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Abstract: During the production process of aircraft assembly, weakly rigid parts are gradually
assembled into rigid support structures in the aircraft skeleton through several assembly stations.
The assembly deviations of this structure determine the quality of the aerodynamic shape of the
aircraft. In this paper, we consider multiple sources of deviation (manufacturing deviation, fixture
positioning deviation, assembly contact deviation) and investigate the interaction between these
sources. Based on the state space approach, a state space equation is developed to reveal the
transformation, accumulation and transfer of deviations in the multi-level assembly process (MAP)
of weakly rigid parts, and a model is established to accurately simulate and predict the transfer
of deviations in the MAP of weakly rigid parts. In this model, the part manufacturing and fixture
positioning deviations in typical dimensional planes are regarded as rigid deviations, while the
deviations in atypical dimensional planes are regarded as flexible deviations. A spatial triangle
penetration detection algorithm based on part measurement point deviations is proposed, combined
with the theory of linear elasticity, to describe the relationship between part deviations and assembly
contact forces. An example analysis of the assembly process of an aircraft rear fuselage frame structure
illustrates the validity of a multi-level assembly deviation transfer model for weakly rigid parts.

Keywords: multi-level assembly process; weakly rigid part; state space method; assembly contact
force; rigid and compliant mixed deformation; numerical simulation analysis

1. Introduction

The final overall quality of the support frame of an aircraft engine nacelle is generally
determined by the machining accuracy of each wall panel and the assembly quality of
multiple assembly stations. Currently, there are various research methods to assess multi-
level assembly quality, the most representative of which are the influence coefficient method
and the finite element method. Takezawa et al. [1] use measured data to predict the assembly
deviation of automotive body-in-white parts with the help of linear regression equations in
the numerical analysis, suggesting that the deviation of flexible sheet-metal thin-walled
parts can no longer follow the traditional method of accumulating rigid deviations. Liu
and Hu [2] discard the traditional methods of deviation analysis, such as the square root
method and the Monte Carlo method, and propose using the finite element method to
simulate the deviation variation of two-dimensional or three-dimensional sheet metal
parts. Liu and Hu [3] consider the deviation characteristics of flexible parts and predict
the box assembly deviation of flexible parts for the three most commonly used connection
forms (lap, butt and corner) in part assembly, based on the small deformation assumption
and finite element ideas, combining engineering structural models and statistical analysis
methods. However, the studies described in the previous section are mostly limited to
two-dimensional parts or consider only the rigid deviations of the parts. In the actual
multi-station assembly process, flexible deviations of 3D parts are still one of the important
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sources of deviations. In [4], a mixed-variable rigid-flexible modelling approach is proposed
for sheet metal parts that are prone to flexible deformation during assembly. Based on a
two-dimensional deviation flow model, the deviation transfer mechanism in each assembly
step is investigated and the mathematical relationship between the total assembly deviation
and the various sources of deviation is established accordingly. In [5], a process-oriented
mathematical representation of the positioning datum system is proposed, containing
detailed design parameters of the positioning datum system in the multi-station assembly
(MSA), which creatively reveals the non-linear cumulative relationship between fixture
deviations and errors in the positioning holes and slots of the part. In [6,7], both rigid
and flexible deviations are considered and the impact of the deviations generated by each
assembly process is analyzed and through the interaction between stations on the assembly
quality by means of a transfer function mechanism.

Nowadays, in order to meet the increasingly stringent requirements for assembly
quality in the aircraft and automotive industries, the issue of assembly contact during
multi-level assembly has received more attention, and many scholars have achieved fruitful
results in the field of predicting and controlling the contact state of assembly contact surfaces
and the bearing forces in the assembly contact area. Dahlström and Lindkvist [8] improve on
the influence coefficient method by means of a finite element analysis, consider the influence
of contact forces on the assembly deviation of parts during the assembly process and
propose a contact algorithm that can be implemented in the influence coefficient method.
In [9,10], the technical characteristics of the aero-engine rotor assembly process are analyzed,
with a focus on the detection method of coaxiality in assembly quality, and a solution for
solving the parallel chain problem with deterministic deviation gravity is proposed. On the
other hand, in [11,12], generalized elastic forces for anisotropic and orthotropic materials
are derived from the point of view of material properties, taking into account material
inhomogeneities and geometrical non-linearities, and force balance equations are used to
investigate the deviation of thin-walled structural parts during assembly. Zhang et al. [13]
illustrate the relationship between the position and orientation deviations of the part and
the surface deviations of the part after assembly is completed. A deviation model for multi-
part assembly is developed from the perspective of manufacturing errors, using the amount
of deviation at the contact points as the controlling factor. Based on the finite element
method, Xie et al. [14] propose an assembly method that considers the contact effects
between parts and clamping elements, i.e., the enhanced dimensionality reduction method,
for a highly non-linear part assembly system. In [15], the authors use a two-dimensional
finite element model under linear elasticity to model the stress intensity factor in the static
crack domain, analyze two typical fracture model problems and then use standard and
multistage Monte Carlo methods combined with selective refiners to analyze several error
tolerations, which significantly reduces the calculation cost.

It is worth noting that, with the development of the field of robotics engineering,
many of the basic theories applied to robot dynamics systems have also been widely
applied to the field of assembly deviation [16]. In [17], by introducing the concept of
virtual joints, the Jacobian matrix was introduced into the tolerance transfer model for
the first time, enriching the research gap in the field of multi-level assembly tolerance
and the deviation control of parts. In [18], a novel method for the deviation analysis of
three-dimensional parts is presented, using the Jacobian matrix model to describe the
deviation of a partially parallel structure, and the deviation of a partially parallel structure
consisting of a cylindrical contact pair and a planar contact pair is modelled through the
combination of the parameters of the rotary quantities. In [19], the relative positioning
method is combined with a quadratic planning technique to unify the calculation of series
and parallel chains between parts in a complex assembly process. The use of discrete
geometry based on point cloud technology instead of the traditional ideal surface model
allows for the calculation of the cumulative assembly deviations in the Jacobi model in a
simple way.
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Among the many studies on multi-level assembly deviation theory, the stream of
variation (SoV) theory is a very promising basic theory for deviation analysis and control.
Liu and Hu [20] argued that product deviations in a production system would accumulate
gradually and were the first to propose the theory of assembly deviation flow to investigate
the mechanism of part assembly deviation propagation in a multi-level production system
in terms of both the prediction and diagnosis of deviations. So far, a variety of deviation
flow transmission and prediction theories have emerged, including the state space method,
which is a classical approach in modern control theory. Using a “3-2-1” positioning scheme,
Jin and Shi [21] first applied the state space method to the field of deviation transmission
modelling, and the deviation transmission model established by the two scholars included
key concepts, such as tool positioning error, part accumulation error and repositioning
error. They also defined an observation equation to reveal the relationship between the
observation vector and the state vector in a multi-level machining and manufacturing
system. In [22], a deviation transfer and control model is proposed for multi-level linear
dynamic assembly systems and different types of assembly joints by means of a state trans-
formation model approach. In short, the introduction of the state space method presents
a new way of solving the deviation transfer problem, allowing researchers to establish
simple observation equations to predict and diagnose the transfer and accumulation of
deviations in assembling complex assembly systems and to predict and react correctly to
the accumulation of deviations in real time for each assembly step of the part. In [23], part
deviations and fixture deviations are combined based on the influence coefficient method
to study their propagation characteristics in multi-stage assembly systems, and a method
to assess the propagation of dimensional changes in multi-station flexible transfer systems
is proposed based on the linear elasticity theory and the state space method. In [24], it is
pointed out that most assembly deviation prediction methods at the present stage focus on
the product design and assembly stages, while ignoring the hazards caused by assembly
deviations in the product service stage, and, therefore, a method is proposed for predicting
assembly quality based on observable combined deviations.

However, the deviation transfer model based on the state space method is mostly
limited to two-dimensional rigid parts and does not consider the flexible deformation
of weakly rigid parts in three-dimensional space. In addition, the dimensionality of the
observation equations will be greatly increased in the face of complex 3D assembly systems,
and the observation vectors of the observation equations are difficult to unify. In [25],
on the basis of the mainstream assembly quality prediction models, the comprehensive
deformation of a part under the simultaneous influence of manufacturing errors and
assembly loads was studied, not only considering the initial manufacturing errors of the
part, but also using the flush coordinate transformation method to accurately establish a
prediction model for the surface assembly accuracy of the part to be assembled. In [26],
a non-linear state space is used to simulate the accumulation of deviations from one
assembly station to the next by station with the objective of minimizing the sum of squares
of the standard deviations of the critical products as well, and genetic algorithms are
used to optimize the assembly quality problem in the multi-station assembly (MSA) of an
automotive body. He et al. [27] investigate the impact of machine tool assembly deviations
on tooling, consider components in an unassembled state, establish a method for pre-
adjustment in the assembly design phase, and characterize the propagation of deviations
during machine tool assembly by means of a state space approach.

On the basis of the above research, based on the linear elasticity theory and the
state space method, a three-dimensional weakly rigid part multi-level assembly deviation
transmission model is established for an assembly system containing multiple assembly
stations, and a deviation state equation containing part rigidity and flexibility deviations,
fixture deviations and assembly contact deviations is defined. Considering the problem
of inconsistent observation vectors in the assembly system, a Jacobi-spinor method is
used to represent the deviation propagation in three-dimensional space by means of
the infinitesimal modelling of open kinematic chains in robot kinematics, and the part
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coordinate system is correlated with the assembly (observation) coordinate system to obtain
a unified observation vector and a concise equation of state. Finally, the computational
procedure of the proposed method is presented with an aircraft engine nacelle as an
example, and finite element simulation tests are carried out to verify the accuracy of the
mathematical model of assembly deviation transmission.

2. Assembly Process and Assumptions for Weakly Rigid Parts

The assembly deviation of weakly rigid parts consists of part deviation, fixture posi-
tioning deviation and assembly contact deviation. In complex assembly systems containing
multiple stations, the rigid and flexible deviations of the part are considered separately;
weakly rigid parts are generally large parts with thin wall thicknesses of less than 1/10 of
the typical overall structural dimensions, which are divided by size type into the typical
structural dimension plane σ and the typical structural dimension normal plane τ and
the typical structural dimension projection plane ϕ. In the typical structural dimension,
the deviation of the part mainly comes from its own manufacturing deviation and fixture
positioning deviation. Without considering the manufacturing deviation of the part, the
deviation of the part in the direction of typical structural dimensions can be considered
rigid; however, in atypical structural dimensions, the flexible deformation of the part in
the z-axis direction will be very obvious, and the flexible deformation mainly comes from
the part deformation and fixture positioning deviation caused by machining stress, etc. As
shown in Figure 1, a weakly rigid part has flexible deformation in the z-direction, with the
xoy plane as σ, the xoz plane as τ and the yoz plane as ϕ.

Appl. Sci. 2023, 13, x FOR PEER REVIEW 4 of 30 
 

infinitesimal modelling of open kinematic chains in robot kinematics, and the part coor-
dinate system is correlated with the assembly (observation) coordinate system to obtain a 
unified observation vector and a concise equation of state. Finally, the computational pro-
cedure of the proposed method is presented with an aircraft engine nacelle as an example, 
and finite element simulation tests are carried out to verify the accuracy of the mathemat-
ical model of assembly deviation transmission. 

2. Assembly Process and Assumptions for Weakly Rigid Parts 
The assembly deviation of weakly rigid parts consists of part deviation, fixture posi-

tioning deviation and assembly contact deviation. In complex assembly systems contain-
ing multiple stations, the rigid and flexible deviations of the part are considered sepa-
rately; weakly rigid parts are generally large parts with thin wall thicknesses of less than 
1/10 of the typical overall structural dimensions, which are divided by size type into the 
typical structural dimension plane σ and the typical structural dimension normal plane τ 
and the typical structural dimension projection plane φ. In the typical structural dimen-
sion, the deviation of the part mainly comes from its own manufacturing deviation and 
fixture positioning deviation. Without considering the manufacturing deviation of the 
part, the deviation of the part in the direction of typical structural dimensions can be con-
sidered rigid; however, in atypical structural dimensions, the flexible deformation of the 
part in the z-axis direction will be very obvious, and the flexible deformation mainly 
comes from the part deformation and fixture positioning deviation caused by machining 
stress, etc. As shown in Figure 1, a weakly rigid part has flexible deformation in the z-
direction, with the xoy plane as σ, the xoz plane as τ and the yoz plane as φ. 

 
Figure 1. Flexible deformation of weakly rigid parts. 

2.1. Fixture Layout for Weakly Rigid Parts 
The positioning of weakly rigid parts in wall plate assembly is completed using spe-

cial tooling, which is used to complete the positioning and clamping function of compo-
nents called clamping elements or fixtures. Positioning is the process of obtaining the cor-
rect spatial position of the part on the tooling before assembly, and clamping is the process 
of fixing the part in a defined position by applying an external force. For arbitrary parts, 
the principle of six-point positioning is usually used, where the part to be clamped has six 
degrees of freedom in space, i.e., three degrees of freedom of movement and three degrees 
of freedom of rotation. To ensure that the part has a uniquely defined position and to 
completely eliminate the degrees of freedom of the part in the assembly system, a “3-2-1” 
positioning scheme is generally used, consisting of the following. (1) Three positioning 
blocks to constrain the part to move in the z-direction in the atypical structural dimension 
plane and to rotate in two directions in the typical structural dimension projection plane, 
the normal plane. (2) A four-way locating circular pin that fits into a circular hole in the 
part and constrains the movement of the part in the x and y directions in the typical struc-
tural dimension plane. (3) A two-way locating long hole pin that fits into a slotted hole in 
the part and limits the rotation of the part in one direction in the typical structural 

Figure 1. Flexible deformation of weakly rigid parts.

2.1. Fixture Layout for Weakly Rigid Parts

The positioning of weakly rigid parts in wall plate assembly is completed using special
tooling, which is used to complete the positioning and clamping function of components
called clamping elements or fixtures. Positioning is the process of obtaining the correct
spatial position of the part on the tooling before assembly, and clamping is the process of
fixing the part in a defined position by applying an external force. For arbitrary parts, the
principle of six-point positioning is usually used, where the part to be clamped has six
degrees of freedom in space, i.e., three degrees of freedom of movement and three degrees
of freedom of rotation. To ensure that the part has a uniquely defined position and to
completely eliminate the degrees of freedom of the part in the assembly system, a “3-2-1”
positioning scheme is generally used, consisting of the following. (1) Three positioning
blocks to constrain the part to move in the z-direction in the atypical structural dimension
plane and to rotate in two directions in the typical structural dimension projection plane,
the normal plane. (2) A four-way locating circular pin that fits into a circular hole in the part
and constrains the movement of the part in the x and y directions in the typical structural
dimension plane. (3) A two-way locating long hole pin that fits into a slotted hole in the
part and limits the rotation of the part in one direction in the typical structural dimensional
plane. Failure of the positioning and clamping elements can lead to deviations in the
positioning of the part in the assembly system, which, in turn, affects the geometry and
assembly accuracy of the product. For the “3-2-1” positioning method, the deviations of



Appl. Sci. 2023, 13, 9914 5 of 29

the part in the typical and atypical structural dimensional planes are independent and can
be analyzed separately.

2.2. Description of Typical Structural Dimensional Plane Deviations

The layout of the fixture for the part in the typical structural dimension plane xoy is
shown in Figure 2a. Pi is the four-way locating round hole pin and Pi+1 is the two-way
locating long hole pin.
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2.3. Description of Atypical Structural Dimensional Plane Deviations

In the actual assembly system, for weakly rigid parts, the “3-2-1” positioning scheme
is not sufficient to support the deformation of the part in the atypical part size direction, i.e.,
assume any point A, the flexible deformation df of point A in the z direction must be taken
into account. The layout of the fixture for the part in the atypical structural dimension
plane yoz is shown in Figure 2b.

2.4. Illustration of the Deviation State Space Model for a Multi-Level Assembly Process (MAP)

In the typical structural dimension plane, the structural rigidity of the part is sufficient
and the part deviation is manifested as the overall translation or rotation, whereas in
the atypical structural dimension plane, the structural rigidity of the part is extremely
poor compared to the former and the part deviation is manifested as local warping or
twisting deformation.

Therefore, the following assumptions are made for the deviation transfer model of a
multi-level assembly of a three-dimensional weakly rigid part. (1) The deviations of the
part in the typical and atypical structural dimension planes are independent of each other.
(2) The part is positioned according to the “3-2-1” positioning principle, ignoring the wear
of the NC blocks and the limiting effect of the blocks on the flexible deviation of the part.
(3) The positioning elements of the fixture already involved in the assembly are not invali-
dated until the end of the overall assembly process.

3. Deviation Analysis of Weakly Rigid Parts

The deviation of a weakly rigid part is the amount of deviation in the current assembly
station relative to the theoretical position of the part at the time of design.

3.1. Part Deviation

In terms of the spatial coordinate system, part deviations can be decomposed into
rigid translations and rigid rotations along the x, y and z directions and, for weakly rigid
parts, flexible bending deformations in specific directions.

1© Typical structural dimensional planes:
For weakly rigid thin-walled parts of the wall plate type shown in Figure 1, there are

deviations along the x and y directions and rotations in the σ plane.
2© Atypical structural dimensional planes:
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To reduce the redundancy of the state space model, the wear of the locating block
and the deviation of the part from rigid rotation in the τ and ϕ planes are neglected.
The deviations of the part in the atypical structural dimension plane are projected in the
direction of its long axis, i.e., to the ϕ plane, as shown in Figure 1.

At station k, for a point A on the part, the part deviation vector is noted as:

∆XA= [∆xA(k), ∆yA(k), ∆zA(k), ∆α(k), ∆βA(k)]
T (1)

In Equation (1), {∆xA(k), ∆yA(k), ∆zA(k)} are the offsets of point A on the part along
the x, y and z directions, {∆α} is the rigid rotation deviation of the typical structural
dimension plane of the part on the part, and {∆βA} is the flexible rotation deviation of
point A on the part in the projection plane.

For any two points A and B on part 1, their deviations in the σ plane are shown in
Figure 3. A and B are the theoretical positions of the two points, A′ and B′ are the actual
positions of the two points and the equidistant parallel line A′B′′ of AB is made with point
A′ as the base point. According to the vector operation theorem, the relative deviation (line
B′A′) between point A′ and point B′ has:

(2)
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At this time, the relative deviation between A′ and B′ (B′A′) is transformed into the
relative deviation between B′ and B′′ (B′B′′).

Assuming that the deviations of point A and point B in the σ plane are ∆xA, ∆yA, ∆α
and ∆xB, ∆yB, ∆α, respectively, then the deviations of point B from point A in the σ plane
are related as:[

∆xB
∆yB

]
=

[
∆xA
∆yA

]
+

[
‖HB,A

σ‖2∆αcosεσ

−‖HB,A
σ‖2∆αsinεσ

]
[

∆xB
∆yB

]
=

[
1 0 ‖HB,A

σ‖2cosεσ

0 1 −‖HB,A
σ‖2sinεσ

]
·

∆xA
∆yA
∆α

 (3)

In Equation (3), HB,A
σ = [yA − yB, xA − xB]

T represents the distance vector between
the coordinates of two points B1 and A1 on the σ plane, ‖HB,A

σ‖2 is the 2-parametric
number of this vector and εσ is the angle between the line connecting two points B1 and A1
on the σ plane and the y axis.

For any two points A and C on part 1, their deviation in the ϕ plane is shown in
Figure 4. Since the rigid rotation deviation of the part in the τ and ϕ planes is neglected,
only the flexible deformation in the z direction exists, and, because of its own gravity, the
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uneven distribution of support forces and other factors, it can be considered that the flexible
deformation of the part in the ϕ plane can be regarded as a smooth arc distributed along
the y axis.
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Suppose the deviations of point A and point C in the ϕ plane are ∆yA, ∆zA, ∆β and
∆yC, ∆zC, ∆β, respectively, then the deviation of point C from point A in the ϕ plane is
related to [

∆zC
]
=
[
∆zA

]
+
[
‖HC,A

ϕ‖2∆βcosεϕ

]
[
∆zC

]
=
[
1 ‖HC,A

ϕ‖2cosεϕ

]
·
[

∆zC
∆β

]
(4)

In Equation (4), εϕ is the angle between the line connecting the two points C1 and A1
on the ϕ plane and the x axis.

Assembling the two matrix Equations (3) and (4), the part deviation relationship
represented by any two points A, B on part 1 is obtained as follows:

∆XB1 = EB1,A1 ·∆XA1 (5)

EB,A =


1 0 0 ‖HB,A

σ‖2cosεσ 0
0 1 0 −‖HB,A

σ‖2sinεσ 0
0 0 1 0 ‖HB,A

ϕ‖2cosεϕ

0 0 0 1 0
0 0 0 0 1

 (6)

3.2. Sources of Deviation

From the point of view of the sources of deviation, the part deviation is a state vector in
the state space model. The part deviation consists of three sources of deviation as follows:

• The part has an initial manufacturing deviation ∆M, which is determined by the pro-
cessing and manufacturing technology level and the transportation and preservation
conditions of the part. Because the assembly station k > 0, so ∆X(0) = ∆M.

• The part has a deviation due to the deviation of the clamping element U(k).
• The part has a deviation caused by the contact force T(k) in the assembly fitting area.

4. Deviations in the Fixture Positioning and the Resulting Part Deviations

After clamping, since the “3-2-1” positioning scheme has a very limited effect of the
positioning block on the flexible deviation of the part, the influence of the positioning block
on the flexible deviation of the part is ignored, the wear of the positioning block is not taken
into account and the flexible deviation of the part due to insufficient rigidity is regarded
as the positioning deviation. Then, the deviation of the fixture includes the four-way
positioning round hole pin and the fixture deviation includes the movement deviation in
the σ plane of the two-way positioning long hole pins and the flexible deformation in the ϕ
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plane of the two positioning pins. At station k, the set of deviations of the two locating pins
P1 and P2 along the x, y, z directions is noted as {∆UP1(k), ∆UP2(k)} as:{

∆UP1(k), ∆UP2(k)
}
=
{

∆xP1(k), ∆yP1(k), ∆zP1(k), xP2(k), ∆yP2(k), ∆zP2(k)
}

(7)

4.1. Fixture Deviation
1© Typical structural dimension planes:

Part positioning adopts the “3-2-1” positioning method. P1 and P2 are the theoretical
positions of two points; P1

′ and P2
′ are the actual positions of two points. For the two

positioning points P1 and P2 on the σ plane of part 1, the deviations are shown in Figure 5.
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Assume that the angle between the two positioning points P1
′ and P2

′ and the y axis is
δ, and the angle between the long-axis direction of the slot of the two-way positioning pin
P2
′ and the y axis is α. The relative deviation of P1

′ and P2
′ is decomposed into a deviation

∆T′ along the long axis of the slot of the two-way locating long hole pin and a deviation
∆N′ perpendicular to the line connected to P1

′ and P2
′. Since the two-way locating long

hole pin can be moved in the slot along the long-axis direction, ∆T′ does not affect the
positioning accuracy of the fixture, i.e., it does not cause deviation of the part and can be
ignored, but ∆N′ will cause the part to produce a rotation deviation on the fixture, and this
deviation is rigid.

Assume the deviations of points P1 and P2 in the σ plane are ∆xP1 ,∆yP1 and ∆xP2 , ∆yP2 ,
respectively. According to the sine theorem, decomposing the relative deviations ∆xP2 , ∆yP2

and ∆yP2 − ∆yP1 of the two locus points into the vertical direction of the line P1
′P2
′, we get:

∆N1
′

sinδ1
=

∆xP2 − ∆xP1

sinδ2
,

∆N2
′

sinδ
=

∆yP2 − ∆yP1

sinδ3
(8)

∆N′ = 〈cα〉·∆N1
′ +
〈

c
(

α +
π

2

)〉
∆N2

′ (9)

In Equations (8) and (9), c
(
α + π

2
)
=cos

(
α + π

2
)
, δ1 = π

2 − α, δ2 = π
2 + α − δ,

δ3 = π
2 + δ − α, the operator 〈cα〉 denotes cα

|cα| = ±1. This gives the part rotation devi-
ation ∆α due to the two locating pins as:

∆α=
∆N′∥∥HP1,P2

σ
∥∥

2
(10)

2©Atypical structural dimension planes:
Assume the deviations of two positioning points P1 and P2 in the ϕ plane are as shown

in Figure 6 and assume the angle between the straight lines connected to the y axis at the
actual positions of the two positioning points P1

′ and P2
′ are θ. Decompose the relative
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deviation of P1
′ and P2

′ into the deviation ∆T′′ along the linear direction of line P1P2 and
the deviation ∆N′′ in the vertical direction of line P1P2.
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Suppose the deviations of points P1 and P2 in the ϕ plane are ∆yP1 , ∆zP1 and ∆yP2 , ∆zP2 ,
respectively, and the relative deviations of the two locus points P1 and P2 are ∆yP2 − ∆yP1

and ∆zP2 − ∆zP1 . Decomposing the relative deviation into the vertical direction of the line
P1P2 gives:

∆T1
′′

cosθ
= ∆zP2 − ∆zP1 ,

∆T2
′′

sinθ
= ∆yP2 − ∆yP1 (11)

∆T′′ = 〈cθ〉·∆T1
′′ +

〈
c
(

θ +
π

2

)〉
·∆T2

′′ (12)

Since the parts studied in this paper are thin-walled parts and the positioning holes are
all through-holes, it can be assumed that P1P2 coincides with the y axis, i.e., θ = 0. Therefore,
∆T′′ has nothing to do with the flexible deformation of the part, and ∆N′′ makes the flexible
deformation at point P2 relative to point P1. Then the flexible bending deformation angle
∆β′ at point P2 with respect to point P1 is:

∆β′=
∆T′′∥∥HP1,P2

ϕ
∥∥

2
(13)

The above equations are assembled to obtain the relationship between the devia-
tion vector ∆XP1 of the positioning point P1 on the part and the set of deviation vectors
{∆UP1(k), ∆UP2(k)} of the fixture elements:

∆XP1(k)= GP1,P2 ·
[

∆UP1(k)
∆UP2(k)

]
(14)

GP1,P2 =



1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0

−〈cαnew〉cosα

‖HP1,P2
σ‖2

cosγ

−〈c(δ+ π
2 )〉sinα

‖HP1,P2
σ‖2

cosγ
0 〈cαnew〉cosα

‖HP1,P2
σ‖2

cosγ

〈c(δ+ π
2 )〉sinα

‖HP1,P2
σ‖2

cosγ
0

0
−〈c(θ+ π

2 )〉sinθ

‖HP1,P2
ϕ‖2

−〈cθ〉cosθ

‖HP1,P2
ϕ‖2

0 〈c(θ+ π
2 )〉sinθ

‖HP1,P2
ϕ‖2

〈cθ〉cosθ

‖HP1,P2
ϕ‖2


(15)

In Equation (15), γ = α − δ. In order to make the coefficient matrix GP1,P2 universal, a
correction to α is required: αnew = 〈sδ〉·α, sδ = sinδ.

4.2. Part Deviations Due to Fixture Deviations
1© Typical structural dimensional planes:
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At station k, it follows from Equation (3) that the deviation of any point A on part 1
from the positioning point P1 is as follows:

[
∆xA
∆yA

]
=

[
1 0

∥∥HA,P1
σ
∥∥

2cosεσ

0 1 −
∥∥HA,P1

σ
∥∥

2sinεσ

]
·

∆xP1

∆yP1
∆α

 (16)

2© Atypical structural dimensional planes:
As can be seen from the previous section, the flexible deformation of the part in the

ϕ plane can be regarded as an arc, and the flexible bending deformation angle ∆β varies
at different coordinate points. As shown in Figure 7, any point A on the part, A′ is the
actual position of the point, and P1

′ and P2
′ are taken as the base points to make equal

parallel lines P1
′P2
′′ and P2

′P2
′ ′′ of line P1P2, respectively, and ∠P2

′P1
′P2
′′ is noted as ∆β′,

∠A′P1
′P2
′ ′′ is ∆β. When the point A′ is located at position Aa

′ in Figure 7a, the relationship
between the corresponding ∆β and ∆β′ is as follows:

∆β = ∆β′−
180·

∥∥HA,P2
ϕ
∥∥

2
2π·ρA,P1,P2

, ∆β′ > 0 (17)
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When the point A′ is located at position Ab
′ in Figure 7a, the relationship between the

corresponding ∆β and ∆β′ is as follows:

∆β = ∆β′−
180·

∥∥HA,P2
ϕ
∥∥

2
2π·ρA,P1,P2

, ∆β′ > 0 (18)

When the point A′ is located at position Ac’ in Figure 7c, the relationship between the
corresponding ∆β and ∆β′ is as follows:

∆β = ∆β′+
180·

∥∥HA,P2
ϕ
∥∥

2
2π·ρA,P1,P2

, ∆β′ > 0 (19)

When the point A′ is located at position Ad
′ in Figure 7d, the relationship between the

corresponding ∆β and ∆β′ is as follows:

∆β = ∆β′+
180·

∥∥HA,P2
ϕ
∥∥

2
2π·ρA,P1,P2

, ∆β′ > 0 (20)

From Equation (4), the deviation of any point A on the part from the positioning point
P1 at station k is related as follows:

[
∆zA

]
=
[
1
∥∥HA,P1

ϕ
∥∥

2sinεϕ
]
·
[

∆zP1

∆β

]
(21)

In summary, the deviation of any point A on the part is related to the deviation of the
positioning point P1 as follows:

∆XA = EA,P1 ·FA,P1 ·∆XP1 (22)

EA,P1 =


1 0 0

∥∥HA,P1
σ
∥∥

2cosεσ 0
0 1 0 −

∥∥HA,P1
σ
∥∥

2sinεσ 0
0 0 1 0

∥∥HA,P1
ϕ
∥∥

2cosεϕ

0 0 0 1 0
0 0 0 0 1

 (23)

FA,P1 =



1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0

0 0 0 0 1± sin
(

180·‖HA,P2
ϕ‖2

2π·ρA,P1,P2

)
· 1

∆β′

 (24)

5. Assembly Contact Forces and Resulting Part Deviations

Due to the coupling of multiple sources of deviation, such as component manufac-
turing deviations and fixture deviations, there are deviations in the relative positions of
the interconnected parts at the assembly point before the riveting or welding operation
begins, particularly interference or gaps in the contact fit area of the assembly. In order to
complete the assembly process, assembly forces are applied to the connected parts so that
the deviations are closed in the contact fit area.

5.1. Inspection of the Plane Position of the Assembly Contact Fit Area

Two parts to be assembled may have interference or gaps in the assembly contact fit
area. If interference exists, the assembly force is applied to the two parts at the location
of the interference or gap by the assembly plate before the riveting or welding operation
to eliminate the impending interference or gap and to ensure that the assembly stresses
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generated by the two parts in the assembly contact fit area are minimized. At this point in
the assembly process, the part deformation caused by the assembly stresses between the
two parts can be ignored and only the part deviation caused by the assembly forces on the
assembly plate can be ignored.

Through flush coordinate transformation, the deviation vector of each part and the
normal vector of the mating plane in the contact fit zone are unified in the global coordinate
system, and the deviation of the measuring point of the part in the contact fit zone can be
tested for contact relationship. To design a contact relationship detection algorithm for the
contact fit planes, based on the vertex coordinates of the two fit planes, the normal vector
of the two planes in the global coordinate system is used as the contact normal to detect
whether there is interference or a gap between the two planes, and, thus, determine the fit
of the two planes.

The Devillers and Guigue algorithm (Devillers’ algorithm) is a spatial triangle intersec-
tion detection algorithm that determines whether two triangles in space intersect in terms
of the positivity or negativity of the determinant of each vertex on the triangle. The specific
usage is as follows, the spatial position coordinates of four points in the known space:

A=
[
xA yA zA

]T , B=
[
xB yB zB

]T , C=
[
xC yC zC

]T , D=
[
xD yD zD

]T (25)

define Equation (26) as the determinant algorithm 1:

∣∣A B C D
∣∣
1=

∣∣∣∣∣∣∣∣
xA yA zA 1
xB yB zB 1
xC yC zC 1
xD yD zD 1

∣∣∣∣∣∣∣∣
1

= (A− D)·(B− D)× (C− D) (26)

As shown in Figure 8, the four vertices of the contact fit area of part 1 and part 2 are
connected to form quadrilaterals Q1 and Q2. The vertices of Q1 and Q2 are noted as AQ1 ,
BQ1 , CQ1 , DQ1 and AQ2 , BQ2 , CQ2 , DQ2 , respectively, and the points AQ1 , BQ1 , CQ1 and the
points AQ2 , BQ2 , CQ2 form triangles S1 and S2. If the two triangles satisfy the intersection of
space triangles test equation:∣∣AQ1 BQ1 AQ2 BQ2

∣∣
1 ≤ 0∩

∣∣AQ1 CQ1 AQ2 CQ2

∣∣
1 ≤ 0 (27)

Appl. Sci. 2023, 13, x FOR PEER REVIEW 13 of 30 
 

 
Figure 8. Interference and clearance between contact fit zone planes Q1 and Q2.then the two trian-
gles S1 and S2 intersect in space, i.e., the contact fit zone planes Q1 and Q2 are in both interference 
and clearance. 

However, Devillers’ algorithm can only be used to determine whether two planes 
intersect, as shown in Figure 9, when the plane Q1 completely penetrates Q2; the penetra-
tion relationship between the two planes cannot be correctly judged. Therefore, a spatial 
triangle penetration detection algorithm based on the deviation of the part measurement 
points is proposed to determine the penetration relationship between two triangles in 
space with the help of the positive and negative of the determinant formed by the deviation 
of each vertex on the plane triangle. Suppose the z direction be the contact normal direction 
and the points AQ1, BQ1, CQ1, AQ2, BQ2, CQ2 in the contact normal direction deviation vector Θଵ=[∆𝑧஺ೂభ ∆𝑧஻ೂభ ∆𝑧஼ೂభ]், Θଶ=ൣ∆𝑧஺ೂమ ∆𝑧஻ೂమ ∆𝑧஼ೂమ൧் (28)

define Equation (29) as the determinant algorithm 2: 

|𝛩ଵ 𝛩ଶ|ଶ=อ∆𝑧஺ ∆𝑧஻ ∆𝑧஼∆𝑧஽ ∆𝑧ா ∆𝑧ி1 1 1 อଶ= (∆𝑧஺ − ∆𝑧஽) ∙ (∆𝑧஻ − ∆𝑧ா) ∙ (∆𝑧஼ − ∆𝑧ி) (29)

 
Figure 9. Part 1 is fully penetrated in part 2. 

When the two planes Q1 and Q2 are judged not to intersect by the intersection detec-
tion algorithm, penetration detection is required for Q1 and Q2. For the two triangles S1 
and S2 within the planes Q1 and Q2, the deviation vector Θௌభ  = [∆𝑧஺ೄభ ∆𝑧஻ೄభ ∆𝑧஼ೄభ]் 
and Θௌమ = [∆𝑧஺ೄమ ∆𝑧஻ೄమ ∆𝑧஼ೄమ]் of their vertices AS1BS1CS1 and AS2BS2CS2. Substitute the 
spatial triangle penetration detection equation |Θଵ Θଶ|ଶ. When |Θଵ Θଶ|ଶ < 0, S1 is com-
pletely penetrated by S2, i.e., there is interference between the planes Q1 and Q2. When 

Figure 8. Interference and clearance between contact fit zone planes Q1 and Q2.then the two triangles
S1 and S2 intersect in space, i.e., the contact fit zone planes Q1 and Q2 are in both interference
and clearance.

However, Devillers’ algorithm can only be used to determine whether two planes
intersect, as shown in Figure 9, when the plane Q1 completely penetrates Q2; the penetration
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relationship between the two planes cannot be correctly judged. Therefore, a spatial triangle
penetration detection algorithm based on the deviation of the part measurement points is
proposed to determine the penetration relationship between two triangles in space with
the help of the positive and negative of the determinant formed by the deviation of each
vertex on the plane triangle. Suppose the z direction be the contact normal direction and
the points AQ1 , BQ1 , CQ1 , AQ2 , BQ2 , CQ2 in the contact normal direction deviation vector

Θ1=
[
∆zAQ1

∆zBQ1
∆zCQ1

]T
, Θ2=

[
∆zAQ2

∆zBQ2
∆zCQ2

]T
(28)

define Equation (29) as the determinant algorithm 2:

∣∣Θ1 Θ2
∣∣
2=

∣∣∣∣∣∣
∆zA ∆zB ∆zC
∆zD ∆zE ∆zF

1 1 1

∣∣∣∣∣∣
2

= (∆zA − ∆zD)·(∆zB − ∆zE)·(∆zC − ∆zF) (29)
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When the two planes Q1 and Q2 are judged not to intersect by the intersection detection
algorithm, penetration detection is required for Q1 and Q2. For the two triangles S1 and

S2 within the planes Q1 and Q2, the deviation vector ΘS1 =
[
∆zAS1

∆zBS1
∆zCS1

]T
and

ΘS2 =
[
∆zAS2

∆zBS2
∆zCS2

]T
of their vertices AS1 BS1 CS1 and AS2 BS2 CS2 . Substitute the

spatial triangle penetration detection equation
∣∣Θ1 Θ2

∣∣
2. When

∣∣Θ1 Θ2
∣∣
2 < 0, S1 is

completely penetrated by S2, i.e., there is interference between the planes Q1 and Q2. When∣∣Θ1 Θ2
∣∣
2 > 0, there is no penetration between S1 and S2, i.e., there is a gap between the

planes Q1 and Q2. When
∣∣Θ1 Θ2

∣∣
2 = 0, S1 and S2 fit exactly together, i.e., there is neither

interference nor a gap between the planes Q1 and Q2.

5.2. Part Deviations Due to Assembly Contact Forces

In the theoretical case, assuming that there is a point A1 on part 1 for the riveted or
welded connection position, there must exist a point A2 on part 2 which is connected to
part 1. Points A1 and A2 coincide in space, and points A1 and A2 are recorded as a pair
of assembly connection points in the assembly process, whether there is interference or a
gap between the two assembly planes. According to the law of linear elasticity, assuming
that a unit force FA is applied to any point A on the part before riveting or welding, the
displacement change at point A can be obtained as δA=CA·FA. CA is the flexibility coefficient
of point A, which indicates the displacement generated when point A is subjected to a
unit force. From this, by dividing the part into a finite number of nodes, the relationship
between the amount of displacement at all nodes and the force applied can be obtained:

[δ] = [C]·[F] (30)

[F] = [K]·[δ] (31)
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In Equations (30) and (31), [δ] = [δA, δB, δC, · · · , δN ]
T denotes the amount of displace-

ment of all nodes, [F] = [FA, FB, FC, · · · , FN ]
T denotes the forces acting on all nodes; [C]

is the multidimensional flexibility matrix of the part, representing the displacement pro-
duced by each node when all nodes on the part are subjected to a unit force; [K] is the
multidimensional stiffness matrix of the part, [K] = [C]−1.

Equations (30) and (31) can accurately explain the relationship between nodal forces
and nodal displacements, where [δ] and [F] contain information on the displacements
and bearing forces of all nodes. At workstation k, part 1 and part 2, the two parts to be
connected, are set to be assembled; in the global coordinate system, the flexibility matrix of
the two are [C1 ] and [C2 ], the two parts to be connected by the assembly forces are [F1(k)]
and [F2(k)], then the two parts’ displacement [δ1(k)] and [δ2(k)] is:

[
δ(k)

]
=

[
δ1(k)
δ2(k)

]
=
[
C(k)

]
·
[

F1(k)
F2(k)

]
=

[
C1

C2

]
·
[

F1(k)
F2(k)

]
(32)

In Equation (32), F1(k) =
[
FA1(k) FB1(k) · · · FN1(k)

]T, FA1 =[
fA1x(k) fA1y(k) fA1z(k)

]T, {A, B, · · ·N} is thekeypointnumberonpart1,
{

fA1x, fA1y, fA1z
}

is the component of the assembly force at point A on part 1 on the xyz axis.

δ1=
[
δA1(k) δB1(k) · · · δN1(k)

]T , δA1 =
[
∆xA1(k) ∆yA1

(k) ∆zA1(k)
]T

indicates part de-
viation due to assembly forces at point A on part 1.

6. Deviation State Space Model for the MAP of Three-Dimensional Weakly
Rigid Parts

In a multi-level assembly process, as the assembly process is extended, dimensional
deviations of parts, fixture positioning deviations and assembly contact deviations accumu-
late gradually in the assembly body, forming dimensional deviations of the assembly at the
end of the last assembly station, a process that can be mapped as a discrete event dynamic
system for the transfer of assembly deviations of weakly rigid parts.

For a multi-station assembly system, the number of states corresponds to the number
of assembly stations. Let a total of n assembly stations be included, i.e., there exist n state
spaces, and the assembly operation at each station is mapped as a discrete event. Figure 10
shows a schematic diagram of the multi-level assembly of a three-dimensional part, and
Figure 11 shows a schematic diagram of the state space of the multi-station assembly model
for each part shown in Figure 10.
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Figure 11. Diagram of the multi-working assembly state of a weakly rigid flat part.

At station k, independent part i+1 completes clamping and riveting operations with
sub-assembly part a at the previous assembly station to form sub-assembly part a+1. The
sub-assembly part a+1 then moves on to the next assembly station until the assembly
process is completed to produce the total assembly.

6.1. Deviation Conversion from the Part to the Global Coordinate System

As mentioned earlier, from the perspective of modelling the deviation vectors of each
part, each part has an independent part coordinate system Lpcs. For the angle joint assembly
system, in the contact fit area of two parts, two contact surface normal vectors exist in each
part coordinate system, and the un-unified two normal vectors greatly affect the modelling
and calculation efficiency of the deviation flow state model. From the perspective of multi-
station assembly flow modelling, a unified global coordinate system Lgcs is established and
a mathematical relationship between the global coordinate system at the assembly level
and the part coordinate system at the part level is established by means of a homogeneous
transformation matrix.

Figure 12 has the local coordinate systems Lpcs1 and Lpcs2 of part 1 and part 2 and the
global coordinate system Lgcs of the assembly system. According to the right-handed spiral
criterion specifying the positive direction of rotation of the coordinate axes, the rotation
vector angles of x, y and z of coordinate system Lpcs1 with respect to coordinate system Lgcs
are noted as ωx, ωy, ωz and the origin of coordinate system Lpcs1. The translation vector
displacement of the origin of the coordinate system Lpcs1 with respect to the origin of the
coordinate system Lgcs is noted as tx, ty, tz.
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With the introduction of the global coordinate system Lgcs, the normal vectors np1
1 and

np2
2 of the non-uniform coordinate system in Figure 12 can be transformed into the normal

vectors ng
1 and ng

2 of the uniform coordinate system, and the rotation transformation matrix
from the coordinate system Lpcs1 to the coordinate system Lgcs can be found as Rp1/g and
translational transformation matrix Tp1/g:

Rp1/g =

cωzcωy cωzsωysωx − sωzcωx cωzsωycωx + sωzsωx
sωzcωy sωzsωysωx + cωzcωx sωzsωycωx − cωzsωx
−sωy cωysωx cωycωx

, Tp1/g=

tx
ty
tz

 (33)

At station k, note that XA1
p1(k)=

[
xA1

p1(k), yA1
p1(k), zA1

p1(k), v
]T denotes the coordi-

nates of the homogeneous position coordinates of point A in the coordinate system Lpcs1 for

any point A on part 1. ∆XA1
p1(k)=

[
∆xA1

p1(k), ∆yA1
p1(k), ∆zA1

p1(k), ∆αp1(k), ∆βp1(k)
]T

denotes the vector of part deviations of point A in the coordinate system Lpcs1. Where v is
the coordinate projection coefficient, then the relationship between the coordinates XA1

g(k)
and XA1

p1(k) and the deviation vector ∆XA1
g(k) and ∆XA1

p1(k) of the homogeneous
position coordinates of point A in the coordinate system Lgcs is:

XA1
g(k)= Λ1·XA1

p1(k)
∆XA1

g(k)= Π1·∆XA1
p1(k)

(34)


xA1

g(k)
yA1

g(k)
zA1

g(k)
v

= [Rp1/g Tp1/g
1

]
·


xA1

p1(k)
yA1

p1(k)
zA1

p1(k)
v




∆xA1
g(k)

∆yA1
g(k)

∆zA1
g(k)

∆α1
g(k)

∆β1
g(k)

=
Rp1/g

1
1

·


∆xA1
p1(k)

∆yA1
p1(k)

∆zA1
p1(k)

∆α1
p1(k)

∆β1
p1(k)


(35)

In Equation (34), due to the absence of projection transformation, v constant to 1, Λ1 is
the homogeneous transformation matrix of the position coordinates of the part from the
coordinate system Lpcs1 to the coordinate system Lgcs. Π1 is the transformation matrix of
the part deviation vector from the coordinate system Lpcs1 to the coordinate system Lgcs;
substituted into Rp1/g and Tp1/g the following can be obtained:
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
xA1

g(k)
yA1

g(k)
zA1

g(k)
1

=


cωzcωy cωzsωysωx − sωzcωx cωzsωycωx + sωzsωx tx
sωzcωy sωzsωysωx + cωzcωx sωzsωycωx − cωzsωx ty
−sωy cωysωx cωycωx tz

1

·


xA1
p1(k)

yA1
p1(k)

zA1
p1(k)
1




∆xA1
g(k)

∆yA1
g(k)

∆zA1
g(k)

∆α1
g(k)

∆β1
g(k)

=


cωzcωy cωzsωysωx − sωzcωx cωzsωycωx + sωzsωx
sωzcωy sωzsωysωx + cωzcωx sωzsωycωx − cωzsωx
−sωy cωysωx cωycωx

1
1

·


∆xA1
p1(k)

∆yA1
p1(k)

∆zA1
p1(k)

∆α1
p1(k)

∆β1
p1(k)


(36)

6.2. Deviation State Equation of Weakly Rigid Parts in a MAP

In order to reflect the dimensional deviations of the product, features that have a
significant impact on the quality of the product are usually selected as objects for monitoring
and control, such as the dimensions of the parts and sub-assemblies that affect the assembly
accuracy and assembly force, which are usually referred to as key characteristics (KC). KC
are divided into two types: key product characteristics (KPC) and key control characteristics
(KCC). KPC refer to dimensional characteristics that affect the performance and appearance
of assembled components, such as the coordinates of measurement points reflecting the
coaxiality of mating holes in sub-assembly components, etc.; KCC refer to the relevant
tooling, processes, etc. that have an impact on assembly accuracy, and can be taken as
points that are not on the product, such as the key location control characteristics (KLCC)
of fixtures acting on the product, interference or clearance support elements (key contact
control characteristics (KCCC)) where assembly forces are applied to the product.

In Section 3.2, the three main sources of part dimensional deviations were described.
By combining the above sources of deviations, the equation of state for the transfer of part
deviation flow at station k is obtained as

X(k) = X(k− 1) + DP(k) + DQ(k) + R(k)
X(k)=

[
∆XA1(k) ∆XB1(k) · · · ∆XN1(k) · · · ∆XAw(k) · · · ∆XNw(k)

]T (37)

In Equation (37), k = {1, 2, 3, · · · } denotes the number of stations in the overall
assembly process, X(k) is a state variable indicating the dimensional deviation of all
parts within Lgcs, {1, 2, · · · , w} denotes all part numbers in the overall assembly process
and {A1, B1, · · · , N1, Aw, · · · , Nw} denotes the KPC points on parts 1~w with numbered
A1 ∼ Nw. When k = 0, X(0) denotes the manufacturing deviation of the part. DP(k) is the
part deviation due to fixture deviation, DQ(k) is the part deviation due to interference or
clearance errors at the contact locations between the parts to be assembled and R(k) is the
random noise error due to uncertainties in the assembly, all three of which lie within Lgcs.
In DQ(k), the rigid rotation deviation ∆α(k) and the flexible rotation deviation ∆β(k) are
noted as zero, since only part displacement information exists.

In Equation (37), DP(k) is the deviation of the part due to fixture deviation, and the
deviation of the KCC point on the part in relation to the KPC point can be seen in Section 4.2:

DP(k) = B(k)·U(k)
U(k)=

[
∆UP1(k) ∆UP2(k) ∆UP3(k) · · · ∆UPn(k)

]T (38)
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B(k) =



Π1EA1,P1 FA1,P1 GP1,P2 05×6 05×6 · · · 05×6

05×6 Π2EA2,P3 FA2,P3 GP3,P4 05×6 · · · 05×6

05×6 05×6 Θ3 05×6

...
...

...
...

05×6 05×6 05×6 · · · Θ
. . .

05s×6s


Θ = Πw·EAw ,Pi ·FAw ,Pi ·GPi ,Pi+1

(39)

In Equations (38) and (39), {P1, P2, P3, · · · , Pn} denotes all KCC point numbers in the en-
tire assembly process,

{
∆UPi (k), ∆UPi+1(k)

}
⊆
{

∆UP1(k), ∆UP2(k), ∆UP3(k), · · · , ∆UPn(k)
}

and {Pi, Pi+1} ⊆ {P1, P2, P3, · · · , Pn}. Aw represents KPC point A on part w, B(k) repre-
sents the combined influence matrix from KCC point deviation to KPC point deviation and
Πw represents the deviation vector transformation matrix of part w from coordinate system
Lpcs1 to coordinate system Lgcs.

In Equation (38), DQ(k) is the deviation of the part due to the assembly force at the
contact position between the parts to be assembled, and the deviation of the point KCCC
from the point KPC on the part can be seen in Section 5.2:

DQ(k) = S(k)·C(k)·T(k)
T(k)=

[
∆FA1(k) ∆FB1(k) · · · ∆FNw(k)

]T (40)

C(k)=


C1

C2
. . .

Cw

 (41)

In Equations (40) and (41), the Devillers spatial triangle intersection detection algo-
rithm and the spatial triangle penetration detection algorithm based on the deviation of the part
measurement points are used to obtain the assembly forces

{
∆TA1(k), ∆TB1(k), · · · , ∆TNw(k)

}
on all nodes on parts 1~w within Lgcs, and

{
∆δA1(k), · · · , ∆δQw(k)

}
denotes the displace-

ments of all nodes on parts 1 to w within L_gcs due to assembly forces. As T(k) contains
information on the bearing forces of all nodes of the part, the deviation vector of KPC points
is selected using the selection square S(k), which is a Boolean diagonal square containing
only 0 or 1 elements, where the positions of the non-zero rows correspond to the KPC
points; C(k) is the flexibility matrix of the part, feeding back the relationship between the
bearing forces of the part nodes and the amount of node displacements.

For ease of application and arithmetic, the coefficient matrix B(k) in Equation (40) can
be written as a linear combination of the sub coefficient matrices L(k), E(k), F(k) and G(k)
as follows:

B(k) = L(k)·E(k)·F(k)·G(k)

L(k)=


Π1

Π2
. . .

Πw

 (42)

7. Case Validation and Analysis

In this paper, a state space-based assembly deviation transfer model is applied to the
frame structure of the rear fuselage engine compartment of a certain type of aircraft as an
experimental case. From the perspective of mathematical theory, the multi-level assembly
deviation transfer model of the rear fuselage frame structure is constructed. Firstly, the
positional information of each part before the assembly process starts is obtained, and the
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spatial coordinates of the KPC and KCC points on the part are updated through a spatial
triangle penetration detection algorithm based on the deviation of the part measurement
points. Finally, the similarities and differences between the multi-level assembly devia-
tion transfer mathematical model and the finite element simulation model are compared
horizontally to analyses the accuracy and feasibility of the multi-level assembly deviation
transfer model proposed in this paper.

7.1. Case Description

The rear fuselage engine compartment frame structure is a typical large-sized struc-
tural part, which is integrated by several holes, slots, ribs or long trusses, and serves as the
skeleton of the rear fuselage part of the aircraft and affects the assembly accuracy of the
rest of the components and the overall assembly of the aircraft skin. As the thickness of
the parts in the frame structure is much less than the typical part size, it can be assumed
that the assembly process for this frame structure is consistent with the assembly of weakly
rigid parts. Figure 13 shows a simplified model schematic of the frame structure of the
middle and rear fuselage of a type of aircraft. Figure 14 shows the distribution of the upper
KPC points and KCC points of part 1~4 The structure consists of two large-size thin-walled
structural parts(Part1, Part3) and two connecting parts(Part2, Part4). Part1 and Part3 are
weakly rigid parts with significant flexible deformation characteristics. Part2 and Part4
have a double-layered structure and their flexible deformation is negligible.
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The assembly connection between the individual parts is completed by means of
rivets. There are four stations on the assembly line, as shown in Figure 15. Station (I)
is a preparatory station before the assembly process begins, the purpose of which is to
measure the coordinates of the position of the KC points on each part and to position the
thin-walled parts (Part1). Station (II) positions the connecting parts (Part2) and joins the
thin-walled parts (Part1) to the connecting parts (Part2) to form the sub-assemblies(Part1
and 2]. Workstation (III) positions the thin-walled parts (Part3), joining the subassemblies
(Part1 and 2) to the thin-walled parts (Part3) to form subassemblies (Part1 and 2 and 3).
Workstation (IV) positions the joiners (Part4) and joins the sub-assemblies(Part1 and 2
and 3) to the joiners (Part4) to form the sub-assemblies (Part1 and 2 and 3 and 4). Station
(V) completes the rivet connection step between the thin-walled parts (Part1) and the
connecting parts (Part4) in subassemblies (Part1 and 2 and 3 and 4) in order to close the



Appl. Sci. 2023, 13, 9914 20 of 29

assembly process and form a box-type structure and serves as a measuring station to check
the assembly quality and accuracy of the box-type structure. In the actual assembly process,
such thin-walled parts with large structural dimensions and weak rigidity usually require
the use of a large number of fixtures to constrain their spatial position, often following the
“N-2-1” over-positioning principle rather than the “3-2-1” positioning principle. However,
the blind use of fixtures is not only ineffective in ensuring the accuracy of the assembled
product, but can also cause many problems, such as making the assembly process more
redundant and increasing the cost of materials and labor required for assembly. Therefore,
this paper still uses the most influential “3-2-1” positioning principle to analyze the assem-
bly deviation of such parts, calculates the deviation of the selected KCC point on the part,
combines the spatial triangle penetration detection algorithm, introduces contact penalty
force to eliminate the interference and gap between adjacent parts and corrects the position
coordinates of the KPC point on the part. Using the sequential change of assembly stations
in the assembly process as the time course and the position coordinates of KPC points as
the spatial course, the accumulation, flow and transfer of part assembly deviations across
multiple assembly stations are revealed to illustrate the deviation transfer mechanism of
weakly rigid parts under the “3-2-1” positioning scheme.
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7.2. Deviation Transfer Model for MAP

In order to ensure that the assembly deviation transfer mathematical model and the
finite element simulation model are year-on-year, it is necessary to specify uniform KPC
and KCC points for each part. The deviation of the KLCC point is determined by the fixture
manufacturing process. The deviation of KLCC points is determined by processes such as
fixture manufacturing, and the deviation of KCCC and KPC points is caused by the flexible
deformation of the part. Based on the actual distribution characteristics of KC points on
each part and fixture in the deviation source, the initial deviation values of KCCC points
on parts Part1 to Part4 in the MAP are obtained, as shown in Table 1.
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Table 1. Deviation value of the KCCC point (flexible deformation already present).

Part Name
KCCC Point Deviation (x-y-z)/mm 1

Contact Fit Zone 1 Contact Fit Zone 2

Part 1 (0, 0, 1.882) (0, 0, 1.882)
(0, 0, 1.973) (0, 0, 1.972)

(0, 0, 2.503) (0, 0, 2.503)
(0, 0, 2.556) (0, 0, 2.556)

Part 2 (0, 0, 0) (0, 0, 0)
(0, 0, 0) (0, 0, 0)

(0, 0, 0) (0, 0, 0)
(0, 0, 0) (0, 0, 0)

Part 3 (0, 0, 1.589) (0, 0, 1.588)
(0, 0, 1.619) (0, 0, 1.618)

(0, 0, 0) (0, 0, 2.121)
(0, 0, 0) (0, 0, 2.183)

Part 4 (0, 0, 0) (0, 0, 0)
(0, 0, 0) (0, 0, 0)

(0, 0, 0) (0, 0, 0)
(0, 0, 0) (0, 0, 0)

1 Deviation values are counted in the part coordinate system.

Similarly, the initial deviation values of the KLCC points in the MAP were obtained.
Due to the flexible deformation of the weakly rigid parts Part1 and Part3 and the influence
of the locating pins, the contact action in the contact fit area of each part has a significant
non-linear contact phenomenon. In order to control the non-linear contact forces that may
cause odd values, the position of the strongly rigid parts Part2 and Part4 is first temporarily
adjusted to approximate the fit with Part1 and Part3, assuming an adjustment amount of h,
after ensuring that all four contact pairs have been generated smoothly. Rigid displacement
compensation is then applied according to the adjustment amount h to eliminate gaps
and overfills.

Under the part coordinate system shown in Figure 13, the nominal coordinate values
of the KPC and KLCC points on the weakly rigid parts Part1 and Part3 and the strongly
rigid parts Part2 and Part4 are determined from Table 2 before the assembly process begins.

Table 2. Nominal coordinate values of the KLCC point and KPC point in the MAP 1.

Part Name

KLCC Point Coordinates 2 KPC Point Coordinates 2

KLCC Point Name (x-y-z)/mm KPC
Point Name (x-y-z)/mm

Part 1 Locating pins 3 P1 (−225.763, 1603.796, −23.991) A1 (−76.052, 3357.246, −22.253)P2 (−225.797, 1734.796, −24.003)

Part 2 Locating pins 3 P3 (−391.672, 842.316, −3403.190) A2 (−488.994, 253.063, −3403.190)P4 (−391.638, 511.119, −3403.190

Part 3 Locating pins 3 P5 (−225.764, −1752.198, −1199.504) A3 (−76.050, 0.646, −1197.504)P6 (−225.800, −1603.797, −1199.500)

Part 4 Locating pins 3 P7 (−412.935, −321.565, −46.553) A4 (−319.919, −294.442, −46.5528)P8 (−419.802, −777.862, −46.5528)

1 The data in Table 2 already existed when the flexible deformation of the parts was counted. 2 Deviation values
are counted in the part coordinate system. 3 Locating pins indicate four-way locating pins and two-way locating
pins; there are four parts in the case, so there are four four-way locating pins and four two-way locating pins.

According to Tables 1 and 2, the spatial postures of parts Part1 to Part4 are determined,
and the system matrices B, E, F, G and L in the MAP are calculated to obtain the posture of
each part under the coupling effect of its own flexible deformation and fixture positioning
deviation. The coordinates of the KCCC points in the contact and fit area are obtained
to reconstruct the contact state between the parts in the contact and fit area. The flush
transformation matrix of parts Part1 to Part4 are calculated from the part coordinate system
Lpcs x (x = 1, 2, 3, 4) to Lgcs, respectively, and MATLAB 9.10 software is used to implement
the spatial triangle intersection detection algorithm and the spatial triangle penetration
detection algorithm based on the deviation of the part measurement points to apply penalty
force to the contact fit surface of each part to correct the contact gap or penetration. Finally,
the mathematical modelling of the assembly deviation transfer model of each part in the
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above frame structure is completed and the state space equation for the multi-level assembly
deviation transfer of the frame structure is obtained according to Equations (43)–(45):

X(k) = X(k− 1) + DP(k) + DQ(k) + R(k) (43)

DP(k) = B(k)·U(k) = L(k)·E(k)·F(k)·G(k)·U(k) (44)

DQ(k) = S(k)·C(k)·T(k) (45)

In Equations (43)–(45), k = 1, 2, 3, 4, 5. The specific values of the system matrices E, F,
G and L in this mathematical model are:

E(1) =
[

EA1,P1 05×15

015×1 015×15

]
, E(2) =

EA1,P1 05×5 0

05×5 EA2,P3

...
0 · · · 010×10

, E(3) =


EA1,P1 05×5 05×5 0

05×5 EA2,P3 05×5 ...
05×5 05×5 EA3,P5

0 · · · 05×5



E(4) =


EA1,P1 05×5 05×5 05×5

05×5 EA2,P3 05×5 05×5

05×5 05×5 EA3,P5 05×5

05×5 05×5 05×5 EA4,P7

, E(5) =


EA1,P1 05×5 05×5 05×5

05×5 EA2,P3 05×5 05×5

05×5 05×5 EA3,P5 05×5

05×5 05×5 05×5 EA4,P7


(46)

EA1,P1 =


1 0 0 1753 0
0 1 0 −149 0
0 0 1 0 1753
0 0 0 1 0
0 0 0 0 1

, EA2,P3 =


1 0 0 589 0
0 1 0 −97 0
0 0 1 0 589
0 0 0 1 0
0 0 0 0 1



EA3,P5 =


1 0 0 1752 0
0 1 0 −149 0
0 0 1 0 1752
0 0 0 1 0
0 0 0 0 1

, EA4,P7 =


1 0 0 27 0
0 1 0 −21 0
0 0 1 0 27
0 0 0 1 0
0 0 0 0 1


(47)

F(1) =
[

FA1,P1 05×15

015×5 015×15

]
, F(2) =

FA1,P1 05×5 0

05×5 FA2,P3

...
0 · · · 010×10

, F(3) =


FA1,P1 05×5 05×5 0

05×5 FA2,P3 05×5 ...
05×5 05×5 FA3,P5

0 · · · 05×5



F(4) =


FA1,P1 05×5 05×5 05×5

05×5 FA2,P3 05×5 05×5

05×5 05×5 FA3,P5 05×5

05×5 05×5 05×5 FA4,P7

, F(5) =


FA1,P1 05×5 05×5 05×5

05×5 FA2,P3 05×5 05×5

05×5 05×5 FA3,P5 05×5

05×5 05×5 05×5 FA4,P7


(48)

FA1,P1 =


1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 −11

, FA2,P3 =


1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 NaN



FA3,P5 =


1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 51

, FA4,P7 =


1 0 0 0 0
0 1 0 0 0
0 0 1 0 0
0 0 0 1 0
0 0 0 0 NaN


(49)
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G(1) =
[

GP1,P2 05×18

015×6 015×18

]
, G(2) =

GP1,P2 05×6 0

05×6 GP3,P4

...
0 · · · 010×12

, G(3) =


GP1,P2 05×6 05×6 0

05×6 GP3,P4 05×6 ...
05×6 05×5 GP5,P6

0 · · · 05×6



G(4) =


GP1,P2 05×6 05×6 05×6

05×6 GP3,P4 05×6 05×6

05×6 05×5 GP5,P6 05×6

05×6 05×6 05×6 GP7,P8

, G(5) =


FA1,P1 05×5 05×5 05×5

05×5 FA2,P3 05×5 05×5

05×5 05×5 FA3,P5 05×5

0 05×5 05×5 FA4,P7


(50)

GP1,P2 =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0

−0.0076 0 0 0.0076 0 0
0 0 −0.0076 0 0 0.0076

, GP3,P4 =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0

−0.0030 0 0 0.0030 0 0
0 0 −0.0030 0 0 0.0030



GP5,P6 =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0

−0.0067 0 0 0.0067 0 0
0 0 −0.0067 0 0 0.0067

, GP7,P8 =


1 0 0 0 0 0
0 1 0 0 0 0
0 0 1 0 0 0

−0.0022 0 0 0.0022 0 0
0 0 −0.0022 0 0 0.0022


(51)

L(1) =
[
020×20], L(2) =

[
Π1 05×15

015×5 015×15

]
, L(3) =

 Π1 05×5 0

05×5 Π2
...

0 · · · 05×5



L(4) =


Π1 05×5 05×5 0

05×5 Π2 05×5 ...
05×5 05×5 Π3

0 · · · 05×5

, L(5) =


Π1 05×5 05×5 0

05×5 Π2 05×5 05×5

05×5 05×5 Π3 05×5

05×5 05×5 05×5 Π4


(52)

Π1 =

0 0 1
1 0 0
0 1 0

, Π2 =

0 1 0
1 0 0
0 0 −1

, Π3 =

0 0 −1
1 0 0
0 −1 0

, Π4 =

0 −1 0
1 0 0
0 0 1

 (53)

Based on the actual assembly process in this case, assembly simulation tests were
carried out to verify the validity of the mathematical model for assembly deviation transfer.
Based on the KLCC point deviation values described in Table 3, a finite element simulation
model of the assembly process for the frame-shaped structure was created in Abaqus 2021
software. In order to avoid penetrations between parts and components in areas that do
not conform to the laws of physics, four contact pairs are defined in the assembly process
of the frame-shaped structure. In the positioning phase, the geometry of fixture elements,
such as positioning blocks, slots, holes and pins, is much smaller than the geometry of the
part or subassembly, so the geometric features of the fixture elements are ignored and the
geometric contact between the fixture elements and the part or subassembly is simplified.
Based on the fixture layout data from the actual assembly process, boundary constraints are
applied to the part or subassembly in the form of points. In order to exclude the influence
of mesh size and unreasonable element type on the test results, and to comprehensively
consider the geometric complexity of each part in the case, it is decided to use the C3D10M
element type. The C3D10M element uses the form function with linear interpolation to
approximate its internal variables. This makes it suitable for simulating linear elastic and
plastic behavior over small strain ranges. In addition, the model response with a mesh
size of 10–30 mm was tested to analyze the mesh convergence. In this mesh size range, the
mesh size has little influence on the simulation results, so it is logical to think that the mesh
size is not sensitive to the simulation results. In the rivet fastening phase, the contact action
in the contact fit area of each part is significantly non-linear due to the flexible deformation
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of the weakly rigid parts Part1 and Part3 and the influence of the locating pins. The four
sliding friction contact pairs are defined and the strong rigid parts Part2 and Part4 are first
temporarily adjusted to approximate the fit with Part1 and Part3 to ensure that all four
contact pairs have been created smoothly, and then the deviation of the locating blocks in
Table 3 is considered as rigid displacement to eliminate the gap and overfill to achieve a
tight fit in the contact area. Subsequently, the four defined sliding contact pairs are modified
to bound contact to simulate the rigid connection between the parts (subassemblies) after
riveting. The simulation results for the frame structure MAP are shown in the deviation
deformation cloud map (unit: mm) in Figure 16.

Table 3. Deviation value of the KLCC point.

Part
Name

KLCC Point Deviation 1

KLCC Point Name x/mm y/mm z/mm

Part 1
Locating pins 2 P1 0.100 0.100 —

P2 0.050 — —
Locating blocks 3 — — —

Part 2
Locating pins P3 0 0 —

P4 0 — —
Locating blocks — — −0.110

Part 3
Locating pins P5 0.050 0.100 —

P6 −0.050 — —
Locating blocks — — —

Part 4
Locating pins P7 0 0 —

P8 0 — —
Locating blocks — — −0.150

1 Deviation values are counted in the part coordinate system. 2 Locating pins indicate four-way locating pins and
two-way locating pins; there are four parts in the case, so there are four four-way locating pins and four two-way
locating pins. 3 Locating blocks are NC blocks, in which case the error of the locating blocks is ignored and their
deviation in the z direction in Table 3 is equal to the rigid displacement compensation h.
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8. Results

In the MAP of the frame structure, there are four KPC points; however, since the parts
Part2 and Part4 do not have their own flexible deformation and fixture positioning devia-
tion, the deviation of their KPC points is not recorded, and the change of the coordinates
of the KPC points calculated by the mathematical model of assembly deviation transfer
and the finite element simulation test can be seen in Figure 17. The results of the assembly
deviations of the two techniques are compared, the former being the calculated values
and the latter being the theoretical values. The difference between the calculated and the
theoretical values is not significant throughout the time series, with the error between the
two remaining within 15%.
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9. Discussion and Conclusions

The growing number of stations and parts in the multi-station thin plate assembly
process contributes to the increased complexity of the deviation flow. Ensuring the dimen-
sional accuracy of the product necessitates not only controlling the dimensional deviation of
the final product, but also monitoring the deviation flow throughout the assembly process.
The state space model offers the mathematical foundation for detecting and controlling
dimensional deviation flow.

The escalation in the number and variety of parts involved in multi-station part assem-
bly contributes to the increased intricacy of the deviation flow’s variation. Product quality
hinges not only on the dimensional deviation of the end product, but also on the capability
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to monitor the origin, transformation, accumulation and transmission of the deviation flow
during assembly. First, a state space model for multi-station part assembly is formulated,
designed to track the variation of KPC points at each assembly stage. Subsequently, three
categories of bias sources—part manufacturing bias, fixture positioning bias and assembly
contact bias—associated with product and process characteristics are accounted for. The
accuracy of the proposed deviation transfer model in this paper is validated through a
real-life example from the aerospace manufacturing sector. The advantages of this deviation
transfer model encompass the following.

1. Based on the existence of flexible deformation in weakly rigid parts, the manufacturing
deviations and fixture positioning deviations of parts are decomposed into rigid
deviations in typical part dimensional planes and flexible deviations in atypical part
dimensional planes, and assembled into a coefficient matrix, which is convenient for
machine coding and secondary development.

2. The proposed deviation transfer model takes into account the influence of assembly
contact forces on part deviations in the assembly process, making it more valuable for
practical applications than previous deviation flow models.

3. The model can be applied not only in aerospace manufacturing, but also within
multi-level assembly production industries containing weakly rigid plate and beam
parts, such as automotive manufacturing and ship manufacturing, contributing to
promising applications in upstream parts.
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