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Abstract

:

Tuned mass dampers (TMDs) are commonly used to mitigate vibrations in civil structures. There is a growing demand for new solutions that offer similar effectiveness as TMDs but with reduced mass. In this context, this paper investigates active (ATMD) and semi-active (STMD) tuned mass dampers with relative displacement and velocity feedback. The control force of the ATMD is assumed to be the sum of viscous damping and either positive or negative stiffness forces. This control force is calibrated for a specific parameter K such that the effectiveness of the ATMD in reducing harmonic vibrations matches that of the TMD with K times larger mass. The optimal calibration is derived based on the mathematical reformulation of an existing optimal acceleration feedback control algorithm. The control approach for the ATMD is then applied to the STMD. Subsequently, the sub-optimal STMD is analyzed, with a focus on its limitations arising from the clipping of active forces. Finally, the paper presents a calibration of the STMD using a numerical optimization method. It is demonstrated that the maximum achievable performance of the numerically optimized STMD matches that of the TMD with three times larger mass.
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1. Introduction


The mitigation of vibrations of civil structures is vital for ensuring the safety and comfort of their users. Passive tuned mass dampers (TMDs) are commonly employed to reduce vibrations of buildings [1,2], bridges [3], and other structures. A notable example is the 660-ton TMD installed in the Taipei 101 Tower [4], which also serves as a popular attraction, offering visitors a chance to observe its operation.



The classical TMD [5] consists of a moving mass, a spring, and a viscous damper, all tuned to a single vibration mode of the structure. The effectiveness of the TMD depends on its mass, more specifically, the mass ratio which defines the TMD’s mass in relation to the modal mass. Using a sufficiently large TMD mass ensures that vibrations are reduced to levels compliant with both technical standards and occupant comfort requirements [6]. The mass of TMDs installed in tall buildings typically amounts to about 1%, or less, of the modal mass. While this percentage may seem small, it translates to a TMD mass that is often in the order of hundreds of tons [1]. Installing large TMD masses is not only expensive but also difficult due to the limited space available for installation. One example is the 432 Park Avenue residential tower in New York, USA, where the required TMD mass of 1200 tons had to be split into two 600-ton TMDs with an innovative design to fit into two narrow spaces available on each side of the tower core [7].



As a result, there is a significant demand for innovative solutions that can provide the required vibration damping efficiency with less mass than a standard TMD. This challenge also serves as the primary motivation for the research presented in this work.



Achieving the desired level of vibration reduction using less mass than a traditional TMD is possible through the application of active and semi-active tuned mass dampers (ATMD and STMD, respectively). ATMD systems are essentially TMDs of varying designs that incorporate an active actuator. On the other hand, STMDs employ semi-active dampers. The exploration of these systems in civil engineering was initiated roughly 50 years ago by the structural control concept of Yao [8] and pioneering research activities of Kobori [9]. One of the earliest ATMD designs was presented by Chang and Soong in 1980 [10]. Pioneering implementations of ATMDs took place in Japan, with the world’s first application of two ATMDs in a ten-story office building in Tokyo in 1989 [11]. Two decades later, in 2009, the list of implementations in buildings in Japan included 40 active and 13 semi-active control systems of various designs [12]. Research progress worldwide has been reviewed in, e.g., [13,14]. Most recent studies have demonstrated the effectiveness of ATMDs in mitigating the dynamic response of tall buildings subjected to strong winds [15,16]. Although numerous ATMDs have been implemented, further research into their design, control algorithms, and performance continues.



For passive TMDs, increasing their mass naturally results in a change in the force exerted on the structure. To achieve an efficiency for ATMD or STMD comparable to that of a heavier TMD, it is evident that the total force (comprising both the control force generated by actuating elements and the force from the passive elements) in the ATMD or STMD system must act on the structure in a manner similar to a larger-mass TMD. This principle was first applied in Kobori’s research group, by Nishimura [17]. They introduced an optimal acceleration feedback control for ATMD using the classical    H ∞    synthesis method (the so-called equal-peak design), consistent with the approach used in the optimal TMD tuning [5,18,19,20]. It is noticeable that their optimal ATMD exhibits a frequency response characteristic like that of a TMD with a larger mass.



Subsequent research indicated that a similar ATMD performance can be achieved using a different set of feedback signals. Chatterjee [21] presented an analytical solution for    H ∞    tuning of the ATMD utilizing state feedback from the ATMD mass. Cheung et al. [22] employed the    H ∞    design to an ATMD with absolute displacement feedback and, in another variant, also with relative displacement feedback. Brodersen et al. [23] used absolute displacement and relative velocity feedbacks in their optimal ATMD design. However, none of the existing studies present the optimal equal-peak design of ATMD using only internal feedback, specifically from relative displacement and relative velocity, without relying on absolute displacement or acceleration. In this work, the control approach by Nishimura et al. will be adapted to implement an ATMD using exclusively a relative displacement and velocity feedback. This concept will also be applied to the STMD.



Regarding STMDs, a significant advantage of these systems is their substantially lower power consumption compared to ATMDs. Additionally, STMDs are inherently stable. The STMDs consist of a mass, a passive spring, and a semi-active damper, for example a magneto-rheological (MR) damper. A salient feature of MR dampers is their short response time [24,25]. Various designs and operational principles of MR dampers are well-documented [26]. Rotary MR dampers have been successfully implemented in 12 STMDs, each weighing 5200 kg, to mitigate bridge vibrations [27,28]. MR damper-based STMDs have also been employed in vibration reduction systems for tall buildings [29,30]. Numerous semi-active control approaches for STMDs have been developed. In the context of harmonic vibrations, effective STMD concepts are based on the semi-active emulation of positive or negative dynamic stiffness, aiming to tune the STMD’s operation to the actual frequency of vibration [31,32]. The semi-active control force of STMDs can be determined using a clipped linear quadratic regulator (LQR) [33]. Other methods include ground hook control schemes [34,35], on-off phase control algorithms [36,37], linear quadratic Gaussian control (LQG) [38], nonlinear optimal-based control [39,40], PID control [41], and more.



In previous work [42], the principles of the optimal active control by Nishimura et al. [17] are utilized to formulate a semi-active control approach for the STMD with absolute acceleration and relative motion (displacement and velocity) feedback. As a result, an optimized STMD was proposed, denoted as STMD-K, in which the parameter K defines the efficiency of STMD in such a way that for a given K value, the damping efficiency for STMD-K is the same as for TMD with a mass K times larger. In [43], a preliminary experimental validation of the STMD-K concept is presented. It was observed that the efficient implementation of the STMD-K concept requires a high-quality acceleration signal. In practice, while the acceleration signal is easily accessible, it may contain high-frequency components that make proper control implementation challenging.



The purpose of this paper is to adapt the optimal acceleration feedback control by Nishimura et al. for its alternative implementation in both ATMD and STMD, using only relative displacement and relative velocity feedback, without relying on acceleration feedback. Simultaneously, following the approach in [42], for a specified design parameter K, we aim to calibrate the control force parameters for both ATMD and STMD such that the efficiency of both systems matches that of a TMD with a K-times larger mass.



The subsequent section provides an essential introduction to Den Hartog’s TMD, viewed as a reference mass damper. In Section 3, a control algorithm for ATMD is presented. The section starts with the definition of its control force, then introduces the control objective and the equations of motion. This is followed by a reformulation of Nishimura’s acceleration feedback control, aiming for its alternative implementation without acceleration feedback and using only relative displacement and velocity feedback. The performance of the new ATMD is illustrated at the end of this section.



Section 4 deals with the sub-optimal STMD. This section is crucial for the understating of the limitations of the STMD and encompasses a detailed analysis of the clipped viscous damping–stiffness force. Subsequently, the equivalent linearization method of Krylov and Bogoliubov is employed to find the equivalent viscous damping and stiffness resulting from the clipped control force of the STMD. The frequency responses of the sub-optimal STMD are then discussed.



Finally, in Section 5, a calibration of the STMD using numerical optimization is introduced. To facilitate this optimization, the control force of the STMD is adjusted to incorporate correction factors aimed at minimizing the deteriorating effects of force clipping. Both the optimization procedure and the resulting outcomes are detailed. A comprehensive analysis of the STMD at its performance limits follows. Section 6 summarizes the primary findings and concludes the paper.




2. Den Hartog’s TMD as a Reference Mass Damper


In this section, the Den Hartog’s TMD is introduced as a reference point against which the active and semi-active mass damper solutions presented later in this work will be compared. Although the theory behind TMD is well-established and described in mechanics textbooks, the essential formulas for Den Hartog’s design are provided for their subsequent use in this study.



2.1. Den Hartog’s TMD Tuning


The classical Den Hartog’s TMD [5] consists of a mass    m 2    connected to the primary structure by a parallel configuration of a passive spring    k  2 d h     and a passive viscous damper    c  2 d h    . The primary structure is characterized by its mass    m 1    and stiffness    k 1   , and represents the single-degree-of-freedom model of one targeted mode of a vibrating structure with its natural frequency    ω 1  =    k 1  /  m 1      and a negligible small damping.



The passive spring stiffness of the Den Hartog’s TMD [5] is defined as:


   k  2 d h   =  k 1   μ     (  μ + 1  )   2     



(1)




where:


  μ =    m 2     m 1    ,  



(2)




is a mass ratio.



The viscous damping coefficient of the TMD is given by:


   c  2 d h   = 2  ζ  2 d h      m 2   k  2 d h     ,  



(3)




where:


   ζ  2 d h   =     3 μ   8  (  μ + 1  )      ,  



(4)




is the optimum damping ratio.




2.2. Equations of Motion and Frequency Response to Harmonic Excitation


The equations of motion for the primary structure equipped with the Den Hartog’s TMD under harmonic force excitation can be written as follows:


    m 1     x ¨   1  +  k 1   x 1  +  c  2 d h    (    x ˙  1  −   x ˙  2   )  +  k  2 d h    (   x 1  −  x 2   )  =  f  e x c   ,     m 2     x ¨   2  −  c  2 d h    (    x ˙  1  −   x ˙  2   )  −  k  2 d h    (   x 1  −  x 2   )  = 0  ,  



(5)




where      x ¨   1   ,     x ˙  1   , and    x 1    are the absolute acceleration, velocity, and displacement of the primary structure with its mass    m 1    and stiffness    k 1   , while      x ¨   2   ,     x ˙  2   , and    x 2    are the absolute acceleration, velocity, and displacement of the TMD with mass    m 2   , passive spring stiffness    k  2 d h     (1), and passive viscous damper    c  2 d h     (3), and    f  e x c     is a harmonic force excitation of amplitude    F  e x c     and varying angular frequency  ω :


   f  e x c   =  F  e x c   sin  (  ω t  )  .  



(6)







The relative displacement of the mass    m 2    with respect to the structural mass    m 1    is:


   x d  =  x 1  −  x 2  .  



(7)







The frequency response to harmonic excitation can be obtained by representing the response as harmonic components,    x 1  =  X 1   e  i ω t    ,    x d  =  X d   e  i ω t    . Based on the equations of motion (5), the amplitude    X 1    of forced response of the primary structure displacement, and the amplitude    X d    of relative displacement, can be expressed as follows [44]:


     X 1   ( ω )     F  e x c     =  |     k  2 d h   −  ω 2   m 2  + i ω  c  2 d h      (   k 1  −  ω 2   (   m 1  +  m 2   )   )     (   k  2 d h   −  ω 2   m 2  + i ω  c  2 d h    )  −  ω 4   m 2 2     |  ,  



(8)






     X d   ( ω )     F  e x c     =  |     ω 2   m 2     (   k 1  −  ω 2   (   m 1  +  m 2   )   )     (   k  2 d h   −  ω 2   m 2  + i ω  c  2 d h    )  −  ω 4   m 2 2     |  .  



(9)







The above equations will be later used in numerical examples.




2.3. Dynamic Amplification Factor


The passive spring (1) and viscous damper (3) of Den Hartog’s TMD are optimally tuned to minimize the maximum steady-state dynamic amplification factor (DAF) of primary structure displacement:


  D A F =    X 1   ( ω )     X  1 s t a t i c     ,  



(10)




where    X  1 s t a t i c   =  F  e x c   /  k 1    is a static deflection of the primary structure mass.



A crucial aspect of TMD design is the selection of its mass ratio  μ  (2). The maximal amplification factor, and thus the effectiveness of the TMD, is defined by  μ :


  D A  F  m a x   =     μ + 2  μ    .  



(11)







Using the TMD of a specified mass allows for limiting the maximum amplitude of vibrations to a level defined by (11). In many cases, installing the TMD of the required mass to ensure proper efficiency is challenging due to site-specific constraints. Active and semi-active mass dampers offer a solution that can provide the required level of vibration damping efficiency while using a smaller mass.



In the subsequent section, an ATMD will be discussed that is calibrated for the given design parameter  K  to provide the same level of efficiency as the TMD with a mass that is  K  times larger.





3. Calibration of ATMD with Viscous Damping–Stiffness Control Force


The considered ATMD is illustrated in Figure 1a. It comprises a mass    m 2    attached to the primary structure through a passive spring    k  2 d h     of the classical Den Hartog’s TMD, coupled with an ideal active actuator that applies the active control force    f a   . Using the same spring    k  2 d h     as in the passive TMD allows for the replacement of the active actuator in the ATMD with a viscous damper to form a TMD, without the need to tune its frequency. Conversely, the viscous damper in an existing TMD can be replaced with an active actuator to upgrade it into an ATMD of the same mass but with enhanced efficiency.



The active control force    f a    under consideration takes the form of a sum of two components: the viscous damping force and the stiffness force, as depicted in Figure 1 by symbols indicating a controllable spring and a controllable viscous damper.



3.1. Active Control Force


The active control force to be applied by the active actuator of the ATMD is assumed to be calculated using the relative displacement    x d    and velocity     x ˙  d    signals. In practice, the relative displacement can be directly measured using a single displacement sensor. The relative velocity can be then obtained from the measured relative displacement signal.



The active control force is thus expressed as:


   f a  =  c a    x ˙  d  +  k a   x d  ,  



(12)




where the viscous damping coefficient    c a    and the positive or negative stiffness    k a    represent the feedback gains. These gains require calibration to satisfy a specific control objective.




3.2. Control Objective


The control objective for the ATMD with mass    m 2    and control force (12) is to achieve the same efficacy in reducing the steady-state displacement amplitude of the primary structure under harmonic excitation as can be obtained using a TMD with mass   K  m 2   , where   K > 1   is introduced here, like in [42], as a control algorithm parameter.



According to this control objective, the maximum value for the dynamic amplification factor (10), for the ATMD with the mass ratio   μ =  m 2  /  m 1    and the given  K  should be:


  D A  F  max − g o a l   =     K μ + 2   K μ     .  



(13)








3.3. Equations of Motion and Dynamic Amplification


The equations of motion of the two masses in Figure 1a are:


    m 1     x ¨   1  +  k 1   x 1  +  k  2 d h    (   x 1  −  x 2   )  =  f  e x c   −  f a  ,     m 2     x ¨   2  −  k  2 d h    (   x 1  −  x 2   )  =  f a   .  



(14)




where      x ¨   1   ,     x ˙  1   , and    x 1    are the absolute acceleration, velocity, and displacement of the primary structure with its mass    m 1    and stiffness    k 1   , while      x ¨   2   ,     x ˙  2   , and    x 2    are the absolute acceleration, velocity, and displacement of the ATMD with its mass    m 2    and passive spring stiffness    k  2 d h     (1),    f  e x c     is the harmonic force excitation of amplitude    F  e x c     and varying angular frequency  ω , and    f a    is the control force (12).



After accounting for the control force (12), we can express these equations as:


    m 1     x ¨   1  +  k 1   x 1  +  c a    x ˙  d  +  (   k a  +  k  2 d h    )   x d  =  f  e x c   ,     m 2     x ¨   2  −  c a    x ˙  d  −  (   k a  +  k  2 d h    )   x d  = 0  .  



(15)







Based on this system of equations, the steady-state displacement amplitude of primary structure mass and the relative displacement amplitude of the ATMD can be expressed in a similar way as previously for the case of the TMD, see (8) and (9), but after replacing    k  2 d h     with    k a  +  k  2 d h    , and    c  2 d h     with    c a   :


     X 1   ( ω )     F  e x c     =  |     k a  +  k  2 d h   −  ω 2   m 2  + i ω  c a     (   k 1  −  ω 2   (   m 1  +  m 2   )   )     (   k a  +  k  2 d h   −  ω 2   m 2  + i ω  c a   )  −  ω 4   m 2 2     |  ,  



(16)






     X d   ( ω )     F  e x c     =  |     ω 2   m 2     (   k 1  −  ω 2   (   m 1  +  m 2   )   )     (   k a  +  k  2 d h   −  ω 2   m 2  + i ω  c a   )  −  ω 4   m 2 2     |  .  



(17)







Later in this paper, (16) and (17) will be used to determine the frequency responses for the primary structure with the ATMD.




3.4. Calibrating Viscous Damping–Stiffness Control Force to Mimic the Optimal Acceleration Feedback Control by Nishimura et al.


To determine the optimal parameters for the control force (12) that fulfill the stated control objective, we can use the well-established theory of the so-called equal peak design of TMDs [5,18,19,20] that has also been adopted to ATMDs [17,21,22,23]. In the work by Nishimura et al. [17], this approach was applied to derive the optimal acceleration feedback control law, with a variant that also includes relative velocity feedback. The approach presented here aims to calibrate the parameters of the control force (12) so that it mimics the optimal control force outlined by Nishimura et al.



Let us consider the control force    f  N i s     discussed in [17], which takes the form of a sum of inertial and viscous damping forces:


   f  N i s   = −  g  N i s    m 1     x ¨   1  +  c  N i s     x ˙  d  ,  



(18)




where    g  N i s    m 1    and    c  N i s     are the negative acceleration and relative velocity feedback gains.



Our goal is to find    c a    and    k a    such that the control force (12) is equal to the force (18). Since we assume that both forces should be equal, we can substitute (18) into the equation of motion for the ATMD mass in (14):


   m 2     x ¨   2  −  k  2 d h    x d  = −  g  N i s    m 1     x ¨   1  +  c  N i s     x ˙  d  .  



(19)







Considering that the acceleration of the ATMD mass can be expressed as      x ¨   2  =    x ¨   1  −    x ¨   d   , we arrive at the following:


     x ¨   1   (   m 2  +  g  N i s    m 1   )  =  m 2     x ¨   d  +  c  N i s     x ˙  d  +  k  2 d h    x d  .  



(20)







In harmonic motion, the acceleration is proportional to the displacement, as expressed by      x ¨   d  = −  ω 2   x d   . Substituting this into (20) allows us to represent the absolute acceleration of the primary structure as a function of both relative displacement and relative velocity:


     x ¨   1  =  (     c  N i s      m 2  +  g  N i s    m 1     )    x ˙  d  +  (     k  2 d h   −  ω 2   m 2     m 2  +  g  N i s    m 1     )   x d  .  



(21)







Thus, for harmonic excitation, the control force (18) can be alternatively calculated using only relative displacement and relative velocity signals. After substituting (21) into (18), we could directly determine the parameters    c a    and    k a    for the control force (12), but only if the ATMD configurations in this study and in [17] are identical.



At this point, it is important to note that the ATMD configuration presented in [17] differs from the one in Figure 1a. Specifically, Nishimura et al. determine the optimal stiffness of the passive spring, denoted below as    k  2 N i s − o p t    , in contrast to the    k  2 d h     selected in this work. Additionally, they introduce a passive viscous damper that is connected in parallel with both the passive spring and the active actuator. Considering these differences in ATMD configurations, the parameters we are seeking for the control force (12) can be formulated to ensure full compatibility with the optimal ATMD proposed by Nishimura et al.:


   c a  =    c  N i s    m 2     m 2  +  g  N i s    m 1    ,  



(22)






   k a  = −  g  N i s    m 1   (     k  2 N i s − o p t   −  ω 2   m 2     m 2  +  g  N i s    m 1     )  +  (   k  2 N i s − o p t   −  k  2 d h    )  ,  



(23)




where    (   k  2 N i s − o p t   −  k  2 d h    )    is added to eliminate a small discrepancy between the spring stiffness    k  2 d h     and the optimal value    k  2 N i s − o p t    , and the gain    g  N i s     determined in [17] is:


   g  N i s   =   2 + μ − μ ⋅ D A  F  m a x  2    D A  F  m a x  2  + 1   ,  



(24)




with   D A  F  m a x     which expresses the resulting maximum dynamic amplification factor that can be achieved with the ATMD.



Considering the control objective and the desired maximal dynamic amplification factor given by (13), the expression for the gain (24) can be simplified to a concise form, dependent on the parameter K:





    g  N i s   =   K μ − μ   K μ + 1   .   



(25)







The spring stiffness    k  2 N i s − o p t     in (23) is:


   k  2 N i s − o p t   =  k 1   μ     (  1 + μ  )   2     (  1 −  g  N i s    )  ,  



(26)




and can be expressed as a function of  K  as:


   k  2 N i s − o p t   =  k  2 d h     1 + μ   1 + K μ   =  k 1   μ   (  1 + K μ  )   (  μ + 1  )    .  



(27)







The viscous damping coefficient in (22) equals:


   c  N i s   = 2  ζ  N i s    m 2   ω 2  ,  



(28)




where:


   ω 2  =  ω 1      1 −  g  N i s       1 + μ   =    ω 1       (  1 + μ  )   (  K μ + 1  )      ,  



(29)




and


   ζ  N i s   =     3  (  μ +  g  N i s    )    8  (  1 + μ  )      =    3 8    K μ   K μ + 1     .  



(30)







After substituting (25), (27) and (28) into (22) and (23), we obtain the sought feedback gains conveniently expressed as functions of the primary structure parameters    m 1   ,    ω 1   , the mass ratio  μ , the control parameter  K , and, in the case of    k a   , the actual frequency of vibration  ω :


   c a  =  m 1   ω 1      3  μ 3    2 K   ( 1 + μ )  3      ,  



(31)






   k a  =  m 1    K μ − μ   K μ + K    (   ω 2  −    ω 1 2    μ + 1    )  .  



(32)







The ATMD with the viscous damping–stiffness control force defined by (12) and the parameters (31) and (32), represents a new ATMD that is calibrated to replicate the performance of the ATMD by Nishimura et al. under harmonic excitation. Despite their different feedback signals, both ATMD designs, the one presented in [17] and the one introduced here, are fully equivalent. Depending on the actual frequency, the active control force (12) consists of a viscous damping force combined with either a negative, for    ω 2  <  ω 1 2  /  (  μ + 1  )   , or positive, for    ω 2  >  ω 1 2  /  (  μ + 1  )   , stiffness force. The case of    ω 2  =  ω 1 2  /  (  μ + 1  )    results in a pure viscous damping force.




3.5. Numerical Demonstration


Figure 2 presents the frequency responses of the primary structure equipped with the ATMD with mass ratio   μ = 1 %  , which was designed using the feedback gains (31) and (32). These results are presented for two distinct values of the control parameter  K , namely  K  = 2 and  K  = 4. To provide a more comprehensive evaluation of the ATMD’s performance, its characteristics are compared with those for the TMD with mass ratios   μ = 1 %  , 2%, and 4%. All the characteristics are normalized by    X  1 s t a t i c   =  F  e x c   /  k 1   .



Figure 2a confirms that the maximum displacement amplitude of the primary structure for the ATMD with a mass ratio of  μ  and design parameter  K  matches that of the TMD with a larger mass ratio of   K μ  . The peak value of the structure’s displacement amplitude is effectively governed by the ATMD’s design parameter  K .



In the case of Den Hartog’s TMD, the peak response of the primary structure is solely dependent on the mass ratio  μ , as described by (11). A larger mass ratio results in a smaller maximum relative displacement, as shown in Figure 2b. For the ATMD, its maximum relative displacement does not exceed that of the TMD with the same mass ratio, and this maximum value remains the same for any  K , as depicted in Figure 2b.



Since the frequency responses in Figure 2 are normalized, the specific parameters used in this numerical example are not crucial. However, for the sake of completeness, note that the sample parameters used in this work (also in subsequent sections) are as follows:    f 1  =   0.5 Hz,    m 1    = 500,000 kg,    F  e x c     = 8 kN.



Appendix A contains the MATLAB code that allows for reproducing the calculations of the frequency responses.





4. Sub-Optimal STMD with Clipped Viscous Damping–Stiffness Control Force


In accordance with the terminology used in the literature on semi-active control, see, for example, [45], the term “sub-optimal” or “clipped-optimal” STMD refers to a type of STMD where a semi-active damper is used to realize, to the extent that it is possible, an optimal active control strategy.



It is evident that implementing the active control force (12) in an STMD using a semi-active damper requires the clipping of the non-dissipative forces. This limitation inherently results in inferior performance compared to an ATMD equipped with an active actuator. Despite this, no modifications to the control force are introduced in the sub-optimal STMD system to compensate for the adverse effect of clipping.



The sub-optimal STMD is separately depicted in Figure 1b to distinguish it from the optimized STMD examined later in this paper. Both STMDs, shown in Figure 1b,c, have the same structure. They consist of mass    m 2   , the same passive spring    k  2 d h    , as in Den Hartog’s TMD, and a semi-active damper to apply a semi-active force. However, the semi-active force is calibrated differently in each of the two STMD concepts.



In this section, an analysis of the sub-optimal STMD is provided, with a focus on its clipped control force. Examples of force characteristics are described, and a clipping coefficient is introduced to analytically quantify the degree of clipping. The increase in energy dissipation due to the clipping is also calculated. Most notably, the Krylov–Bogoliubov method of equivalent linearization is employed to derive an equivalent model for a clipped viscous-damping control force. This model is useful for demonstrating the influence of force clipping on both the resulting damping and stiffness. These analyses are essential for understanding the limitations of the sub-optimal STMD and for its subsequent optimization.



4.1. Semi-Active Control Force of Sub-Optimal STMD


The semi-active force for the sub-optimal STMD is considered in the same form as it was for the ATMD (12), but with the non-dissipative forces clipped to zero. The clipping operation is crucial as it ensures that the resulting semi-active control force is fully dissipative, thereby making it possible to realize this force using a semi-active damper.



Accordingly, the control force of the sub-optimal STMD can be formulated as:


   f  a − c l i p p e d   =  {       f a  :      f a    x ˙  d  > 0       0 :     o t h e r w i s e       ,  



(33)




where    f a    is the active control force defined by (12) with the optimal control gains (31) and (32).



From (33), it is evident that the clipping deactivates the semi-active damper in some parts of a vibration cycle, as graphically represented by the on-off switch symbol in Figure 1b,c.




4.2. Examples of Force Characteristics


Figure 3 and Figure 4 show example characteristics of the control force    f a    and its clipped form    f  a − c l i p p e d     (33) as functions of time, relative displacement, and relative velocity.



The force characteristics in Figure 3 are presented for the case of positive stiffness    k a   , under conditions of moderate clipping. Figure 4 presents these characteristics for the case of negative stiffness    k a   , for a relatively small degree of clipping. Capital letters are used to label characteristic points in the figures to facilitate tracing the effect of force clipping simultaneously in terms of time, displacement, and velocity.



In Figure 3a and Figure 4a, the time intervals are marked where the force    f a    satisfies the condition    f a    x ˙  d  > 0 ,   indicating that it has a dissipative character and can therefore be realized by a semi-active damper. The width of these intervals is not constant and depends on the frequency of vibrations  ω  as well as the parameters    k a    and    c a   .



For    k a  > 0  , the clipping necessitates an abrupt reduction of the semi-active damper force to zero whenever the sign of the relative velocity changes (points C and F in Figure 3). The clipping is then maintained until the control force    f a   , whose absolute value is decreasing, crosses zero (points D and G).



In the case of    k a  < 0  , the clipping occurs from the moment the control force    f a    crosses zero (points J and M, Figure 4) and initially does not require abrupt change of the force. However, resuming operation of the semi-active damper requires a sudden change in force from zero to the instantaneous value of    f a    (points K and N). More about the clipped viscous damping with negative stiffness can be found in [46,47].



The clipping operation represents a significant constraint and, if the active control force    f a    in (33) is optimal, then the clipped force (33) is no longer optimal. However, it is not obvious how exactly the clipping affects the resulting stiffness and damping, depending on the degree of clipping. This issue will be addressed below.




4.3. Description of Force Clipping Degree Using the Clipping Coefficient


A description of the clipping should begin with the introduction of a clipping coefficient, which will allow for an assessment of how much the clipped force differs from the unclipped force. For the purposes of this work, the clipping coefficient will be introduced based on the analysis of the force as a function of displacement.



Figure 3b and Figure 4b show an ellipse representing the force    f a    as a function of the relative displacement    x d   . For    k a  > 0  , this ellipse can be described by:


   f  e 1   =  c a  ω    X d 2  −  x d 2    +  k a   x d  ,  



(34)






   f  e 2   = −  c a  ω    X d 2  −  x d 2    +  k a   x d  ,  



(35)




where    f  e 1     and    f  e 2     denote the parametric representation of the higher and lower branches of the ellipse, respectively.



The positive root of    f  e 2    , that is, the positive displacement at which the force    f  e 2     becomes zero (see point D in Figure 3b) is:


   x  d 0   =  X d     c a  ω      k a 2  +  c a 2   ω 2      .  



(36)







Based on (36), the clipping coefficient  α  is introduced as follows:


  α =    x  d 0      X d    =    c a  ω      k a 2  +  c a 2   ω 2      .  



(37)







The clipping coefficient ranges from 1 (no clipping, the case of pure viscous damping,    k a  = 0  ), through a middle value of 0.5 (moderate clipping, for    k a  =  3   c a  ω  ), to 0 (maximal clipping, for    c a  = 0  ).



Figure 5 presents  α  as a function of normalized frequency for the sub-optimal STMD with mass ratio  μ  of 1% and 2%, for three selected values of K. Due to their presentation in terms of normalized frequency, the plots are independent of the structural parameters (   m 1   ,    ω 1   ). They depend solely on  μ  and  K , which determine the values of    k a    and    c a   . The degree of clipping, described by  α , is also independent of the forcing amplitude. Figure 5 indicates small and moderate degree of clipping for the sub-optimal STMD for typical values of  μ  and  K  in the considered frequency range. In Figure 5a, the two values of  α  are marked, corresponding to the cases of force characteristics in Figure 3 and Figure 4.




4.4. Energy Dissipation Resulting from Clipping


Another aspect in the analysis of the clipping operation concerns its impact on the energy dissipation during a vibration cycle. As illustrated by the force-displacement loops in Figure 3b and Figure 4b, the clipping augments cycle energy dissipation. This is evident from the enlargement of the area enclosed by the force-displacement plot. This area is quantitatively equal to the cycle energy.



The total cycle energy resulting from the clipped force (33) is represented by the dashed area in Figure 3b and can be expressed as:


   E  c l i p p e d   =  E  u n c l i p p e d   + Δ E ,  



(38)




where    E  u n c l i p p e d   = π ω  c a   X d 2    is the cycle energy due to the active control force    f a   , and   Δ E   denotes the increase in cycle energy due to the clipping. This additional energy   Δ E   is represented by the shaded areas in Figure 3b and, for    k a  > 0  , can be calculated as:


  Δ E = 2  ∫   x  d 0      X d     f  e 2   d  x d  .  



(39)




where    f  e 2     and    x  d 0     are given by (35) and (36), respectively.



Evaluating the integral in (39) yields an analytical expression for the increase in cycle energy due to the clipping that is valid for both positive and negative stiffness    k a   :


  Δ E =  X d 2   (   c a  ω  (  α   1 −  α 2    + arcsin  ( α )  −  π 2   )  −  |   k a   |   (   α 2  − 1  )   )  .  



(40)







After substituting (40) into (38), the total cycle energy resulting from the clipped force (33) is expressed as ((40) with the sign before the   π / 2   term changed):


   E  c l i p p e d   =  X d 2   (   c a  ω  (  α   1 −  α 2    + arcsin  ( α )  +  π 2   )  −  |   k a   |   (   α 2  − 1  )   )  .  



(41)







The above expression can be employed to derive the energy-equivalent viscous damping coefficient,    c  e q    , by equalizing      E  c l i p p e d   = π ω  c  e q    X d 2   . However, to establish a full equivalent model for the clipped force (33), an adequate equivalent linearization method must be employed to also derive an equivalent stiffness.




4.5. Calculation of Equivalent Viscous Damping and Equivalent Stiffness for the Clipped Viscous Damping–Stiffness Force Using Harmonic Balance Method


The method of equivalent linearization by Krylov and Bogoliubov [48] is a well-established analytical technique based on the harmonic balance method for linearizing non-linear systems. It can be used to replace a non-linear function of strongly non-linear systems, see e.g., [49], with an equivalent linear function. In the context of semi-active vibration control systems, a good example can be found in [50].



Using this method, the equivalent damping and stiffness are determined by multiplying the force (33) by   cos ( ω t )   and   sin ( ω t )  , respectively, and then integrating the resulting expressions over a full vibration period:


   c  e q   =  1   X d  π    ∫ 0  2 π / ω    f  a − c l i p p e d   cos ( ω t ) d t ,  



(42)






   k  e q   =  ω   X d  π    ∫ 0  2 π / ω    f  a − c l i p p e d   sin ( ω t ) d t .  



(43)







Detailed analytical calculations for integrals (42) and (43) are provided in Appendix B. As an outcome of these calculations, the following expressions are derived:


   c  e q   =    c a   2  +    c a  arcsin  ( α )   π  +    c a  sin  (  2 arcsin  ( α )   )    2 π   −    |   k a   |   (   α 2  − 1  )    π ω   ,  



(44)






   k  e q   =    k a   2  +    k a  arcsin  ( α )   π  −    k a  sin  (  2 arcsin  ( α )   )    2 π   −   sgn (  k a  )  c a  ω  (   α 2  − 1  )   π  .  



(45)







It should be noted that although the amplitude of relative motion    X d    appears in (42) and (43), the resulting equivalent model is independent of the amplitude    X d   . Consequently, the equivalent model is independent of the amplitude of force excitation. This feature holds true only for harmonic motion. The equivalent model, represented by equations (44) and (45), will be used later to analyze the frequency responses of the STMD.



In Figure 6, sample calculations of the equivalent viscous damping and the equivalent stiffness are presented for the sub-optimal STMD with   μ = 1 %   and K = 3. The calculations were conducted using the sample parameters listed in Section 3.5.



The greater the difference between  ω  and    ω 1   , the more the degree of clipping increases. Consequently, both the amount of additional energy dissipated and the resulting equivalent viscous damping coefficient    c  e q     rise. As an effect,    c  e q     significantly exceeds    c a    (Figure 6a). In the case of stiffness (Figure 6b), the resulting equivalent stiffness,    k  e q    , is noticeably smaller in magnitude than    k a   . Furthermore, the difference between    k a    and    k  e q     becomes larger as the difference between  ω  and    ω 1    increases.



The cumulative impact of clipping on both damping and stiffness adversely affects the performance of the sub-optimal STMD, as will be demonstrated in the following.




4.6. Numerical Analysis of Sub-Optimal STMD


Figure 7 presents the frequency responses calculated for the sub-optimal STMD with  μ  = 1%, for six different values of K from 2 to 20, in comparison to the frequency responses obtained for the TMD. These results clearly indicate that the performance of the sub-optimal STMD is noticeably worse than that of the ATMD (Figure 2). This is attributed to the described increase in damping and reduction in stiffness as the result of clipping.



For normalized frequencies   ω /  ω 1    close to 1, the control force (33) is minimally affected by clipping. As a result, in this frequency range, the sub-optimal STMD operates as intended, and the resulting vibration amplitude    X 1    is consistent with that for the TMD with an enlarged mass ratio   K μ   (Figure 7a). Specifically, when   ω =  ω 1  /   μ + 1    , the stiffness    k a    becomes zero, making the control force of the STMD purely dissipative. At this central frequency, the performance of the STMD is equivalent to that of the ATMD.



The numerical analysis revealed that the sub-optimal STMD has a clear limit in effectiveness, determined as the smallest achievable value of maximum dynamic amplification factor (  D A  F  m a x    ). For   μ = 1 %  , the calculations show that the minimum   D A  F  m a x     of 10.27 is achieved for   K = 4.04  , as indicated by the red line in Figure 7a. Increasing  K  beyond 4.04 can only result in an increase in   D A  F  m a x    , with a slightly higher right peak.



Additional significant limitations of the sub-optimal STMD are evident in Figure 7b. The maximum relative displacement for the sub-optimal STMD far exceeds that of a TMD with the same mass. Such performance from STMD is considered unacceptable. In practice, constraining the relative motion is crucial due to spatial limitations at the installation site of the mass damper. Active and semi-active solutions are expected to fit within the same space as a TMD with the same mass. This consideration is also taken into account in the subsequent numerical optimization of the STMD.



Note that the frequency responses shown in Figure 7 were calculated using (16) and (17), as previously in Section 3.5. However, in these calculations,    c a    and    k a    were substituted with the equivalent model    c  e q     (44) and    k  e q     (45), respectively. To assess the accuracy of the equivalent model, analogous steady-state frequency responses were also determined through simulations in MATLAB/Simulink. Based on this comparison, it was determined that regardless of the amplitude of force excitation, the maximum discrepancy between the calculated and simulated amplitude    X 1    in the steady state does not exceed 0.58% for K = 3, 0.93% for K = 4, and 2.7% for K = 20. Therefore, the equivalent model (44) and (45) is assumed to be sufficiently accurate and useful in predicting the frequency responses of the primary structure equipped with the STMD.



Appendix A provides the MATLAB code for calculating the frequency responses for the sub-optimal STMD.





5. Calibration of STMD Using Numerical Optimization


The control force of the sub-optimal STMD, as previously discussed, lacks adjustments to mitigate the effects of force clipping. In this section, an optimized STMD featuring necessary modifications to its control force is presented. These modifications are aimed at compensating for the effects of clipping to the extent possible, thereby improving the calibration and overall performance of the STMD.



A modified semi-active control force with two incorporated correction factors is subsequently introduced, designed to scale the control force before clipping occurs. The numerical optimization procedure used to calibrate these correction factors are then outlined. Finally, the optimization results as well as an analysis of the optimized STMD at its performance limit are presented.



5.1. Semi-Active Control Force


The semi-active control force    f  s a     for the STMD depicted in Figure 1c is defined as:


   f  s a   =  {       c  s a     x ˙  d  +  k  s a    x d  :      (   c  s a     x ˙  d  +  k  s a    x d   )    x ˙  d  > 0       0 :     o t h e r w i s e       ,  



(46)




where    c  s a     and    k  s a     are the modified force parameters, formulated similarly as before, see (31) and (32), but incorporating correction factors    K  c o r     and    c  c o r    :


   c  s a   =  c  c o r    m 1   ω 1      3  μ 3    2  K  c o r   K    (  1 + μ  )   3      ,  



(47)






   k  s a   =  m 1     K  c o r   K μ − μ    K  c o r   K μ +  K  c o r   K    (   ω 2  −    ω 1 2    μ + 1    )  .  



(48)







The adoption of the modified control force in the form (46) is based on an analysis of the operation of the sub-optimal STMD. The introduction of    K  c o r     is necessary to achieve the proper effectiveness, which is defined for the design parameter  K  in the same manner as for the ATMD (see (13)). The parameter    c  c o r     allows for adjustment of damping, which will enable control of the frequency response of the STMD around the central frequency between the two peaks.



It should be noted that the introduction of the correction factors in the notations of relative velocity and displacement feedback gains for the control force of STMD was previously presented in [42]. The method used in [42] is very similar; however, it was applied to a differently defined control force with an additional feedback loop from acceleration.




5.2. Objective and Procedure of Optimization


In the case of the sub-optimal STMD, a clear performance limit was observed and manifested as the smallest achievable value of   D A  F  m a x     (Figure 7a). Therefore, the first natural objective of optimizing the STMD was to determine the best calibration of the STMD force parameters for the highest possible efficiency, exceeding that of the sub-optimal STMD.



The main objective of optimization was to determine the STMD force parameters for various  K  and  μ , in such a way as to minimize the differences in efficiency between the STMD and the ATMD for a given  K . It was also assumed that the optimized STMD must satisfy the condition concerning the amplitude of relative displacement    X d   , which cannot exceed that for a TMD with the same mass and for the same excitation.



The numerical optimization was carried out in MATLAB using the unconstrained minimization method implemented as the fminsearch function. The objective function   J  ( v )    to be minimized using the fminsearch function was defined based on the dynamic amplification of the primary structure displacement, as introduced in [42]. This objective function consists of the sum of squared differences between the local peaks, and the local minimum between those peaks, for both the STMD with specific  μ  and  K , and the Den Hartog’s TMD with mass ratio   K μ  :


  J  ( v )  =    (   P  s a    ( v )  − P  )   2  +    (   Q  s a    ( v )  − Q  )   2  +    (   S  s a    ( v )  − S  )   2  ,  



(49)




where   v =  [   K  c o r      c  c o r    ]    is a vector of the optimization variables;    P  s a    ( v )   ,    Q  s a    ( v )    and    S  s a    ( v )    are, respectively, the left and right local peaks and the local minimum in between those peaks of the frequency response    X 1  /  X  1 s t a t i c     of the primary structure with the STMD of mass ratio  μ  and control parameter K; while P, Q and S are the corresponding quantities for the TMD with mass ratio   K μ  .



Specifically, the objective function (49) assumes a zero value when the two peaks of the frequency response for the STMD are equal and match the value given by (13), and when the local minimum is as for the TMD with mass ratio of   K μ  .



The fminsearch function was run with an initial estimate of the optimization variables  v  = [1 1]. The maximum number of iterations allowed was set to 400. In each iteration of the optimization, the actual feedback gains    c  s a     (47),    k  s a     (48) and the corresponding equivalent model    c  e q     (44),    k  e q     (45) are calculated for the current estimate of optimization variables    K  c o r    ,      c  c o r    . Then, the frequency response of the primary structure with the STMD is determined, as well as the current value of the objective function (49). The frequency responses are calculated using (16), but with    c  e q     and    k  e q     instead of    c a    and    k a   . This approach allows for rapid frequency response calculations in each iteration, leading to quickly obtained optimization results even for large number of iterations.



The optimization was conducted for the sample model parameters listed in Section 3.5, for various  K , and for  μ  ranging from 0.4% to 3%.




5.3. Optimization Results


An important observation from the optimization is that the optimized STMD reaches a clear efficiency limit around   K = 3  . For   K > 3  , the optimization yields disproportionately large values of    K  c o r     and    c  c o r     without achieving further improvement in the STMD efficiency.



The optimized correction factors    K  c o r     and    c  c o r     are plotted in Figure 8a,b versus  K  from 1 to 3 and for various  μ  from 0.4% to 3%. Within the range of values presented in these figures, both    K  c o r     and    c  c o r     increase with  K  in a similar manner for each mass ratio  μ .



Figure 8c shows the difference between the maximum DAF (10) values calculated for the optimized STMD with mass ratio  μ  and the reference TMD with mass ratio   K μ  . This difference serves as a straightforward measure for assessing the results of optimization. The maximum value in Figure 8c is 0.148, obtained for   K = 3   and   μ = 0.4 %  . This value implies that the peak response of the STMD exceeds the target   D A  F  m a x     = 12.95 by 1.14%. Similarly, when   K = 3   and   μ = 3 %  , the maximum difference is 0.125, indicating that the STMD’s peak response is 2.6% above the targeted value of 4.82. Given that the maximum percentage error is under 3%, the optimization outcomes are considered acceptable.



Table 1 lists the optimized values of    K  c o r     and    c  c o r     for selected  K  ranging from 1.5 to 3, and for three typical  μ  of 0.5%, 1%, and 2%. It is noticeable that the values for  K  = 3 are exceptionally high compared to the rest of the results. When  K  is slightly reduced to 2.98, these values become significantly smaller. This is because, for  K  = 3, the optimized STMD is already at its performance limit.




5.4. Analysis of the Optimized STMD at Its Performance Limit


5.4.1. Frequency Responses


Figure 9 presents the frequency responses for the optimized STMD with mass ratio   μ = 1 %   and the highest achievable efficiency at   K = 3  . The results for the optimized STMD are compared with those for the sub-optimal STMD and the ATMD (both with the same  μ  and  K ). For additional context, this figure also includes results for the TMD with  μ  = 1% and 3%.



Figure 9a confirms that the optimized STMD performs significantly better than the sub-optimal STMD and nearly as well as the ATMD with the same  K . More precisely, while the shapes of the responses for the STMD and ATMD are slightly different, the left peak of the STMD response is 2.4% higher and the right peak is slightly smaller than that of the ATMD.



Significantly, the maximum amplitude of relative displacement for the optimized STMD is not greater than that for the TMD and ATMD with the same mass ratio. In fact, the relative displacement for the optimized STMD is lower than that for the ATMD across the entire frequency range, as shown in Figure 9b.




5.4.2. Characterization of the Control Force


It is underlined that the enhanced efficiency of the optimized STMD is not associated with extensive control force demands. In Figure 10a, the force demands for the semi-active damper in the STMD are compared with those for the active actuator in the ATMD and the viscous damper in the TMDs. The figure displays the maximum force requirements at steady-state as a function of frequency, assuming a force excitation of    F  e x c     = 8 kN.



Figure 10a reveals that the maximum control force of the optimized STMD is only 6% greater than that of the ATMD and 9% greater than that of the sub-optimal STMD. This occurs even though the optimized STMD at   K = 3   is operating at its performance limit and the correction factors are significantly high. The only slight increase observed in the control force of the optimized STMD can be attributed to its dependency on relative motion, which is considerably reduced compared to both the sub-optimal STMD and ATMD, as previously explained. Note that the results in Figure 10a are not normalized. The actual force demands will depend on the assumed worst-case excitation force and the specific model parameters.



Figure 10b provides further insights into the control force characteristics of the optimized STMD by comparing the clipping coefficients  α  for both the optimized and sub-optimal STMDs. Throughout the entire frequency range, the degree of force clipping for the optimized STMD is noticeably higher ( α  is smaller) than for the sub-optimal STMD. This difference arises because the optimized stiffness    k  s a     used in the calculations of the control force (46) is significantly greater than its corresponding value    k a    in the sub-optimal STMD. The active force component,    k  s a    x d   , consequently intensifies, leading to a higher degree of clipping. In the following, we discuss how this increased stiffness force enhances the efficiency of the optimized STMD, despite the higher degree of force clipping.




5.4.3. Analysis of the Force–Displacement Characteristics at Crucial Frequencies


Figure 11a,b provide a comparison of the force–displacement characteristics between the optimized STMD and the sub-optimal STMD at two specific frequencies. These frequencies correspond to the left and right peaks of the STMD response, as indicated by the red dotted lines in Figure 9 and Figure 10.



The force plots in Figure 11 are supplemented with values for relevant parameters:    k a    (the optimal controlled stiffness of the ATMD, also used in force calculation for the sub-optimal STMD),    k  e q     (the resultant equivalent stiffness after force clipping achieved for the sub-optimal STMD),    k  s a     (the stiffness used in force calculation for the optimized STMD), and    k  e q − o p t     (introduced here to denote the equivalent stiffness resulting from the semi-active force of the optimized STMD, calculated using (45) but for    k  s a     and    c  s a    ). These parameters clearly demonstrate that the resultant equivalent stiffness    k  e q − o p t     for the optimized STMD is approximately equal to the optimal stiffness    k a    of the ATMD, for both positive and negative stiffness    k a   .



For a better illustration of this effect, Figure 11a,b include plots of the linear stiffness force    k a   x d    of the optimal ATMD, as well as the equivalent linear stiffness forces    k  e q    x d    and    k  e q − o p t    x d    for both the sub-optimal and the optimized STMD, respectively. Additionally, a comparison of the optimal stiffness    k a   , with the resulting equivalent stiffnesses    k  e q     and    k  e q − o p t    , is presented as a function of frequency in Figure 11c. Based on these results, it can be concluded that the presented calibration method for the STMD enables precise control of both positive and negative stiffness. Around crucial frequencies of both peaks, the resulting equivalent stiffness for the optimized STMD is closely aligned with the optimal stiffness of the reference ATMD with the same mass ratio and K parameter. However, it should be emphasized that as the value of  K  increases, the absolute value of the optimal stiffness    k a    also increases (at a given frequency), while the demanded viscous damping    c a    decreases. According to the previous analysis, increasing    k a    leads to a higher degree of clipping. This, in turn, results in greater cycle energy dissipation, as well as increased the resultant equivalent viscous damping. As a result, it is not possible to satisfy both the demands for increased stiffness and decreased damping simultaneously. This leads to an inherent performance limit of the STMD.






6. Conclusions


This paper investigated both active and semi-active tuned mass dampers with relative displacement and velocity feedback. Following the approach in [42], both mass dampers were calibrated for the specific parameter K, ensuring that their effectiveness in reducing harmonic vibrations is comparable to that of the Den Hartog’s TMD with K times larger mass. The key conclusions drawn from this work are as follows:




	
The optimal ATMD with acceleration feedback proposed by Nishimura et al. [17] can alternatively be realized based on a relative displacement and velocity feedback, without relying on acceleration feedback.



	
Both the sub-optimal STMD and the optimized STMD with the clipped viscous damping–stiffness control force have a clearly defined efficiency limit.



	
The application of the numerically optimized correction factors in the semi-active control force (46)–(48) allowed us to achieve an enhanced performance of the optimized STMD compared to the sub-optimal STMD.



	
The highest effectiveness of the optimized STMD in reducing harmonic vibrations corresponds to the TMD with roughly three times greater mass.








Although the results presented in this work are promising, they should be treated as primarily theoretical due to the assumptions made regarding the use of an ideal semi-active damper in the STMD and an ideal active actuator in the ATMD. In practice, the effectiveness of both systems will be limited, in part, due to the force tracking errors, which are discrepancies between the ideal control force and its actual value. These aspects require further investigation in future research.
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Appendix A. MATLAB Code


For the reader’s convenience, the MATLAB code comparing the frequency responses for the ATMD, sub-optimal STMD, optimized STMD, and TMD is provided. The main script, responsible for calculating and plotting the responses, can be found in Table A1. This script utilizes the following functions:




	
‘mm_FRF.m’ (Table A2): Calculates the frequency response;



	
‘mm_fa_gains.m’ (Table A3) and ‘mm_fsa_gains.m’ (Table A4): Compute the parameters for active and semi-active control forces, respectively;



	
‘mm_DH_tuning.m’ (Table A5): Implements the Den Hartog tuning;



	
‘mm_equiv_linear.m’ (Table A6): Performs the equivalent linearization of the clipped viscous damping–stiffness force.








For each formula implemented in the code, the corresponding equation number from the paper is provided.





 





Table A1. MATLAB script comparing the frequency responses for the ATMD, STMD, and TMD.






Table A1. MATLAB script comparing the frequency responses for the ATMD, STMD, and TMD.





	% Paper_demo.m

% Calculations and plots of the frequency responses for the ATMD, STMD, and TMD

close all, clear all

%% Design parameters (adjust, see Table 1 for Kcor and ccor)

K = 3; mu = 1/100; Kcor = 890.90; ccor = 30.165;

% K = 2.8; mu =1/100; Kcor = 5.5289; ccor = 2.3679;

% K = 2.6; mu = 1/100; Kcor = 2.8751; ccor = 1.7019;

% K = 2; mu = 1/100; Kcor = 1.3331; ccor = 1.1539;

%% Model parameters

f1 = 0.5; % natural frequency, Hz

om1 = 2*pi*f1; % natural frequency, rad/s

m1 = 500e3; % structure mass, kg

Fexc = 8e3; % amplitude of force excitation, N

k1 = om1^2*m1; % structure stiffness, N/m

m2 = m1*mu; % mass, kg

om = om1*[0.7:2e-3:1.3]; % frequency of excitation vector, rad/s

%% TMDs design and frequency responses for mass ratio mu and K*mu

[k2dh, c2dh] = mm_DH_tuning(m1, om1, mu);

[k2dhK,c2dhK] = mm_DH_tuning(m1, om1, K*mu);

[TMD1_DAFX1,TMD1_DAFXd] = mm_FRF(m1, om1, m2, k2dh, c2dh, om, Fexc);

[TMD2_DAFX1,TMD2_DAFXd] = mm_FRF(m1, om1, K*m2, k2dhK, c2dhK, om, Fexc);

%% ATMD design and frequency responses for mass ratio mu

[ca, ka] = mm_fa_gains(K, m1, om1, mu, om);

[ATMD_DAFX1, ATMD_DAFXd] = mm_FRF(m1, om1, m2, (k2dh+ka), ca, om, Fexc);

%% Sub-optimal STMD - frequency responses for mass ratio mu

[keq, ceq, alpha] = mm_equiv_linear(ka, ca, om);

[STMD_DAFX1sub,STMD_DAFXdsub]=mm_FRF(m1,om1,m2,(k2dh+keq),ceq,om,Fexc);

%% Optimized STMD design and frequency responses for mass ratio mu

[csa, ksa] = mm_fsa_gains(K, m1, om1, mu, om, Kcor, ccor);

[keqopt, ceqopt, alphaopt] = mm_equiv_linear(ksa, csa, om);

[STMD_DAFX1,STMD_DAFXd]=mm_FRF(m1,om1,m2,(k2dh+keqopt),ceqopt,om,Fexc);

%% Plots

figure

plot(om/om1, TMD1_DAFXd,‘--k’), hold on

plot(om/om1, TMD2_DAFXd,‘k’)

plot(om/om1, ATMD_DAFXd,‘g’)

plot(om/om1, STMD_DAFXdsub,‘b’)

plot(om/om1, STMD_DAFXd,‘r’)

xlabel(‘omega/omega1’), ylabel(‘Xd/X1static’), xlim([0.7 1.3])

figure

plot(om/om1, TMD1_DAFX1,‘--k’), hold on

plot(om/om1, TMD2_DAFX1,‘k’)

plot(om/om1, ATMD_DAFX1,‘g’)

plot(om/om1, STMD_DAFX1sub,‘b’)

plot(om/om1, STMD_DAFX1,‘r’)

xlabel(‘omega/omega1’), ylabel(‘X1/X1static’), xlim([0.7 1.3])

legend([‘TMD,\mu=’,num2str(100*mu),‘%’],[‘TMD,\mu=’,num2str(100*K*mu),‘%’],…

[‘ATMD,\mu=’,num2str(100*mu),‘%,K=’,num2str(K)],…

[‘STMD-sub,\mu=’,num2str(100*mu),‘%,K=’,num2str(K)],…

[‘STMD-opt,\mu=’,num2str(100*mu),‘%,K=’,num2str(K)])










 





Table A2. MATLAB function for the frequency response calculation.
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	function [DAFX1, DAFXd] = mm_FRF(m1, om1, m2, k2, c2, om, Fexc)

% Frequency response

% Outputs: DAFX1, DAFXd - dynamic amplifications of disp. amplitudes X1 and Xd

k1 = om1^2*m1; % structure’ stiffness, N/m

% Complex amplitudes of harmonic response:

num = k2-om.^2*m2 + 1i*om.*c2;

den = (k1-om.^2*(m1 + m2)).*(k2-om.^2*m2 + 1i*om.*c2) - om.^4*m2^2;

x1 = Fexc * num./den; % structural mass complex amplitude, Equation (8)

xd = Fexc * om.^2*m2 ./den; % relative complex amplitude, Equation (9)

% Displacement amplitudes:

X1 = abs(x1); % absolute amplitude X1 of mass m1, m

Xd = abs(xd); % relative amplitude Xd, m

% Dynamic amplification factors:

X1static = Fexc/k1; % static deflection due to the excitation force, m

DAFX1 = X1/X1static; % dynamic amplification of X1, Equation (10)

DAFXd = Xd/X1static; % dynamic amplification of Xd










 





Table A3. MATLAB function for calculation of the control force parameters of ATMD.
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	function [ca, ka] = mm_fa_gains(K, m1, om1, mu, om)

% Viscous damping–stiffness force parameters

% Outputs: ca, ka - parameters of the control force given by Equation (12)

ca = m1*om1*sqrt(3*mu^3/(2*K*(1 + mu)^3)); % Equation (31)

ka = m1* (K*mu-mu)/(K*mu + K) * (om.^2 - om1^2/(mu + 1)); % Equation (32)










 





Table A4. MATLAB function for calculation of the control force parameters of STMD.
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	function [csa, ksa] = mm_fsa_gains(K, m1, om1, mu, om, Kcor, ccor)

% Clipped viscous damping–stiffness force parameters

% Outputs: csa, ksa - parameters of the control force given by Equation (46)

csa = ccor*m1*om1*sqrt(3*mu^3/(2*K*Kcor*(1 + mu)^3));% Equation (47)

ksa = m1*(K*Kcor*mu-mu)/(K*Kcor*mu + K*Kcor)*(om.^2-om1^2/(mu + 1));% Equation (48)










 





Table A5. MATLAB function for calculation of the TMD parameters.
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	function [k2dh, c2dh] = mm_DH_tuning(m1, om1, mu)

% Den Hartog tuning, Equations (1) and (3)

% Outputs: k2dh - stiffness, N/m; c2dh - viscous damping, Ns/m

m2 = mu*m1; % mass, kg

om2 = om1/(1 + mu); % frequency, rad/s

k2dh = om2^2*m2; % spring stiffness, N/m

dzeta2 = sqrt(3/8*mu/(1 + mu)); % damping ratio

c2dh = 2*dzeta2*m2*om2; % viscous damping coefficient, Ns/m










 





Table A6. MATLAB function for the equivalent linearization of the clipped control force.
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	function [keq, ceq, alpha] = mm_equiv_linear(ka, ca, om)

% Equivalent linearization of the clipped viscous damping–stiffness control force

% Outputs: keq, ceq - equivalent stiffness and equivalent viscous damping,

% alpha - clipping coefficient

alpha = ca.*om ./sqrt(ka.^2 + om.^2.*ca.^2);% Equation (37)

ceq = ca/2 + ca.*asin(alpha)/pi + ca.*sin(2*asin(alpha))/(2*pi) -…

sign(ka).*ka.*(alpha.^2 -1)./(pi*om); % Equation (44)

keq = ka/2 - sign(ka).*ca.*om.*(alpha.^2 -1)/pi + ka.*asin(alpha)/pi -…

ka.*sin(2*asin(alpha) )/(2*pi); % Equation (45)









Appendix B. Analytical Calculations of Integrals in the Equivalent Linearization for a Clipped Viscous Damping–Stiffness Force


We calculate the integrals in (42) and (43) as the sum of the definite integrals in those time intervals where the force is not clipped to zero. For harmonic displacement    x d  =  X d  sin  (  ω t  )   , and velocity     x ˙  d  = ω  X d  cos  (  ω t  )  ,    (42) and (43) can be expressed as:


   c  e q   =  1   X d  π    ∫ 0  2 π / ω    (   c a  ω  X d  cos  (  ω t  )  +  k a   X d  sin  (  ω t  )   )  cos  (  ω t  )  d t ,  



(A1)






   k  e q   =  ω   X d  π    ∫ 0  2 π / ω    (   c a  ω  X d  cos  (  ω t  )  +  k a   X d  sin  (  ω t  )   )  sin  (  ω t  )  d t .  



(A2)







To facilitate the description, let us assume:


   k  e q   = A + B ,  



(A3)






   c  e q   = C + D ,  



(A4)




where for the harmonic motion, the integrals A, B, C, D become independent of the amplitude    X d   :


  A =    c a   ω 2   π   ∫ 0  2 π / ω   sin ( ω t ) cos  (  ω t  )  d t ,  



(A5)






  B =    k a  ω  π   ∫ 0  2 π / ω     sin  2   (  ω t  )  d t ,  



(A6)






  C =    c a  ω  π   ∫ 0  2 π / ω     cos  2   (  ω t  )  d t ,  



(A7)






  D =    k a   π   ∫ 0  2 π / ω   sin  (  ω t  )  cos ( ω t ) d t .  



(A8)







Integrals (A5)–(A8) will be calculated in the three intervals marked in Figure 4a, for the case of negative stiffness    k a   . The interval 1 is defined from 0 to the time instant corresponding to point J in Figure 4a and can be given by (0,   arcsin ( α ) / ω  ), where  α  is the clipping coefficient (37). Integration over the time interval 1 yields:


   A 1  =    c a   ω 2   π   ∫ 0  arcsin ( α ) / ω   sin ( ω t ) cos  (  ω t  )  d t =    α 2   c a  ω   2 π   ,  



(A9)






   B 1  =    k a  ω  π   ∫ 0    arcsin  ( α )   ω      sin  2   (  ω t  )  d t =    k a  arcsin  ( α )    2 π   −    k a  sin  (  2 arcsin  ( α )   )    4 π   ,  



(A10)






   C 1  =    c a  ω  π   ∫ 0    arcsin  ( α )   ω      cos  2   (  ω t  )  d t =    c a  arcsin  ( α )    2 π   +    c a  sin  (  2 arcsin  ( α )   )    4 π   ,  



(A11)






   D 1  =    k a   π   ∫ 0    arcsin  ( α )   ω    sin  (  ω t  )  cos ( ω t ) d t =    α 2   k a    2 π ω   .  



(A12)







The interval 2, from point K to M in Figure 4a, is given by (   π  2 ω    ,     π + arcsin ( α )  ω   ). By calculating the integrals within this interval, we obtain:


   A 2  =    c a   ω 2   π   ∫   π  2 ω       π + arcsin ( α )  ω    sin ( ω t ) cos  (  ω t  )  d t =    c a  ω  (   α 2  − 1  )    2 π   ,  



(A13)






   B 2  =    k a  ω  π   ∫   π  2 ω       π + arcsin ( α )  ω      sin  2   (  ω t  )  d t =    k a  arcsin ( α )   2 π   −    k a  sin  (  2 arcsin ( α )  )    4 π   +    k a   4  ,  



(A14)






   C 2  =    c a  ω  π   ∫   π  2 ω       π + arcsin  ( α )   ω      cos  2   (  ω t  )  d t =    c a  arcsin  ( α )    2 π   +    c a  sin  (  2 arcsin  ( α )   )    4 π   +    c a   4  ,  



(A15)






   D 2  =    k a   π   ∫   π  2 ω       π + arcsin ( α )  ω    sin  (  ω t  )  cos ( ω t ) d t =    (   α 2  − 1  )   k a    2 π ω   .  



(A16)







Similarly, we compute the integrals in interval 3, which is defined in Figure 4a from point N to the end of the period. This interval is given by (    3 π   2 ω    ,     2 π  ω   ). The integrals are:


   A 3  =    c a   ω 2   π   ∫    3 π   2 ω       2 π  ω    sin ( ω t ) cos  (  ω t  )  d t = −    c a  ω   2 π   ,  



(A17)






   B 3  =    k a  ω  π   ∫    3 π   2 ω       2 π  ω      sin  2   (  ω t  )  d t =    k a   4  ,  



(A18)






   C 3  =    c a  ω  π   ∫    3 π   2 ω       2 π  ω      cos  2   (  ω t  )  d t =    c a   4  ,  



(A19)






   D 3  =    k a   π   ∫    3 π   2 ω       2 π  ω    sin  (  ω t  )  cos ( ω t ) d t = −    k a    2 π ω   .  



(A20)







The sums of the integrals in the respective intervals are:


  A =  A 1  +  A 2  +  A 3  =  c a  ω    (   α 2  − 1  )   π  ,  



(A21)






  B =  B 1  +  B 2  +  B 3  =    k a  arcsin  ( α )   π  −    k a  sin  (  2 arcsin  ( α )   )    2 π   +    k a   2  ,  



(A22)






  C =  C 1  +  C 2  +  C 3  =    c a  arcsin  ( α )   π  +    c a  sin  (  2 arcsin  ( α )   )    2 π   +    c a   2  ,  



(A23)






  D =  D 1  +  D 2  +  D 3  =    α 2   k a    2 π ω   +    (   α 2  − 1  )   k a    2 π ω   −    k a    2 π ω   .  



(A24)







Ultimately, for    k a  < 0  , we obtain:


   c  e q   = C + D =    c a   2  +    c a  arcsin  ( α )   π  +    c a  sin  (  2 arcsin  ( α )   )    2 π   +    k a   (   α 2  − 1  )    π ω   ,  



(A25)






   k  e q   = A + B =    k a   2  +    k a  arcsin  ( α )   π  −    k a  sin  (  2 arcsin  ( α )   )    2 π   +  c a  ω    (   α 2  − 1  )   π  .  



(A26)







After conducting the same calculations for    k a  > 0  , for the three intervals marked in Figure 3a, we can derive    c  e q     and    k  e q     in the same form but with an opposite sign for the last term in both (A25) and (A26). Considering this change of the sign allows us to present the final expressions, for both positive and negative    k a   , as follows:


   c  e q   =    c a   2  +    c a  arcsin  ( α )   π  +    c a  sin  (  2 arcsin  ( α )   )    2 π   −    |   k a   |   (   α 2  − 1  )    π ω   ,  



(A27)






   k  e q   =    k a   2  +    k a  arcsin  ( α )   π  −    k a  sin  (  2 arcsin  ( α )   )    2 π   −   sgn (  k a  )  c a  ω  (   α 2  − 1  )   π   



(A28)
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Figure 1. Primary structure with mass dampers under consideration: (a) Optimal ATMD with a viscous damping–stiffness force; (b) Sub-optimal STMD with a clipped viscous–stiffness control force; (c) optimized STMD with an adjusted clipped viscous–stiffness control force to compensate, as much as possible, for clipping. 
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Figure 2. Frequency responses of the primary structure with the ATMD with mass ratio  μ  = 1%, for  K  = 2 and  K  = 4, in comparison to the frequency responses for the TMD with  μ  = 1%, 2%, and 4%: (a) Dynamic amplification of primary structure displacement amplitude; (b) dynamic amplification of relative displacement amplitude. 
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Figure 3. Example of viscous damping—positive stiffness force characteristics before and after clipping: (a) Force, displacement and velocity versus time; (b) force versus displacement; (c) force versus velocity. Clipping coefficient: α = 0.5. 
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Figure 4. Example of viscous damping—negative stiffness force characteristics before and after clipping: (a) Force, displacement and velocity versus time; (b) force versus displacement; (c) force versus velocity. Clipping coefficient: α = 0.7. 
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Figure 5. Clipping coefficient versus normalized frequency of vibration calculated for the sub-optimal STMD for different K: (a) For   μ = 1 %  ; (b) for   μ = 2 %  . 
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Figure 6. Force parameters before clipping and their equivalent counterparts after clipping versus normalized frequency of vibration for the sub-optimal STMD with  μ  = 1% and  K  = 3: (a) Viscous damping coefficient    c a    and equivalent viscous damping coefficient    c  e q    ; (b) stiffness    k a    and equivalent stiffness    k  e q    . 
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Figure 7. Frequency responses of the primary structure with the sub-optimal STMD with  μ  = 1%, for six different K ranges from 2 to 20, in comparison to the frequency responses due to the TMD with  μ  = 1%, 2% and 4%: (a) Dynamic amplification of primary structure displacement; (b) dynamic amplification of relative displacement. 






Figure 7. Frequency responses of the primary structure with the sub-optimal STMD with  μ  = 1%, for six different K ranges from 2 to 20, in comparison to the frequency responses due to the TMD with  μ  = 1%, 2% and 4%: (a) Dynamic amplification of primary structure displacement; (b) dynamic amplification of relative displacement.



[image: Applsci 13 11645 g007]







[image: Applsci 13 11645 g008] 





Figure 8. Results of the numerical optimization for different mass ratios  μ  ranging from 0.4% to 3% versus design parameter  K : (a) Correction factor    K  c o r    ; (b) correction factor    c  c o r    ; (c) resulting difference between maximum dynamic amplification factors for the optimized STMD with mass ratio  μ  and the TMD with mass ratio   K μ  . 
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Figure 9. Frequency responses for the optimized STMD in comparison to those for the sub-optimal STMD and ATMD, all with   μ = 1 %   and   K = 3   and TMD with   μ = 1 %   and 3%: (a) Dynamic amplification of primary structure displacement; (b) dynamic amplification of relative displacement. 
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Figure 10. Characterization of the control force of the optimized STMD: (a) Maximum control force versus normalized frequency for the optimized and sub-optimal STMDs and ATMD, all with   μ = 1 %   and   K = 3  , and for TMD with   μ = 1 %   and 3%; (b) force clipping coefficient for the optimized and sub-optimal STMDs. 
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Figure 11. Further characterization of the control force of the optimized STMD in comparison to that of the sub-optimal STMD: (a) Force–displacement loops at the frequency corresponding to the left peak of the frequency response; (b) force–displacement loops at the frequency corresponding to the right peak; (c) comparison of the optimal controlled stiffness of the ATMD with the equivalent stiffnesses resulting from control forces of both STMDs. All results for   μ = 1 %   and   K = 3  . 
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Table 1. Optimized parameters    K  c o r     and    c  c o r     for   μ = 0.5 %  , 1%, and 2% and for different K.
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K

	
    Correction   Factor    K  c o r      

	
    Correction   Factor    c  c o r      




	
    μ = 0.5 %    

	
    μ = 1 %    

	
    μ = 2 %    

	
    μ = 0.5 %    

	
    μ = 1 %    

	
    μ = 2 %    






	
1.5

	
1.0585

	
1.0582

	
1.0582

	
1.0285

	
1.0283

	
1.0283




	
2

	
1.3336

	
1.3331

	
1.3321

	
1.1546

	
1.1539

	
1.1530




	
2.4

	
2.0131

	
2.0058

	
1.9934

	
1.4201

	
1.4177

	
1.4129




	
2.6

	
2.9001

	
2.8751

	
2.8307

	
1.7085

	
1.7019

	
1.6891




	
2.8

	
5.6752

	
5.5289

	
5.2808

	
2.3970

	
2.3679

	
2.3161




	
2.9

	
11.715

	
10.991

	
9.8577

	
3.4490

	
3.3446

	
3.1709




	
2.98

	
106.41

	
62.555

	
35.590

	
10.407

	
7.9897

	
6.0348




	
3

	
1239.4

	
890.90

	
106.90

	
35.534

	
30.165

	
10.463
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