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Abstract: Under complex underwater conditions, multiple AUVs work in one area and they need
to cooperate for complicated missions. In this study, a design method was applied for multiple
autonomous underwater vehicles (AUVs) that are distributed in an area and suddenly receive a
command. Using this method, the AUVs work according to their own state and reach the target while
avoiding obstacles automatically in the process of collection. A new optimal control method is pro-
posed that achieves the consensus of multiple AUVs as well as offering obstacle avoidance capability
with minimal control effort. A non-quadratic obstacle avoidance cost function was constructed from
the perspective of inverse optimal control. The distributed analytic optimal control law depends only
on the local information that can be generated by the communication topology, which guarantees the
proposed behavior, so that the control law does not require information from all AUVs. A simulation
and an experiment were performed to verify the consensus and obstacle avoidance effect.

Keywords: multiple AUVs; consensus algorithm; optimal control; obstacle avoidance

1. Introduction

The development of human society is inseparable from the exploitation and use of
various resources. With land resources being gradually exhausted, attention has been
turned towards the deep ocean. Numerous manganese nodules, deep-sea oil and gas, hy-
drothermal deposits, and gas hydrates exist in the submarine world. Thus, the efficient and
safe exploration of such resources has become an urgent matter. Autonomous underwater
vehicles (AUVs) are an auxiliary intelligent tool for ocean exploration, which play a key
role in the application of ocean environment observation [1,2], seabed geomorphology
measurement [3], and military reconnaissance [4].

Owing to their power, cable-free autonomy, good masking performance, and wide
search range, AUVs offer very wide application prospects in both the civil marine and
coastal defense military fields. In particular, AUVs are essential in deep-sea underwater
searching. As early as 1963, the “Alvin” and “Kov” underwater robot cooperation of the
US to search for and salvage a lost hydrogen bomb in the Spanish trench was a successful
case. In early 2014, the US used the “Bluefin Tuna” AUV to conduct a large-scale under-
water search at a depth of 4500 m in the Indian Ocean for the missing Malaysia Airlines
flight MH370.

Ocean Infinity, which was founded in the US in 2017, has rapidly expanded into
a leading global maritime technology company. In early 2020, Ocean Infinity launched
Armada, which is a new ship technology and data company, and introduced fleet robotics.
The Armada fleet can carry ROVs (remote operated vehicles) and AUVs, as well as a variety
of other sensors or equipment, thereby replacing traditional support vessels for seabed
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mapping, oil field material transport, subsea construction support, salvage and rescue,
military, and other activities.

In 2011, researchers at the Ganz Artificial Life Lab in Austria unveiled the largest
cluster of underwater unmanned vehicles in the world at the time: the CoCoRo AUV cluster.
The project, which was funded by the European Union and led by Thomas Schmickl,
consisted of 41 AUVs that could work together to accomplish tasks, with the main purpose
of being used for underwater monitoring and searching. The cluster system was scalable,
reliable, and flexible in terms of its behavioral potential. The researchers studied collective
self-knowledge through experiments that were inspired by behavioral and psychological
science, thereby allowing for the quantification of collective self-knowledge.

Furthermore, the European Commission supported a project known as Smart and
Networking Underwater Robots in Cooperation Meshes. The aim was to select, combine,
and integrate different and heterogeneous communication technologies, components, and
solutions to achieve the best performance for the management and control of underwa-
ter vehicles when the robots completed different missions and tasks. This project was
completed by testing it in the sea.

With the increasing complexity of AUV search tasks, multi-AUV (MAUV) systems
have become an important research direction in the development of underwater vehicles
when it is difficult for a single AUV to complete a task. MAUV systems can provide more
solutions with higher work efficiency, a higher intelligence level, and better fault tolerance
compared to single-AUV systems.

MAUV systems (also known as swarm agents) have mainly arisen owing to limited
technology, as the intelligence of a single agent cannot be extended. Thus, it is hoped that
coordination and cooperation among multiple agents can deal with complex tasks that a
single agent cannot handle. This concept has received significant attention in the scientific
research and engineering circles [5,6].

The consensus problem at the center of MAUV cooperative control has been devel-
oped over the past several years using various methods. The consensus of the system
requires a suitable control protocol to be designed so that all agents can converge to a
common value under the premise that they can only exchange information with their
neighbors [7]. The consensus performance is obviously affected by the dynamics of the
agents and network topology. Numerous results have been studied considering these two
factors [8–13]. However, in physical and engineering systems, the consensus problem is
expected to ensure that all agents can converge in a certain trajectory to achieve the desired
goal. Rapid convergence can be achieved by designing a consensus algorithm to determine
the optimal weight matrix [14]. An appropriate function was constructed by maximizing
the second smallest eigenvalue of the Laplacian operator, thereby optimizing the consensus
algorithm [15]. Furthermore, the average consensus problem was realized by developing an
optimal interaction graph [16]. In another study, the consensus problem was expressed as
an optimization problem using the linear matrix inequality method [17]. An optimal linear
consensus algorithm based on the linear quadratic adjuster has also been proposed [18].

The cooperative mission was studied by [19], analyzing the approach to solve the
averaging problem through the application of assumptions that were based on linear
iterative form. In [20], each group member interacted with its neighboring states by a linear
stochastic matrix until all of them reached the same limit. In [21], a distributed algorithm
was generalized for the consensus in fixed topology. In [22], an arranged motion of
particulars in a group was controlled by a specific model in order to update the information
from the closest neighbor. An optimistic optimization approach with simple black box was
devised in a form of a non-linear structure for controlling the agents’ behavior in [23].

This research focuses on the analysis of consensus models, the design of consensus pro-
tocols, convergence, equilibrium, and application prospects. Many scholars have applied
different model methods and carried out in-depth research and expansion of consensus
theory from different directions. The consensus has developed rapidly and yielded fruitful
results and has been widely applied to a variety of scientific and engineering problems,
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including synchronization of coupled oscillators, formation control, swarm control, optimal
cooperative control, clustering, sensor networks, etc. [24,25].

In [26] the problem of consensus in multi-AUV recovery systems with time varying
delays was explored. A new consensus control protocol for formations was proposed.
In [27] the problem of multi-AUV formation control under constraints such as bounded
communication delays and nonconvex control inputs was studied. In [28] an improved
event-triggering mechanism to coordinate the communication in heterogeneous AUVs was
explored. In [29], some effective criteria for consensus of a class of non-smooth opinion
dynamics over a directed graph were presented. In [30] the integral sliding mode control
protocol was proposed to address the formation control of multi-robot systems. In [31] the
output consensus issue for linear multi-agent systems was addressed. It is clear that the
convergence time of the system depends on the initial conditions.

Coordination among multiple agents is critical, but the obstacle avoidance strate-
gies that were designed previously neither considered the optimality nor the interaction
topology (consensus) issues.

The contributions of this paper are described as follows.
(1) A new consensus algorithm was studied for the single-integrator systems in an

obstacle environment. (2) A novel control approach was developed to achieve multi-AUV
consensus and have the minimal obstacle avoidance cost. (3) A novel nonquadratic obstacle
avoidance cost function was constructed by an inverse optimal control approach. (4) The
theory in this paper was verified by practical experiments.

The remainder of this paper is organized as follows: In Section 2, background knowl-
edge on graph theory is presented. The consensus problem is established in Section 3. In
Section 4, the main research of this study is outlined. The simulation and data analysis are
presented in Section 5. The preliminary verification of the method using an experiment
with two AUVs is described in Section 6. Finally, in Section 7, the conclusions are presented.

2. Background Knowledge

Several symbols, definitions, and concepts in graph theory are described in this
section. The information that is exchanged in MAUVs is modeled using a directed or
undirected graph.

A directed graph can be represented by G = (N, E), where N indicates a finite non-
empty set of nodes and E denotes an edge set of ordered pairs of nodes. A directed path
is a sequence of ordered edges in the form (i1, i2), (i2, i3), where ij ∈ N. For example,
(i1, i2) ∈ N indicates that AUV i2 obtains information from AUV i1. The (i1, i2) ∈ N in an
undirected graph is unordered.

A non-negative adjacency matrix is constructed:

adj=
[
adjij

]
,

where adj expresses the net topology of the MAUV. In the matrix adjii = 0, adjij = 1 if
(j, i) ∈ E and adjii = 0 if (j, i) /∈ E, where i 6= j.

According to previous work [21], the adjacency matrix is symmetric, i.e., adjij = adjji,
∀i 6= j for the undirected graph. Thus, the Laplacian matrix L of graph G can be defined
as follows:

L = ∆− adj (1)

where ∆ = diag(adj · 1) is the degree matrix of G with diagonal elements di = ∑j adjij,
where 1 indicates that all column vectors are 1 and 0 means that they are all 0.

When the graph is connected based on undirected information, L will have a simple
zero eigenvalue with an associated eigenvector 1 and all other eigenvalues are positive. As
L is positive semidefinite, it exhibits the property of

L · 1 = 0 (2)
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In this study, the main results are derived using this formulation.

3. Problem Specification

The AUV has a single-integrator dynamics model that is expressed as follows:

.
xi = ui, i = 1, . . . . . . , n (3a)

or in the form of matrix .
X = U (3b)

where
X = [xT

1 , . . . , xT
n ]

T
, U = [uT

1 , . . . , uT
n ]

T
,

in which xi(t) ∈ Rm is the state of the ith AUV, ui(t) ∈ Rm are the control inputs of the ith
AUV, X ∈ Rnm are the aggregate states of all AUVs, and U ∈ Rnm are the control inputs of
all AUVs.

Figure 1 depicts multiple AUVs that are distributed in the sea, the biggest AUV can
provide power and all the AUVs can exchange data. In this figure, different colors represent
the changes of water depth. MAUV systems can generally reside on the seabed for a
long time. When marine geological disasters occur, an AUV will sense the occurrence
of the disasters and automatically identify possible disaster sites to evaluate the overall
environment. When the system senses an unusual change in the environment, the AUVs
will cooperate, and in this phase, they sense the nearby AUVs through the sensors that they
carry and determine the location of the collection through negotiation.
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Figure 1. MAUV multi-water area search scenario. Figure 1. MAUV multi-water area search scenario.

In this study, the consensus problem involves the design of a distributed control law
ui(t) that depends on the information exchange topology such that the states of all AUVs
converge to the same value, i.e.,

∥∥xi(t)− xj(t)
∥∥→ 0 . Furthermore, it is guaranteed that

obstacles along the AUV trajectory can be avoided.
Figure 2 depicts an example scene of the consensus problem with five AUVs and one

obstacle. Three zones are established: the collision, the diagnostic, and the reaction zones,
which are defined as follows.
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Collision zone for the jth obstacle: Λj ,
{

x
∣∣x ∈ Rm,

∥∥x−Obj
∥∥ ≤ rj

}
. The AUV

absolutely cannot enter the interval and each obstacle is solid.
Diagnostic zone for the jth obstacle: Ψj ,

{
x
∣∣x ∈ Rm,

∥∥x−Obj
∥∥ ≤ Rj

}
. This is the

range within which the AUV can detect only one obstacle. Outside this area is the AUV
safe area, within which the AUV navigates according to coordinated commands.

Reaction zone for the jth obstacle: Γj ,
{

x
∣∣x ∈ Rm, rj <

∥∥x−Obj
∥∥ ≤ Rj

}
. In this area,

the AUV can sense and avoid obstacles.
Where rj means the radius of the obstacle, Rj means the range that the AUV can detect

the obstacle.
Accordingly, the entire safety area can be represented as Θ =

(
∪jΛj

)c and the entire
outside diagnostic zone can be represented as Π =

(
∪jΨj

)c. The symbol ∪ and superscript
c indicate the union and complement of sets, respectively.

The following three assumptions are included in this study:
A1. All obstacles can be modeled as spheroidal objects.
A2. Ψj ∩Ψk = ∅, j 6= k.
A3. It is assumed that the topology of information exchange between AUVs is unconnected.
According to A2, the diagnostic areas of multiple obstacles are completely independent.

This assumption precludes the inability of the AUV to determine which obstacle to avoid
after entering the crossover area. Thus, each AUV will encounter only one obstacle at a
given time.

4. Consensus Algorithm for Optimal Obstacle Avoidance

In this section, the consensus problem is expressed by the problem of optimal control.
A closed consensus law of obstacle avoidance, which is a linear function of (L⊗ Im)X based
on the local communication topology, is derived by the inverse optimal control method.
⊗ denotes a Kronecker product that is used to extend the dimensions and Im denotes the
identity matrix of dimension m.

For the sake of presentation, the error state is defined as follows:

X̂ = [x̂T
1 x̂T

2 . . . , x̂T
n ]

T
, X−Xcs (4)
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where Xcs =
[
11×n ⊗ xT

cs
]T denotes the ultimate consensus state. For example, for motion

in space, xcs =
[

αx αy αz
]T, where αx, αy, and αz express the ultimate consensus

position of the x-axis, y-axis, and z-axis, respectively. Based on the property of the Laplacian
L in Equation (2), when all AUVs reach the consensus, we obtain

(L⊗ Im)Xcs = 0nm×1 (5)

The ultimate consensus state Xcs is constant at the moment and when the AUV reaches
the consensus, the consensus law U reaches zero.

Thus, the error of dynamics becomes

.
X̂ = U (6)

If the system (Equation (6)) is asymptotically stable, it will reach the consensus.

min : J = J1 + J2 + J3

s.t.
.

X̂ = U
(7)

The function of the optimal obstacle avoidance is constructed, the formula for which
consists of three cost functions, where J1 expresses the control effort cost, J2 denotes the
consensus cost, and J3 indicates the obstacle avoidance cost.

First, the control effort cost is

J1 =
∫ ∞

0
UTR1Udt (8)

R1 = w2
cIn ⊗ Im (9)

In Equation (8), J1 is a regular quadratic, and in Equation (9), R1 is a positive definite
matrix. Furthermore, a scalar weighting parameter wc is defined.

Second, the consensus cost is

J2 =
∫ ∞

0
X̂TR2X̂dt =

∫ ∞

0
X̂T
(

w2
pL2 ⊗ Im

)
X̂dt (10)

In Equation (10), the Laplacian matrix L is established by the undirected and connected
graph and it is symmetric. The weight of the consensus error is represented by wp.

Proposition 1 ([32]). L2 is positive semidefinite, and when the graph is connected and undirected,
L21n×1 = 0n×1.

Remark 1. Proposition 1 indicates that R2 is a positive semidefinite matrix. The R2 formula in
Equation (10) can ensure that the optimal control law is the linear function of L , and it is entirely
dependent on the flow of information in the topology, as expressed by the proof of Theorem 1.

Finally, the obstacle avoidance cost is

J3 =
∫ ∞

0
h
(
X̂
)
dt, (11)

where h
(
X̂
)

is constructed from an inverse optimal control method using Theorem 1.
The following lemma is established for proving both the asymptotic stability and

optimality of the obstacle avoidance consensus algorithm.

Lemma 1. A nonlinear controlled dynamical system [20] is modeled as

.
X̂(t) = f (

.
X̂(t ), U(t) ), X̂(0) = X̂0, t ≥ 0, (12)
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where f(0, 0) = 0 and the cost function is

J
(
X̂0, U(·)

)
,
∫ ∞

0
T(X̂(t), U(t))dt. (13)

In Equation (13), U(·) denotes an admissible control.
The open sets are defined as D ∈ Rn and Ω ∈ Rm. Moreover, the continuous differen-

tiable function V : D→ R and control law φ : D→ Ω exist. Thus,

V(0) = 0 (14)

φ(0) = 0 (15)

V
(
X̂
)
> 0, X̂ ∈ D, X̂ 6= 0 (16)

V′
(
X̂
)
f(X̂, φ(X̂)) < 0, X̂ ∈ D, X̂ 6= 0 (17)

H(X̂, φ(X̂)) = 0, X̂ ∈ D (18)

H(X̂, U) ≥ 0, X̂ ∈ D, U ∈ Ω. (19)

In Equation (19), H(X̂, U) , T(X̂, U) + V′(X̂)f(X̂, U) is the Hamiltonian function and ′

indicates partial differentiation with respect to X̂.
The state feedback control law has the following form:

U(·) = φ(X̂(·)). (20)

The solution X̂(t) ≡ 0 of the closed-loop system is locally asymptotically stable and it
has a neighborhood with the origin D0 ⊂ D; thus,

J(X̂0, φ(X̂(·))) = V(X̂0), X̂0 ∈ D0. (21)

Moreover, if X̂0 ∈ D0, the feedback control U(·) = φ(X̂(·)) minimizes J(X̂0, U(·))
so that

J(X̂0, φ(X̂(·))) = min
U(·)∈S(X̂0)

J(X̂0, U(·)) (22)

where S(X̂0) represents the set of asymptotically stabilizing controllers for each initial
condition X̂0 ∈ D. Finally,

if D ∈ Rn, Ω ∈ Rm, and

V
(
X̂
)
→ ∞ as

∥∥X̂
∥∥→ ∞ (23)

the solution X̂(t) ≡ 0 of the closed-loop system is globally asymptotically stable.

Proof. Omitted. See reference [23]. �

This lemma emphasizes that the steady-state solution of the Hamilton–Jacobi–Bellman
equation is a Lyapunov function for the nonlinear system, thereby ensuring the stability
and optimality of the system. The following theorem expresses the main result of this study.

Theorem 1. For a system of MAUVs (3) that is established by the three hypotheses with parameters
wp and wc , the feedback control law in which

φ(X) = −
wp

wc
(L⊗ Im)X−

1
2w2

c
g′(X) (24)

is an optimal control for the consensus problem (7) with
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h
(
X̂
)
= −

wp

wc
g′T(X̂)(L⊗ Im)X̂ +

1
4w2

c
g′T(X̂)g′(X̂) (25)

in Equation (9).

In Equation (25), the potential obstacle avoidance function g(X̂) is defined as

g(X̂) =
n

∑
i=1

m(xi) = g(X). (26)

Furthermore,

m(xi) =


0 xi ∈ Π(

R2
j−‖xi−Obj‖2

‖xi−Obj‖2−r2
j

)2

xi ∈ Γj, i = 1, . . . , n

not defined xi ∈ Λj

(27)

and

g′(X̂) =

[ (
dm(x1)

dx̂1

)T (
dm(x2)

dx̂2

)T
· · ·

(
dm(xn)

dx̂n

)T
]T

=

[ (
dm(x1)

dx1

)T (
dm(x2)

dx2

)T
· · ·

(
dm(xn)

dxn

)T
]T

= g′(X)

(28)

where g′(X̂) means the derivative of g′(X) for X̂.
Moreover, when X(t)→ Xcs , the global asymptotic stability or consensus of the

closed-loop system is guaranteed.

Proof. The following equations can be obtained using Lemma 1 for this optimal consen-
sus problem:

T(X̂, U) = X̂TRX̂ + h(X̂) + UTR1U (29)

f(X̂, U) = U (30)

where f(0nm×1, 0nm×1) = 0nm×1. �

By selecting V(X̂), which is an applicable Lyapunov function then

V(X̂) = X̂TPX̂ + g(X̂) (31)

P is the solution of the Riccati equation, which is expressed later.
For the function in Equation (31), V(X̂) should be a valid Lyapunov function. It must

be continuously differentiable with respect to X̂, and in this case, g(X̂) is continuously
differentiable with respect to X̂. It can be observed from Equations (26) and (27) that
in the safety area Θ, m(xi) will be continuously differentiable. If m(xi) and dm(xi)

dxi
are

continuous at the boundary of the diagnostic zone, i.e.,
∥∥xi −Obj

∥∥ = Rj, this is true.
As Equation (27) means that lim‖xi−Obj‖→R−j

m(xi) = 0 = lim‖xi−Obj‖→R+
j

m(xi ), m(xi) is

continuous at
∥∥xi −Obj

∥∥ = Rj, and thus, continuous over Θ. Furthermore,

dm(xi)

dxi
=


0 xi ∈ Π
−4(R2

j−r2
j )(R

2
j−‖xi−Obj‖2

)

(‖xi−Obj‖2−r2
j )

3

(
xi −Obj

)
xi ∈ Γj

not defined xi ∈ Λj

. (32)
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Therefore, lim‖xi−Obj‖→R−j
dm(xi)

dxi
= 0m×1 = lim‖xi−Obj‖→R+

j

dm(xi)
dxi

, which means that
dm(xi)

dxi
is continuous at

∥∥xi −Obj
∥∥ = Rj, and thus, continuous over safety area Θ.

As a result, g(X̂) and V(X̂) are continuously differentiable for X̂ in safety area Θ.
The Hamiltonian for the consensus problem becomes

H(X̂, U) = T(X̂, U) + V′T(X̂)f(X̂, U)

= X̂R2X̂ + h(X̂) + UTR1U + [2X̂TP + g′T(X̂)]U
. (33)

Setting (∂/∂U)H(X̂, U) = 0 results in the optimal control law:

U∗ = φ(X̂) = −1
2

R−1
1 V′(X̂) = −R−1

1 PX̂− 1
2

R−1
1 g′(X̂). (34)

From Equation (33), it follows that

V′T(X̂)f(X̂, U) = −2X̂TPR−1
1 PX̂− X̂PR−1

1 g′(X̂)

−g′T(X̂)R−1
1 PX̂− 1

2 g′T(X̂)R−1
1 g′(X̂)

. (35)

Substituting Equations (33) and (34) into (32) yields

H(X̂, φ(X)) = X̂T
(R2 − PR−1

1 P)X̂− g′T(X̂)R−1
1 PX̂

+h(X̂)− 1
4 g′T(X̂)R−1

1 g′(X̂)
. (36)

For the consensus problem (7), we can prove that the control law (34) is an optimal
solution using Lemma 1, but it is necessary to verify conditions (14) to (19). By satisfying
condition (18) or causing Equation (36) to be zero, we can obtain

R2 − PR−1
1 P = 0 (37)

and demand
−g′T(X̂)R−1

1 PX̂ + h(X̂)− 1
4

g′T(X̂)R−1
1 g′(X̂) = 0. (38)

Using Equations (34) and (36)–(38), it can be observed that

H(X̂, U, V′T(X̂)) = UTR1U + h(X̂) + X̂TR2X̂ + (2X̂TP + g′T(X̂))U
= UTR1U + h(X̂) + X̂TR2X̂ + (2X̂TP + g′T(X̂))U
−X̂T

(R2 − PR−1
1 P)X̂ (using Equation (37))

= UTR1U + h(X̂) + g′T(X̂)U + 2X̂TPU + X̂TPR−1
1 PX̂

= UTR1U + 1
4 g′T(X̂)R−1

1 g′(X̂) + g′T(X̂)R−1
1 PX̂

+X̂TPR−1
1 PX̂ + (2X̂TP + g′T(X̂))U (using Equation (38))

= UTR1U + 1
4 (2X̂TP + g′T(X̂))R−1

1 (2X̂TP + g′T(X̂))T
+(2X̂TP + g′T(X̂))U
= UTR1U + 1

4 V′T(X̂)R−1
1 V′(X̂) + UTV′(X̂)

= UTR1U + φ(X̂)TR1φ(X̂)
−2UTR1φ(X̂) (using Equation (34))
= [U− φ(X̂)]TR1[U− φ(X̂)] ≥ 0

(39)

and condition (19) is validated.
By substituting the expressions of R1, R2 in Equation (37), a candidate function for P

is obtained:
P = wpwcL⊗ Im (40)
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such that the Lyapunov function (31) becomes

V(X̂) = g(X̂) + X̂TPX̂

=


wpwcXT(L⊗ Im )X xi ∈ Π
g(X) + wpwcXT(L⊗ Im )X xi ∈ Γj

not defined xi ∈ Λj

. (41)

Note that the property of L in Equation (5) is used to convert V(X̂) into V(X). If
X̂ 6= 0 or X 6= Xcs, based on the property of the Laplacian matrix, XT(L⊗ Im )X will not be
zero, but positive. Note that when X = 0 can lead to XT(L⊗ Im )X = 0, this is a special
case of X = Xcs and Xcs = 0, which also implies X̂ = 0. Therefore, XT(L⊗ Im )X > 0 if
X̂ 6= 0. Furthermore, g(X) is defined by Equations (26) and (27), and it is easily shown that
g(X) > 0. When wpwcXT(L⊗ Im )X + g(X) > 0 for X̂ 6= 0, condition (16), i.e., V(X̂) > 0
for X̂ 6= 0, can be met.

Subsequently, h
(
X̂
)

in J3 is constructed by solving Equation (37):

h
(
X̂
)
=

wp

wc
g′T(X̂)(L⊗ Im)X̂ +

1
4w2

c
g′T(X̂)g′(X̂) (42)

which becomes (25). The selection of appropriate values for the weighting parameters
can guarantee h

(
X̂
)
> 0. When wc is valuated, a sufficiently small wp can always be

determined for the positive-definite term 1
4w2

c
g′T(X̂)g′(X̂) to control the sign-indefinite term

wp
wc

g′T(X̂)(L⊗ Im)X̂.
Let

V′T(X̂)f(X̂, φ(X̂)) = −[X̂TR2X̂ + h(X̂)

+(X̂TP + 1
2 g′T(X̂))×R−1

1 (PX̂ + 1
2 g′T(X̂))]

(43)

using Equations (37) and (38), with Equation (35).
If X̂TR1X̂ ≥ 0, h(X̂) ≥ 0 and (X̂TP + 1

2 g′T(X̂))R−1
1 (PX̂ + 1

2 g′T(X̂)) > 0 when X̂ 6= 0.
Thus, condition (17) can be satisfied.

Conditions (14) and (15) still need to be verified. According to Equations (31) and (34),
when X̂ = 0, g(X̂) = 0, and g′(X̂) = 0, conditions (14) and (15) are satisfied. According
to Equations (24), (28) and (32), if all AUVs assemble in the reaction area, the avoidance
force of each AUV will not be zero and all AUVs will leave the reaction area until a new
consensus point is reached. If the consensus point X̂ = 0 is beyond the reaction area of the
obstacle, it can easily be observed that g(X̂) = 0 and g′(X̂) = 0; thus, conditions (14) and
(15) are satisfied.

The optimal control law in Equation (24) can be obtained using Equation (40) and
substituting X̂ = X−Xcs into (34). Note that, owing to Equation (5), the part containing
the ultimate consensus state Xcs becomes zero. Thus, the control law (24) depends on X
and not Xcs. This satisfies the expectations because Xcs is not a priori.

At present, conditions (14) to (19) have been satisfied. Thus, according to Lemma 1, the con-
trol law (24) is the optimal control law for problem (7) in the sense of Equations (21) and (22), and
the closed-loop system is asymptotically stable. Thus, X = Xcs and the consensus is achieved.

Moreover, it can easily be determined from Equation (31) that V(X̂)→ ∞ as X̂ = 0.
The closed-loop system is globally asymptotically stable. Note that the collision area Λj is
also excluded in the globally asymptotic stability area because no AUV exists to begin to
avoid the obstacle.

Remark 2. Owing to the proof of Theorem 1, noting that the optimal consensus algorithm is
studied by the method of inverse optimal control, as the function h

(
X̂
)

in J3 is not specified a
priori, it is constructed using the optimality condition in Equation (38). The obstacle avoidance
can be understood according to h

(
X̂
)

and Equations (25), (27) and (29): if the AUV is beyond the
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diagnostic zone, h
(
X̂
)
= 0, and thus, J3 = 0; if the AUV is in the reaction area and close to the

obstacle, the denominator
∥∥xi −Obj

∥∥2 − r2
j in h

(
X̂
)

(see m(xi) in Equation (27)) will reach zero
and J3 will increase. This indicates that the AUV is leaving an obstacle. Therefore, the obstacle
avoidance ability is guaranteed according to the asymptotic stability and the optimality of the system
can be ensured by Theorem 1.

Remark 3. We summarize the optimal consensus algorithm. First, wp and wc are changeable
weighting parameters, where wp influences the consensus error and wc influences the control effort.
Second, the condition of h

(
X̂
)
≥ 0 must be ensured by these parameters. The changing of these

parameters is the same as in the conventional LQR problem for changing the weighting matrices Q
and R: ∫ ∞

0
[X̂TQX̂ + UTRU]dt. (44)

In a linear single-integrator system, it is not complicated to change wp and wc. How-
ever, the cost function of the obstacle avoidance should be a nonquadratic nonlinear
function, so the linear optimal control problem differs from the LQR. As only two parts
exist in h

(
X̂
)
, the basic principles of the selection of the two parameters are as follows:

the consensus error needs to be balanced, and for a given wc, the control effort also needs
to select a sufficiently small weighting parameter wp such that the sign-indefinite term
wp
wc

g′T(X̂)(L ⊗ Im)X̂ is always less than the positive term 1
4w2

c
g′T(X̂)g′(X̂) to obtain the

condition h
(
X̂
)
≥ 0.

Remark 4. According to φ(X) in Equation (24), the optimal control law only needs to contain two
parts: the consensus law and obstacle avoidance law.

The consensus law of the AUVs is a linear function of (L ⊗ Im)X. Only the local
information between the AUVs is required and they exchange the information using the
communication topology, instead of the information of all AUVs. Therefore, g′(X) in the
optimal control law only requires local information for execution.

5. Simulation

The consensus law of the optimal obstacle avoidance was verified using a simulation
environment. Consider the scene of five AUVs moving in space (m = 3) in Figure 1.
According to the definition, L can be expressed as follows:

L =


2 −1 0 0 −1
−1 2 −1 0 0
0 −1 2 −1 0
0 0 −1 2 −1
−1 0 0 −1 2

. (45)

The initial positions of the five AUVs are given by (1, 2, 3), (30, 30, 30), (2, 14, 0),
(15, 30, 25), and (30, 18, 20). We let wp = 0.8 and wc = 4.

5.1. Consensus of No Obstacles in AUV Trajectories

It is assumed that the obstacle appears at (14, 17, 20) and that it does not appear on
the trajectory of any AUV. Assume that the collision zone (obstacle radius) is r1 = 0.5 and
the radius of the diagnostic zone is R1 = 1. Figures 3 and 4 depict the motion simulation
results of the five AUVs according to the proposed optimal consensus law. Figure 3 show
the trajectories of the AUVs in space and the projections of the trajectories onto a certain
plane, respectively. Figure 4 shows the optimal control input and the time history of the
positions. The ultimate consensus point is located at (15.59, 18.8, 15.59).
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Figure 3. (a) Consensus trajectories of five AUVs with no obstacles. (b) Consensus trajectories of five
AUVs with no obstacles in X–Y plane.
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Figure 4. Time histories of positions and control inputs of five AUVs with no obstacles in trajectories.

As all AUVs are beyond the diagnostic zone, the obstacle avoidance cost function
h
(
X̂
)
= 0 (Equation (10)). Thus, the problem becomes a normal consensus problem.

5.2. Consensus of Obstacles in AUV Trajectories

In this part, we consider different places and times of the appearance of obstacles.
Assume that the first obstacle appears in the trajectory of AUV 2 (23, 24, 22), the radius
of the obstacle is r1 = 0.7, and the diagnostic zone is R1 = 1.5. The second obstacle at
(14, 17, 20) does not exist in the trajectory of any AUV. The final obstacle is assumed to
appear in the trajectory of AUV 1 at (7, 7, 7). The radius and diagnostic area of the obstacle
are r1 = 1 and R1 = 2.5, respectively. Figure 5 depict the simulation results.

It can be observed from Figure 5 that all AUVs could avoid multiple obstacles on the
trajectory and finally reached a consensus point (15.28, 18.59, 15.69), which differed from
the previous consensus point (15.59, 18.8, 15.59). Figure 6, which shows the control input of
the AUVs and time history of the position, respectively, reveals that the proposed optimal
control law could achieve consensus as well as multi-obstacle avoidance.
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Figure 5. (a) Consistent trajectories of five AUVs with three obstacles, where obstacles appear in the
trajectories of AUV 1 and AUV 2. (b) Consistent trajectories of five AUVs with multiple obstacles,
where obstacles appear in the trajectories of AUV 1 and AUV 2 in the Y–Z plane.
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Figure 6. Time histories of positions and controls of five AUVs with multiple obstacles.

6. Experiment

We carried out a sea experiment in November 2022 (Figure 7). We established two
robots: AUV 0 was used for AUV charging and data interaction, and AUV 1 could move
freely. AUV 0 and AUV 1 had the same control system, but AUV 0 did not carry a propeller,
so it was set as an AUV with a sailing speed of zero. The two robots could be regarded as
heterogeneous AUVs, and the entire experimental environment was 1500 m underwater.
The experimental process was as outlined below.

1. Positioning and communication devices were installed on the AUVs. Each AUV had
the ability to exchange information with the other.

2. AUV 1 was placed into the water.
3. AUV 0 was placed into the water 300 m from AUV 1.
4. When the two devices reached the sea floor, the position of the two AUVs was

determined by the ultra-short baseline equipment on board and the positions were
transmitted to AUV 1 and AUV 0 via acoustic communication.
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5. AUV 1 and AUV 0 exchanged information at 8 s intervals through their own acoustic
communication devices.

6. AUV 1 moved towards AUV 0, and finally, AUV 1 appeared in front of AUV 0.
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Figure 7. Two AUVs in the experiment.

It can be observed from Figure 8 that AUV 1 descended to the seabed in the form
of a spiral wire, and AUV 0 was laid into the water during the process of AUV 1 diving.
As indicated in Figure 9, The red sphere means the position information of AUV1 from
AUV1; each two minutes the AUV0 obtains the information. The green sphere means the
position information of AUV1 from AUV0 by the position system; each eight seconds the
AUV0 obtains the information. The inset on the top right means the view from the above
camera in the software. From the figure we obtain the trajectory of AUV1 moved toward
AUV0. AUV 1 approached AUV 0 after exchanging information with AUV 0, and the entire
process was completely automatic. The system realized the collection of heterogeneous
AUVs through the algorithms.

Figure 10 presents selected screenshots of a certain period to verify that AUV 1 ap-
peared in front of AUV 0 and could proceed to the next step. It describes the final progress
of the system reaching consensus, from the view of AUV0; AUV1 was moving towards
AUV0 through their information and when the AUV1 moved, it lit the red light, the inset
on the top left means time.
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7. Conclusions

This paper studied the consensus and obstacle avoidance control problems of multiple
AUVs under ocean environment with static obstacles. A novel control approach was
developed to achieve multi-AUV consensus and to have the minimal obstacle avoidance
cost. In the inverse optimal control approach, a novel nonquadratic obstacle avoidance
cost function was constructed; the control law can be obtained from local information from
other AUVs by the communication topology. The system of multi-AUVs had globally
asymptotic stability and optimality. The simulation results as well as the experiments show
that the multi-AUVs can effectively avoid obstacles while maintaining the desired position.
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The multi-AUV consensus control problem under practical conditions was studied in part.
At the same time, the communication issues between AUVs, such as delay, noise, sampling
rate, etc., were not considered in this article. However, in practical applications, the
communication directly determines whether the AUVs can achieve the desired formation
shape, which should be improved in further research.
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