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Abstract: Conical gas foil bearings (CGFBs) have the potential to halve the number of necessary
bearings in a conventional rotor system supported by gas foil bearings. Transient simulations of gas
foil journal bearings and gas foil thrust bearings have proven their necessity to accurately predict the
safe operating range of such bearings. This work presents the first transient model able to simulate
the three-dimensional dynamics of CGFBs. The static behaviour of a single CGFB with a uniform
bearing clearance is compared to a CGFB modified by thin metal shims and the resulting advantages
of shimmed CGFBs are discussed. An investigation of the linear stability behaviour shows that the
axial load of the bearing determines the stability of the equilibrium position. Furthermore, three
transient simulations demonstrate the capability of the presented model to describe the nonlinear
dynamics of a shimmed CGFB such as the occurrence of stable limit cycles and self-excited sub- and
super-synchronous vibrations with and without a rotor unbalance. Additionally, waterfall diagrams
are used to investigate the frequency response for different rotational speeds. The novel findings of
this work are the importance of a non-uniform bearing clearance for the functionality of a CGFB and
the identification of the axial force as a critical factor in maintaining bearing stability. These findings
are specific to CGFBs and have not been discussed or mentioned in previous works.

Keywords: conical gas foil bearing; transient simulation; nonlinear dynamics; shimming

1. Introduction

Gas Foil Bearings (GFBs) are machine elements mainly used in oil-free turbomachin-
ery. The major benefits of GFBs are the low drag friction, low wear, and the possibility
of high-speed and high-temperature operation. These properties can be achieved while
maintaining a contamination-free system due to the use of air as lubrication fluid. The latter
property in particular predestines GFBs for applications where the use of oil is not accept-
able, such as in air cycle machines and turbo compressors for the air supply of fuel cells.
Another common application of GFBs are micro gas turbines due to the wide allowable
temperature range [1–3].

A GFB is characterized by a compliant foil structure between the bearing sleeve and
the rotating counterpart. The rotation of the rotor leads to an aerodynamic pressure in the
air gap. This pressure distribution can fully support the rotor without physical contact
between the rotor and the stationary foil structure. A classical rotor system supported
by GFBs includes two gas foil journal bearings (GFJBs) and two gas foil thrust bearings
(GFTBs). The GFJBs support the radial loads while the GFTBs support the rotor in the axial
direction. The idea of a conical gas foil bearing (CGFB) able to support radial and axial
loads simultaneously has the potential to reduce the necessary number of bearings in a
rotor system by a half. This not only leads to a reduction in cost and installation space
but also increases the scope of design possibilities due to the reduced complexity of the
overall system.

Various types of modifications of GFBs have been presented in the literature. Dellacorte
and Valco [4] provided a method to characterize these bearing types into three generations.
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The aim of these modifications is to enhance the static and dynamic behaviour of GFBs.
A well-known disadvantage of GFBs is the occurrence of sub-synchronous vibrations [5,6].
These vibrations occur at the onset speed of sub-synchronous vibration (OSSV) and can
lead to an instability of the rotor at the onset speed of sub-synchronous instability (OSSI) [7].
A known way to enhance the dynamic performance of a GFB is to insert thin metal shims
between the bearing sleeve and the foil structure. This modification yields a non-uniform
clearance around the circumference of the bearing [8–12].

The numerical analysis of the dynamical behaviour of GFBs can be categorized into two
different approaches. Classically, a perturbation approach based on the work of Lund [13]
in 1968 is used to predict linearised bearing parameters. These parameters can then be used
to calculate the OSSV. Discrepancies between this OSSV and the OSSV obtained by transient
analysis have been reported [14,15]. Additionally, Bonello and Pourashraf [16] have shown
the inability of Lund’s method to detect certain instabilities due to the omission of state
variables associated with the foil and air film domains. In 2014, Bonello and Pham [17]
presented a model which allows the simultaneous solution of the governing equations.
The analysis of the Jacobian of this fully coupled system of equations yields the exact OSSV
as obtained by a transient nonlinear dynamic analysis. In contrast to the perturbation
approach, this model can furthermore predict the nonlinear stability behaviour beyond the
OSSV. Baum et al. [18] and Zhou et al. [19] showed that supercritical as well as subcritical
bifurcation can occur in GFBs. While subcritical bifurcations lead to stable limit cycles
(sub-synchronous vibration), supercritical bifurcations lead to unstable limit cycles which
can cause instability of the rotor even before the OSSV.

Regardless of the approach, different models to capture the behaviour of the compliant
foil structure have been presented [20]. A model referred to as the “simple elastic foundation
model” (SEFM) has been used and adapted repeatedly [17,21–31]. It provides a linear
stiffness model and considers equivalent viscous damping by including a loss factor. One
of the biggest flaws of the SEFM is the modelling of dissipation due to friction by using
viscous damping. It is generally known that this representation is not adequate. Hence,
a lot of models have been presented that not only provide a better modelling of friction but
also include more of the nonlinear properties of the foil structure. These models include the
nonlinear bump stiffness, the interaction between bumps, and the modelling of the top foil
as a beam, plate, or shell element, all while modelling the friction between top foil, bump
foil and bearing sleeve.

All these techniques have been applied to GFJBs or GFTBs. Although several patents
for CGFBs can be found only a few research papers have been published [32–38]. In 2013,
Kulkarni and Jan [32] presented an experimental work on CGFBs. A bearing with unusually
large bumps was used and the experiments proved the ability of CGFBs to support radial
and axial loads simultaneously. In recent studies from 2020 and 2021, Hu et al. [34–38]
theoretically investigated the static and dynamic characteristics of CGFBs considering
misalignment, and roundness and taper error. In these works, Lund’s perturbation ap-
proach was used in combination with a nonlinear stiffness model of the compliant foil
structure. In [34,38], the authors presented experimental results to verify the functionality
of the presented CGFBs. These studies put the main research focus onto the compliant
foil structure. They presented a foil structure model considering coulomb friction [37] and
proposed guidelines for the design of bump-type CGFBs [35].

Although the transient analyses of GFJBs have proven their necessity to calculate
an accurate OSSV [14,15], no transient investigation of CGFBs has yet been presented in
the literature. Furthermore, transient simulations have shown that the nonlinear stability
behaviour, e.g., stable, and unstable limit cycles are crucial for the accurate prediction
of the safe operating range of GFBs [18,19]. The aim of this work is to present a fully
coupled three-dimensional transient nonlinear dynamic model for CGFBs, able to predict
the static characteristics, as well as the linear and nonlinear stability behaviour of CGFBs.
The novelty of this work is the investigation of CGFBs using a fully coupled model. Neither
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an investigation of the static nor dynamic behaviour of CGFBs has been presented in
previous works using this simulation approach.

To date, a particular phenomenon related to CGFBs has not been discussed in the
literature. The governing equations presented in Section 2 yield the problem that the air film
pressure is not directly coupled with the axial displacement of the rotor, if the rotor is in the
radially centrical position. In that case, the bearing would provide no static axial force and
stiffness. To solve this problem, it is common for conical oil bearings to use spiral grooves
on the conical journal [39]. Inspired by that approach, this work investigates the use of thin
metal shims between the bearing sleeve and bump foil. As stated, shimming is a common
modification to enhance dynamic performance [8–10]. Furthermore, shimming could greatly
enhance the axial load carrying capacity of CGFBs and solve the aforementioned problem.

2. Theory

Assuming a rigid outer bearing sleeve, the behaviour of GFBs is governed by three
domains: the air film between the rotor and the compliant foil structure, the compliant
foil structure itself and the rotor. Each of these domains can be described by its own set of
differential equations. Bonello and Pham [17] presented a model to analyse the behaviour
of GFJBs by coupling these three domains and solving them simultaneously. In the present
work, this model is modified and applied to CGFBs. In the following section, the governing
equations are presented, and the involved assumptions are explained. Figure 1 shows the
relevant geometrical parameters and the used coordinates for a CGFB.
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Figure 1. Geometry of a conical gas foil bearing; Parameters marked with (*) are projected onto the
x-y-plane for clarity.

2.1. Fluid Film

The fluid film between the journal and the compliant foil can be described by the
compressible, isothermal, isoviscous Reynolds equation. The following assumptions are
commonly used to describe the behaviour of GFBs and have shown good agreement with
experimental results.

1. The influence of inertia forces and the force of gravity on the fluid can be neglected.
2. The fluid flow is laminar.
3. Wall adhesion is assumed, and no-slip flow is considered.
4. The pressure is constant over the thickness of the air film.
5. The air can be described as an ideal gas.
6. The temperature of the fluid film is constant.

Assumptions 1–5 are standard for the simulation of fluid film bearings and a detailed
analysis of the limitation and justification of these assumptions can be found in [40]. The as-
sumption of a constant temperature is commonly used but partly questionable. The inclu-
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sion of a non-constant temperature greatly increases the complexity of the model and brings
a lot of additional uncertainties [41]. For this reason and due to experimentally verified
results of isothermal simulations, this assumption is also used for the presented model.

With these assumptions the Reynolds equation for a conical shaped air gap can be
written as shown in Equation (1), where the non-dimensional pressure p̃ = p/p0 and the
non-dimensional film thickness h̃ = h/c0 are defined by the air film pressure p, the air
gap thickness h, the ambient pressure p0 and the nominal bearing clearance c0. For a
bearing with the half-cone angle ϕ, a maximum radius r1, and a length L, the coordinates
θ ∈ [0, 2π] and ζ = ξ/ξ1 are defined by a coordinate ξ ∈ [ξ0, ξ1] along the air gap with
ξ1 = r1/ sin(ϕ) and ξ0 = ξ1 − L. Time t is represented by dimensionless time τ = (Ω/2)t
using the angular velocity Ω = 2πn and the rotational speed n of the conical journal.

1
sin2 (ϕ)ζ

∂

∂θ

(
p̃h̃3 ∂ p̃

∂θ

)
+

∂

∂ζ

(
ζ p̃h̃3 ∂ p̃

∂ζ

)
= Λζ

(
∂ p̃h̃
∂θ

+
∂ p̃h̃
∂τ

)
(1)

The bearing number Λ =
6µΩξ2

1
p0c2

0
includes the viscosity µ of air. This equation can be

derived from the generalized Reynold’s equation presented by Kim et al. [42]. The sta-
tionary form of this equation was also presented by Agrawal [43] in 1993 and used by
Hu et al. [34–38]. To the authors knowledge this equation has not yet been used for transient
simulations of CGFBs or integrated into a fully coupled GFB system.

The introduction of the new state variable ψ = p̃h̃ yields Equation (2), and allows the
transformation into a form which enables a simultaneous solution of the three domains.

∂ψ
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=

1
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{
1
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[
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With the commonly used assumption of a constant film height in the axial direction
applied Equation (2) can be simplified to Equation (3).

∂ψ

∂τ
=

1
Λζ

{
1

sin2 (ϕ)ζ

∂
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[
ψ

(
h̃

∂ψ

∂θ
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+

∂
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(
ζψh̃

∂ψ

∂ζ

)}
− ∂ψ

∂θ
(3)

2.2. Foil Structure

In this work, the SEFM is applied for CGFB. The SEFM uses a linear stiffness and
assumes viscous damping realised by a loss factor. The used model assumes a constant
deformation of the foil structure in the axial direction. The interaction between bumps and
the influence of the top foil is neglected. The SEFM has been used in many papers and has
shown benefits regarding computing time. The used assumptions have been investigated
in various papers and have been found to be mostly acceptable. Although the feasibility of
the SEFM for CGFBs is questionable due to the possibility of a non-uniform stiffness in the
axial direction, it is used to provide a runtime efficient solution.

The SEFM can describe the velocity of the foil deformation as shown in Equation (4)
where the non-dimensional foil deformation is given by w̃ = w/c0.

∂w̃
∂τ

=
2
η

(
p̃g

k̃b
− w̃

)
(4)

Equation (4) uses the non-dimensional mean pressure along the bearing length p̃g

and the non-dimensional foil stiffness k̃b = (kbc0)/pa with the foil stiffness per unit area
kb. The unit of kb is N/m3. Together with an area A this yields a stiffness kb A with the
expected unit of a mechanical stiffness N/m. The loss factor η is used to introduce viscous
damping into the foil structure. Due to the necessary conversion of hysteretic damping to
viscous damping, the assumption of a reference vibration frequency is required. Typically,
the rotational speed Ω is used for this which yields the equivalent viscous damping
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coefficient per unit area cD = kbη/Ω. This equivalent viscous damping coefficient yields a
viscous damping force FD of the form FD = cD A · ∂w/∂τ. Correlations with experiments
have shown that the effect of this assumption for nonlinear analysis of sub-synchronous
vibration is not significant in most cases [30,31].

2.3. Rotor System

The equations of motion of the rotor can be derived from the single mass 3-DOF
oscillator. The gravitational force FG = −mrg is acting in the y-direction, the unbalance
force of the rotor in the x- and y-direction and an external axial force Fax is considered in the
z-direction. With the rotor mass mr, the rotor unbalance u, the fluid film forces Fx,y,z F and
the non-dimensional rotor displacements εx,y,z =

(
ex, ey, ez

)
/c0 the equations of motion are

shown in Equation (5).

∂2

∂τ2

εx
εy
εz

 =
4

mrc0Ω2

 FxF + mrΩ2u cos(2τ)
FyF + FG + mrΩ2u sin(2τ)

FzF − Fax

 (5)

2.4. Coupling of the Domains

The fluid film and foil structure domains are coupled through the film height. The film
height can be calculated from the nominal clearance, the displacement of the rotor and the
deformation of the foil structure.

h̃(θ) =
c(θ)
c0
− cos (ϕ) cos (θ)εx − cos (ϕ) sin (θ)εy+ sin (ϕ)εz + w̃ (6)

The nominal clearance is equal around the circumference of the conical bearing but
can be modified by using shims between the bearing sleeve and the bump foil. In this work
the modified nominal clearance c(θ), due to the use of three shims with the thickness ts, is
described by Equation (7) (see ref. [9]).

c(θ) = c0 −
ts

2
(1 + cos (3 θ)) (7)

The movement of the rotor described by Equation (5) is coupled with the Reynolds
equation (Equation (3)) through the fluid film forces Fx,y,z F resulting from the pressure
distribution in the air gap.FxF

FyF
FzF

 =

− sin (ϕ) cos (ϕ)
− sin (ϕ) cos (ϕ)

sin2 (ϕ)

paξ2
1

∫ ζ1

ζ=ζ0

∫ 2π

θ=0

(
ψ

h̃
− 1
)cos (θ)

sin (θ)
1

dθdζ (8)

These equations yield the problem mentioned in the introduction. For a rotor without
a radial displacement and with a uniform bearing clearance, Equation (6) yields the partial
derivative ∂h̃

∂θ = 0. Assuming an ambient pressure in the bearing clearance, the partial

derivatives of the pressure yield ∂ p̃
∂θ = 0 and ∂ p̃

∂ζ = 0. This assumed state satisfies the
Reynolds equation (Equation (1)). In this case, the rotational speed of the rotor does not
lead to an increase of stationary pressure in the bearing clearance independent of an axial
displacement and the bearing can therefore not provide any axial support.

2.5. Numerical Solution

To solve this coupled system of differential equations, different approaches can be
used. The use of finite difference method (FDM), finite element method and Galerkin
reductions have been shown to be applicable. In this work, the FDM is used to approximate
the derivatives in Equation (3).

Equation (3) can be converted into a form where the derivatives only occur separated
from each other.
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∂ψ

∂τ
=

1
Λζ

[
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(
ψh̃
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∂ζ
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The FDM is applied to approximate the first and second-order derivatives in Equation (9)
by using the central difference formulations shown in Equation (10) where f is ψ or w̃ and ν
is ζ or θ, respectively. The error of these approximations is of order (∆ν)2. To calculate the
central differences a Nz · Nθ FD-grid in shape of the air gap of the CGFB is used. The axial
bearing edges are excluded from the grid.

∂ f
∂ν

∣∣∣∣
f= fi,j

=
fi,j+1 − fi,j−1

2∆ν
;

∂2 f
∂ν2

∣∣∣∣
f= fi,j

=
fi,j+1 − 2 fi,j + fi,j−1

∆ν2 (10)

The boundary condition at the bearing edges is enforced by including p̃ = 1 in the
central differences of the outer grid points as illustrated in Figure 2. In circumferential
direction, a periodic boundary condition is used. The commonly used Guembel condi-
tion is applied by setting sub-ambient pressure to ambient pressure while integrating within
Equation (8). The integrals are approximated by applying the trapezoidal rule on the FD-grid.

Figure 2. FD-grid of the unwound conical air gap with a representation of the used
boundary conditions.

Equation (5) can be rewritten as the equivalent system of first order differential equa-
tions shown in Equation (11).

∂

∂τ



εx
εy
εz



∂
∂τ

εx
εy
εz




=



∂
∂τ

εx
εy
εz



4
mrc0Ω2

 FxF + mrΩ2u cos(2τ)
FyF + FG + mrΩ2u sin(2τ)

FzF − Fax




(11)

Substituting the FD-formulation into Equations (4) and (9) yields the vector functions
gψ and gw̃. Together with Equation (11) this results in a system of Nθ(Nz + 1) + 6 coupled
ordinary first order differential equations. The state vector s and the vector function
g(τ, s) are shown in Equation (12). The vector function gε results from Equation (11) and J
represents the Jacobian of the dynamical system.
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g(τ, s) =
∂s
∂τ

; s =


ψFD
w̃FD

ε
∂ε
∂τ

; ε =

εx
εy
εz

; g(τ, s) =


gψ

gw̃
∂ε
∂τ
gε

; J =
∂g(τ, s)

∂s
(12)

In this work, this system is solved using the Matlab function fsolve to find equilibrium
positions where all time derivatives are equal to zero and the Matlab ODE solver ode23s
to perform transient simulations. In both cases, an analytical formulation for the Jacobian
matrix of the system is used to reduce computation time.

3. Model Comparison

According to the author’s knowledge, no models for transient simulations of CGFBs
have been published in the publicly available literature. Therefore, a direct numerical
validation of the presented model is not possible. To investigate if the results of the present
model are credible, a comparison with results from transient simulations for cylindrical
GFBs is drawn. For this, the half-cone angle in the present model is set to a small value of
ϕ = 0.001◦. This allows the comparison with the results from [17,19,44]. Table 1 shows the
used parameters.

Table 1. Bearing parameters and fluid properties used for the model comparison to represent a
cylindrical GFB (ϕ = 0.001◦) to allow the comparison with results for GFJB.

Ambient pressure pa 1.01× 105 Pa
Viscosity of air µ 1.95× 10−5 Pa s
Nominal clearance c0 31.8× 10−6 m
Half cone angle ϕ 0.001◦

Maximum radius r1 19.05× 10−3 m
Bearing length L 38.1× 10−3 m
Foil stiffness kb 4.739× 1018 N/m3

Loss factor η 0.25
Rotational speed n 10,000 rpm
Rotor mass mr 3.061 kg
Rotor unbalance mru 0 kgm

Figure 3 shows the trajectories of the rotor after starting the transient simulation from
the bearing center with and without the application of the Guembel condition. The resulting
trajectories are consistent with the results from [17,19,44] regardless of whether the Guembel
condition is used or not. These agreements verify the correct implementation of the
presented model.

(a) (b)

Figure 3. Trajectories after a drop from the bearing center for comparison with results from the
literature without (a) [17] and with (b) [44] Guembel condition.
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The shown results are calculated with a grid size of Nθ = 64 and Nz = 16. To show the
effect of the grid size, Figure 4 shows the deviation of the dimensionless y-displacement
of the equilibrium position εyeq of the case shown in Figure 3b for different grid sizes.
The maximum deviation from the calculated value is 0.14% (Nθ = 64, Nz = 28). This shows
that a refinement beyond Nθ = 64 and Nz = 16 does not result in a significant change of the
calculated value and therefore this grid size is used for the rest of the presented simulations.

(a) (b)

Figure 4. Deviation of the dimensionless y-displacement of the equilibrium position εyeq of the case
shown in Figure 3b for a variation of Nθ (a) and Nz (b).

4. Results and Discussion

To demonstrate the capability of the present model a few simulation results are
presented. These simulations are supposed to capture the static and dynamic, as well
as the linear and nonlinear stability behaviour of CGFB. The parameters used for these
investigations are shown in Table 2.

Table 2. Bearing parameters and fluid properties of a CGFB (ϕ = 15◦).

Ambient pressure pa 1.01× 105 Pa
Viscosity of air µ 1.95× 10−5 Pa s
Nominal clearance c0 31.8× 10−6 m
Half cone angle ϕ 15◦

Maximum radius r1 19.05× 10−3 m
Bearing length L 38.1× 10−3 m
Foil stiffness kb 4.739× 1018 N/m3

Loss factor η 0.25
Rotational speed n 10,000 rpm
Rotor unbalance mru 0 kgm

In the first simulation, the static performance of CGFBs is investigated. The equi-
librium positions for different masses and external axial forces are calculated by setting
g(τ, s) to 0. For any bearing able to support an axial load it is crucial to provide an axial
stiffness. Therefore, the axial force must increase the further the conical journal moves
into the bearing. Because of the coupling of radial and axial forces in conical bearings, it
is important to investigate these axial forces for a constant rotor mass which results in a
constant radial force. Figure 5 shows the axial forces for different rotor masses and the
corresponding axial displacement of the conical journal for a CGFB with and without the
use of shims with a thickness of ts = 25× 10−6 m. It can be seen that, without shims,
the axial force only slightly increases with increasing axial displacement. The axial force is
mostly dependent on the rotor mass. This results in a very small range of axial force which



Appl. Sci. 2023, 13, 5859 9 of 20

can be provided for a constant rotor mass. If the axial force onto the bearing is too low,
the bearing clearance would increase until the radial force could no longer be supported.
This range of supportable axial force is a key parameter for the integration into a rotor
system with two opposing conical bearings. The larger the range of a bearing, the more
robust a rotor system can be designed. The strong dependency between rotor mass and
axial force results in the problem mentioned in the introduction. The simulations with the
mentioned simplifications show that a CGFB with a uniform bearing clearance can support
no axial load without a radial force acting on the bearing. This problem can be solved by
using shims to modify the bearing clearance into a nonuniform shape. The results for a
shimmed CGFB in Figure 5 show that the dependency on the rotor mass can be strongly
decreased while the range of supportable axial force increases. This makes a shimmed
CGFB much more suitable for the use in rotor systems with two opposing CGFBs.

(a) (b)

Figure 5. Axial force for different rotor masses and axial displacements for a CGFB without (a) and
with (b) the use of shims.

To investigate why the shimmed and unshimmed CGFBs show such different static
properties, the calculated pressure distributions in a shimmed and unshimmed CGFB on
the unwound lateral surface of the conical air gap are shown in Figure 6. In order to be able
to compare the pressure distributions in a meaningful way, the axial displacement of the
rotor was fixed to εz = −0.5 and the same mass of mr = 5 kg was used for both calculations.
Without shims, one pressure maximum resulting from decreasing air gap in circumferential
direction occurs. At θ ≈ 330◦, the influence of the Guembel condition is clearly visible as
the pressure at this point does not drop below one. Because only one maximum occurs only
a small circumferential section is relevant for the resulting forces. Equation (8) yields that,
the smaller the relevant section, the more constant the ratio between the resulting radial and
axial forces becomes. This explains the strong dependency between mass and axial force in
an unshimmed CGFB. Figure 7 shows the section of the pressure distribution in shimmed
and unshimmed CGFB through the respective pressure maxima in circumferential and
axial direction. For an unshimmed bearing, the pressure maximum is slightly shifted to the
larger opening of the bearing. This is expected, due to the higher circumferential speed of
the conical journal at this side.

In a shimmed CGFB, three local pressure maxima occur at the circumferential locations
in each shim. Therefore, the relevant section for the resulting forces is much larger com-
pared to an unshimmed CGFB. When calculating the radial forces, these maxima partially
compensate each other, but when calculating the axial force, they add up. This explains why
the coupling between rotor mass and axial force is much smaller for a shimmed bearing
than for an unshimmed one. It is interesting to note that the pressure is always greater
than 1 and thus the Guembel condition has no influence on the pressure distribution at
this equilibrium position. The maximum pressure is slightly shifted to the smaller side of
the bearing. This can be explained by the higher change of the film height resulting from
the assumed modification of the bearing clearance seen in Equation (7). This effect at the
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smaller side of the bearing dominates the effect due to higher circumferential speed at the
larger side.

(a) (b)

Figure 6. Pressure distribution on the unwound lateral surface of the conical air gap without (a) and
with (b) shims for a rotor mass mr = 5 kg and axial displacement εz = −0.5.

(a) (b)

Figure 7. Section of the pressure distribution in shimmed and unshimmed CGFB through the
respective pressure maxima in circumferential (a) and axial direction (b) for a rotor mass mr = 5 kg
and axial displacement εz = −0.5.

Figures 6 and 7 show that the generated pressure inside a shimmed CGFB is much
higher than in a unshimmed one. This can be explained by the additional ramps created by
the shims, which generate additional pressure. As can also be seen in Figure 5, this leads to
a considerably higher axial force for the same axial displacement.

The dynamic and linear stability behaviour of a CGFB can be analysed by evaluating
the leading eigenvalue of the Jacobian matrix for an equilibrium position. An equilib-
rium position with a negative real part of the leading eigenvalue can be characterised as
stable. If the real part of the eigenvalue is positive the equilibrium position is unstable.
The eigenvalue analysis of the matrix J of an equilibrium position sE yields Nλ eigenvalues.
The stability of the equilibrium is governed by the leading eigenvalue λL, which is the one
with the highest real part. This yields the stability criterion shown in Equation (13).

Re(λL) = max
(
Re(λ1), ..., Re(λNλ

)
)
< 0 (13)

This is a linear approach and only evaluates the stability at the equilibrium position
itself and gives no information about possible stable or unstable limit cycles. Figure 8
shows the real part of the leading eigenvalue for the equilibrium positions for different
axial forces and rotor masses for a shimmed CGFB. It can be seen that the axial force in
particular is extremely important to guarantee a stable equilibrium point. The higher the
axial force, the more stable the equilibrium position becomes. This is a interesting result
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because generally the axial force or the axial direction does not play an important role
regarding the rotor stability. A GFJB normally becomes more stable the higher the rotor
mass gets. This cannot be said for shimmed CGFBs. If the axial force is high enough to
ensure a stable operation, a lower rotor mass can stabilise the rotor even more. Figure 8
also shows the stability borders for different rotational speeds. The higher the rotational
speed becomes, the more axial force is needed to stabilise the bearing. It is interesting to
note that for higher rotational speeds, a lower rotor mass can be beneficial for the bearing
stability. Due to the small range of supportable axial forces, such stability maps cannot be
calculated for unshimmed CGFBs.

(a) (b)

Figure 8. Real part of the leading eigenvalue of a shimmed CGFB depending on the rotor mass
mr and axial force Fax of a shimmed CGFB with a rotational speed n = 10,000 rpm (a) and stability
borders for different speeds (b).

To further investigate the stability behaviour of shimmed CGFBs, three transient
simulations for different operating points are presented. Figure 9 shows the trajectory for
a bearing with a rotor mass mr = 1.25 kg, and axial load Fax = 83 N at a rotational speed
n = 10,000 rpm after a drop from the bearing center. This operating point is characterized
as stable in Figure 8. The transient simulation supports this statement. The radial and axial
movements of the rotor decay within the first 30 journal rotations. After that, the journal
remains at an equilibrium position for the rest of the simulated time.

Transient simulations are particularly interesting for the assessment of unstable opera-
tion. In contrast to the linear stability analysis using the Jacobian matrix at the equilibrium
position, a transient simulation can further characterize the nonlinear stability behaviour.
Figure 10 shows the transient simulation results for an unstable operating point. The jour-
nal does not end up in a stable equilibrium position. Instead, the trajectory approaches a
stable limit cycle. After around 100 rotations, the limit cycle does not change significantly
for the remaining 400 simulated rotations.

Figure 11 shows the journal movement in x-, y- and z-direction and the corresponding
frequency spectrum. Because of the assumption of a perfectly balanced rotor, no harmonic
vibration occurs. A sub-synchronous vibration with a frequency ratio of 0.725 can be seen in
all directions. Such sub-synchronous vibrations are common in nonlinear dynamic systems
and are well known to occur in rotor systems supported by GFB. Furthermore, super-
harmonic vibrations appear in all directions. The frequencies of these super-harmonic
vibrations appear to be integer multiples of the frequency of the mentioned sub-harmonic
vibration. This behaviour is common for nonlinear systems. It is noticeable that the sub-
harmonic dominates in the axial direction while the first super-harmonic dominates in the
x-direction. In the y-direction, the sub-harmonic and the first super-harmonic occur with
almost the same amplitudes.
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(a) (b)

(d)(c)

Figure 9. Trajectory and rotor movement in radial (a) and axial direction (b) after a drop from
the bearing center for a rotor mass mr = 1.25 kg and axial force Fax = 83 N in a shimmed CGFB;
(c) x-y-plane (d) three-dimensional trajectory.

(a) (b)

Figure 10. Trajectory after a drop from the bearing center for a rotor mass mr = 1.5 kg and axial force
Fax = 52 N in a shimmed CGFB; (a) x-y-plane (b) y-z-plane.



Appl. Sci. 2023, 13, 5859 13 of 20

(a) (b)

(c) (d)

(e) (f)

Figure 11. Rotor movement in x-, y- and z-direction in a shimmed CGFB after a drop from the bearing
center for a rotor mass mr = 1.5 kg and axial force Fax = 52 N (a,c,e) and the corresponding frequency
spectrum (b,d,f) of the stationary limit cycle after 100 rotations.

In addition to the shown simulation for a perfectly balanced rotor, the presented model
is also capable of capturing the behaviour of an unbalanced system. Figure 12 shows the
trajectory of a rotor with an unbalance of mru = 10−6 kgm. In comparison to the balanced
case, a more complex trajectory occurs. After around 50 shaft rotations the maximum
amplitude of the displacement does not grow further. However, no approach to a simple
limit cycle, e.g., as seen in Figure 10, can be observed. Figure 13 shows the movement of
the shaft in x-, y- and z-directions and the corresponding frequency spectrum. The sub-
and super-harmonic vibrations observed in the case without an unbalance are still present
with the same frequencies but slightly different amplitudes. In addition, the unbalance
response with a frequency ratio of 1 can be seen in x- and y-direction and a few more sub-
and super-harmonics occur. Two sub-harmonics and one super-harmonic with a frequency
ratio of 0.272, 0.455 and 1.73 appear mostly in x-direction and y-direction. Contrary to the
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vibration in the perfectly balanced case, the frequencies of these sub- and super-harmonics
are non-integer multiples of a lower frequency component.

To further investigate the nonlinear stability behaviour and the characteristics of the
appearing limit cycles, Figure 14 shows the limit cycles of the simulations above, with and
without a rotor unbalance after the first 500, for an additional 1000 shaft rotations. It could
be assumed that the limit cycle of the unbalanced case is just the limit cycle from the
balanced case overlain by the harmonic response to the unbalance force. However, this
would not explain the additional sub- and super-synchronous vibrations mentioned above.
It seems like the unbalance force not only causes a harmonic response but also excites
additional sub- and super-synchronous vibrations itself. To classify the nature of these limit
cycles a three-dimensional Poincaré map shown in Figure 14 can be used. In both cases,
the Poincaré map shows a three-dimensional closed loop with an uncountable number of
points. This classifies both limit cycles despite their different appearances as quasi periodic.

(a) (b)

Figure 12. Trajectory after a drop from the bearing center for a rotor mass mr = 1.5 kg and axial force
Fax = 52 N with a rotor unbalance mru = 10−6 kgm in a shimmed CGFB; (a) x-y-plane (b) y-z-plane.

Waterfall diagrams for the x- and z-direction with and without a rotor unbalance
are presented in Figure 15. Sub- and super-harmonic vibrations as a result of instabilities
can be observed. The parameters are the same as in Figures 10 and 12. These plots can
be used to investigate how the different sub- and super-harmonic vibrations behave at
different rotational speeds. They are constructed by calculating the frequency spectrum
for different speeds from transient simulations. For every rotational speed, a transient
simulation starting from the bearing center with a duration of 3 s is performed. To ensure a
steady state vibration, the first second of the simulation is discarded and the remaining 2 s
are used for the Fourier transform to obtain the frequency spectrum. It can be seen that in
case of a perfectly balanced rotor, no harmonic vibration occurs and that the sub- and super-
harmonic vibrations mainly appear after a rotational speed of 8000 rpm. The frequency of
these vibrations stays almost constant for rising rotational speeds. Therefore, the frequency
ratio to the harmonic changes for different speeds. As seen before in Figure 13, the dynamic
behaviour becomes more complex in case a rotor unbalance is added. In the x-direction
the harmonic (denoted as 1 Ω) is clearly visible. The self-excited vibrations from the case
without an unbalance are still present. Additional sub- and super-harmonics appear in the
x-direction. These vibrations show a different behaviour. Their frequencies do not stay
constant but increase or decrease with an increasing rotational speed. These frequencies
seem to change parallel to the harmonic (1 Ω) or the negative harmonic (−1 Ω).
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(a) (b)

(c) (d)

(e) (f)

Figure 13. Rotor movement in x-, y- and z-direction in a shimmed CGFB after a drop from the
bearing center for a rotor mass mr = 1.5 kg and axial force Fax = 52 N (a,c,e) with a rotor unbalance
mru = 10−6 kgm and the corresponding frequency spectrum (b,d,f) of the stationary limit cycle after
100 rotations.

To the author’s knowledge, there are no publicly available experimental results for
CGFBs. As a result, it is not possible to directly validate the presented findings experimen-
tally. However, a qualitative comparison can be made with experimental results for GFJBs.
The results presented by Hoffmann and Liebich [7] for a rigid rotor supported by two
GFJBs show many similarities to the presented waterfall diagram in Figure 13c. The har-
monic (1 Ω), sub-harmonic vibrations with near constant frequencies, and the additional
frequencies which seem to change parallel to the harmonic (1 Ω) or the negative harmonic
(−1 Ω) can be found in the experimental results. Although the systems are not directly
comparable, the similarities of the results indicate the credibility of the presented findings.
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(a) (b)

(c) (d)

(e) (f)

Figure 14. Stationary limit cycles in a shimmed CGFB for a rotor mass mr = 1.5 kg and axial force
Fax = 52 N without (a,c,e) and with (b,d,f) a rotor unbalance mru = 10−6 kgm and the corresponding
Poincaré maps.
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(a) (b)

(d)(c)

Figure 15. Waterfall diagrams for the x- and z-displacement for a rotor mass mr = 1.5 kg and axial
force Fax = 52 N without (a,b) and with (c,d) a rotor unbalance mru = 10−6 kgm.

5. Conclusions

According to the author’s knowledge, this paper presents the first transient model
for CGFBs. A well-known transient model for GFJBs and GFTBs is modified and applied
to CGFBs.

The results show a drastically different static behaviour depending on whether the
bearing clearance is modified by shims or not. A bearing with a uniform clearance shows a
strong coupling between radial load and axial force and a comparatively weak correlation
between axial force and axial displacement. A shimmed CGFB shows contrary behaviour.
While the axial force is strongly coupled to the axial displacement, the radial load only has a
minor impact. This gives a shimmed CGFB a much greater range of supportable axial force
for a constant rotor mass compared to an unshimmed bearing. For a robust rotor system,
a certain range of supportable axial forces is necessary to compensate for manufacturing
inaccuracies and non-constant axial loads in practical applications. This indicates that for
practical use a CGFB with non-uniform bearing clearance could be much more suitable.

The results of a linear stability analysis show that especially the axial load of the
bearing determines whether a stable equilibrium position occurs or not. For increasing
rotational speeds, a higher axial force is necessary to stabilise the system. The first presented
transient simulation shows the decaying vibrations of a perfectly balanced rotor with a sta-
ble equilibrium position. The second one captures a stable limit cycle of a perfectly balanced
rotor. This limit cycle represents a self-excited sub-synchronous vibration that dominates
in the axial direction. Although with much smaller amplitudes, this sub-synchronous
vibration can also be seen in the radial directions. The third simulation with an added
unbalance shows additional sub- and super-harmonic vibrations which are, contrary to the
vibrations in the balanced case, non-integer multiples of a lower frequency component.
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The presented waterfall diagrams show that above a threshold speed, self-excited vi-
brations occur with an almost constant frequency at increasing rotational speeds. In contrast,
neither a constant frequency nor a constant frequency ratio to the harmonic is observed for
the additional sub- and super-harmonic vibrations in the case of an added unbalance. These
frequencies seem to change parallel to the harmonic (1 Ω) or the negative harmonic (−1 Ω).

These simulations demonstrate the capability of the presented transient model to
describe the static and dynamic behaviour of shimmed CGFBs. The findings highlight the
significance of a non-uniform bearing clearance and the crucial role of the axial load in
maintaining bearing stability. These novel conclusions contribute to a better understanding
of the underlying phenomena and can provide guidance for the design of complex rotor
systems supported by CGFBs.
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