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Abstract: The cavitation phenomenon and shaft deformation have a significant impact on the tri-
bological performance of the journal bearing. A mixed lubrication model is developed that takes
into account surface roughness and asperity contact, as well as the effects of cavitation and deflec-
tion. The fluid–solid coupling effect in bearing deformation, asperity contact, and film pressure
are investigated. The effect of boundary conditions on the lubrication regimes is discussed. The
results of simulations with and without cavitation are compared under steady-state conditions. The
results show that when cavitation is considered by the mixed lubrication model under a given load,
the eccentricity is reduced, and the maximum oil film pressure is also reduced. The speed range
of the bearing simulated with the mixed lubrication model increases after considering deflection
deformation. The mixed lubrication model proposed in this paper is able to provide accurate results
of pressure distribution and coefficient of friction and can be applied in the design and analysis of
journal bearings.

Keywords: cavitation effect; shaft deformation; mixed lubrication; micro-convex; journal bearing

1. Introduction

The stern tube journal bearing is an essential component of a ship’s power system,
and its lubrication performance directly affects the driving efficiency and stability of the
ship’s power system [1]. The liquid film distribution in plain bearings is the key factor that
determines the bearing’s lubrication performance. In dynamic load bearings, the fracture
zone of the liquid film is constantly changing due to the continuous movement of the
journal, which has an impact on the subsequently established bearing oil film. Therefore,
determining the starting and ending points of the oil film and accurately describing oil film
pressure are always complex and important problems.

The Reynolds boundary condition is widely used in the simulation of oil films [2,3],
but the mass conservation condition of the oil film reformation boundary is not taken
into consideration, so the situation of oil film reformation cannot be explained correctly.
Jacobson [4] and Olsson [5] derived the JFO (Jacobson–Floberg–Olsson) theory of the
cavitation boundary from the mass conservation of flow and obtained the mass conservation
boundary condition. JFO theory is an improvement of the Reynolds boundary condition
because it not only describes the cavitation condition of oil film but also considers the
mass conservation condition during oil film reformation, so the JFO theory is well-suited
for the actual situation of oil film [6]. Narwat et al. developed a numerical model for the
simulation of cavitation in oscillatory porous squeeze film, analyzed different cavitation
calculation methods, and found that JFO boundary conditions can best explain the gaseous
cavitation on a dimpled surface [7].

The cavitation effect in oil film is an important issue in research on bearing lubrication
performance [8]. Floberg experimentally demonstrated that the cavity pressure is almost
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constant in a large dynamic bearing [9]. Subsequently, Pan [10] developed this theory and
proved that it is also applicable to the non-slip flow of fluid in the cavitation region. Brewe [11]
used the multigrid method in the analysis of dynamic load bearings, and Kumar [12] proposed
the finite element analysis method of bearing lubrication. Elrod [13] proposed the use of
the generalized Reynolds equation in finite difference formulation according to JFO theory.
Their formulation is suitable for both cavitation lubrication and lubrication with a full oil
film. This formulation is called the mass-conserving cavitation algorithm, which overcomes
the difficulty of numerical realization of JFO theory. Vijayarghavan et al. [14] studied the
cavitation boundary condition of asymmetric bearings with grooves of finite length based
on this method. Vincent et al. [15] used this method to solve the lubrication problem of
non-circular bearings.

Numerical methods considering cavitation in lubricated journal bearings have been
widely investigated. Tucker et al. proposed a full three-dimensional thermohydrodynamic
CFD approach to journal bearings and considered cavitation modelling based on averaged
lubricant/vapor properties [16]. In their method, the pressures in the cavitation zone are
not set directly, enabling subambient pressures to be predicted. Yan et al. considered
cavitation wear and observed significant differences in the mechanisms of wear in different
materials [17]. Flores et al. investigated lubricated joints in constrained rigid multibody
systems and developed a general methodology for modeling [18]. Song et al. established a
numerical model that can be used to accurately predict the cavitation phenomenon and
performance of hydrodynamic bearings under steady state and verified the results under
different working conditions [19]. Shahmohamadi et al. presented a mixed solution of the
Navier–Stokes continuity and energy equations for multiphase flow conditionsand also
considered the vapor transport equation to ensure continuity of flow in the cavitation
region [20]. The effect of cylinder deactivation upon engine bearing efficiency has bee
studied as an application of the method. Wang et al. [21] proved that the rotational speed
is important in determining the cavitation boundary conditions of the oil film through
theoretical and experimental studies. Jiang et al. [22] proposed an analytical approach
to optimize the textured bearing with cavitation, and Zhang et al. [23] further obtained
a general equation based on the incompressibility of fluids. Xu et al. compared the
Reynolds boundary condition with JFO theory to study the influence of cavitation theory
on bearings with a stable load [24]. Ding et al. established a gas cavitation model that can
be applied to non-equilibrium cavitation simulation based on Bunsen solubility and bubble
dynamics [25]. Sobhi et al. proposed an efficient numerical approach for the simulation
of the effects of cavitation and non-Newtonian behavior on the performance of squeeze
film [26] and found that the anisotropic structure of the porous surface decreases the
pressure in the porous disc [27].

The deflection of the stern shaft will inevitably affect the oil film distribution, causing
changes in bearing lubrication characteristics and dynamic characteristics. Tieu et al. [28]
proved that controlled elastic deflection of the journal bearing improves the carrying capac-
ity of the bearing and reduces friction. Liu et al. [29] investigated the effect of deflection on
the load-bearing characteristics of the permanent magnet bearing and proved that deflec-
tion is a critical factor for load bearing. He et al. investigated the influences of cavitation and
different boundary conditions on the Stribeck curves of stern bearings [30]. The influence
of surface roughness on the lubrication status of hydrodynamic bearings is also important.
Generally, the effect of surface roughness is treated as a random variable [31], while the
contact and lubrication model with micro-convex, which can be modeled through surface
scanning, gives a more accurate description of contact force. Mishra et al. conducted a
comprehensive survey of hydrodynamic bearings and investigated the influence of rough
surfaces in big-end bearings [32]. They also discussed the influence of different rough-
ness patterns. The transverse, longitudinal, and isotropic roughness patterns in bearings
were considered.

In this paper, based on the cavitation algorithm of mass conservation and the introduc-
tion of the micro-convex contact model, a mixed lubrication model of bearings considering
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shaft deflection and cavitation effect is established. The influence of cavitation and shaft
deflection on the lubrication state is analyzed. The proposed algorithm presents a nu-
merical model considering the property of liquid film, the deformation of bearings, and
surface roughness. The fluid–solid coupling effect in bearing deformation, asperity contact,
and film pressure are investigated. The proposed algorithm is suitable for describing the
behavior of lubricated journal bearings.

2. Governing Equations of Lubrication Model

In this section, the governing equations of the lubrication model that describe the
state of the shaft and bearing are discussed. First, the force balance equation of the shaft is
established, considering the external load, film pressure, and the contact force of the micro-
convex body. Then, a friction model is presented to describe the friction force between the
bearing and the shaft. Finally, a mixed lubrication model considering surface roughness is
presented to describe the state in the liquid film.

2.1. Force Balance Model of Shaft

To facilitate the analysis of lubrication characteristics of the bearing, a two-dimensional
section of the bearing is taken under consideration. The force on the journal is shown in
Figure 1. Ignoring the influence of inertia in oil film, the force balance condition of the
bearing journal in stable operation is formulated as follows:∫ L

0

∫ 2π

0
p cos(θ + φ)dθdz + Fx + Wx = 0 (1)

∫ L

0

∫ 2π

0
p sin(θ + φ)dθdz + Fy + Wy = 0 (2)

where p is the oil film pressure; Fx, Wx and Fy, Wy are the components of the external load
and the contact force on the bearing in the x and y directions, respectively; and WA is
defined as the module of the contact force, which can be calculated as

WA =
√

Wx
2 + Wy

2 (3)

where WA is determined by the contact model of the micro-convex body between the
bearing and the stern shaft. The contact stiffness of a single micro-convex can be calculated
through the Hertz elastic contact theory. The elastic contact force on a single micro-convex
is calculated as

pm−c =
4Eeq
√

R
3

δ3/2
a (4)

where Eeq represents the equivalent elastic modulus. Assuming that the height of a micro-
convex on rough surfaces follows a Gaussian distribution with a standard deviation,
the normal contact load and normal contact stiffness of the joint can be obtained using
probability theory and statistical methods.

Fe is defined as the module of external load on the stern shaft.

Fe =
√

Fx
2 + Fy

2 (5)

Its size is determined by the working condition of the bearing. φ represents the angle
between the bearing center and the connecting line of the shaft center and the Y axis.
The position relation is shown in Figure 1a, and the distribution of the fluid film pressure
and the contact force of the micro-convex body is shown in Figure 1b.
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Figure 1. The force diagram on the bearing and the force balance condition.

The liquid film force in the x and y directions (Foilx and Foily) can be calculated as

Foilx =
∫ L

0

∫ 2π

0
p cos(θ + φ)dθdz (6)

Foily =
∫ L

0

∫ 2π

0
p sin(θ + φ)dθdz (7)

2.2. Coefficient of Friction

The friction between the bearing and shaft is composed of fluid lubrication viscous
friction and asperity peak contact friction, which can be expressed as:

F = foil, f rc + fasp, f rc (8)

The fluid lubrication viscous friction ( foil, f rc) and asperity peak contact friction ( fasp, f rc)
are [33]:

foil, f rc =

l∫
0

2π∫
0

(
h
2

∂p
R∂θ

+
Uη

h

)
Rdθdz (9)

fasp, f rc = µ f Wasp (10)

Wasp =

l∫
0

2π∫
0

pa(h)dθdz (11)

2.3. Mixed Lubrication Model Considering Surface Roughness

The morphological characteristics of the lubricating surface (as shown in Figure 2)
affect the status of the oil film, which must be considered in the analysis of hydrodynamic
lubrication. According to the rough surface contact theory proposed by J.A.Greenweed
and J.H.Tripp [34], the film thickness ratio (H) is used as a measure of the lubrication state:

H = h/σ (12)

where h represents the mean square value of the oil film thickness between the surfaces,
and σ represents the surface profile height. When the film thickness ratio is less than 4,
the bearing is in a mixed lubrication state. With an increase in the film thickness ratio,
the contact micro-convex is gradually separated. When the film thickness ratio is greater
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than 4, it can be considered that the contact part is completely separated. The mean
flow model proposed by Patir Nadir and Cheng H.S. [35] was introduced to describe the
lubrication-governing equation of a shaft-bearing system considering lubrication surface
topography characteristics, which can be expressed as:

∂

∂θ

(
φxρh3 ∂P

∂θ

)
+ R2 ∂

∂z

(
φzρh3 ∂P

∂z

)
= 6µρUR(

∂h̄
∂θ

+ σ
∂φs

∂θ
) (13)

where h is the nominal oil film thickness, which refers to the oil film thickness between two
surfaces without considering the surface roughness; hT refers to the actual oil film thickness
between two surfaces when surface roughness is considered, as shown in Figure 2; and h̄T
is the actual average oil film thickness:

h̄T = E{hT} (14)

where E{} represents the mathematical expectation, µ is lubricating oil viscosity, U is the
relative linear velocity of the shaft and bearing, φx and φz represent the pressure flow
factors, and φs is the shear flow factor. As shown in Figure 2, when the distribution
characteristics of surface roughness are determined, h̄T is a function of h. According to the
derivative rule of complex functions, Equation (15) can be obtained:

∂h̄T
∂θ

=
∂h̄T
∂h

∂h
∂θ

(15)

Figure 2. Thickness of lubricating oil film considering the surface roughness.

The dimensionless parameter proposed by Wu et al. [36] is adopted to define the
contact factor (φc):

φc =
∂h̄T
∂h

(16)

The asperity heights are assumed to vary randomly with a certain probability distribu-
tion. The density function of distribution of roughness is ϕ(s); then:

φc =
∫ +∞

−H
ϕ(s)ds (17)

Assume that the contact factors are distributed according to the following Gaussian equation:

ϕ(s) =
1√
2π

exp
(
− s2

2

)
(18)

Substitute Equation (18) into Equation (17):

φc =
∫ ∞
−H

1√
2π

exp
(
− s2

2

)
ds

=
∫ 0
−H

[
1√
2π

exp
(
− s2

2

)]
ds+

∫ ∞
0

[
1√
2π

exp
(
− s2

2

)]
ds

= 1
2

[
1 + Er

(
f
(

H√
2

))] (19)
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The error function is
Er( f (x)) =

∫ x

ξ

2√
π

eξdξ (20)

Equation (19) should not be used directly and can be replaced by the following fitting
formula, with the maximum error not exceeding 0.5%.

φc =

 exp
(
−0.6912 + 0.782H
−0.304H2 + 0.0401H3

)
0 ≤ H < 3

1 H ≥ 3
(21)

2.4. Contact Force of Micro-Convex Body

When H < 4, the bearing is in a mixed lubrication state. The micro-convex body
in the lubrication area and the oil film jointly bear the load. The oil film pressure can
be obtained according to Equation (13). According to the rough surface contact theory
proposed by Greenwood and Tripp et al. [34], it is assumed that the surface height is a
Gaussian distribution, the surface topography is isotropic, and the bearing capacity (WA)
of the micro-convex body and the actual contact area (Ac) are:

WA =

(
16
√

2
15

)
π(ζΘσ)2E′

√
σ

Θ
AF2.5(H) (22)

Ac = π2(ζΘσ)2 AF2(H) (23)

where A is the nominal contact area, ζ is the peak density, Θ is the peak curvature radius,
F2.5(H) and F2(H) are the distribution probability function of the roughness height, and E′

is the comprehensive elastic modulus, which can be expressed as:

E′ =
1(

1−υ1
2

E1
+ 1−υ2

2

E2

) (24)

where E1, E2, υ1, υ2 represent Young’s modulus and Poisson’s ratio of the shaft surface and
bearing surface, respectively. Then, the pressure on the micro-convex body is:

pA =
WA
Ac

(25)

3. General Equation Considering Cavitation Effect
3.1. Boundary Conditions of Oil Film Rupture

In the steady state, the rupture boundary appears at the upstream boundary. As shown
in Figure 3, at the oil film rupture boundary, the unit flow toward the cavitation region can
be written as the sum of the shear term and the pressure term:

Q+
Rup =

Uh
2
− h3

12η

(
∂p
∂x

)
(26)
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Figure 3. Fluid element on oil film rupture boundary.

In the cavitation area, the pressure is still constant, and the fluid flows into a narrow
area. The flow through the cavitation area is:

Q−Rup = α
Uh
2

(27)

where 0 ≤ α ≤ 1, α is the proportion of oil film. According to the conservation of mass,

Q+
Rup = Q−Rup (28)

Therefore, we obtain:

(1− α)
Uh
2
− h3

12η

(
∂p
∂x

)
= 0 (29)

Since ∂p
∂x is only negative or zero, the boundary conditions of oil film rupture are α = 1

and ∂p
∂x = 0, which are consistent with Reynolds boundary conditions.

3.2. Boundary Conditions of Oil Film Reformation

As shown in Figure 4, at the boundary of oil film reformation, the unit flow from the
cavitation area can be

Q+
Re f =

Uh∗

2
∆z (30)

where h∗ is the oil film thickness at the rupture area, and h∗ = αh. Downstream of the
boundary condition, the unit flow is:

Q−Re f =

[
Uh
2
− h3

12η

∂P
∂x

]
∆z− h3

12η

∂P
∂z

∆x (31)

It can be seen from Q+
Re f = Q−Re f ,

Uh∗

2
∆z =

Uh
2

∆z− h3

12η

[
∂P
∂x

∆z +
∂P
∂z

∆x
]

(32)
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Figure 4. Fluid element on the boundary of oil film reformation.

Because of lim
∆z→0

∆x
∆z = − dx

dz , h∗
h = α , the oil film in the Equation (33) can be expressed as:

∂P
∂x
− ∂P

∂z
∂x
∂z

= 6ηU
(1− α)

h2 (33)

3.3. Control Equation of Cavitation Zone

For journal bearings with a moderately heavy load, there is strip flow in the cavitation
area. This flow is mainly driven by shear, and the pressure in this region is basically
unchanged, so the fluid equation in the cavity region is:

∂

∂θ

(
ρcUh

2

)
= 0 (34)

where ρc is the density of the fluid in the cavitation. In incompressible fluid, the relationship
between density and pressure, namely bulk modulus, can be expressed as:

κ = ρ
∂P
∂ρ

=
ρ

ρc

∂P

∂
(

ρ/
ρc

) (35)

Let α = ρ
ρc

. By introducing the switching function (g), we obtain:

g · κ =
ρ

ρc

∂P
∂
(
ρ
/

ρc
) = α

∂P
∂α

(36)

when g = 1, the area is in the full film lubrication state; when g = 0, the area is in the
cavitation area. Substituting

∂P =
gκ

ρ
∂ρ =

gκ

α
∂α

into Equation (13), the general equation of mixed lubrication of bearings considering
cavitation effect is obtained:

∂

∂θ

(
φxh3gκ

∂α

∂θ

)
+ R2 ∂

∂z

(
φzh3gκ

∂α

∂z

)
= 6µαUR(

∂h̄
∂θ

+ σ
∂φs

∂θ
) (37)

4. Oil Film Thickness Equation Considering Shaft Deflection

Due to the suspension of the ship stern shaft and the gravity of the propeller, the stern
shaft is bent, which affects the pressure distribution of the bearing-lubricating oil film.



Appl. Sci. 2023, 13, 9033 9 of 15

The detailed expression of oil film thickness considering journal tilt can be analyzed,
and the influence of stern shaft tilt caused by propeller-concentrated force on oil film
thickness and the oil film pressure distribution of the stern bearing can be quantitatively
calculated. However, because the oil film force and the asperity contact force act on the
stern shaft at the same time, the stern shaft is also bent. In order to accurately consider the
interaction between deflection and oil film force, asperity contact force, and external load,
the displacement superposition method is used to calculate the shaft deflection.

As shown in Figure 5, the tail end of the shaft is bent by the gravity of the propeller.
When the shaft rotates, due to the dynamic pressure lubrication, there is oil film distribution
force at the bearing. If the ratio of oil film thickness to the comprehensive roughness of the
lubricating surface is less than 4, the asperity also bears the load. In order to accurately
solve the shaft deflection, the shaft is divided into n sections along the axial direction in the
bearing support area. The z-direction coordinate of each point is Zi, and the displacement
of each point is υix, υiy. The oil film thickness corresponding to each section is hiθ ; then:

hiθ = c + ei cos(θ − φ) (38)

where
ei =

√
(υix + eix)

2 +
(
υiy + eiy

)2

ei is the eccentricity of section i without considering shaft deformation; eix and eiy are the
components of eccentricity in the x and y directions, respectively, without considering shaft
deformation respectively; φ is the offset angle; and θ is circumferential angle.

According to the above mathematical model, the bearing lubrication simulation pro-
gram is written by FORTRAN. The program flow is shown in Figure 6:

(1) The basic parameters of the bearing are input, such as bearing diameter, bearing radius
clearance, bearing width, external load, lubricating oil viscosity, etc. The surface
roughness of the bearing and the shaft and the pressure of the cavitation zone are
input. The initial value of the eccentricity and the deviation angle are given, and the
switching function (g) is set to 1;

(2) The general Reynolds Equation (37) is solved to obtain the distribution of α and
update the value of g. The finite difference method and the successive over-relaxation
algorithm are applied for the calculation. The contact force of the asperity is solved.
Then, the oil film force and the contact force of the asperity are substituted into the
following formula to determine if the calculation is convergent:∣∣∣∣ F− Foil −WA

F

∣∣∣∣ ≤ ξ1,

∣∣∣∣∣ Foilx + Wx

Foily + Wy

∣∣∣∣∣ ≤ ξ2 (39)

where ξ , i = 1, 2 is the convergence precision in the calculation. A typical value for
the convergence criteria is 0.003. If the above convergence condition is not satisfied,
the eccentricity, offset angle, and oil film thickness are adjusted until the convergence
condition is satisfied;

(3) From Equation (8) to Equation (11), the friction force is solved, and finally, the friction
coefficient is solved according to the following formula: µj =

F
P .
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Figure 5. The distribution of force acting on the bearing considering the shaft deflection.

Figure 6. Program flow to calculate the bearing lubrication considering both cavitation and shaft deformation.
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5. Results and Analysis

The proposed algorithm for mixed bearing lubrication simulation is applied to show
its effectiveness. The influence of cavitation and bearing deformation is investigated.
The results are shown as follows.

5.1. The Influence of Cavitation

In order to verify the accuracy of the calculation model and program, the parameters
of sliding bearings in Refs. [37,38] are used. The bearing parameters are shown in Table 1.

Table 1. Parameters of bearing for investigation of cavitation.

Radius (mm) Radius Clearance
(mm)

Length–Diameter
Ratio

Cavitation Pressure
(kPa, Gage)

50 0.1455 1.333 −72

Angular Velocity
(rad/s)

Dynamic Viscosity
(Pa·s)

Ambient Pressure
(kPa, Gage) Density (kg/m3)

48.1 0.0127 0 950

Lioyd et al. demonstrated that the bearing capacity obtained by considering the
influence of cavitation in the steady state can be three times higher than that without
considering cavitation [39]. Dowson [40] also emphasized in the literature that cavitation
can enhance the bearing capacity. The cavitation pressure in case 1 tested by Shen et al. is
applied in the simulation [41]. The calculations using our proposed algorithm also support
this conclusion. As shown in Figure 7, under the same load, the eccentricity of the bearing
when considering the cavitation effect is lower than that without cavitation.

Figure 7. Effects of cavitation on the eccentricity of journal bearing.

The distribution of bearing oil film pressure under different boundary conditions is
calculated. As shown in Figure 8, the maximum film pressure is lower when the cavitation
effect is considered. Under a 1.6 kN load, the maximum oil film pressure is 0.251 MPa
when the cavitation effect is considered, while the maximum oil film pressure increases
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to 0.291 MPa when the cavitation effect is neglected. Due to the effect of cavitation, the
eccentricity is reduced, and the maximum oil film pressure is reduced.

Figure 8. Effects of cavitation on the maximum pressure in journal bearings.

The effect of mesh size is also studied. In the simulation, four meshes with total
elements count of 120, 480, 1920, and 7680 are applied. The calculated eccentricity of the
bearing under a total load of 2000N varies with the different meshes, with values of 0.57088,
0.56524, 0.56276, and 0.56134, respectively. The relative difference in eccentricity calculated
with 120 elements compared to that with 7680 elements is 1.67%. Based on this result, it
can be concluded that the result approaches convergence in the calculation and that the
mesh meets the requirements for the calculation.

5.2. The Mixed Lubrication State

The basic parameters of the bearing are presented in Table 2.
The lubrication state of the bearing under deflection is analyzed with the proposed

model. The calculated results are shown in Table 3.
It can be seen from the table that the lubrication state gradually transits from mixed

lubrication to liquid lubrication. The proportion of liquid film load increases rapidly, along
with the increments of rotational speed. After considering the deflection deformation and
surface roughness, the contact force can be accurately calculated.

Table 2. Parameters of a ship stern bearing for investigation of deformation of bearings.

Inner radius of bearing (mm) 100 Outer radius of bearing (mm) 160
Radius clearance (mm) 0.3 Width of Bearing(mm) 240
Rotational speed (rpm) 20–60 Lubricating oil viscosity (Pa·s) 0.082

Roughness of bushing (10−6 m) 8 Roughness of journal (10−6 m) 2
Elastic modulus of bushing (GPa) 100 Elastic modulus of journal (GPa) 210

Poisson ratio of bushing 0.29 Poisson ratio of journal 0.3
Load of bearing (N) 38,000 Initial Bearing-journal contact friction coefficient 0.1
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Table 3. The contact load and film load of the bearing.

Speed (rpm) Eccentricity Film Load (N) Contact Load
(N)

Friction Force
(N)

Friction
Coefficient

20 0.95360 19,066.50 18,943.96 1970.07 0.05183
30 0.94960 26,172.52 11,639.29 1261.44 0.03336
40 0.94480 31,588.07 6231.27 729.33 0.01928
50 0.93930 35,510.86 2815.49 388.55 0.01014
60 0.93175 37,494.50 831.29 188.50 0.00492

6. Conclusions

Based on the cavitation algorithm of mass conservation, an asperity contact model is
introduced in this paper, and a mixed lubrication model of bearing considering cavitation
effect and stern shaft deflection is established. The lubrication performance of a sliding
bearing is analyzed. By comparing the distribution of oil film pressure under different
boundary conditions, it is found that cavitation can reduce eccentricity and maximum oil
film pressure. The mixed lubrication model considering cavitation and shaft deformation
proposed in this paper is able to provide accurate results of pressure distribution and
coefficient of friction and can be applied in the design and analysis of journal bearings.
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