 1.01 degrees, and
6.17 degrees, respectively. They reached the relatively smallest values before the 85% scale,
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where the scale of the relative minimum value was reached at 90% in Figure 9c. After an
increase, it began to show a decreasing trend again. Similar evolutionary trends were found
on the other two axes. However, there was a tendency for the deviation angle to increase
near 65%.

Considering the fact that microcracks are not evenly distributed within the specimen
according to a theoretical distribution pattern, and a more dense distribution would be
observed in the severely damaged zone [9,13,19], as the spatial scale decreases, there would
be a situation where the crack space contains more densely distributed areas, with a lower
share of other spatial regions [20,22]. Therefore, a reduction in spatial scale results in a loss
of information about the crack space. In addition, the area and volume of the crack space
are significantly underestimated, if the crack scale drops considerably. Therefore, a reliable
crack space cannot be approached by continually reducing the spatial scale to approximate
the minimum deviation angle. Summarizing the evolution of the evaluated values for the
area, volume, and deviation angle, the appropriate spatial scale range for the crack space is
proposed from 65% to 85%. This result is applicable only for these tests. The evaluation of
different rock types requires further application to more rocks.

6. Conclusions

In this research, the spatial distribution of events monitored by rock acoustic emission
is analyzed. The 3D convex hull algorithm and the MVEE algorithm were adopted to
evaluate the single-cracked space formed by the theoretical distribution model, and the
following three conclusions were obtained:

(1) AE events reflect the distribution of the real fracture, and it is considered that the mi-
crocracks expend with increasing stress in the stress direction. The theoretical distribution
pattern space was proposed to characterize the crack space of a single-cracked fracture.

(2) The 3D convex hull, MVEE, and TDPS methods were applied to calculate the
characteristics of the crack space. The area and volume results for all three methods
demonstrated similar evolutionary behavior as the spatial scale decreased. The evolution
pattern of area and volume was established. It was found that the 85% position is the scale
on which the theoretical distribution and the MVEE values became closer to each other in
three methods.

(3) The variations in the deviation angle between the MVEE and TDPS methods were
compared. It was found that as the spatial interval decreases, there is a tendency for MVEE
and TDPS methods to have smaller offset angles in the principal X-axis. Similar trends were
found for the Y-axis and Z-axis results, but a tendency to increase was observed after 65%.

Consistent patterns of variation were obtained under conditions with different mi-
crocrack numbers and distributions, indicating that the present method is feasible. By
analyzing the variation in area, volume characteristics, and offset angle through the spatial
scale, 65% to 85% was selected as a reliable characterization interval for the crack space
in sandstone.
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