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Abstract: With the rapid development of wireless communication technologies, free-space optical
(FSO) communication has gained much attention in recent years. The FSO technology, which is usually
used for communication in terrestrial environments, is expanding its regime to communication in
maritime environments. In this study, we analyze the ergodic capacity of FSO communication
between mobile platforms in maritime environments under foggy conditions, pathloss, and pointing
error. More specifically, based on the moment expressions, we derive the closed-form expression of
asymptotic ergodic capacity using conventional detection techniques (i.e., heterodyne and intensity
modulation/direct detection). The derived analytical results are cross-verified with simulation
results via Monte Carlo simulations. The results show that the combined effects of fog with pathloss
and pointing error degrade the FSO performance and that it is important to apply the appropriate
detection technique according to the communication environment.

Keywords: ergodic capacity; fog; free-space optical communication; maritime; mobile platform;
pathloss; pointing error

1. Introduction

Owing to its many attractive advantages [1–3], considerable research has already been
carried out to apply free-space optical (FSO) communication to terrestrial environments.
Recently, research has been conducted with the objective of applying FSO communication
to maritime environments [4,5]. However, in the system design of FSO communication
for application in maritime environments, various impairments must be considered. First,
the performance of FSO links is affected by various weather conditions; among these, fog
is considered one of the most serious limiting factors because, in the worst case, a high
attenuation of up to 480 dB/km can reduce visibility to several meters [3]. Most of the work
carried out in modeling foggy channels over the past decade has assumed that the channel
is deterministic [6]. However, a recent study has demonstrated that the fog attenuation
effect follows a random behavior following the Gamma distribution [7].

Another possible impairment is the motion of mobile platforms. Unlike the conven-
tional FSO case in terrestrial environments, platforms in maritime environments float over
water. Therefore, in maritime environments, mobile platforms should be considered, and
communication on mobile platforms leads to degradation factors such as pathloss and
pointing error. Pathloss occurs according to a change in the distance between the transmit-
ter (Tx) and receiver (Rx) and can be expressed as visibility that can be measured directly in
the atmosphere [8]. With regard to pointing error issues, the rolling, pitching, and yawing
motions of the mobile platform in maritime environments lead to pointing error that does
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not typically arise in FSO communication between fixed platforms [2] and this can lead to
considerable performance degradation.

Studies have been conducted on the factors that degrade the performance of FSO
communication systems [1,3,9–12]. In [3], various metrics such as signal-to-noise ratio
(SNR), channel capacity, and bit error rate (BER) were used to study the performance under
different types of fog conditions. Moreover, in [9,10], the performance analysis considering
the combined effects of both atmospheric turbulence and pointing error was conducted
using composite statistics (i.e., probability density functions (PDF)). In [9], based on the
Beckmann distribution, the generalized pointing error model was studied, and the general
asymptotic channel capacity expression was derived under complex impairments caused
by both turbulence and generalized pointing error. In [10], the statistical analysis of the
channel model considering both weak atmospheric turbulence and pointing error was per-
formed. In [1,11,12], considering the pathloss to be deterministic with propagation length,
a performance analysis was undertaken that considered the combined effects of pathloss,
atmospheric turbulence, and pointing error based on the composite PDF. In [1], the ergodic
capacity performance of widely used detection techniques (i.e., heterodyne detection (HD)
and intensity modulation/direct detection (IM/DD)) with nonzero boresight pointing
errors under the Lognormal, Rician-lognormal, and Malaga turbulence models was studied.
In [11], the authors assumed the pointing error model following the Rician distribution
and analyzed the error rate with IM/DD over the Lognormal/Gamma–Gamma fading
channels. In [12], BER performance over a strong turbulence channel with the pointing
error model of the Rayleigh distribution was investigated.

There are existing research results of some performance analyses that consider three
factors: fog, pathloss, and pointing error in terrestrial or maritime environments. However,
there were no results analyzing ergodic capacity, which is one of the important perfor-
mance indicators, while considering the combined effects of all three factors based on the
most commonly applied HD or IM/DD-based detection techniques. Therefore, in this
context, the performance analysis of asymptotic ergodic capacity is considered based on the
above-mentioned three factors in maritime environments based on mobile platforms. We
statistically analyze ergodic capacity performance based on our system and channel models.
Subsequently, using the moment expressions, we derive the closed-form expression of
asymptotic ergodic capacity with both HD and IM/DD.

2. System and Channel Models

As shown in Figure 1, in the FSO communication in maritime environments, both Tx
and Rx have the characteristic of being mobile platforms. Because of these characteristics,
the pointing error that continues to occur even after beam alignment, especially the effects
of jitter, is the major factor affecting performance. As the distance between these mobile
platforms is not fixed, its impact is also a major factor affecting performance. Furthermore,
in the typical case of applying FSO communication in terrestrial environments, the main
consideration is the horizontal link between fixed platforms or the vertical link between
fixed mobile platforms, which has been extensively studied recently, whereas, in maritime
environments, the horizontal link between mobile platforms is the main consideration.
Furthermore, as the occurrence of fog is higher than in terrestrial environments owing to
the nature of the ocean, fog acts as the major factor in performance degradation compared
to terrestrial environments. Based on these considerations, we assume that the irradiance
can be modeled as I′ = Il Ia Ip, where Il , Ia, and Ip denote the pathloss, foggy channel, and
pointing error, respectively, Ia and Ip are random variables discussed below [8], and Il
is deterministic.
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Figure 1. System and channel models of FSO communication between mobile platforms in
maritime environments.

2.1. Foggy Channel

When considering the mobile platform-based fog effect in terrestrial environments,
it is difficult to directly apply the foggy channel characteristics studied in [7] because the
channel model is based on the form of the vertical or horizontal link. However, as the
mobile platform considered in maritime environments has a model in the form of the
horizontal link, the statistical characteristics of the foggy channel in [7] can be directly
applied. Therefore, in this study, we assume that the random foggy channel follows the
Gamma distribution by applying the statistical model of the foggy channel given in [7],
and that it has isotropic properties. Based on the relation between the link length and the
related signal attenuation (i.e., the Beer–Lambert law) in [7], the state of the foggy channel
is given as

Ia = exp(−αl/4.343), (1)

where l and α represent the length of the propagation link (km) and the related signal
attenuation random variable (dB/km), respectively. Based on [7], the PDF of Ia can be
written as

f Ia(Ia) =
zk

Γ(k)

[
ln
(

1
Ia

)]k−1
Ia

z−1, (2)

where 0 < Ia ≤ 1, z = 4.343/βl, β > 0 is a continuous scale parameter, and Γ(·) is the
Gamma function for k > 0, which is a continuous shape parameter that defines four types
of fog (dense, thick, moderate, and light) according to the visible range in meters (V) [6].
The corresponding values of k and β are listed in Table 1.

Table 1. Parameter values for different types of fog.

Fog Type Dense Thick Moderate Light

V(m) 0–50 50–200 200–500 500–1000
k 36.05 6.00 5.49 2.32
β 11.91 23.00 12.06 13.12

2.2. Pathloss

Based on [13], pathloss can be assumed as

Il = exp[−γ(λ)× l], (3)
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where γ(λ) represents the attenuation coefficient. In order to model the attenuation caused
by fog, the Kim model is used to predict the attenuation coefficient [14,15]:

γ(λ) ' 3.912
V

(
λ

550

)−q
, (4)

q =


1.6 if V > 50 km
1.3 if 6 km < V < 50 km
0.16V + 0.34 if 1 km < V < 6 km
V − 0.5 if 0.5 km < V < 1 km
0 if V < 0.5 km

,

where λ is the wavelength, V = 3.912
γ550 nm

is the visibility, and q represents the size distribution
of the scattering particles.

2.3. Pointing Error

In maritime environments, both Tx and Rx are mobile platforms; therefore, the perfor-
mance is mainly affected by the pointing error, especially the jitter that continues to occur
even after beam alignment. In particular, as shown in Figure 1, the movements of the mobile
platform in maritime environments cause pointing errors that can be classified as rolling,
yawing, and pitching. Rolling is a movement wherein the left and right sides of the mobile
platform swing up and down, respectively, and yawing is a movement wherein the mobile
platform swings left and right around the keel point. Pitching is a movement in which
the front and rear of the mobile platform swing up and down, respectively. Yawing and
pitching cause displacement only in the x or y axes, whereas rolling causes displacement in
both the x and y axes. Therefore, the effect of yawing and pitching can be modeled with
the single-sided pointing error model, whereas the effect of rolling can be modeled with
the double-sided pointing error model [16]. In general, the mobile platform in maritime
environments is affected by more than two of the three main factors mentioned above: the
pointing error can be modeled using a double-sided error model [16].

Based on [2,16], we assume that the beamwidth of a Gaussian beam is ωz and the
aperture radius is a. Then, at distance l, we can approximate the fraction of the collected
power as

Ip(s; l) ≈ A0 exp
(
− 2s2

ωzeq2

)
, (5)

where, as shown in Figure 1, s is the radial displacement between the centers of the beam
and the detector, A0 = [erf(v)]2 is the fraction of the collected power at s = 0 when the

ratio between the beamwidth and aperture radius is v =
√

a2π
2ωz2 , and ωzeq

2 = ωz
2
√

A0π
2v exp(−v2)

is the equivalent beamwidth, where erf(x) = 2√
π

∫ x
0 e−t2

dt is the error function. When
ωz > 6a, the approximation expression of Ip is valid, which is also valid for typical
FSO communication systems [2]. Pointing error models can be classified according to
boresight and jitter. In this study, the effect of jitter that continues to occur even after beam
alignment is considered; in particular, a simple situation in which jitter occurs equally is
considered (i.e., zero boresight and identical jitters). Therefore, we assume that our pointing
error model follows a Rayleigh distribution [8] and the corresponding PDF of Ip can be
expressed as

f Ip(Ip) =
ξ2

A0
ξ2 Ip

ξ2−1, for 0 ≤ Ip ≤ A0, (6)

where ξ =
ωzeq
2σ is the ratio of the equivalent beam radius at the receiver to the standard

deviation of the pointing error displacement at the receiver.
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3. Performance Analysis: Ergodic Capacity

Based on [17], we can express the ergodic capacity C as

C = E
[
log2(1 + γ′)

]
, (7)

where γ′ = (η I′)r

N0
is the instantaneous SNR and r is r = 1 for HD and r = 2 for IM/DD

detection techniques commonly used in wireless optical communication systems. The
average electrical SNR µ′ can be expressed as

µ′ = E
[
γ′
]
=

ηr(E[I′])r

N0
. (8)

Since Il is deterministic and Ia and Ip are independent random variables, the power
of expectation of I′ can be obtained as (E[I′])r =

(
E
[
Il Ia Ip

])r
= Il

r(E[Ia])
r(E[Ip

])r. With

(E[Ia])
r =

( z
z+1
)kr and

(
E
[
Ip
])r

=
(

ξ2 A0
ξ2+1

)r
, derived in the Appendices A–D, the resulting

average electrical SNR can be written as

µ′ =

(
η Il

A0ξ2

1+ξ2

( z
z+1
)k
)r

N0
. (9)

For ξ2 � 1, it can be assumed that the pointing error is negligible. Therefore, this can
be simplified as

µ′ =

(
η Il A0

( z
z+1
)k
)r

N0
. (10)

In our case, it is impossible or extremely difficult to obtain the ergodic capacity in a
closed-form expression. Therefore, the ergodic capacity can be analyzed using the moment
expressions in the following section. Based on [17], asymptotic ergodic capacity can be
written as

C ' 1
log 2

(
∂

∂n
E
[
γ′

n
]∣∣∣∣

n=0

)
, (11)

where, with the definition of the average electrical SNR, the nth moment of γ′ in (11) can
be obtained using irradiance as [9]

E
[
γ′

n
]
=

(
ηr

N0

)n
E
[

I′rn
]
=

E
[
I′rn]

(E[I′])rn µ′
n
=

E[Ia
rn]E

[
Ip

rn]
(E[Ia])

rn(E[Ip
])rn µ′

n. (12)

Subsequently, by applying the quotient rule for differentiation, the derivative of (12) can be
obtained as given in (13). As a result, after some manipulation, we can obtain asymptotic
ergodic capacity in a closed-form expression, as given in (14).

∂

∂n

 E[Irn
a ]E

[
Irn
p

]
(E[Ia])

rn(E[Ip
])rn µ′

n

∣∣∣∣∣∣
n=0

=

(
∂

∂nE[I
rn
a ]E

[
Irn
p

])
(E[Ia])

rn(E[Ip
])rn −

(
∂

∂n (E[Ia])
rn(E[Ip

])rn
)
E[Irn

a ]E
[

Irn
p

]
(
(E[Ia])

rn(E[Ip
])rn

)2 µ′
n

∣∣∣∣∣∣∣
n=0

+

(
∂

∂n
µ′

n
) E[Irn

a ]E
[

Irn
p

]
(E[Ia])

rn(E[Ip
])rn

∣∣∣∣∣∣
n=0

,

(13)

where, as derived in the Appendices A–D,
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Ia Ip

Power of expectation (E[Ia])
rn =

(
z

z+1

)krn (
E
[
Ip
])rn

=
(

ξ2 A0
ξ2+1

)rn

nth moment E[Ia
rn] =

( z
rn+z

)k E
[
Ip

rn] = ξ2 A0
rn

rn+ξ2

Derivative of power of expectation ∂
∂n (E[Ia])

rn = kr
(

z
z+1

)krn
ln
(

z
z+1

)
∂

∂n
(
E
[
Ip
])rn

= r
(

ξ2 A0
ξ2+1

)rn
ln
(

ξ2 A0
ξ2+1

)
Derivative of nth moment ∂

∂nE[Ia
rn] = −krz 1

(rn+z)2

( z
rn+z

)k−1 ∂
∂nE

[
Ip

rn] = −ξ2rA0
rn

(rn+ξ2)2 + ξ2rA0
rn

rn+ξ2 ln(A0)

C̄ ' 1
log 2

(
− kr

z
− r

ξ2 − kr ln
(

z
z + 1

)
+ r ln(A0)− r ln

(
A0ξ2

1 + ξ2

)
+ ln

(
µ′
))

' 1
log 2

(
−r

(
k
z
+

1
ξ2 + ln

(
ξ2zk

(1 + ξ2)(z + 1)k

))
+ ln

(
µ′
))

.
(14)

For ξ2 � 1, the power of the expectation of Ip and the nth moment of Ip changes
as
(
E
[
Ip
])rn

= E
[
Ip

rn] = A0
rn, ∂

∂n
(
E
[
Ip
])rn

= ∂
∂nE

[
Ip

rn] = rA0
rn ln(A0), respectively.

Therefore, (14) can be rewritten as

C̄ ' 1
log 2

(
−r
(

k
z
+ k ln

(
z

z + 1

))
+ ln

(
µ′
))

. (15)

4. Numerical Results

In this section, selected results for the ergodic capacity of FSO communication between
mobile platforms under varying fog types, pathloss, and pointing errors in maritime
environments are presented. To validate our analytical results, the Monte Carlo simulation
results were used. In the following figures, the markers and lines represent the asymptotic
and simulation results, respectively.

In each figure, the parameters (i.e., λ, a, ωz, and l) and their corresponding values
listed in Table 2 are considered unless otherwise noted. Figures 2–4 are under both the
HD and IM/DD techniques at l = 0.2, 1 km, and 0.5 km, respectively. In all figures, the
analytical results perfectly match the simulation results. In addition, as µ′ increases, the
asymptotic results approach exact results. Even if the results do not match perfectly, they
are useful as upper bounds. However, in some results (i.e., dense fog type, high pointing
error, or a bad case), we can observe a large difference in ergodic capacity between the
asymptotic results and the exact results at a low SNR. Here, the bad case considers both
the dense fog type and high pointing error. Typical FSO communication systems operate
over a wide range, especially in the high SNR range, compared to RF-based systems [18].
Therefore, the high SNR regime has a more important meaning, so we should focus on
convergence to the exact results at a high SNR. Figure 2 shows the impact of varying
fog types (i.e., dense, light) on the ergodic capacity with fixed values of pathloss (i.e.,
Il = 3.2004× 10−9 in dense, Il = 0.4884 in light) and pointing error (i.e., ξ = 2.5058).
Expectedly, as fog density increased, ergodic capacity performance decreased.

Figure 3 shows the impact of varying pointing errors (i.e., ξ = 0.3268, ∞) on the
ergodic capacity with fixed values of pathloss (i.e., Il = 0.0278) and moderate fog type (i.e.,
k = 5.49 and β = 12.06). Expectedly, the more severe the impact of the pointing error, the
worse the performance (i.e., the lower ξ, the lower the ergodic capacity performance).

Figure 4 presents the impact of the bad case and the good case of the combined foggy
channel and pointing error with fixed pathloss value on the ergodic capacity performance.
The bad case considers both the dense fog type and high pointing error (i.e., k = 36.05,
β = 11.91, and ξ = 0.5783) with Il = 5.7943× 10−22, but the good case considers both the
light fog type and no pointing error (i.e., k = 2.32, β = 13.12, and ξ → ∞) with Il = 0.1667.
Expectedly, the good case results in a better ergodic capacity performance than the bad case.
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Table 2. Parameter settings in results.

Parameter Symbol Value

Wavelength λ 1550 nm
Receiver radius a 10 cm

Beamwidth ωz 150 cm
Distance between Tx and Rx l 0.2–1 km

0 10 20 30 40 50 60 70 80

-15
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0

5

10
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20
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Figure 2. Ergodic capacity results for varying fog types under both HD and IM/DD techniques with
l = 0.2 km.
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Figure 3. Ergodic capacity results for varying pointing errors under both HD and IM/DD techniques
with l = 1 km.
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Figure 4. Ergodic capacity results for combined effects of foggy channel with pathloss and pointing
error under both HD and IM/DD techniques with l = 0.5 km.

As the pathloss is the value determined by the visibility related to fog, the effect of
varying the pathloss is not seen separately in the graph. As seen in all figures, the HD
technique provides better ergodic capacity performance than the IM/DD technique. This
is because the HD technique applies two-dimensional modulation in terms of phase and
amplitude, whereas the IM/DD technique is limited to one dimension in terms of intensity;
therefore, the IM/DD technique requires a higher SNR than the HD technique to achieve
the same rate performance [19]. In good communication environments (i.e., light fog type,
no pointing error, or good case), the difference in ergodic capacity performance between
the HD and IM/DD techniques is small, whereas in bad communication environments
(i.e., dense fog type, high pointing error, or bad case), the difference in ergodic capacity
performance between the HD and IM/DD techniques is large. Therefore, owing to the
characteristics of the HD and IM/DD techniques [19], applying the IM/DD technique in
normal environments is more appropriate. When communication environments deterio-
rate, it is more appropriate to apply the HD technique to achieve a high system capacity
performance. Note that we can consider ergodic capacity (in bits/sec/Hz, which is the
universal unit), by multiplying 1

ln 2 in our derived results.

5. Conclusions

In this study, we analyzed the performance of the ergodic capacity of FSO communica-
tion between mobile platforms, particularly under foggy channel, pathloss, and pointing
error conditions in maritime environments. In particular, among the pointing errors, jitter
was considered. In the case of foggy conditions, the beam is diffused by scattering while
passing through the foggy channel [20]. Moreover, even if the maritime FSO communica-
tion system was initially aligned without boresight error by various tracking methods, this
boresight error may still occur due to various factors (e.g., thermal expansion of the ship,
maritime environmental factors, etc.). In this case, the performance will vary greatly due to
the complex effects of the beam spread by foggy conditions and jitter.

More specifically, looking at the result of zero boresight error in Figure 5, it can be
seen that the performance is better when there is no jitter. This is because jitter makes the
transmitted beam from the transmitter more likely to deviate from the receiver’s photo-
detector (PD) [21]. On the other hand, when the boresight error is not zero, and there is a
jitter, the diffused beam due to fog is more likely to be affected by the jitter, which can lead
to an increase in the probability of detecting the beam in the photodetector (PD). As a result,
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there may be cases where the performance of the system is improved compared to the case
without jitter. This can happen because the combined effects of jitter and diffuse beams can
increase the detection probability at the PD, which can compensate for the reduced signal
detection probability due to boresight errors. However, this improvement is not always
guaranteed and depends on various factors such as the amount of jitter, the size of the
beam, and the characteristics of the fog. On the other hand, when µ = 110 (i.e., when the
beam deviates relatively less from the center of the PD), it can be seen that the performance
is reversed when the SNR increases in the above environments. This is because beam
spread is relatively reduced with an increase in SNR, and as a result, the complex effects
caused by beam spread and jitter which have a positive effect on performance are reduced.
Through these results, it can be confirmed that the effect of jitter on performance is relatively
important in foggy conditions, so the effect of jitter is mainly considered in this paper.

0 25 50 75 100 125 150

0

5

10

15

20

25

30

0

0.1

0.2

0.3

Figure 5. Ergodic capacity results for varying both boresight (i.e., µ = 0, 110, 180) and jitter (i.e.,
ξ = 0.3216, ∞) with dense fog and Il = 5.7943× 10−22 under HD technique with l = 0.5 km.

Based on the moment expressions, we derived the closed-form expression of asymp-
totic ergodic capacity for both conventional detection techniques (i.e., HD and IM/DD
techniques). Subsequently, our derived analytical results were cross-verified with the simu-
lation results via Monte Carlo simulations. Based on some selected results, we can confirm
that the combined effects of the foggy channel with pathloss and pointing error degrade
FSO performance, especially under dense fog type and high pointing error conditions. In
addition, the results show the numerical difference between HD and IM/DD techniques
and can thus help determine the appropriate detection technique.
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Abbreviations
The following abbreviations are used in this manuscript:

Notation Definition
FSO Free-space optical
Tx Transmitter
Rx Receiver
SNR Signal-to-noise ratio
BER Bit error rate
PDF Probability density function
HD Heterodyne detection
IM/DD Intensity modulation/direct detection
PD Photo-detector
Parameters Definition
Il pathloss
Ia foggy channel
Ip pointing error
l the length of the propagation link (km)
α signal attenuation random variable (dB/km)
β continuous scale parameter
Γ(·) Gamma function
k continuous shape parameter of fog
V visibility
λ wavelength
q size distribution of the scattering particles
ωz beamwidth of a Gaussian beam
a aperture radius
s the radial displacement between the centers of the beam and the detector
A0 fraction of the collected power at s = 0
v ratio between the beamewidth and aperture radius
ωzeq the equivalent beamwidth
erf(x) error function
ξ raio of the equivalent beam radius at the receiver
σ standard deviation of the pointing error displacement at the receiver
C ergodic capacity
γ′ instantaneous SNR
µ′ average electrical SNR

Appendix A. Derivative of Expectation of Ia

The power of expectation of Ia is given as

(E[Ia])
rn =

(∫ 1

0
Ia f Ia(Ia) dIa

)rn

. (A1)

Here, by substituting (2) into (A1), we obtain

(E[Ia])
rn =

(∫ 1

0

zk

Γ(k)

[
ln
(

1
Ia

)]k−1
Ia

z dIa

)rn

. (A2)

Then, with the help of ([22], Eq. (8.310.1)), (A2) can be rewritten as

(E[Ia])
rn =

(
z

z + 1

)krn
. (A3)

Subsequently, utilizing ([23], Eq. (01.02.20.0003.01)), the first derivative of (A3) can be
expressed as

∂

∂n
(E[Ia])

rn = kr
(

z
z + 1

)krn
ln
(

z
z + 1

)
. (A4)
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Appendix B. Derivative of Expectation of Ip

The power of expectation of Ip is given as

(
E
[
Ip
])rn

=

(∫ A0

0
Ip f Ip

(
Ip
)
dIp

)rn

. (A5)

Here, by substituting (6) into (A5), we obtain

(
E
[
Ip
])rn

=

(∫ A0

0

ξ2

A0
ξ2 Ipξ2

dIp

)rn

. (A6)

Then, with the help of ([22], Eq. (2.01.01)), (A6) can be rewritten as

(
E
[
Ip
])rn

=

(
ξ2 A0

ξ2 + 1

)rn

. (A7)

Subsequently, utilizing ([23], Eq. (01.02.20.0003.01)), the first derivative of (A7) can be
expressed as

∂

∂n
(
E
[
Ip
])rn

= r
(

ξ2 A0

ξ2 + 1

)rn

ln
(

ξ2 A0

ξ2 + 1

)
. (A8)

Appendix C. Derivative of the Moments of Ia

The nth moment of Ia is given by

E[Ia
rn] =

∫ 1

0
Ia

rn f Ia(Ia)dIa. (A9)

Here, substituting (2) into (A9), we obtain

E[Ia
rn] =

∫ 1

0

zk

Γ(k)

[
ln
(

1
Ia

)]k−1
Ia

rn+z−1 dIa. (A10)

Then, with the help of ([22], Eq. (8.310.1)), (A10) can be written as

E[Ia
rn] =

(
z

rn + z

)k
. (A11)

Subsequently, utilizing ([23], Eq. (01.02.20.0001.01)), the first derivative of the moment
given in (A11) can be expressed as

∂

∂n
E[Ia

rn] = −krz
1

(rn + z)2

(
z

rn + z

)k−1
. (A12)

Appendix D. Derivative of the Moments of Ip

The nth moment of Ip is given by

E[Ip
rn] =

∫ A0

0
Ip

rn f Ip

(
Ip
)
dIp. (A13)

Here, substituting (6) into (A13), we obtain

E
[
Ip

rn] = ∫ A0

0

ξ2

A0
ξ2 Iprn+ξ2−1dIp. (A14)
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Then, with the help of ([22], Eq. (2.01.01)), (A14) can be written as

E[Ip
rn] =

ξ2 A0
rn

rn + ζ2 . (A15)

Subsequently , by applying the product rule, the first derivative of the moment in (A15)
can be expressed as

∂

∂n
E
[
Ip

rn] = −ξ2rA0
rn

(rn + ξ2)
2 +

ξ2rA0
rn

rn + ξ2 ln(A0). (A16)
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