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Featured Application: Odometry calibration of a three-wheeled omnidirectional mobile robot.

Abstract: Odometry is a computation method that provides a periodic estimation of the relative
displacements performed by a mobile robot based on its inverse kinematic matrix, its previous
orientation and position, and the estimation of the angular rotational velocity of its driving wheels.
Odometry is cumulatively updated from tens to hundreds of times per second, so any inaccuracy in
the definition of the inverse kinematic matrix of a robot leads to systematic trajectory errors. This
paper proposes a non-parametric calibration of the inverse kinematic (IK) matrix of a three-wheeled
omnidirectional mobile robot based on the use of genetic algorithms (GA) to minimize the positioning
error registered in a set of calibration trajectories. The application of this non-parametric procedure
has provided an average improvement of 82% in the estimation of the final position and orientation
of the mobile robot. This is similar to the improvement achieved with analogous parametric methods.
The advantage of this non-parametric approach is that it covers a larger search space because it
eliminates the need to define feasible physical limits to the search performed to calibrate the inverse
kinematic matrix of the mobile robot.

Keywords: odometry; odometry calibration; inverse kinematic; omnidirectional mobile robot

1. Introduction

Odometry is a direct computation method that provides a periodic estimation of the
relative displacement of a mobile robot through the use of its inverse kinematic matrix,
its previous orientation and position, and the estimation of the angular rotational velocity
of its driving wheels. Odometry is cumulatively updated from tens to hundreds of times
per second so any inaccuracy in the definition of the inverse kinematic matrix of the robot
causes systematic trajectory estimation errors. Borenstein et al. [1] proposed the University
of Michigan Benchmark (UMBmark) test to estimate and correct systematic odometry
errors in differential drive mobile robots. The existence of systematic odometry errors in
a differential drive mobile robot is usually evidenced when a straight trajectory becomes
curved. The UMBmark defines a motion experiment in which a differential drive mobile
robot follows a square-shaped path in either a clockwise or counterclockwise direction
in order to provide unbiased error compensations in both directions. The UMBmark test
assumes that systematic odometry errors are caused by an inaccurate definition of the
distance from the wheels to the center of rotation of the mobile robot and by an inaccurate
definition of the diameters of the wheels. However, the trajectory of the mobile robot may
also be conditioned by such other parameters as the controllers driving its motors [2–4]. The
effects of all the error sources in the odometry of the mobile robot are usually summarized
in the computation of its effective inverse kinematics [5].

Compared with non-holonomic robots, odometry estimation in omnidirectional mobile
robots is far more complex due to their enhanced motion capabilities. The additional
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degrees of freedom offered by omnidirectional robots, along with a larger number of
parameters involved in the definition of their kinematic models, can accentuate the effects
of systematic errors [6,7]. In the case of a three-wheeled omnidirectional motion system,
Maddahi et al. [8] proposed a method to reduce odometry errors based on the application
of two corrective indices to the inverse kinematic matrix of the robot. In summary, the
application of these two corrective indices has the effect of correcting the angular velocities
of the wheels, which can be considered equivalent to a parametric calibration of the
radii of the wheels. Maddahi et al. [8] concluded that the application of these corrective
indices provides better error reduction in the case of the mobile robot performing straight
trajectories rather than curved trajectories. Alternatively, Lin et al. [9] proposed a method
to reduce odometry errors based on the direct correction of the kinematic model of an
omnidirectional mobile robot using different calibration trajectories. Similarly, the inverse
kinematics and trajectory performance of four-wheeled omnidirectional mobile robots have
been specifically analyzed by different authors. Maulana et al. [10] analyzed the inverse
kinematics in a mecanum mobile robot using stepper motors. Jia et al. [11] analyzed the
kinematic model of a mecanum wheeled robot with four wheels. Xu et al. [12] analyzed the
tracking performance of a four-wheeled omnidirectional mobile robot using sliding mode
control. Li et al. [13] proposed a procedure to reduce odometry errors by considering the
problem of wheel slippage due to the motion constraints originated by wheel redundancy
in four-wheeled omnidirectional mobile robots. In this case, Li et al. [13] proposed the
determination of a non-parametric velocity compensation matrix that is applied to the
kinematic model of the mobile robot with the objective of reducing the specific odometry
error caused by wheel slippage. In a similar direction, Savaee et al. [14] proposed a non-
parametric approach to calibrate the effective kinematic matrix of an omnidirectional mobile
robot. This proposal was based on the comparison of trajectory simulations, performed
with a virtual mobile robot, with experimental trajectory measurements performed by
the real mobile robot. Under such conditions, the assumption was that offline calibration
of the kinematic matrix of the mobile robot was less prone to local minima effects [15].
Prados et al. [16] analyzed the motion performance of a four-wheeled omnidirectional
mobile robot tailored for surveillance application in limited spaces.

Finally, in a previous work [17], we performed the parametric optimization of the
inverse kinematic matrix of a real three-wheeled omnidirectional mobile robot. This
approach was based on the definition of a set of benchmark omnidirectional trajectories
and an offline parametric optimization based on odometry computation. The parameters
analyzed as possible error sources were: the radius of the three omnidirectional wheels,
the distance from the wheels to the center of rotation of the mobile robot and the angular
orientation of the wheels. These nine parameters (three error sources for each of the three
wheels) were iteratively calibrated in order to optimize the inverse kinematic matrix that
defines the odometry of the mobile robot. The underlying hypothesis of this parametric
optimization was the possibility of directly identifying assembling imprecisions originated
during the construction of the robot and thus being able to correct the cause of systematic
errors in the trajectory of the robot. However, the analysis of the results obtained in [17]
showed that the calibrated values of the parameters have no direct feasible interpretation
in the mobile robot. For example, the diameter of the wheels that improves the odometry
does not correspond to the wheel diameters obtained with accurate measurements.

New Contribution

This paper proposes a non-parametric calibration of the inverse kinematic (IK) matrix
of a three-wheeled omnidirectional mobile robot. This calibration procedure is based on
the multidimensional search capabilities of genetic algorithms (GA), which are used to
iteratively fit a numerical description of the inverse kinematic matrix that improves the
odometry of a three-wheeled omnidirectional mobile robot.

Genetic algorithm optimization has many practical applications in robotics [18–22].
In this paper, genetic optimization is applied in an offline procedure that recomputes the
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odometry from the mobile robot data registered in 36 representative straight and curved
trajectories. These trajectories were inspired by the proposal of Maddahi et al. [8] and
Batlle et al. [23] and were already proposed in [17] as a benchmark for offline omnidirec-
tional mobile robot calibration.

The performance of the experimental application of this non-parametric calibration
procedure in a real three-wheeled omnidirectional mobile robot has been evaluated in
terms of odometry improvement. The main advantage of this non-parametric calibration
procedure, relative to a parametric calibration [17], is that it does not require the definition
of feasible physical-interpretable limits during the iterative search performed by genetic
algorithms. As a result, the search space is larger but the iterative calibration procedure
converges faster. The main theoretical disadvantage of this non-parametric calibration
procedure is the leak of feasible physical interpretation of the fitted inverse kinematic
matrix (such as wheel diameter, distance of the wheel, etc.), although a previous work [17]
showed that the result of a parametric calibration cannot be physically interpreted.

2. Materials and Methods

The materials and methods used in this paper are: the APR-02 three-wheeled omnidi-
rectional mobile robot, the method used to compute the odometry of the mobile robot, the
representative calibration trajectories, and the dataset of training and validation trajectories
used to calibrate the inverse kinematic matrix of this mobile robot.

2.1. APR-02 Three-Wheeled Omnidirectional Mobile Robot

The robot assessed in this paper is the autonomous APR-02 three-wheeled omnidi-
rectional robot, which was initially devised as a mobile telepresence platform [24]. The
inclusion of an onboard high-end computer in the following prototypes allowed the de-
velopment of autonomous applications, e.g., supporting and guiding older people with
mobility impairments [25], and an early gas leak detection system [26]. The main character-
istic of this assistive mobile robot [27] is the use of an omnidirectional motion system based
on three optimal omnidirectional wheels [28] driven by three brushed direct current motors
(BDCM) [29]. The odometry of the robot is calculated from the information provided by
the encoders of the motors. The advantage of a three-wheeled against a four-wheeled
omnidirectional motion system is the avoidance of wheel slippage [17,30].

Figure 1 shows some images of the APR-02 mobile robot completing a displacement.
The trajectory of the mobile robot is controlled by a target motion command (v, α, ω, tr) [30]
that defines: the translational velocity of the motion (v); the angular orientation of the
planned motion (α), defined in a complete range from 0◦ to 360◦; the angular rotational
speed of the base of the mobile robot (ω) while performing a displacement; and the
time duration of this motion command (tr), which can be replaced by a target distance
displacement. The path planning algorithm of the mobile robot periodically updates the
target motion command every 300 ms. The maximum value of the time duration (tr) is
always lower than 500 ms as a kind of watchdog security measure to stop the mobile robot
automatically in case of malfunction of its central processing unit. This omnidirectional
mobile robot is able to move in any angular orientation (α) without having to perform any
previous maneuver, also being able to rotate over itself while moving [30].

The determination of the ground truth trajectory of the mobile robot is based on the
application of SLAM [31] to the precise information gathered from its onboard Hokuyo
UTM-30LX 2D LIDAR, which is placed horizontally or tilted down [32] depending on the
expected surrounding environment. The practical disadvantage of using a high-precision
LIDAR is its high cost. There are also other cheaper positioning alternatives that have
been proven useful for kinematic calibration [33] and in the application of mobile robots
intended to operate in the presence of dynamic obstacles, such as people [34].
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motion constraints and no slippage is originated while performing any continuous motion 
[30]. 

The kinematics and the odometry of a three-wheeled omnidirectional mobile robot 
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Figure 1. APR-02 mobile robot performing a transversal (or lateral) displacement: (a) starting point;
(b,c) intermediate points; and (d) destination point.

2.2. Odometry Estimation

Odometry is a computation method that provides a periodic estimation of the rela-
tive displacement of a mobile robot. This computation requires an accurate and precise
definition of its inverse kinematic matrix, its previous position and orientation, and the
estimation of the angular rotational velocities of its driving wheels. The consequence of any
inaccuracy or imprecision is the generation of systematic odometry errors. Additionally,
odometry interprets the angular rotational speeds of the wheels of the mobile robot as
linear displacements, so it requires non-slippage wheel conditions throughout the trajectory.
In the case of a three-wheeled omnidirectional mobile robot, the wheels have no motion
constraints and no slippage is originated while performing any continuous motion [30].

The kinematics and the odometry of a three-wheeled omnidirectional mobile robot
such as the APR-02, was described previously in [17,30]. This practical odometry estimation
is challenging because of the degree of freedom provided by its omnidirectional motion
system. Figure 2 presents the definition of the omnidirectional motion system of the APR-02
mobile robot: (x, y, θ) is the position of the mobile robot referred to the absolute or fixed
world frame (XW , YW), (XR, YR) is the relative mobile robot frame, (v, α, ω) is the motion
command that specifies the target trajectory planned for the mobile robot, (ωa, ωb, ωc)



Appl. Sci. 2023, 13, 1053 5 of 16

are the angular velocities of the wheels required to implement the motion command, and
(Va, Vb, Vc) are the deduced linear velocities of the wheels.
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position of the mobile robot (x(k− 1), y(k− 1), θ(k− 1)), defined in the absolute world
frame (XW , YW). Both values are used to update the current position of the mobile robot
(x(k), y(k), θ(k)) by using the following expression [17]:x(k)

y(k)
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World
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where ∆t is the sampling time at which the angular velocities of the wheels of the robot
are updated and k is the current discrete sample number that describes a time elapsed t(k)
(where t(k) = ∆t·k) since the initialization of the robot. In the case of the APR-02, this
sampling time coincides with the sampling time used internally by the three proportional,
integral, and derivative (PID) controllers (∆t = 10 ms) [29] of the three brushed direct
current motors (BDCM) driving its three omnidirectional wheels.

In Equation (1), R(θ(k− 1))−1 is the inverse of the rotation matrix computed from the
previous instantaneous angular orientation of the mobile robot θ(k− 1):

R(θ(k− 1))−1 =

cos(θ(k− 1)) − sin(θ(k− 1)) 0
sin(θ(k− 1)) cos(θ(k− 1)) 0

0 0 1

 (2)

and M−1 is the inverse of the compact kinematic matrix of the mobile robot that can be
computed analytically as [17]:

M−1 = 1
Ra sin(δb−δc)−Rb sin(δa−δc)+Rc sin(δa−δb)

·ra(Rb cos(δc)− Rc cos(δb)) −rb(Ra cos(δc)− Rc cos(δa)) rc(Ra cos(δb)− Rb cos(δa))
ra(Rb sin(δc)− Rc sin(δb)) −rb(Ra sin(δc)− Rc sin(δa)) rc(Ra sin(δb)− Rb sin(δa))

ra sin(δb − δc) −rb sin(δa − δc) rc sin(δa − δb)

 (3)

where (ra, rb, rc) are the radii of the wheels, (Ra, Rb, Rc) are the distances between the
center of the robot and the wheels, and (δa, δb, δc) are the angular orientations of the wheels
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defined in the mobile robot frame (XR, YR). Figure 3 presents the definition of all these
parameters involved in the omnidirectional motion system of the APR-02. These have the
following design values: ra,b,c = 0.148 m, Ra,b,c = 0.195 m, δa = 60◦, δb = 180◦, δc = 300◦.

Appl. Sci. 2023, 13, x FOR PEER REVIEW 6 of 16 
 

where (𝑟𝑟𝑎𝑎, 𝑟𝑟𝑏𝑏, 𝑟𝑟𝑐𝑐) are the radii of the wheels, (𝑅𝑅𝑎𝑎,𝑅𝑅𝑏𝑏,𝑅𝑅𝑐𝑐) are the distances between the 
center of the robot and the wheels, and (𝛿𝛿𝑎𝑎, 𝛿𝛿𝑏𝑏,𝛿𝛿𝑐𝑐) are the angular orientations of the 
wheels defined in the mobile robot frame (𝑋𝑋𝑅𝑅,𝑌𝑌𝑅𝑅). Figure 3 presents the definition of all 
these parameters involved in the omnidirectional motion system of the APR-02. These 
have the following design values: 𝑟𝑟𝑎𝑎,𝑏𝑏,𝑐𝑐 = 0.148 m, 𝑅𝑅𝑎𝑎,𝑏𝑏,𝑐𝑐 = 0.195 m, 𝛿𝛿𝑎𝑎 = 60°, 𝛿𝛿𝑏𝑏 = 180°, 
𝛿𝛿𝑐𝑐 = 300°. 

 
Figure 3. Parametric definition of the omnidirectional motion system of the APR-02 mobile robot. 
(𝑋𝑋𝑅𝑅,𝑌𝑌𝑅𝑅) represents the mobile robot frame in which 𝑋𝑋𝑅𝑅 is the front of the mobile robot. 

2.3. Calibration Trajectories 
The calibration trajectories used in this paper are the same 36 representative bench-

mark trajectories proposed in [17]. These trajectories were proven useful for improving 
the odometry of a three-wheeled omnidirectional mobile robot [17]. The motion com-
mands required to generate the calibration trajectories are listed in Table A1 of [17]. These 
benchmark trajectories define a characteristic flower-shaped figure that is representative 
of the motion capabilities of an omnidirectional mobile robot. 

Table 1 lists the information registered by the APR-02 mobile robot while performing 
a calibration trajectory defined by a motion command (𝑣𝑣,𝛼𝛼,𝜔𝜔), executed over a prede-
fined distance or time. The path-planning algorithm of the mobile robot converts this tar-
get motion into the target angular rotational velocities (𝜔𝜔𝑀𝑀𝑀𝑀,𝜔𝜔𝑀𝑀𝑀𝑀,𝜔𝜔𝑀𝑀𝑀𝑀) to be applied to 
the three PID controllers [29] that supervise the motors of the robot. The main information 
registered in Table 1 is the complete sequence of angular rotational velocities of the wheels 
measured during a displacement, 𝜔𝜔𝑎𝑎,𝑏𝑏,𝑐𝑐. This information is used by the mobile robot to 
compute the odometry in real-time, but the registration of this information allows future 
offline re-computation of the odometry with a different inverse kinematic matrix (allow-
ing its calibration). The APR-02 also estimates its position by applying SLAM to the 2D 
scans provided by its onboard LIDAR. This real-time information is stored as the reference 
ground truth trajectory followed by the mobile robot during the experiment, along with 
the scans provided by the LIDAR sensor for future offline analysis. 

  

 

Figure 3. Parametric definition of the omnidirectional motion system of the APR-02 mobile robot.
(XR, YR) represents the mobile robot frame in which XR is the front of the mobile robot.

2.3. Calibration Trajectories

The calibration trajectories used in this paper are the same 36 representative bench-
mark trajectories proposed in [17]. These trajectories were proven useful for improving the
odometry of a three-wheeled omnidirectional mobile robot [17]. The motion commands
required to generate the calibration trajectories are listed in Table A1 of [17]. These bench-
mark trajectories define a characteristic flower-shaped figure that is representative of the
motion capabilities of an omnidirectional mobile robot.

Table 1 lists the information registered by the APR-02 mobile robot while performing
a calibration trajectory defined by a motion command (v, α, ω), executed over a predefined
distance or time. The path-planning algorithm of the mobile robot converts this target
motion into the target angular rotational velocities (ωMa, ωMb, ωMc) to be applied to the
three PID controllers [29] that supervise the motors of the robot. The main information
registered in Table 1 is the complete sequence of angular rotational velocities of the wheels
measured during a displacement, ωa,b,c. This information is used by the mobile robot to
compute the odometry in real-time, but the registration of this information allows future
offline re-computation of the odometry with a different inverse kinematic matrix (allowing
its calibration). The APR-02 also estimates its position by applying SLAM to the 2D scans
provided by its onboard LIDAR. This real-time information is stored as the reference
ground truth trajectory followed by the mobile robot during the experiment, along with
the scans provided by the LIDAR sensor for future offline analysis.
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Table 1. Information registered by the mobile robot while performing a calibration trajectory.

Parameter Description

(v, α, ω, d) Target motion command for the robot
v: translational velocity of the displacement of the robot, (m/s)
α: angular orientation of the displacement, (◦)
ω: angular rotational speed of the robot during the
displacement, (rad/s)
d: linear distance to be achieved during the displacement, (m)

(ωMa, ωMb, ωMc) Target angular velocities for the wheels
ωMi: target angular velocity defined for the motor of the wheel
i, computed when receiving the motion command, (rpm)

ωa,b,c =


t(k = 1 . . . F)

ωa(k = 1 . . . F)
ωb(k = 1 . . . F)
ωc(k = 1 . . . F)


Angular velocities of the wheels provided by the encoders
t(k): time the update k was received, (s)
ωi: instantaneous angular velocity measured by the encoder of
the motor i, updated periodically at a frame rate of 10 ms, (rpm)

(x, y, θ) =

x(k = 1 . . . F)
y(k = 1 . . . F)
θ(k = 1 . . . F)

 Trajectory of the mobile robot estimated with the odometry
x, y: location of the robot, (m)
θ: angular orientation of the robot, (◦)

LIDAR =


tLIDAR(p = 1) tLIDAR(p = N) d(1)

. . .
d(1080)

1

. . .

 d(1)
. . .

d(1080)

N


Scans provided by the onboard LIDAR
tLIDAR(p): time the scan p was received, (s)
d(r): distance scan corresponding to the angular orientation r,
updated periodically at a frame rate from 200 to 300 ms, (mm)

(x, y, θ)LIDAR =

xLIDAR(p = 1 . . . N)
yLIDAR(p = 1 . . . N)
θLIDAR(p = 1 . . . N)

 Ground Truth trajectory of the mobile robot estimated with SLAM
xLIDAR, yLIDAR: location of the robot, (m)
θLIDAR: angular orientation of the robot, (◦)

2.4. Dataset of Training and Validation Trajectories

This paper uses two datasets composed of training and validation trajectories. The
training dataset is used to calibrate the inverse kinematic matrix of the APR-02 mobile robot.
The training dataset is the same one used in [17] to obtain comparable calibration results.
The training dataset is composed of 36 benchmark calibration trajectories, each repeated
5 times, with a total of 180 trajectories registered for training. The validation dataset
is used to assess the final performance of the non-parametric inverse kinematic matrix
fitted. The validation dataset is composed of 36 new benchmark calibration trajectories.
Once again, each trajectory is repeated 5 times, making up a total of 180 new trajectories
registered for the testing phase. Figure 1 shows the mobile robot APR-02 completing a
calibration trajectory.

3. Procedure for Genetic Algorithm Calibration of the Inverse Kinematic Matrix

The non-parametric procedure used in this paper to calibrate the inverse kinematic
matrix of the APR-02 mobile robot is based on the multivariate search capabilities of
genetic algorithms [35]. This nature-inspired search is used to recompute the odometry of
the mobile robot offline (Equation (1)) with the information registered while completing
a trajectory. The application of a genetic search iteratively finds a local unconstrained
minimum of an objective cost function in a multivariate search space. Figure 4 shows a
diagram describing the genetic algorithm search, which is started from an initial population
that defines a starting point in the search space and then performs a bounded search.
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Figure 4. Diagram of the Genetic Algorithm search performed to calibrate the inverse kinematic
matrix of the APR-02 mobile robot.

The initial population of the search is the theoretical value of the inverse kinematic
matrix M−1 defined in Equation (3). This is interpreted by the genetic algorithm as a
population vector, V, that defines the ninth-dimensional search space:

M−1 =

m1,1 m1,2 m1,3
m2,1 m2,2 m2,3
m3,1 m3,2 m3,3

 (4)

V =
[
m1,1 m1,2 m1,3 m2,1 m2,2 m2,3 m3,1 m3,2 m3,3

]
(5)

The upper and lower bounds (VUB and VLB) of the GA search were configured to allow
a ±10% variation of the values defined in the initial population V.

The iterative search performed by genetic algorithms requires the computation of
a cost function CF to evaluate the performance of each population proposed during the
search. This cost function is the same one used in [17] to compare the previous reference
parametric calibration results [17] with the non-parametric calibration presented in this
paper. This function is defined as:

CF =
1
Z
·

Z

∑
i=1

√(
xi

LIDAR(N)− xi(F)
)2

+
(
yi

LIDAR(N)− yi(F)
)2

+
(
θi

LIDAR(N)− θi(F)
)2 (6)
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where Z is the number of trajectories used to compute the cost function (the 180 trajectories
included in the training dataset); i represents an individual trajectory completed by the
mobile robot; xi

LIDAR(p) is the x location of the mobile robot estimated by applying SLAM
to the p scan provided by the onboard LIDAR while completing the trajectory i; N identifies
the last scan provided by the LIDAR when the robot reaches the end of the trajectory; xi(k)
is the x location of the mobile robot estimated with the internal odometry using the current
values of the inverse kinematic matrix M−1; F identifies the last odometry evaluation
obtained when the robot reaches the end of the trajectory; θ is the final angular orientation
of the mobile robot.

This cost function formulation was used to calibrate the effective kinematic parameters
of an omnidirectional mobile robot by Savaee et al. [14]. This cost function apparently
applies the same weights to the distance and angular error obtained at the end of the
displacement. However, this perception is incorrect because an error in a specific angular
orientation of the robot affects the estimation of the subsequent trajectory cumulatively
(see Equation (1)). Therefore, any error in the intermediate estimation of the angular
orientation has a huge potential cumulated weight in the computation of the cost function.

At this point, note that this cost function is computed using only the ending position
of the mobile robot. Therefore, the evaluation of this cost function only requires: (1) the
last position of the ground truth trajectory estimated with the SLAM procedure (computed
while completing the trajectory) and (2) the last location estimated with the odometry using
the inverse kinematic matrix defined by the current population analyzed in the iteration.
This offline computation of the odometry requires all the information provided by the
encoders during the displacement; this is why each trajectory registered by the mobile
robot also includes the information provided by the encoders.

Finally, the iterative search performed by the genetic algorithm stops if the average
relative change in the best population found of a cost function CF is less than or equal to
10−6, which is the default value used in standard GA searches.

4. Results

This section compares the performance of the inverse kinematic matrices of the APR-
02 mobile robot. This section presents: (1) the reference theoretical value of the inverse
kinematic matrix of the mobile robot, (2) the reference parametric calibration of the inverse
kinematic matrix obtained previously in [17], and (3) the result of the non-parametric
calibration performed in this paper.

4.1. Reference Theoretical Value of the Inverse Kinematic Matrix

The exact or theoretical value of the inverse kinematic matrix (M−1) of the APR-02
mobile robot can be computed analytically from Equation (1) as [17]:

M−1 =

−0.0854478398400646 0.0000000000000000 0.0854478398400646
0.0493333333333333 −0.0986666666666667 0.0493333333333333
0.2529914529914529 0.2529914529914529 0.2529914529914529

 (7)

Figure 5 shows the evolution of a sample trajectory followed by the APR-02 mobile
robot: the red line displays the ground truth trajectory estimated with SLAM [31] and the
blue line the odometry computed using the theoretical value of the inverse kinematic matrix.
As could be expected, Figure 5 shows differences between the ground truth trajectory and
the odometry due to the existence of systematic odometry errors. At this point, note that the
inverse kinematic matrix of a three-wheeled omnidirectional robot is very sensitive to any
inaccuracy in the implementation of the parameters of the motion system [17]: radii of the
wheels (ra, rb, rc), the distance between the center of the robot and each wheel (Ra, Rb, Rc),
and the angular orientation of each wheel in the mobile robot frame (δa, δb, δc). In any case,
the effects of the systematic errors are best evidenced in a mobile robot performing curved
trajectories (Figure 5) rather than straight trajectories [17]. In the case of an omnidirectional
mobile robot, the difference between a curved and a straight trajectory depends only on
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the target angular rotational speed, which is the ω parameter in the motion command,
(v, α, ω).
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Figure 5. Sample trajectory followed by the APR-02 mobile robot for the motion command
(v, α, ω 6= 0) = (0.2 m/s, 30◦, 0.35 rad/s). The ground truth trajectory was estimated from the
information of the LIDAR (red line) while the odometry was estimated with the theoretical value of
the inverse kinematic matrix of the mobile robot (blue line).

4.2. Reference Parametric Optimization of the Inverse Kinematic Matrix (from [17])

The parametric optimization presented in [17] was focused on calibrating the value of the
parameters of the APR-02 mobile robot and the computation of the inverse kinematic matrix
of the robot from these parameters. Nine specific mobile robot parameters were calibrated
in [17]: the radii of the wheels (ra, rb, rc), the distance between the center of the robot and each
wheel (Ra, Rb, Rc), and the angular orientation of each wheel (δa, δb, δc). The computation of
this parametric optimization required 903 s in a high-performance workstation.

The exact value of the inverse kinematic matrix (MPARAMETRIC
−1) obtained from the

parametric calibration presented in [17] is:

MPARAMETRIC
−1 =

−0.0892930568372762 −0.0005606566978203 0.0867466159313470
0.0520955668635434 −0.1010213675626970 0.0533117820461363
0.2364093797047320 0.2341358647406650 0.2353792947863630

 (8)

This parametric inverse kinematic matrix represents the following errors in the deter-
mination of the parameters of the mobile robot: 4.7% in the size of the radius of the wheel
a (ra), 2.4% in rb, 3.2% in rc, 12% in the distance from the wheel a to the center of rotation
of the robot (Ra), 10% in Rb, 11% in Rc, 0.4% in the angular orientation of the wheel a (δa),
0.2% in δb, and 0.5% in δc. These huge errors obtained in the parametric calibration, higher
than 10% in some cases, were too high to be justified as being caused by assembling or
manufacturing errors. Therefore, the drawback of the parametric calibration was that the
results could not be interpreted as an improved description of the physical parameters
of the mobile robot: the radii of the wheels (ra, rb, rc), the distances from the wheels to
the center of rotation of the mobile robot (Ra, Rb, Rc), and the angular orientations of the
wheels (δa, δb, δc). Consequently, these results suggested the development of a comparative
non-parametric calibration of the inverse kinematic matrix of the mobile robot.

4.3. Non-Parametic Inverse Kinematic Matrix Calibrated with Genetic Algorithms

As stated above, the difficult physical interpretation of the parametric optimization
results obtained in [17] combined with the difficulty of establishing feasible limits to
the parametric search suggested the implementation of an alternative non-parametric
calibration of the inverse kinematic matrix of the mobile robot. The complete procedure
used in this non-parametric calibration is described in Section 3. The optimization is
based on the multivariate search capabilities of the genetic algorithms, which are less
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prone to local minima than other gradient search algorithms. The computation of this
non-parametric optimization required 637 s in the same high-performance workstation
used in the reference parametric optimization [17] (29% less time).

The best non-parametric inverse kinematic matrix (MNON−PARAMETRIC
−1) obtained

with the application of the calibration procedure proposed in this paper (described in
Section 3) is:

MNON−PARAMETRIC
−1 =

−0.0883286476963123 0.0000000000000000 0.0873330402667908
0.0522829495809178 −0.1008246738469390 0.0536189007203205
0.2357044251338890 0.2338948216993490 0.2348793373133590

 (9)

The following expression is used to compare the inverse kinematic matrix obtained
with the parametric (Equation (8)) and non-parametric calibration (Equation (9)). This
expression performs the Hadamart product (element-wise product) [36] of the difference
between these two matrices.(

MNON−PARAMETRIC
−1
)

ij
·(1 + MDIFFERENCE

−1)ij =
(

MPARAMETRIC
−1
)

ij
(10)

MDIFFERENCE
−1 =

 1.091% 1.505× 1015% −0.671%
−0.358% 0.195% −0.572%

0.299% 0.103% 0.212%

 (11)

The difference matrix MDIFFERENCE
−1 shows that the results of both calibrations

(parametric and non-parametric) are very similar, with differences lower than 0.7% except
in the case of the coefficients m1,1 (1.091%) and m1,2 (1.505× 1015%). The huge difference
in the coefficient m1,2 is because the non-parametric calibration maintained the original
value defined in the theoretical inverse kinematic matrix (Equations (3) and (7)), with
a value very close to zero: −1.208 × 10−17. Alternatively, the result of the parametric
calibration performed in [17] (displayed in Equation (8)) showed m1,2 to reach the value of
−0.00056, which is very difficult to interpret as a parametric inaccuracy originated during
the assembling the robot. The differences between the parametric and non-parametric
calibration of the inverse kinematic matrices are small but cannot be neglected because the
odometry is cumulatively updated ten times per second with the displacement information
provided by the encoders.

Figure 6 compares the offline computation of the odometry of four randomly chosen
validation trajectories (from the 36× 5 available in the validation dataset). The ground truth
trajectory computed from the LIDAR information is labeled in red and the odometry is
computed using the different inverse kinematic matrices evaluated in this paper: theoretical
IK (green), parametric IK (brown), and non-parametric IK (magenta). Figure 7a–d shows
in detail the final position of the robot achieved in the trajectories depicted in Figure 6.
Figure 7a–d shows small differences between the ground truth trajectory of the mobile robot
(red line) and the odometry computed with the parametric (brown line) and non-parametric
(magenta line) inverse kinematic matrices obtained for the APR-02.

Finally, Tables 2 and 3 compare the performance of the non-parametric calibration
performed in this paper. Table 2 presents the average values of the cost function (CF) ob-
tained with the 180 benchmark trajectories contained in the training dataset. The reference
cost function, CFTheoretical IK, was computed using the theoretical inverse kinematic matrix
which is described in Equations (3) and (7). The values of the parametric inverse kinematic
matrix (Parametric IK) were obtained in [17] and its values are presented in Equation (8).
The numerical values of the non-parametric optimization of the inverse kinematic matrix
performed in this paper with genetic algorithms (Non-parametric IK) are described in
Equation (9). Table 2 shows that the best cost function computed with the training trajec-
tories is practically the same for the parametric and non-parametric calibrations. Please
note that the column indicating CFTRAINING presents the cost function computed with the
calibration trajectories included in the training dataset.
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Figure 6. Comparison between the ground truth trajectory followed by the mobile robot (red line)
and the odometry estimated with: the theoretical IK (green line), the parametric IK (brown line) and
the non-parametric IK (magenta line). Trajectories originated by the following motion commands,
(v, α, ω): (a) (0.2 m/s, 30◦, 0.35 rad/s); (b) (0.2 m/s, 210◦, 0.35 rad/s); (c) (0.2 m/s, 120◦, 0.35 rad/s);
and (d) (0.2 m/s, 300◦, 0.35 rad/s).
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Figure 7. Detail of the final position of the robot corresponding to the full trajectories displayed
in Figure 6. Ground truth trajectory of the mobile robot (red) and odometry of the mobile robot
computed using the theoretical IK (green), the parametric IK [17] (brown) and the noon-parametric
IK (magenta).

Table 2. Values of the cost function obtained when computing the odometry of the 180 trajectories
included in the training dataset with the theoretical and calibrated inverse kinematic matrices.

M−1 CFTheoretical IK CFTRAINING Improvement

Theoretical IK 0.1234 - -
Parametric IK [17] 0.1234 0.0215 82.61%

Non-parametric IK * 0.1234 0.0215 * 82.60% *
* Calibration result obtained in this paper.

Table 3. Values of the cost function obtained when computing the odometry of the 180 trajectories
included in the validation dataset with the theoretical and calibrated inverse kinematic matrices.

M−1 CFTheoretical IK CFVALIDATION Improvement

Theoretical IK 0.1251 - -
Parametric IK [17] 0.1251 0.0229 81.68%

Non-parametric IK * 0.1251 0.0227 * 81.81% *
* Calibration result obtained in this paper.
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Table 3 shows the value of the cost function evaluated with the trajectories included in
the validation dataset. These validation trajectories were registered several months after the
registration of the trajectories included in the training dataset. Table 3 shows that the offline
computation of the odometry of the 180 trajectories included in the validation dataset offers
practically the same cost function and the same improvement with both the parametric
and non-parametric inverse kinematic matrices. Additionally, the similarity between the
values of the cost function obtained with the training dataset (Table 2) and the validation
dataset (Table 3) seems to indicate no over-time changes in the kinematics of the mobile
robot APR-02.

5. Discussion and Conclusions

This paper proposes a non-parametric calibration procedure of the effective inverse
kinematic matrix of a three-wheeled omnidirectional mobile robot based on the search capa-
bilities of genetic algorithms. The calibration procedure used a training dataset composed
of five repetitions of 36 representative benchmark trajectories (180 trajectories in total).
These benchmark trajectories summarize the motion performances of a three-wheeled
mobile robot [17]. The calibration procedure is based on genetic algorithms because the
mutation and combination performed during the search is less prone to local minima
during the multivariate searches required to optimize the kinematics of a robot [14,17].

The application of this non-parametric calibration procedure to the offline computa-
tion of the odometry of the training trajectories reduced the value of the cost function from
0.1234 to 0.0215, representing an improvement of the cost function of 82.6% (see Table 2).
This improvement is practically the same as that (82.6%) obtained in the parametric cali-
bration procedure conducted previously in [17] with the same training trajectories. The
analysis implemented with the validation trajectories confirmed an average improvement
in the cost function of 81.8% (see Table 3) which is visually observable in the estimated trajec-
tory of the mobile robot (see Figures 6 and 7). The calibration results obtained in this paper
have a similar order of magnitude as the improvements presented by Maddahi et al. [8] and
Batlle et al. [23], who highlighted the importance of using curved trajectories for calibrat-
ing the kinematics of an omnidirectional mobile robot. Nevertheless, the use of different
calibration trajectories precludes direct comparison of the achievements.

As a summary, the non-parametric calibration of the inverse kinematic matrix of
a three-wheeled omnidirectional mobile robot has two main advantages: (1) it avoids
the problem of defining feasible physical-interpretable limits applied in the parametric
calibration; and (2), as a consequence, this non-parametric calibration is much easier to
implement and converges faster than the parametric calibration. The offline implementation
of the non-parametric calibration in a high-performance workstation required an average
of 637 s, while the parametric calibration conducted previously in [17] required 903 s (41%
more computational time). The definition of feasible, physically interpretable limits in
a parametric calibration of the kinematic matrix is a problem that cannot be neglected
because of the complex numerical relationship between the parameters that define the
inverse kinematic matrix of a mobile robot. The comparative analysis of the results obtained
in this paper demonstrates that the improvement in odometry that can be obtained with
a non-parametric calibration is practically the same as that which can be obtained with a
parametric calibration. Finally, the disadvantage of performing a non-parametric calibration
of the inverse kinematic matrix of a mobile robot is that the calibration result is a numerical
matrix that cannot be physically interpreted. However, this disadvantage does not really
exist because the parameter variation obtained in the parametric calibration performed
in [17] could not be physically interpreted either.

Future work will analyze the application of this non-parametric procedure in several
three-wheeled omnidirectional mobile robots and the application of alternative methods
based on artificial neural networks [37] to estimate the kinematics of an omnidirectional
mobile robot.
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