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Abstract: Considering the influence of fabric on the critical state of sandy soil, an anisotropic hy-
poplastic constitutive model is developed by introducing the anisotropic critical state line that takes
into account the rotation of the principal stress axes. With the introduction of new anisotropic state
variables defined by the joint invariants of the stress tensor and fabric tensor, the critical state equation
of sandy soil is established to describe the effects of three factors, namely, anisotropic parameters,
stress states, and the relationship between principal stresses and fabric directions, on the critical
state. The mechanical response of sandy soil under different deposition angles can be described by
considering the rotation of principal stresses relative to the fabric. The application range of Wu et al.’s
isotropic hypoplastic model (2017) is extended by incorporating the effect of principal stress rotation
on the stress–strain relationship of sandy soil. Based on a series of Toyoura sand plane strain tests,
the effects of void ratio, confining pressure, and principal stress axis rotation angle on anisotropic
strength and deformation characteristics are simulated under low confining pressure. Furthermore,
a comparison with Wu’s transversely isotropic hypoplastic model (1998) is made regarding their
simulation performances. The proposed model exhibits a balanced performance when simulating the
variation of anisotropy in both strength and deformation with respect to the rotation angle, without
being overestimated within a certain range of rotation angles. The prediction results demonstrate, to
a certain degree, the validity and effectiveness of the proposed model.
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1. Introduction

The presence of anisotropy in the microstructure of sand causes notable variations in
the mechanical response regarding the rotation and immobilization of the principal stress
axis, particularly under complex loads such as earthquakes, traffic, and waves. Due to this,
it has been the subject of extensive research by scholars globally [1–3].

Rotation of the principal effective stress axes with respect to the anisotropic fab-
ric causes anisotropic behavior in sand. Research studies conducted by Arthur (1972),
Oda (1972, 1999), and Yamada (1979) have found that the stochastic arrangement of non-
spherical sand particles in space exhibits statistically significant characteristics known
as microstructures which can be described using a second-order symmetric tensor [4–7].
The preferred distribution of contact direction, particle morphology, and pore space of
sand particles results in different anisotropic microstructures. Thus, Li et al. (2010, 2016,
2017) comprehensively investigated the normal contact fabric, porosity fabric, and particle
morphology fabric [8–15]. Furthermore, the analytical method has also demonstrated its
efficiency in describing the crack fabric of rocks [16]. The rotation effect of the principal
stress axis can be attributed to the existence of anisotropic microstructures, and the princi-
pal stress axis rotation causes the development of sand particle contact, morphology, and
pore space, contributing to the anisotropic evolution of the microstructure [17]. Conse-
quently, an increasing number of researchers have become interested in these characteristics.
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Gao (2010), Lade (2008), and the author (2010) previously considered the micro-characteristics
of particles and proposed using the fabric tensor to establish an anisotropic strength crite-
rion [8,18,19]. In the research of Guo et al. (2008), the authors demonstrated the significant
effect of sand fabric rearrangement on its shear strength [20]. Moreover, the authors
showed that when the principal stress axis rotates, there is a more significant relationship
between the strength of the sand soil and its variations. Ruan et al. (2021) utilized finite
element analysis to investigate the variation in strength parameters caused by the rota-
tion of the principal stress axis during tunnel excavation [1]. The results indicate that the
principal stress rotation angle gradually increases during soil construction. Additionally,
Liu et al. (2022) investigated the deformation properties of fiber-reinforced aeolian sand
under traffic loads using a small-strain hollow cylindrical torsion shear device [2]. The
authors found that continuous rotation of the principal stress axis leads to non-coaxial
deformation. Since the establishment of the soil mechanics theory regarding the critical
state, the non-coaxial behavior of soil has attracted significant attention from numerous
scholars [21–23]. Wang (2022) examined the seismic settlement deformation of soft soil
foundations, considering the effect of principal stress axis rotation, and developed a soft soil
model under earthquake loading [3]. As a result, it can be observed that actual engineering
practices often involve the effect of the principal stress axis rotation. This effect can lead to
anisotropic differences in the mechanical properties of soil in different directions, which
are specifically involved in engineering problems such as slope stability and foundation
bearing capacity. The importance of this effect is evident. Neglecting this characteristic
while establishing the constitutive model of soils and applying them to engineering practice
may lead to an improper evaluation of the actual stress state in soils, which can further
potentially cause engineering disasters.

In addition to the rotation of the principal stress axis, plane strain problems are also
common in the process of engineering construction, such as retaining wall instability,
foundation instability, slope slippage [24–26], etc. Research indicates that the strength
estimated under plane strain conditions is generally 10 to 20% higher compared to strength
measured under conventional triaxial conditions [27]. If the calculation employs plane
strain parameters, a substantial amount of the engineering cost could be reduced. Past
studies by Oda (1978), Finno (1997), Alshbill (2003), and Chu (2001) furnish valuable
insights into the impact of confining pressure, compactness, drainage conditions, loading
paths, and other factors on the mechanical properties of soil in a plane strain test, and the
results of the experimental research are significant [27–30].

The literature offers limited reports on soil response under both rotations of the
principal stress axis and plane strain conditions. Currently, only a few researchers, such as
Oda (1978) and Tatsuoka and Sakamoto (1986), have conducted anisotropic experiments
that consider the effects of changes in the deposition angle (rotation of the principal stress
axis relative to the fabric direction) under plane strain conditions [27,31]. The scarcity of
reports on anisotropic testing is due to sample preparation difficulties and considerable
artificial effects during the experimental phase. Consequently, to gain a more profound
comprehension of the mechanical properties of soil under plane strain conditions with
the rotation of the principal stress axis, it is essential to augment our understanding via
numerical simulations, constitutive modeling, and other approaches. This paper aims to
further investigate this issue from a constitutive modeling viewpoint.

The introduction of hypoplastic constitutive models in soil mechanics research has
provided a novel perspective for the investigation of soil constitutive models. Hypoplastic
models do not involve complex concepts, such as yield functions, hardening rules, and
elastic–plastic strain separation, which are present in the theory of elastoplasticity. The
fundamental concept of hypoplasticity was first proposed by Kolymbas (1991), who used
a rate-independent non-linear tensor function to describe the non-elastic material charac-
teristics [32]. Wu and Bauer (1994) presented the first simple and general four-parameter
hypoplastic constitutive model [33] based on the general equation of hypoplastic consti-
tutive models proposed by Wu and Kolymbas (1990) [34]. Wolffersdorff (1996) extended
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the previous model by incorporating the SMP criterion to propose an eight-parameter
model [35]. Wu and Lin (2017) revised the original four-parameter model by introducing
new tensor terms to ensure that the constitutive response could still reach the critical state
even under large strains [36]. Over the past decade, the studies of hypoplastic theory
have undergone exponential development [37–40]. It can be observed that most of the
developments of the aforementioned hypoplastic models have been based on the isotropy
assumption of the materials. The isotropic models cannot explain the differences in the me-
chanical properties of soils with varying directions, while anisotropic elastoplastic models
can effectively clarify this phenomenon and accurately predict the constitutive response of
soils. Their simulation results are more consistent with the measured results from indoor
tests and engineering practice. In geotechnical research, these models can be used to ana-
lyze the stability and bearing capacity of soils, and therefore to guide engineering design
and construction, while anisotropic models that take into account the effect of principal
stress axis rotation have seldom been reported.

Considering the simplicity and engineering application of the constitutive model, this
paper will integrate the effect of principal stress axis rotation into hypoplastic constitutive
models. We will consider the transformational relationship between the principal stress
axis and the fabric direction based on fabric tensor. To establish an anisotropic hypoplastic
constitutive model, this paper will introduce newly defined anisotropic state variables
into the constitutive equations using the macro–micro combined method. The model
can comprehensively analyze the strength and deformation anisotropy under various
deposition angles. The proposed model provides a modeling approach for how to expand
isotropic models into anisotropic models through a simple method, while also providing a
prerequisite for the finite element development and engineering application of the model.
Additionally, the simulation and verification analysis in this paper will be based on the
Toyoura sand plane strain test.

2. The Critical State Line Considering the Effect of Principal Stress Axis Rotation
2.1. Anisotropic State Variables

Conventional methods for examining the effect of the principal stress axis rotation,
such as rotating the failure planes to investigate soil anisotropy, fail to effectively de-
scribe the impact of principal stress axis rotation on the capacity for shear resistance.
In this paper, we introduce a new anisotropic state variable based on the microscopic
fabric [11,13,41], which provides a practical solution to this problem. Based on a literature
review, Norouzi et al. (2021) proposed a normalized stress ratio-dependent second-order
fabric tensor, while Hu et al. (2020) used a back stress-modified yield surface proportional to
the fabric tensor, both achieving fabric anisotropic function [42,43]. However, the updating
of the fabric tensor in these methods must be correlated with plastic strain rate.

The anisotropic state variables used in this paper are defined through the joint invari-
ants of the stress tensor and the fabric tensor. In comparison to the previous approach, the
concept of elastic–plastic differentiation is not required, and the number of parameters is
reduced. This makes both the form and programming implementation relatively simple.
However, it should be noted that this paper does not take into account the evolution of the
fabric tensor, which may limit its ability to simulate complex stress paths. The concrete
expression of the fabric tensor is as follows:

F =

F11 0 0
0 F22 0
0 0 F33

 =


1+a1+a2+a1a2
3+a1+a2−a1a2

0 0
0 1+a1−a2−a1a2

3+a1+a2−a1a2
0

0 0 1−a1+a2−a1a2
3+a1+a2−a1a2

. (1)

a1 and a2 represent the fabric magnitude parameters of anisotropic materials, which is a
physical quantity used to describe the degree of anisotropy on the orthogonal plane [12,15].
It is worth noting that axes 1 to 3 are defined based on the bedding plane and they exhibit
an orthogonal relationship between any two axes. Axis 1 is oriented perpendicular to
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the bedding plane (i.e., normal direction), while axes 2 and 3 are oriented parallel to the
bedding plane (i.e., tangential direction). Rotation of the principal stress axis causes a
change in the angle between the principals of the effective stress and fabric tensors, leading
to changes in the anisotropic state variables A. At this time, the transformation tensor is
given by [8,9]

Cki =

 cos α 0 sin α
0 1 0

− sin α 0 cos α

.. (2)

α refers to the angle between the principal stress axis and the principal direction of
the fabric tensor. The rotated fabric tensor F′ can be expressed as follows:

F′ij = CkiCl jFij =

 F11+F33
2 + F11−F33

2 cos 2α 0 F33−F11
2 sin 2α

0 F22 0
F33−F11

2 sin 2α 0 F11+F33
2 − F11−F33

2 cos 2α

. (3)

The corresponding anisotropic state variable A′ is transformed as follows:

A′ =
σij

σm
F′ij − A0. (4)

A0 is the reference point and can be determined by the stress state at conventional
triaxial compression.

2.2. The Influence of Principal Stress Axes Rotation on the Anisotropic State Variables

When the principal stress axis rotates from 0 to 180 degrees, the corresponding
anisotropic state variable A changes systematically. The following curve depicts the rela-
tionship between the rotation angle and A under different anisotropic conditions (with
different values of A).

Figure 1 depicts the effect of the rotation angle on A when a1 = a2. The calculations are
conducted using an intermediate principal stress coefficient of b = 0.5, a failure stress ratio
Mf of 1.25, and a confining pressure of 100 kPa. Notably, A remains consistently 0 when a1
= a2 = 0, implying isotropic material behavior. In this particular scenario, the rotation of
the principal stress axis has no effect on A, and by extension, it does not alter the failure
strength. Conversely, when a1 = a2 6= 0, A varies monotonically within the 0 to 90 degrees
range, highlighting the anisotropic nature of the material. The failure strength changes in
accordance with the rotation angle, and the magnitude of this variation is proportional to
the magnitude of the change in A value.
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Figure 1. The influence of rotation angle on the anisotropic state variables.

Figure 2 shows the impact of the rotation angle on A when a1 is not equal to a2.
Figure 2a,b represent the influence of varied a2 on A while a1 remains constant (for example,
when a1 equals 0.1 or 0.5). It is evident that there is a gradual increase in A with an increase
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in a2, albeit the amplitude of the rise is relatively minor. On the other hand, Figure 2c,d
displays the influence of varied a1 on A while a2 remains constant (for instance, when a2
equals 0.1 or 0.5). The changes are comparable to those seen with a2 variation—i.e., there is
an increase in the anisotropic state variables with an increase in a2. However, a1 has a more
significant impact than a2.
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Based on the analysis, the following conclusions can be drawn: A varies with the
change in rotation angle, and its absolute value monotonically increases from 0◦ to 90◦;
additionally, A increases as amplitude parameters a1 and a2 increase, with a1 having a
greater impact than a2.

2.3. The Effect of the Rotation of Principal Stress Axis on the Critical State Line

The original model, i.e., without introducing a critical state line, cannot reflect the
influence of density and stress levels on the constitutive response, nor can it demonstrate
the strain softening characteristics of strength. The introduction of a critical state line can
improve the above shortcomings, and a single set of parameters can be used to describe the
constitutive relationship of soil within a wide range of density and stress levels.

The critical state line definition by Wu et al. (1996) and the author’s prior research
(2015, 2016) guide the introduction of anisotropic state variables into it [10,11,44]. This
paper adopts the critical state line form as follows:

f (e) =
(

e− emin
ecrt − emin

)a
. (5)

The dimensionless parameter, a, controls the degree of stress softening and is assigned
a value of 0.1 based on actual conditions. E represents the current void ratio, while emin,
the minimum void ratio, is set at 0.32 in this paper. ecrt, the critical void ratio, is expressed
as ecrt = eΓ − λc(P/Pa)

ζ + tA′, which is a function of A and the average principal stress P.
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Atmospheric pressure is denoted by Pa, while eΓ, λc, and ζ are material parameters that
determine the critical state line and t is a state parameter [10]. Recommended parameter
values from reference [10] include eΓ = 0.934, λc = 0.019, ζ = 0.7, and t = 0.26.

After the rotation of the principal stress axis, A undergoes changes that, in turn, affect
ecrt and consequently influence the critical state line, also altering the stress history and
thereby causing a change in the strength during the loading process.

Figure 3 depicts the impact of principal stress rotation angle on the critical state line
under conditions of a1 = a2. The outcomes evince that for anisotropic materials (a1, a2 6= 0),
the critical state line undergoes variation with respect to the rotation angle, displaying a
monotonically ascending tendency within the 0 to 90 degrees range. As a1 and a2 increase,
the critical state line’s variation range also increases.
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Figure 3. The influence of rotation angle on the anisotropic state variables on f (e).

In Figure 4, the influence of the principal stress rotation angle on the critical state line
is presented for a1 6= a2. Specifically, Figure 4a,b shows the impact of varying a2 on the
critical state line under a constant a1 (e.g., a1 values of 0.1 and 0.5). Likewise, Figure 4c,d
portrays the impact of varying a1 on the critical state line under a constant a2 (e.g., a2 values
of 0.1 and 0.5). Our analysis reveals that an increase in a1 and a2 results in a higher value of
the critical state line, while a1 exerts a more pronounced effect compared to a2.
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Furthermore, the essential reason for the influence of the principal stress axis rotation
on the behavior of soils can be summarized as follows: as the rotation angle of the principal
stress changes, the components of the principal stress decomposed into the normal and
tangential directions of the bedding plane will also change, thus affecting the stress state of
the soil and causing differences in strength and deformation characteristics, leading to an
impact on the soil’s behavior.

3. Simulation of Sand Plane Strain Test

In this section, the newly developed hypoplastic constitutive model integrates the
rotation of principal stress axes to simulate sand plane strain tests while accounting for the
impact of the deposition angle. The experimental results showed relatively good agreement
with the practical application of engineering principles.

3.1. Introduction to Experiment

Arthur (1977) and Oda (1978) discovered that anisotropy has a greater effect on the me-
chanical properties of sand under plane strain conditions than under triaxial compression
conditions [27,45]. In Oda’s experiments, the friction angle ϕ reached its minimum value
when the confining pressure was 2.0 or 4.0 kgf/cm2 (corresponding to 200 and 400 kPa)
and the deposition angle δ was between 24◦ and 30◦. (In this paper, the deposition angle δ
is defined as the angle between the bedding plane and the direction of the major principal
stress, as shown in Figure 5a.) This has been confirmed by Matsuoka (1987) [46]. However,
Oda’s experimental data are not clear under lower confining pressures, such as 50 and
100 kPa. Therefore, Tatsuoka and Sakamoto (1986) conducted a series of plane strain tests
under drained conditions to study the variation of shear strength of saturated Toyoura
sand with different δ under low confining pressures [31]. The range of confining pressure
was 0.05–4.0 kgf/cm2 (5–400 kPa), and the sand samples were saturated Toyoura sand. δ
varied from 0◦ to 90◦, and the corresponding stress paths for δ of 0◦ and 90◦ are shown in
Figure 5b.
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Figure 5. Schematic diagram of the angle between the direction of principal stress and the bedding
plane [31]: (a) major principal stress; (b) stress path when deposition angle is 0◦ and 90◦.

The deposition angle described in the aforementioned experiments is consistent with
the rotation angle of the principal stress axis in the constitutive model, both of which
describe the angle between the principal stress and fabric.

The test scheme for this study is presented in Table 1. In the following table, the void
ratios e ≈ 0.7 and e ≈ 0.8 correspond to dense sand and loose sand, respectively.
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Table 1. Test scheme for plane strain.

Sand Sample Confining Pressure (kgf/cm2) Void Ratio e Deposition Angle (◦)

Toyoura sand

0.05 90
0.1 e ≈ 0.7 45
0.5 34
1.0 e ≈ 0.8 23
4.0 0

3.2. Determination of Model Parameters

The general form of hypoplastic model is as follows:

o
σ = L(σ,

.
ε) + N

∥∥ .
ε
∥∥. (6)

The symbols L and N in the equation represent, respectively, the linear and nonlinear
terms of the hypoplastic model, which together describe the nonlinear mechanical behavior
of soil. Meanwhile,

∥∥ .
ε
∥∥ represents the Euclidean norm of the strain rate, namely, the

modulus of strain rate.
Based on an anisotropic state variable that considers the rotation of axes of principal

stress, a critical state line is established and introduced into the hypoplastic constitutive
model proposed by Wu (2017), resulting in an anisotropic hypoplastic constitutive model
that considers the effects of axes of principal stress rotation [36]:

o
σ = C1tr(σ)

.
ε + C2tr(

.
ε)σ + C3

trσ
.
ε

trσ
σ + C4 f (e)(σ + σ∗)

∥∥ .
ε
∥∥ (7)

f (e) = (
e− emin

eΓ − λc(P/Pa)
ζ + tA′ − emin

)a. (8)

We can introduce the critical state line by simply multiplying f (e) in the nonlinear term.
In Equation (8), A′ represents the anisotropic state variables that consider the rotation of
principal stress axes. Additionally, the literature has explained the basic parameters [44].

The parameters Ci (i = 1~4) in the hypoplastic constitutive model discussed above
can be determined via triaxial compression tests conducted under constant confining
pressure. Several papers have explained the detailed calculation method for Ci [33,44].
It is important to note that if void ratio related terms exist in hypoplastic constitutive
models, the corresponding dilatancy angle should be set to zero. Additionally, the model
parameters and test parameters should remain consistent. The calculated model parameters
are presented in Table 2.

Table 2. Hypoplastic constitutive model parameters of plane strain test.

E(Mpa)/σc νi ϕ(◦) ψ(◦)

400 0.2 45 0

C1 C2 C3 C4
−111.11 −347.22 −438.11 −220.63

3.3. Simulation Result
3.3.1. Influence of Confining Pressure on Strength and Deformation

Figure 6 displays the relationship between the stress ratio (σ1/σ3) and volume strain
(εv), with axial strain (εa) obtained from physical experiments (reference [31]). The ex-
periments were conducted under different pressure levels, where the void ratio e was
approximately 0.75 and δ was set at 90◦ to investigate the effect of confining pressure (σc)
on deformation characteristics. Three conclusions can be drawn from the results: First, prior
to reaching peak stress, the ratio of the increment in stress ratio divided by the increment
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in axial strain (d(σ1/σ3)/dεa values) declines with the rise of σc under constant σ1/σ3 con-
ditions. The axial strain (εa) at peak stress increases with the rise of confining pressure (σc),
and this trend becomes more prominent when σ3 exceeds 0.5 kgf/cm2. In addition, after
reaching peak stress, −d(σ1/σ3)/dεa increases with the increase in σc. Finally, both σ1/σ3
and εv decrease with the increase in σc when the samples reach a higher strain state (5~10%).
When the confining pressure σc is 0.5, 1.0, 4.0 (kgf/cm2), the increment of volumetric strain
dεv corresponding to axial strain of 5~10% is nearly zero, and the corresponding σ1/σ3 is
about 3.5. This finding indicates that some of the samples have reached the residual stress
state under the existing confining pressure. In contrast, when the σc is 0.05 kgf/cm2 and εa
reaches 5~10%, the corresponding dεv is not zero and the stress ratio σ1/σ3 is greater than
3.5, indicating that under this confining pressure level, the specimen has not yet entered
the residual stress state and will still undergo further deformation.
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Figure 6. The stress–strain relationship measured by the test [31] under different confining pressures 
at δ = 90°. 
Figure 6. The stress–strain relationship measured by the test [31] under different confining pressures
at δ = 90◦.

The results of the hypoplastic constitutive model simulation are presented in Figure 7.
First, it is important to clarify that this article focuses on qualitatively elucidating the
capability of the proposed model to simulate anisotropy. The objective is to establish a
correlation between the simulation results and the trends observed in experimental data.
However, a thorough quantitative comparison with experimental results is not performed.
The void ratio in the hypoplastic constitutive simulation was set at e = 0.35 to emphasize the
stress softening aspect, while keeping all the other conditions the same as in the experiment.
The simulation and experimental results exhibit similar trends, with reductions in stress
ratio and εv as the confining pressure increases. The maximum values of σ1/σ3 and εv
were obtained at the minimum confining pressure condition, σc = 0.05 kgf/cm2. The
peak stress ratio and residual stress ratio from the constitutive model simulations were
approximately 6.3 and 4.0, respectively, closely matching the physical experiment results of
6.0 and 4.5, respectively. At εa of 10%, the corresponding εv was 4%, which was slightly
greater than that of the physical sample. When σc was 4.0 kgf/cm2, the constitutive
model simulations yielded peak stress ratio and residual stress ratio values of 4.5 and 3.8,
respectively; whereas the physical experiment showed values of 5.1 and 4.0, respectively.
At εa of 10%, the corresponding εv was 3%.

The results indicate relatively fine agreement between the hypoplastic constitutive
model and physical testing trends, which can broadly reflect the strength and deformation
characteristics of soil under different confining pressures, especially stress ratio. The
curve of axial strain versus volumetric strain can also reflect the overall evolution law
corresponding to physical testing.
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Figure 7. The stress–strain relationship simulated by proposed model under different confining
pressures at δ = 90◦: (a) σ1/σ3-εa; (b) εv-εa.

3.3.2. Influence of Principal Stress Rotation on Strength and Deformation

According to the experimental results of Tatsuoka et al. [31], the σ1/σ3-εa curve and
the εv-εa curve of the rotation angle of the principal stress axis, i.e., the deposition angle δ
from 0◦ to 90◦ under confining pressures of σc = 0.05 kgf/cm2 and σc = 4.0 kgf/cm2, are
shown in Figures 8 and 9, respectively.
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Figure 9. The stress–strain relationship measured by the test [31] when confining pressure = 4.0 
kgf/cm2: (a) dense sand; (b) loose sand. 
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Figure 9. The stress–strain relationship measured by the test [31] when confining pressure = 4.0 
kgf/cm2: (a) dense sand; (b) loose sand. 

The test results demonstrate that dense and loose sand exhibit prominent strength 
and deformation anisotropy at different confining pressure levels. When the rotation an-
gle of the major principal stress axis is 90°—that is, perpendicular to the principal fabric 
direction—the sand sample exhibits the maximum peak shear strength, and then the peak 
shear strength shows a decreasing trend with the decreasing rotation angle of the major 
principal stress axis, reaching the minimum value at 23°, and subsequently gradually in-
creases, indicating a trend of first decreasing and then increasing overall, but the strength 
at a rotation angle of 0° is not as robust compared to 90°. On the other hand, the defor-
mation (εv) of the sand under a confining pressure of σc = 4.0 kgf/cm2 is insensitive to the 
initial fabric; under larger deformations, which correspond to an axial strain of 7.5~10%, 
the dεv is extremely small, while the stress ratio at different deposition angles gradually 
reaches a nearly identical state. 

Figure 10a,b depicts the σ1/σ3-εa and εv-εa curves of dense sand simulated by the hy-
poplastic model at σc = 0.05 kgf/cm2 (5 kPa). Simulation results demonstrate that dense 
sand undergoes stress softening after its σ1/σ3 reaches its peak value at εa = 4%. The σ1/σ3 
value gradually reaches a fixed value, consistent with experimental results, as εa ap-
proaches 10% after experiencing a significant amount of deformation. The maximum 
stress ratio of 6.3 occurs at δ of 90°, followed by a monotonically decreasing trend in the 
peak stress ratio as δ decreases and reaches its minimum value of 5.0 at δ of 0°. A discrep-
ancy compared to the experimental result is observed with the minimum stress ratio oc-
curring at 23°. As shown in Figure 10b, as δ decreases, εv also decreases, indicating weak-
ened dilatancy. 

Figure 9. The stress–strain relationship measured by the test [31] when confining pressure = 4.0 kgf/cm2:
(a) dense sand; (b) loose sand.
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The test results demonstrate that dense and loose sand exhibit prominent strength
and deformation anisotropy at different confining pressure levels. When the rotation
angle of the major principal stress axis is 90◦—that is, perpendicular to the principal fabric
direction—the sand sample exhibits the maximum peak shear strength, and then the peak
shear strength shows a decreasing trend with the decreasing rotation angle of the major
principal stress axis, reaching the minimum value at 23◦, and subsequently gradually
increases, indicating a trend of first decreasing and then increasing overall, but the strength
at a rotation angle of 0◦ is not as robust compared to 90◦. On the other hand, the deformation
(εv) of the sand under a confining pressure of σc = 4.0 kgf/cm2 is insensitive to the initial
fabric; under larger deformations, which correspond to an axial strain of 7.5~10%, the dεv
is extremely small, while the stress ratio at different deposition angles gradually reaches a
nearly identical state.

Figure 10a,b depicts the σ1/σ3-εa and εv-εa curves of dense sand simulated by the
hypoplastic model at σc = 0.05 kgf/cm2 (5 kPa). Simulation results demonstrate that dense
sand undergoes stress softening after its σ1/σ3 reaches its peak value at εa = 4%. The σ1/σ3
value gradually reaches a fixed value, consistent with experimental results, as εa approaches
10% after experiencing a significant amount of deformation. The maximum stress ratio of
6.3 occurs at δ of 90◦, followed by a monotonically decreasing trend in the peak stress ratio
as δ decreases and reaches its minimum value of 5.0 at δ of 0◦. A discrepancy compared
to the experimental result is observed with the minimum stress ratio occurring at 23◦. As
shown in Figure 10b, as δ decreases, εv also decreases, indicating weakened dilatancy.
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Figure 10. The σ1/σ3-εa and εv-εa relationship simulated by the proposed model corresponding to 
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Loose sand undergoes strain hardening during shearing. As shown in Figure 10c, 
there is no decrease in the stress ratio when εa reaches about 4%, and the stress ratio re-
mains constant during the subsequent shearing process. Moreover, the value of σ1/σ3 de-
creases compared with the dense sand, and different rotation angles of the principal stress 
axis, which are from 0 to 90 degrees, bring about a certain degree of strength anisotropy, 
although the degree of anisotropy is slightly weaker than that of dense sand. The dilation 
tendency is similarly weaker in loose sand, as indicated by Figure 10d. 

Simulation results of the σ1/σ3-εa and εv-εa under σc of 4.0 kgf/cm2 (400 kPa) are pre-
sented in Figure 11. As the confining pressure increases to 400 kPa, both loose and dense 
sand stress–strain curves reflect a decreasing trend in the overall stress ratio and volumet-
ric strain, while exhibiting similar behavior to that observed at 0.05 kgf/cm2. 
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Figure 10. The σ1/σ3-εa and εv-εa relationship simulated by the proposed model corresponding to
(a,b) dense sand and (c,d) loose sand, when σc = 0.05 kgf/cm2.

Loose sand undergoes strain hardening during shearing. As shown in Figure 10c,
there is no decrease in the stress ratio when εa reaches about 4%, and the stress ratio remains
constant during the subsequent shearing process. Moreover, the value of σ1/σ3 decreases
compared with the dense sand, and different rotation angles of the principal stress axis,
which are from 0 to 90 degrees, bring about a certain degree of strength anisotropy, although
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the degree of anisotropy is slightly weaker than that of dense sand. The dilation tendency
is similarly weaker in loose sand, as indicated by Figure 10d.

Simulation results of the σ1/σ3-εa and εv-εa under σc of 4.0 kgf/cm2 (400 kPa) are
presented in Figure 11. As the confining pressure increases to 400 kPa, both loose and dense
sand stress–strain curves reflect a decreasing trend in the overall stress ratio and volumetric
strain, while exhibiting similar behavior to that observed at 0.05 kgf/cm2.
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tive equation is expressed in Equations (9)–(12). Both models consider the impact of prin-
cipal stress axis rotation. Wu’s model takes the anisotropic parameters as α = 0.9, β = 1.0, 
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The simulation results of Wu’s anisotropic model are presented in Figure 12. The 
strength of the model for dense sand shows a trend of decreasing first and then increasing 
as δ decreases, and the minimum shear strength corresponds to δ of approximately 34° 
and the maximum strength to 90°, which is consistent with the experimental results men-
tioned above. The strength of loose sand shows a trend of decreasing first and then in-
creasing as δ advances from 90° to 0°, but the trend is less significant, and the contraction 
deformation increases with the changing of δ. 

Figure 11. The σ1/σ3-εa and εv-εa relationship simulated by the proposed model corresponding to
(a,b) dense sand and (c,d) loose sand, when σc = 4.0 kgf/cm2.

In order to explore the differences and connections in simulating anisotropic capabil-
ities between the anisotropic hypoplastic model proposed in this paper and the existing
mature models, the present study compares the simulation results with the transversely
isotropic hypoplastic model developed by Wu (1998) [47]. Wu’s model considers the effect
of variation in the principal stress loading direction (deposition angle), and the constitutive
equation is expressed in Equations (9)–(12). Both models consider the impact of principal
stress axis rotation. Wu’s model takes the anisotropic parameters as α = 0.9, β = 1.0, and
γ = 1.04, with a maximum void ratio of 0.85, a minimum void ratio of 0.3, and confining
pressure of σc = 4.0 kgf/cm2 (400 kPa), and A represents the second-order tensor related to
the angle between the principal stress and the principal fabric direction. The remaining
model parameters are listed in Table 2.

o
σ = L(σ,

.
ε) + M(A, N)

∥∥ .
ε
∥∥ (9)

M(A, N)= (α + γ− 2β)tr(A·N) + γN + (β− γ)(A·N + N·A) (10)
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The linear term L and the nonlinear term N are defined as follows, and the form of f (e)
is shown in Formula (4):

L = C1tr(σ)
·
ε + C2tr(

·
ε)σ + C3

trσ
·
ε

trσ
σ (11)

N = C4 f (e)(σ + σ∗)
∥∥∥ ·ε∥∥∥. (12)

The simulation results of Wu’s anisotropic model are presented in Figure 12. The
strength of the model for dense sand shows a trend of decreasing first and then increasing
as δ decreases, and the minimum shear strength corresponds to δ of approximately 34◦ and
the maximum strength to 90◦, which is consistent with the experimental results mentioned
above. The strength of loose sand shows a trend of decreasing first and then increasing as δ
advances from 90◦ to 0◦, but the trend is less significant, and the contraction deformation
increases with the changing of δ.
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Figure 12. The σ1/σ3-εa and εv-εa relationship simulated by Wu’s model corresponding to (a,b) dense 
sand and (c,d) loose sand, when σc = 4.0 kgf/cm2. 

Figures 13 and 14 illustrate the relationship between peak friction angle φ and δ at a 
confining stress of σc = 1.0 kgf/cm2 (100 kPa). Figure 13 represents the correlation between 
φ and δ, and Figure 14a illustrates the curves of φ(δ)/φ(δ = 90°)-δ under plane strain and 
triaxial compression tests. Figure 14b exhibits the curves of φ(δ)/φ(δ = 90°)-δ simulated by 
the model. 
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Figure 12. The σ1/σ3-εa and εv-εa relationship simulated by Wu’s model corresponding to (a,b) dense
sand and (c,d) loose sand, when σc = 4.0 kgf/cm2.

Figures 13 and 14 illustrate the relationship between peak friction angle ϕ and δ at a
confining stress of σc = 1.0 kgf/cm2 (100 kPa). Figure 13 represents the correlation between
ϕ and δ, and Figure 14a illustrates the curves of ϕ(δ)/ϕ(δ = 90◦)-δ under plane strain and
triaxial compression tests. Figure 14b exhibits the curves of ϕ(δ)/ϕ(δ = 90◦)-δ simulated by
the model.
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Figure 12. The σ1/σ3-εa and εv-εa relationship simulated by Wu’s model corresponding to (a,b) dense 
sand and (c,d) loose sand, when σc = 4.0 kgf/cm2. 

Figures 13 and 14 illustrate the relationship between peak friction angle φ and δ at a 
confining stress of σc = 1.0 kgf/cm2 (100 kPa). Figure 13 represents the correlation between 
φ and δ, and Figure 14a illustrates the curves of φ(δ)/φ(δ = 90°)-δ under plane strain and 
triaxial compression tests. Figure 14b exhibits the curves of φ(δ)/φ(δ = 90°)-δ simulated by 
the model. 
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Figure 14. The relationship between φ(δ)/φ(δ = 90°) and principal stress rotation angle: (a) test results 
[31]; (b) simulation results. 
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by a decreasing trend as δ decreases. The slope of the φ–δ curve in the range of 90° to 30° 
is relatively steep, indicating that the influence of δ on the strength is significant in this 
range. In contrast, the slope of the φ–δ curve in the range of 30° to 0° is relatively gentle, 
implying that δ has a minor impact on strength in this range. 

The simulated results of the proposed model are compared with Wu’s anisotropic 
model in Figure 13c,d. Wu’s model shows that φ first decreases and then increases with δ 
within the range of 90° to 0°, and the strength at 0° is lower than that of 90°. The minimum 
strength is achieved at a rotation angle of approximately 30°. 

Figure 14a illustrates the variation of the internal friction angle φ with δ (from 90° to 
0°) showing a tendency to decrease initially and then subsequently increasing. The mini-
mum value of φ is observed at δ = 34°, and it gradually increases as δ approaches 0°. As δ 
approaches 0°, φ(δ)/φ(δ = 90°) varies from 0.88 to 0.90. The variation of φ under triaxial 
compression conditions is similar to that under plane strain conditions, but the degree of 
anisotropy is lower, and the tendency of an initial decrease followed by an increase is less 
pronounced. Figure 14b presents the simulation results obtained under plane strain con-
ditions using the hypoplastic constitutive model derived in this paper. φ changes consid-
erably within the range of 90° to 30° as δ varies, but the decreasing trend of φ becomes 
slower when δ exceeds 30°. At a rotation angle of 0°, φ(δ)/φ(δ = 90°) falls within the range 

Figure 13. The relationship between peak friction angle and principal stress rotation angle:
(a) e = 0.35; (b) e = 0.8; (c,d) comparison with Wu’s model.
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The results in Figure 13a,b depict the simulated response of the model presented in
this paper. It can be observed that the variation of peak friction angle ϕ with the principal
stress axis rotation angle δ have similar patterns for both dense sand (e = 0.35) and loose
sand (e = 0.8). The maximum value of ϕ corresponds to a rotation angle of δ = 90◦, followed
by a decreasing trend as δ decreases. The slope of the ϕ–δ curve in the range of 90◦ to 30◦ is
relatively steep, indicating that the influence of δ on the strength is significant in this range.
In contrast, the slope of the ϕ–δ curve in the range of 30◦ to 0◦ is relatively gentle, implying
that δ has a minor impact on strength in this range.

The simulated results of the proposed model are compared with Wu’s anisotropic
model in Figure 13c,d. Wu’s model shows that ϕ first decreases and then increases with δ
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within the range of 90◦ to 0◦, and the strength at 0◦ is lower than that of 90◦. The minimum
strength is achieved at a rotation angle of approximately 30◦.

Figure 14a illustrates the variation of the internal friction angle ϕ with δ (from 90◦

to 0◦) showing a tendency to decrease initially and then subsequently increasing. The
minimum value of ϕ is observed at δ = 34◦, and it gradually increases as δ approaches
0◦. As δ approaches 0◦, ϕ(δ)/ϕ(δ = 90◦) varies from 0.88 to 0.90. The variation of ϕ under
triaxial compression conditions is similar to that under plane strain conditions, but the
degree of anisotropy is lower, and the tendency of an initial decrease followed by an
increase is less pronounced. Figure 14b presents the simulation results obtained under
plane strain conditions using the hypoplastic constitutive model derived in this paper. ϕ
changes considerably within the range of 90◦ to 30◦ as δ varies, but the decreasing trend
of ϕ becomes slower when δ exceeds 30◦. At a rotation angle of 0◦, ϕ(δ)/ϕ(δ = 90◦) falls
within the range of 0.9 to 0.94, which is roughly consistent with experimental values.
Figure 15 compares the variation of strength with δ between the proposed model and Wu’s
anisotropic model.
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4. Discussion

Section 3 simulated the Toyoura sand plane strain test using the proposed model and
Wu’s anisotropic model. However, the previous section did not comprehensively discuss
the simulation results. This section will further elaborate on the difference in the simulation
performance between the two models.

As the principal stress axis rotates, the anisotropic differences in strength and deforma-
tion characteristics that arise in the model serve as the criterion for testing the performance
difference in simulation among different models. To provide an intuitive comparison of the
ability of two models to simulate anisotropic differences, the peak stress difference (and
residual stress) was statistically calculated with varying angles for strength characteristic,
and the difference in volume strain at the residual state with varying angles was statistically
calculated for deformation characteristics. The statistical results were graphically displayed
alongside experimental data for ease of comparison, as shown in Figures 16 and 17. It can
be observed that regardless of the peak stress, residual stress, or volumetric strain at the
residual state, the anisotropy difference simulated by Wu’s model is always overestimated
when the rotation angle changes from 90◦ to 45◦, while the difference in the anisotropy
of strength and deformation characteristics simulated by both models is not so obvious
when the rotation angle changes from 45◦ to 0◦. The results suggest that the proposed
model has a slightly stronger ability to simulate anisotropic differences compared to Wu’s
model. Changes in anisotropy with the rotation of the principal stress axis are generally
more balanced, without being overestimated in a particular rotation angle range, making it
more consistent with the results obtained from indoor experiments.
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This paper provides a modeling technique for transforming isotropic models into
anisotropic models through simple methods. Furthermore, all parameters carry explicit
physical meanings, making it convenient for accurate predictions of subsequent soil me-
chanics properties. However, it should be noted that this paper only studies the anisotropy
differences in strength and deformation characteristics under drained conditions and
does not involve undrained experiments. The use of a hypoplastic model for simulating
undrained stress paths requires the introduction of concepts such as “intergranular strain
tensor” to further improve the simulation performance. Meanwhile, in order to apply the
constitutive model in engineering practice, it is necessary to embed the model into finite
element software via UMAT subroutine. Then, the model can be utilized for engineering
modeling. These are the research directions that we plan to pursue.

5. Conclusions

This paper investigates the geometric relationship between principal stress and fabric
and proposes a hypoplastic constitutive model which considers the rotation of the principal
stress axis.

(1) To describe the mechanical characteristics of orthogonal anisotropic fabric relative to
the rotation of principal stress, a new anisotropic state variable, denoted as A, is defined. As
the principal stress axis rotates, the angle between the fabric direction and stress direction
also changes. When fabric amplitude parameters a1 and a2 are nonzero, the material
becomes anisotropic, and ‖A‖ increases monotonically, within the 0 to 90 degrees range,
with the rotation angle. Accordingly, the failure strength changes with the rotation angle,
and the effect of a1 on A is greater than that of a2.
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(2) A is embedded in the critical state line, and the impact of fabric amplitude parame-
ters and principal stress axis rotation on f (e) is analyzed. The results show that the value of
f (e) increases with the increase in a1, a2, and the rotation angle.

(3) An anisotropic hypoplastic constitutive model is proposed, which incorporates
the critical state line that takes into account principal stress axis rotation. By using the
results of a series of Toyoura sand plane strain tests, the influences of void ratio, confining
pressure, and rotation angle on the anisotropic strength and deformation characteristics
have been simulated. The proposed model is also compared with the transversely isotropic
hypoplastic model by Wu. The proposed model exhibits a balanced performance when
simulating the variation of anisotropy in both strength and deformation with respect to
rotation angle, without being overestimated within a certain range of rotation angles.
The prediction results demonstrated a certain degree of validity and effectiveness of the
proposed model.

(4) We have only conducted simulations of drained anisotropic experiments in this
paper, and have not yet addressed undrained anisotropic experiments, which will be the
main focus of our future research. Additionally, we plan to introduce the constitutive
model into finite element software, such as ABAQUS, through the UMAT subroutine to
enable numerical modeling and serve the engineering practice field.
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