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Abstract: Rotor unbalance identification plays a critical role in balancing rotors. In this paper,
concerned with multi-disc and multi-span rotor-bearing systems, two novel algorithms called the
Single Direction Algorithm (SDA) and the Two Orthogonal Direction Algorithm (TODA) are proposed
for identifying rotor unbalance from unbalance responses. A matrix method is proposed to solve
the problem of the equations being non-linear transcendental, there being too many unknown
variables in the equations, and rotor unbalances and bearing coefficients being coupled together.
The unbalance responses at all the eccentric discs are necessary for identifying their unbalances.
Numerical simulations are conducted to validate the proposed methods. Moreover, an adjustment
point is found, and a proper sensor resolution is suggested to achieve high identification accuracy
by means of numerical studies. In addition, the identification accuracy of SDA is better than TODA,
and SDA is more practical and suitable for medium-speed and high-speed rotors. The proposed
algorithms have the flexibility to incorporate any number of bearings and discs and provide a
technique for monitoring rotor unbalance without test runs or external exciters.

Keywords: rotor unbalance; identification; multi-disc; multi-span; rotor-bearing systems

1. Introduction
1.1. Background and Formulation of the Problem

Rotating machines, such as steam turbine generators, turbine compressor units, pumps,
etc., play a critical role in industry and are widely used. The rotor-bearing system (rotor)
is the main element in rotating machines. Rotor unbalance is a typical fault of rotors. It is
inevitable due to errors in manufacturing, installation, and operation. Vibrations and even
sudden breakdowns can be caused because of rotor unbalance. Identifying rotor unbalance
(amplitude and phase angle) is necessary for balancing rotors to reduce vibrations and
ensure the safety of rotating machines. In view of these issues, rotor unbalance estimation,
which is one inverse problem of rotor dynamics, has been an active area of research.

Although rotor unbalance can be estimated so that a rotor can be balanced off-site using
a dynamic balancing machine in the laboratory, complex processes, such as uncovering,
dismantling, and transporting, are required. The whole process is time-consuming and
expensive and is difficult to implement, especially for large rotors. Hence, monitoring
rotor unbalance on-line, by which means balancing time and cost can be reduced, is
very important.

1.2. Literature Survey

Rotor unbalance identification is an old problem. The modal method proposed in
1959 [1,2] and the influence coefficient method proposed in 1964 [3] are the two classical
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techniques used to solve the problem. Although they have been developed by many other
researchers [4–13], test runs are still demanding. For large field rotors, starting and stopping
the machine several times is costly and can reduce its service life [14].

Identifying rotor unbalance without test runs is the current trend [15]. This approach
can be divided into two types: a method with external excitation and a method without
external excitation. For the external excitation method, Bently and Muszynska [16] used
frequency excitation to estimate rotor unbalance as well as bearing coefficients. Hiroshi
Iida [17] applied impulse excitation on a double-disc and single-span rotor-bearing system
to identify rotor unbalance as well as the stiffness and damping coefficients of two bearings.
Lou [18,19] estimated rotor unbalance and bearing coefficients using an active magnetic
executor to generate external excitation. However, high-power exciters are necessary for
large rotors and the excitation may damage the rotors.

Consequently, methods that do not require external excitation have been developed.
Aiming at a single-span rotor-bearing system, Shrivastava and Mohanty [20] identified
single-disc unbalance parameters from unbalance responses using an unbalance force
estimation technique. A rotor unbalance estimation method using the joint-input state esti-
mation technique [21] and least-squares technique was proposed [22] to solve the problem
that the required response measurements at different locations on the shaft may not always
be accessible. Yao [23] identified single-disc and double-disc unbalance based on modal
expansion combined with optimisation algorithms. The errors caused by modal expansion
were reduced by an integrated modal expansion inverse problem methodology combined
with an optimisation procedure. Zou [24] developed a double-disc unbalance identification
method using the finite element model combined with augmented Kalman filter algorithms.
While based on the continuous dynamic model and analytical solution methods [25,26],
Wang [27] provided an analytical model-based algorithm to identify single-disc unbalance.
Moreover, some scholars have even tried to estimate rotor unbalance and bearing coeffi-
cients simultaneously without external excitation. Tiwari [28,29] formulated an estimation
algorithm using unbalance responses from three different unbalance configurations for
both clockwise and anti-clockwise rotor rotations. Wang [30] proposed a simultaneous
estimation of the rotor unbalance and bearing coefficients of a continuous single-disc and
single-span rotor-bearing system using the Rayleigh beam model. Jamadar [31] developed
a mathematical model of an unbalanced rotor using dimensional analysis and a rigid rotor
approach. The factorial regression analysis method is used to solve the model. Based on
it, a numerical technique for the detection of unbalance magnitude has been proposed.
Ambur [32] presented an estimation method for unbalance magnitude and phase from
the vibration in frequency domain. Sanches [33] proposed an identification method of
unbalance for a rotor with residual shaft bent based on the finite element method and corre-
lation analysis. Zhang [34] proposed an unbalance identification method for a high-speed
rotor without trial weights based on modal analysis and the modal equivalent principle.
The shortcomings of the above-mentioned methods are that they cannot incorporate any
number of bearings and discs.

Therefore, Bin [14] proposed an approach based on the multi-plane influence coeffi-
cient balancing method for muti-disc and muti-span rotors. Tiwari [35,36] developed an
algorithm to simultaneously estimate the rotor unbalances, four stiffness coefficients, and
four damping coefficients of bearings from impulse responses and run-down responses.
However, test runs or external exciters are required in these studies.

1.3. Scope and Contribution of This Study

Focusing on multi-span and multi-disc rotors, two novel algorithms, called SDA and
TODA, are proposed based on the continuous rotor dynamic analysis method (CRDAM) in
this paper to realize rotor unbalance identification without excitation or test runs. These
algorithms have the flexibility to incorporate any number of bearings and discs. The equa-
tions of the inverse problem, which are developed based on CRDAM using unbalance
responses as inputs, cannot be directly solved to obtain rotor unbalances as the equations
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are non-linear transcendental and there are too many unknown variables. Moreover, rotor
unbalances and bearing coefficients are coupled together. A matrix method is proposed
to solve the problem and identify rotor unbalance from unbalance responses. Four kinds
of numerical simulations considering sensor resolutions and measurement errors are con-
ducted for the validation. The adjustment point, which can greatly improve identification
accuracy, is found by means of simulations. Proper sensor resolutions are recommended
for engineering applications.

Compared with the methods described in references [14,35,36], SDA and TODA do
not require test runs or external exciters. Compared with other existing methods in the
literature, SDA and TODA can be applied to rotors with any number of bearings and any
number of discs. Moreover, SDA and TODA can not only be used for rotors with rolling
bearings but also for rotors supported by oil journal bearings. The proposed methods
provide a technique for on-line monitoring of the rotor unbalances of multi-bearing and
multi-disc rotors without using test runs or external exciters.

1.4. Organization of the Paper

Section 1 describes the background, the formulation of the problem, the literature, and
the scope and contribution of this study. Section 2 discusses the derivation process of the
proposed algorithms. Section 3 describes the numerical investigations for examining the
algorithms and presents the discussion of the simulation results. Section 4 summarizes the
conclusions of the study.

2. Theory
2.1. Revisting the CRDAM

There are m discs and n bearings in the rotor shown in Figure 1. The unbalance
response of any position on the rotor shaft can be expressed as a function of position,
rotor unbalance, and bearing stiffness and damping coefficients, according to the CRDAM.
Equations (1) and (2) represent the dimensionless form of the unbalance response in the
frequency domain.

U(q) =
{

m
∑

j=1

[
π ·mju · w2 · ej ·

(
sin αj − j · cos αj

)
+ w2 ·mjdL ·Ujd

]
· Gu

(
q, qjd

)
−

n
∑

jj=1
L
(

kjj·yx ·Vjjb + kjj·yy ·Ujjb + i · w · cjj·yx ·Vjjb + i · w · cjj·yy ·Ujjb

)
Gu

(
q, qjjb

)}
L2

E·I

(1)

V(q) =
{

m
∑

j=1

[
π ·mju · w2 · ej ·

(
cos αj + i · sin αj

)
+ w2 ·mjdL ·Vjd

]
Gv

(
q, qjd

)
−

n
∑

jj=1
L
(

kjj·xx ·Vjjb + kjj·xy ·Ujjb + i · w · cjj·xx ·Vjjb + i · w · cjj·xy ·Ujjb

)
Gv

(
q, qjjb

)}
L2

E·I

(2)

where U(q) and V(q) are the dimensionless unbalance response in the frequency domain
along the y-axis and x-axis, respectively; mju are the eccentric masses of #j disc; ej is
the eccentric distance of #j disc; αj are the eccentric angles, which are defined as the
angles between the x-axis and the eccentric position in the direction of rotation; mjd are
the masses of #j disc; w is the rotation frequency; L is the length of the shaft; E is the
elastic modulus of the shaft; I is the diametric shaft cross-sectional geometric moment of
inertia; k jj·xx, k jj·xy, k jj·yx, and k jj·yy are the stiffness coefficients of #jj bearings respectively;
cjj·xx, cjj·xy, cjj·yx, and cjj·yy are the damping coefficients of #jj bearing, respectively; z
is the axial position of the shaft; zjd are the z coordinate positions of each disc; zjjb is
the z coordinate position of each bearing; q, qjd, and qjjb are their dimensionless values;

q = z/L, qjd = zjd/L, qjjb = zjjb/L; Gu

(
q, qjd

)
, Gu

(
q, qjjb

)
, Gv

(
q, qjd

)
, and Gv

(
q, qjjb

)
are

Green’s coefficients, which can be calculated using Green’s functions Gu(q, qi) and Gv(q, qi);
and Green’s functions Gu(q, qi) and Gv(q, qi) can be found in reference [30]. Further, Ujd
represents the dimensionless unbalance response of each disc in the frequency domain in
the y direction; Vjd represents the dimensionless unbalance response of each disc in the
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frequency domain in the x direction; Ujjb represents the dimensionless unbalance response
of each bearing in the frequency domain in the y direction; Vjjb represents the dimensionless
unbalance response of each bearing in the frequency domain in the x direction.
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Figure 1. A multi-disc and multi-span rotor-bearing system.

2.2. Single Direction Algorithm
Identification of rotor unbalance amplitude mju · ej and angle αj is the inverse problem

of the CRDAM. According to Equations (1) and (2), the relationships between unbalance
response and rotor unbalance and the bearing coefficients are non-linear transcendental,
although the eight stiffness and damping coefficients of the bearing are linearized. As
the number of bearings and discs are unknown, the numbers of equations and unknown
variables are also unknown. Moreover, rotor unbalance and bearing coefficients are coupled
together according to Equations (1) and (2). Although enough equations can be obtained
by using the unbalance responses as inputs and considering rotor unbalances and bearings
coefficients as unknown variables, they cannot be solved directly to obtain the unknown
variables (amplitude and angle of rotor unbalance) due to the non-linear transcendental
equations, the unfixed number of equations, and the unknown variables. Hence, it is
proposed that Equation (1) is written in matrix form as follows:

U(q) · EI
L2 =



Gu(q, q1d)
...

Gu(q, qmd)
Gu(q, q1b)

...
Gu(q, qnb)



T

·



π · w2 ·m1ue1 · (sin α1 − i · cos α1) + L · w2 ·m1dU1d
...

π · w2 ·mmuem · (sin αm − i · cos αm) + L · w2 ·mmdUmd
−L · k1s·yx ·V1b − L · k1s·yy ·U1b

...
−L · kns·yx ·Vnb − L · kns·yy ·Unb


m+n

(3)

m + n equations can be obtained based on Equation (3) by using m + n unbalance
responses as inputs. There are two unknown variables (amplitude and angle) for a disc’s
unbalance. Moreover, the eight coefficients of a bearing are also unknown. Hence, there
are 2 · m + 8 · n unknown variables for a rotor with m discs and n bearings, while only
m + n equations exist. The greatest difficulty is due to the fact that the relationship among
these variables is non-linear transcendental. A direct solution is not feasible. Therefore, by
writing the m + n equations in matrix form, Equation (4) can be obtained as the following:

EI
L2



U(q1s)
...

U(qms)

U
(

q(m+1)s

)
...

U
(

q(m+n)s

)


= H1 ·



π · w2 ·m1ue1 · (sin α1 − i · cos α1) + L · w2 ·m1dU1d
...

π · w2 ·mmuem · (sin αm − i · cos αm) + L · w2 ·mmdUmd
−L · k1s·yx ·V1b − L · k1s·yy ·U1b

...
−L · kns·yx ·Vnb − L · kns·yy ·Unb


m+n

(4)

where q1s, . . . , qms and q(m+1)s, . . . , q(m+n)s are the dimensionless values of locations on the

shaft excluding the locations of all discs and bearings; U(q1s), . . . , U(qms) and U
(

q(m+1)s

)
,

. . . , U
(

q(m+n)s

)
are the measured dimensionless unbalance responses in the frequency

domain in the y direction of locations, excluding all discs and bearings; the number of
U(q1s), . . . , U(qms) is m and the number of U

(
q(m+1)s

)
, . . . , U

(
q(m+n)s

)
is n; H1 is a
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(m + n)× (m + n) matrix and can be calculated using Green’s functions Gu(q, qi) as long
as the locations of the measuring points, the bearings, and the discs are known; H1 is as
follows:

H1 =



Gu(q1s, q1d) · · · Gu(q1s, qmd) Gu(q1s, q1b) · · · Gu(q1s, qnb)
...

...
...

...
...

...
Gu(qms, q1d) · · · Gu(qms, qmd) Gu(qms, q1b) · · · Gu(qms, qnb)

Gu

(
q(m+1)s, q1d

)
· · · Gu

(
q(m+1)s, qmd

)
Gu

(
q(m+1)s, q1b

)
· · · Gu

(
q(m+1)s, qnb

)
... · · ·

...
... · · ·

...
Gu

(
q(m+n)s, q1d

)
· · · Gu

(
q(m+n)s, qmd

)
Gu

(
q(m+n)s, q1b

)
· · · Gu

(
q(m+n)s, qnb

)


(m+n)×(m+n)

.

Equation (5) can be obtained according to Equation (4).



π · w2 ·m1ue1 · (sin α1 − i · cos α1) + L · w2 ·m1dU1d
...

π · w2 ·mmuem · (sin αm − i · cos αm) + L · w2 ·mmdUmd
−L · k1s·yx ·V1b − L · k1s·yy ·U1b

...
−L · kns·yx ·Vnb − L · kns·yy ·Unb


m+n

=
EI
L2 · H1

−1



U(q1s)
...

U(qms)

U
(

q(m+1)s

)
...

U
(

q(m+n)s

)


(5)

The right side of Equation (5) is known. Define H2 as following.

H2 =
EI
L2 · H1

−1



U(q1s)
...

U(qms)

U
(

q(m+1)s

)
...

U
(

q(m+n)s

)


Equation (6) is obtained according to Equation (5).

π · w2 ·m1ue1 · (sin α1 − i · cos α1) + L · w2 ·m1dU1d = H2(1, 1)
...

π · w2 ·mmuem · (sin αm − i · cos αm) + L · w2 ·mmdUmd = H2(m, 1)

(6)

According to Equations (6) and (7) is obtained.
m1ue1 · (sin α1 − i · cos α1) =

[H2(1,1)−L·w2·m1dU1d]
π·w2

...

mmuem · (sin αm − i · cos αm) =
[H2(m,1)−L·w2·mmdUmd]

π·w2

(7)

According to Equations (7)–(9) are obtained.
m1ue1 =

∣∣∣∣ [H2(1,1)−L·w2·m1dU1d]
π·w2

∣∣∣∣
...

mmuem =

∣∣∣∣ [H2(m,1)−L·w2·mmdUmd]
π·w2

∣∣∣∣
(8)
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sin α1 − i · cos α1 =

[H2(1,1)−L·w2·m1dU1d]
|H2(1,1)−L·w2·m1dU1d|

...

sin αm − i · cos αm =
[H2(m,1)−L·w2·mmdUmd]
|H2(m,1)−L·w2·mmdUmd|

(9)

Equation (8) is the amplitude of rotor unbalance for each eccentric disc. Moreover,
according to Equations (9) and (10) can be obtained, by means of which the angle of rotor
unbalance for each eccentric disc can be calculated.

α1 = angle
(
−imag

(
[H2(1,1)−L·w2·m1dU1d]

π·w2

)
+ i · real

(
[H2(1,1)−L·w2·m1dU1d]

π·w2

))
...

αm = angle
(
−imag

(
[H2(m,1)−L·w2·mmdUmd]

π·w2

)
+ i · real

(
[H2(m,1)−L·w2·mmdUmd]

π·w2

)) (10)

where angle ( ) is the function used to obtain the angle of a complex number, real ( ) is the
real part of a complex number, and imag ( ) is the imaginary part of a complex number.

Hence, the amplitude and angle of each eccentric disc’s unbalance can be calculated
based on Equations (8) and (10), in which the unbalance responses in the y direction are
required as inputs. According to Equations (4) and (5), the matrix H2 in Equations (8) and
(10) can be calculated using m + n unbalance responses as inputs. The unbalance response
of the eccentric disc whose unbalance is to be identified must be measured according to
Equation (7). Hence, the total number of input unbalance responses is equal to m + n + 1.
To identify all the eccentric discs’ unbalances simultaneously, the unbalance responses of
all the discs should be included.

Similarly, Equation (11) can be obtained according to Equation (2) in the x direction.

V(q) · EI
L2 =



Gv(q, q1d)
...

Gv(q, qmd)
Gv(q, q1b)

...
Gv

(
q, q(m+n)b

)



T

π · w2 ·mu1 · e1 · (cos α1 + i · sin α1) + w2 ·m1dL ·V1d
...

π · w2 ·mmu · em · (cos αm + i · sin αm) + w2 ·mmdL ·Vmd
−L · k1s·xyU1b − L · k1s·xxV1b

...
−L · kns·xyUnb − L · kns·xxVnb


m+n

(11)

m+ n equations can be obtained based on Equation (11) using the unbalance responses
as inputs and considering rotor unbalances and bearing coefficients as unknown variables.
Equation (12) can be obtained by writing the equations in matrix form.

EI
L2 ·



V(q1s)
...

V(qms)

V
(

q(m+1)s

)
...

V(qns)


= H3 ·



π · w2 ·mu1 · e1 · (cos α1 + i · sin α1) + w2 ·m1dL ·V1d
...

π · w2 ·mmu · em · (cos αm + i · sin αm) + w2 ·mmdL ·Vmd
−L · k1s·xyU1b − L · k1s·xxV1b

...
−L · kns·xyUnb − L · kns·xxVnb


m+n

(12)

where V(q1s), . . . , V(qms) and V
(

q(m+1)s

)
, . . . , V

(
q(m+n)s

)
are the measured dimension-

less unbalance responses in the frequency domain in the y direction of locations, exclud-
ing the discs and bearings; the number of V(q1s), . . . , V(qms) is m and the number of
V
(

q(m+1)s

)
, . . . , V(qns) is n; H3 is a (m + n)× (m + n) matrix and can be calculated using

Green’s functions Gv(q, qi) as long as the locations of the measuring points, the bearings,
and the discs are known; H3 is as follows:
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H3 =



Gv(q1s, q1d) · · · Gv(q1s, qmd) Gv(q1s, q1b) · · · Gv(q1s, qnb)

Gv(qms, q1d) Gv(qms, qmd) Gv(qms, q1b) Gv(qms, qnb)

Gv

(
q(m+1)s, q1d

)
Gv

(
q(m+1)s, qmd

)
Gv

(
q(m+1)s, q1b

)
Gv

(
q(m+1)s, qnb

)
Gv(qns, q1d) Gv(qns, qmd) Gv(qns, q1b) Gv(qns, qnb)


.

Hence, Equation (13) is obtained.



π · w2 ·mu1 · e1 · (cos α1 + i · sin α1) + w2 ·m1dL ·V1d
...

π · w2 ·mmu · em · (cos αm + i · sin αm) + w2 ·mmdL ·Vmd
−L · k1s·xyU1b − L · k1s·xxV1b

...
−L · kns·xyUnb − L · kns·xxVnb


m+n

=
EI
L2 · H3

−1



V(q1s)
...

V(qms)

V
(

q(m+1)s

)
...

V(qns)


(13)

Define H4 as following.

H4 =
EI
L2 · H3

−1



V(q1s)
...

V(qms)

V
(

q(m+1)s

)
...

V(qns)


.

According to Equations (13) and (14) can be obtained.
π · w2 ·mu1 · e1 · (cos α1 + i · sin α1) + w2 ·m1dL ·V1d = H4(1, 1)

...
π · w2 ·mmu · em · (cos αm + i · sin αm) + w2 ·mmdL ·Vmd = H4(m, 1)

(14)

According to Equations (14) and (15) can be obtained.
mu1 · e1 · (cos α1 + i · sin α1) =

[H4(1,1)−w2·m1d L·V1d]
π·w2

...

mmu · em · (cos αm + i · sin αm) =
[H4(m,1)−w2·mmd L·Vmd]

π·w2

(15)

According to Equations (15)–(17) are obtained, by means of which the amplitude
and angle of the rotor unbalance can be calculated. The unbalance responses in the x
direction are used as inputs. To calculate the matrix H4, the number of measured unbalance
responses should be m + n according to Equations (12) and (13). To identify an eccentric
disc’s unbalance, its unbalance response should also be measured. Therefore, the total
amount of the measured unbalance responses is m + n + 1 and the unbalance responses of
all the discs should be measured in order to estimate all the eccentric discs’ unbalances.

mu1 · e1 =

∣∣∣∣ [H4(1,1)−w2·m1d L·V1d]
π·w2

∣∣∣∣
...

mmu · em =

∣∣∣∣ [H4(m,1)−w2·mmd L·Vmd]
π·w2

∣∣∣∣
(16)
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α1 = angle

(
[H4(1,1)−w2·m1d L·V1d]

π·w2

)
...

αm = angle
(
[H4(m,1)−w2·mmd L·Vmd]

π·w2

) (17)

2.3. Two Orthogonal Direction Algorithms

According to Equations (6) and (14), Equation (18) can be obtained.
H2(1,1)−π·w2·m1ue1·(sin α1−i·cos α1)
H4(1,1)−π·w2·mu1·e1·(cos α1+i·sin α1)

= U1d
V1d

= C1d
...

H2(m,1)−π·w2·mmuem ·(sin αm−i·cos αm)
H4(m,1)−π·w2·mmu ·em ·(cos αm+i·sin αm)

= Umd
Vmd

= Cmd

(18)

Let

{
cx1 = m1ue1 · sin α1
cy1 = m1ue1 · cos α1

...{
cxm = mmuem · sin αm
cym = mmuem · cos αm

. According to Equations (18) and (19) is obtained.


H2(1, 1)− π · w2 · (cx1 − i · cy1) = C1d · H4(1, 1)− C1d · π · w2 ·mu1 · e1 · (cy1 + i · cx1)

...
H2(m, 1)− π · w2 · (cxm − i · cym) = Cmd · H4(m, 1)− Cmd · π · w2 · (cym + i · cxm)

(19)

In Equation (19), H2(1, 1) · · ·H2(m, 1), H4(1, 1) · · ·H4(m, 1), C1d · · ·Cmd are complex
numbers and the others are real numbers. According to Equations (19) and (20) can
be obtained.

π · w2 ·
[
−(1 + iC1d) rC1d

rC1d (1 + iC1d)

]
·
[

cx1
cy1

]
=

[
r(C1d H4(1, 1))− rH2(1, 1)
i(C1d H4(1, 1))− iH2(1, 1)

]
...

π · w2 ·
[
−(1 + iCmd) rCmd

rCmd (1 + iCmd)

]
·
[

cxm
cym

]
=

[
r(Cmd H4(m, 1))− rH2(m, 1)
i(Cmd H4(m, 1))− iH2(m, 1)

] (20)

where rH2(1, 1) · · · rH2(m, 1), rH4(1, 1) · · · rH4(m, 1), rC1d · · · rCmd are the real parts of the
above-mentioned complex number; and iH2(1, 1) · · · iH2(m, 1), iH4(1, 1) · · · iH4(m, 1),
iC1d · · · iCmd are the imaginary parts of the above-mentioned complex number.

Hence, Equation (21) is obtained according to Equation (20).

[
cx1
cy1

]
= 1

π·w2 ·
[
−(1 + iC1d) rC1d

rC1d (1 + iC1d)

]−1[ r(C1d H4(1, 1))− rH2(1, 1)
i(C1d H4(1, 1))− iH2(1, 1)

]
...[

cxm
cym

]
= 1

π·w2 ·
[
−(1 + iCmd) rCmd

rCmd (1 + iCmd)

]−1[ r(Cmd H4(m, 1))− rH2(m, 1)
i(Cmd H4(m, 1))− iH2(m, 1)

] (21)

The amplitude and angle of the rotor unbalance are:

{
m1ue1 = abs(cy1 + i · cx1)
α1 = angle(cy1 + i · cx1)

...{
mmuem = abs(cym + i · cxm)
αm = angle(cym + i · cxm)

(22)
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where abs() is the function used to obtain the module of a complex number and angle() is
the function used to obtain the angle of a complex number.

Therefore, the amplitude and angle of each eccentric disc’s unbalance can be calculated
based on Equations (21) and (22). There should be m + n unbalance responses in both the x
and y directions to obtain the matrix H2 and H4. If an eccentric disc’s unbalance is to be
identified, its unbalance responses in both the x and y directions are required according
to Equation (18). Hence, there should be m + n + 1 measured unbalance responses in the
two orthogonal directions. To identify all the eccentric discs’ unbalances, the unbalance
responses of the measured eccentric discs must be included.

2.4. Identification Procedures of the Two Algorithms

The identification procedures used in SDA and TODA to estimate the rotor unbalances
(mu j · ej, αi) of all discs are defined in Figure 2.
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Figure 2. Identification procedures of SDA and TODA.

Firstly, each disc’s unbalance response and the other n + 1 unbalance responses should
be measured and changed to dimensionless unbalance responses in the frequency domain
according to Equation (23). Meanwhile, the rotating speed should also be measured. The
inherent parameters, which are the length of the shaft, the mass per unit length of the rotor
shaft, the elastic modulus of the shaft, and the diameter of the shaft, should be known, as
prior knowledge and the location of the selected measured points on the shaft should also
be used as inputs.

Secondly, the matrix H1 and H3 could be calculated according to Equations (4) and (12),
respectively. Then, H2 and H4 can be calculated according to Equations (5) and Equation
(13), respectively.

Thirdly, using H2 and the dimensionless unbalance responses in the y direction in fre-
quency domain obtained in the first step, each disc’s unbalance can be calculated according
to Equations (8) and (10). Or, using H4 and the dimensionless unbalance responses in the x
direction in the frequency domain obtained in the first step, each disc’s unbalance can be
calculated according to Equations (16) and (17). This is the identification procedure used
in SDA. While for TODA, C1d, . . . . . . , Cmd should be calculated using the dimensionless
unbalance responses in the frequency domain in both the x and y directions according to
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Equation (18). Then, using H2 and H4, all rotor unbalances can be calculated based on
Equations (20) and (21).

UD =
A

πL
[cos(α) + i · sin(α)] (23)

where UD is the dimensionless unbalance response in the frequency domain; and A and α
are the amplitude and phase of the unbalance responses in the time domain, respectively.

3. Numerical Simulations and Discussion
3.1. Methodology of the Numerical Simulations

The numerical simulations were conducted to validate the proposed methods by
comparing the identified rotor unbalances with the set value of rotor unbalances.

As shown in Figures 3 and 4, six computational examples, which represent single-
span and single-disc rotors (g1.1, h1.1), single-span and four-disc rotors (g1.4, h1.4), and
four-span and four-disc rotors (g4.4, h4.4) are used in the simulation. The rotors g1.1, g1.4,
and g4.4 are supported by rolling bearings, and h1.1, h1.4, and h4.4 are sustained by oil
journal bearings. The parameters of the rotors are summarized in Tables 1–6. The positions
of each bearing and disc on the shaft are shown in Figures 3 and 4. There are 121 nodes in
the rotors in Figure 3 by dividing the shaft into 120 segments equally. There are 61 nodes in
the rotors in Figure 4 by dividing the shaft into 60 segments equally. All the nodes, where
the bearings and the discs located, are chosen for calculating simulated unbalance response
by the CRDAM. Moreover, besides the above points, any other point on the shaft is also
chosen in the simulation.
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Table 1. Meanings of symbols in the computational example of the rotor.

Parameter Meaning

r_shaft Radius of the shaft
p_shaft Density of the shaft
E_shaft Elastic modulus of the shaft
L_shaft Length of the shaft
r_disc Radius of the disc
p_disc Density of the disc
E_disc Elastic modulus of the disc
L_disc Width of the disc

Table 2. Parameters of the rotor shafts in the rotors.

Parameter Value Parameter Value

r_shaft of rotor g1.1,
g1.4 and g4.4 10 × 10−3 m L_shaft of the rotor g1.4 1200 × 10−3 m

r_shaft of rotor h1.1,
h1.4 and h4.4 15 × 10−3 m L_shaft of the rotor g4.4 1600 × 10−3 m

p_shaft 7800 kgm−3 L_shaft of the rotor h1.1 1400 × 10−3 m
E_shaft 2.1 × 1011 Pa L_shaft of the rotor h1.4 1400 × 10−3 m

L_shaft of the rotor g1.1 800 × 10−3 m L_shaft of the rotor h4.4 3600 × 10−3 m

Table 3. Parameters of the eccentric discs in the rotors g1.1, g1.4, and g4.4.

Parameter Value Parameter Value Parameter Value

m1u 0.12031 kg m2u 0.15 kg m3u 0.01 kg
e1 50 × 10−3 m e2 10 × 10−3 m e3 20 × 10−3 m
α1 225◦ α2 120◦ α3 −120◦

m4u 0.10 kg r_disc of #1 disc 60 × 10−3 m
p_disc of of
#1~#4 disc 7800 kgm−3

e4 15 × 10−3 m r_disc of #2~#4 50 × 10−3 m
E_disc of of
#1~#4 disc 2.1 × 1011 Pa

α4 −170◦ L_disc of of #1~#4 disc 10 × 10−3 m

Table 4. Parameters of the eccentric discs in the rotors h1.1, h1.4, and h4.4.

Parameter Value Parameter Value Parameter Value

m1u 0.05 kg m2u 0.15 kg m3u 0.01 kg
e1 30 × 10−3 m e2 10 ×10−3 m e3 20 × 10−3 m
α1 45◦ α2 90◦ α3 170◦

m4u 0.10 kg r_disc of #1–4
disc 50 × 10−3 m

p_disc of of
#1~#4 disc 7800 kgm−3

e4 15 × 10−3 m
L_disc of of
#1~#4 disc 10 × 10−3 m

α4 −170◦ E_disc of of
#1~#4 disc 2.1 × 1011 Pa

Four kinds of numerical simulations were conducted. Firstly, the simulated unbalance
responses calculated by the CRDAM were directly fed into SDA and TODA to estimate ro-
tor unbalances. Secondly, a similar identification exercise was performed by contaminating
simulated unbalance responses by the set measured error. The relative error for the unbal-
ance response amplitude was 5% and the absolute error for the unbalance response angle
was 5◦. Thirdly, the resolution of the vibration displacement sensor should be considered
when measuring the unbalance response. Hence, identification exercises were performed
by contaminating simulated unbalance responses at a resolution of 0.1 nm, which is the
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highest used at present. Finally, identification exercises were performed considering four
kinds of typical sensor resolution (0.1 nm, 1 nm, 0.1 um, and 1 um). By limiting the number
of digits after the decimal point in the unbalance responses, the resolutions of unbalance
response measurement systems are considered.

In the above simulations, the calculation frequency was from 1 to 2001 Hz and the
interval was 2 Hz. The relative error for the identified rotor unbalance amplitude to the set
rotor unbalance amplitude and the absolute error for the identified rotor unbalance angle to
the set rotor unbalance angle were used for the analysis of the simulation results. Moreover,
the statistical results of the allowable frequency points (AFPs), at which the identification
error for the rotor unbalance amplitude was less than 20% and the rotor unbalance angle
was less than 10◦, were obtained.

In addition, as shown in Figure 2, SDA includes two algorithms which are represented
by Equations (8), (10), (16), and (17), respectively. The difference between them is that
one requires unbalance responses in the y direction as input and the other uses unbalance
responses in the x direction. They can be considered the same algorithm. Hence, for SDA,
only Equations (8) and (10), which require unbalance responses in the y direction, are
validated by the simulations.

Table 5. Parameters of the eight oil journal bearings in the rotors.

Parameter Value Parameter Value

[
k1·xx k1·xy
k1·yx k1·yy

] [
9× 106 1× 106

−6× 106 4× 106

]
N/m

[
k2·xx k2·xy
k2·yx k2·yy

] [
3× 106 0.6× 106

−1.5× 106 1× 106

]
N/m[

c1·xx c1·xy
c1·yx c1·yy

] [
8× 105 −1× 105

−1× 105 10× 105

]
N·s/m

[
c2·xx c2·xy
c2·yx c2·yy

] [
1× 105 −1.4× 105

−1.4× 105 1.5× 105

]
N·s/m[

k3·xx k3·xy
k3·yx k3·yy

] [
4× 106 7× 106

−1.6× 106 1.1× 106

]
N/m

[
k4·xx k4·xy
k4·yx k4·yy

] [
4.5× 106 0.9× 106

−2× 106 1.4× 106

]
N/m[

c3·xx c3·xy
c3·yx c3·yy

] [
2× 105 −1.5× 105

−1.5× 105 1.6× 105

]
N·s/m

[
c4·xx c4·xy
c4·yx c4·yy

] [
1× 105 −2× 105

−2× 105 2× 105

]
N·s/m[

k5·xx k5·xy
k5·yx k5·yy

] [
5× 106 1.5× 106

−2.5× 106 2× 106

]
N/m

[
k6·xx k6·xy
k6·yx k6·yy

] [
3× 106 1× 106

−1× 106 4× 106

]
N/m

[
c5·xx c5·xy
c5·yx c5·yy

] [
2× 105 −3× 105

−3× 105 3× 105

]
N·s/m

[
c6·xx c6·xy
c6·yx c6·yy

] [
1× 105 −0.6× 105

−0.6× 105 2× 105

]
N·s/m[

k7·xx k7·xy
k7·yx k7·yy

] [
3× 106 6× 106

−1.5× 106 1× 106

]
N/m

[
k8·xx k8·xy
k8·yx k8·yy

] [
4× 106 7× 106

−1.6× 106 1.1× 106

]
N/m[

c7·xx c7xy
c7·yx c7·yy

] [
4× 105 −1.4× 105

−1.4× 105 1.5× 105

]
N·s/m

[
c8·xx c8·xy
c8·yx c8·yy

] [
7× 105 −1.5× 105

−1.5× 105 16× 105

]
N·s/m

Table 6. Parameters of the eight rolling bearings in the rotors g1.1, g1.4, and g4.4.

Parameter Value Parameter Value

[
k1·xx k1·xy
k1·yx k1·yy

] [
1.8× 107 0

0 1.84× 107

]
N/m

[
kjj·xx kjj·xy
kjj·yx kjj·yy

]
, jj = 2 to 8

[
9× 106 0

0 8.9× 106

]
N/m[

c1·xx c1·xy
c1·yx c1·yy

]
,

[
75 0
0 70

]
N·s/m

[
cjj·xx cjj·xy
cjj·yx cjj·yy

]
, jj = 2 to 8

[
80 0
0 75

]
N·s/m
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3.2. Accuracy of SDA and TODA
3.2.1. Results

(1) Results of the first kind of simulation

Figures 5 and 6 were obtained by using the computational example h1.4 based on SDA
and TODA, respectively. They represent the maximum identification errors of each rotor
unbalance. In the simulation, #10 point was used as one of the required measuring points
and the other measuring points were #3, #47, #11, #21, #31, and #41 points at the location of
the two bearings and the four discs. The form α%∠β◦, in which α% is the identification
error for the rotor unbalance amplitude and β◦ represents the identification error for the
rotor unbalance angle, is used to express the identification error for rotor unbalance.

According to Figure 5, for SDA, the maximum relative errors of the amplitude
of rotor unbalance for #1-#4 discs are almost equal to zero and are 1.70545 × 10−8%,
1.4489 × 10−6%, 3.22562 × 10−5%, and 2.8886 × 10−5%, respectively. For the rotor un-
balance angle, the maximum absolute errors, which are 5.505.9 × 10−9◦, 5.99272 × 10−7◦,
5.83537 × 10−5◦, and 1.93098 × 10−5◦, respectively, also equal zero.

According to Figure 6, for TODA, the maximum relative errors of the rotor un-
balance amplitude of each disc are 1.14223 × 10−6%, 2.66709 × 10−5%, 0.00102%, and
1.6262 × 10−4%, respectively. The maximum absolute errors of the rotor unbalance angle
are 4.68235 × 10−7◦, 1.59148 × 10−5◦, 4.41457 × 10−4◦, and 5.47386 × 10−5◦, respectively.
Although they are bigger than the maximum errors obtained by SDA, they can be also
considered equal to zero.

Similar results can be found for the first kind of calculation simulation example for
g1.1, h1.1, h4.4, and g1.4, according to Table A1 and Figures A1–A4 in Appendix A.

However, according to Figures 7 and 8, which show the maximum identification
errors of each rotor unbalance for g4.4, for TODA, the first two errors are very small,
but the maximum identification errors of rotor unbalance for #3 and #4 discs are too
big, according to Figure 8. The first two errors are 7.52405 × 10−5%∠1.81997 × 10−4◦,
0.17108%∠0.03405◦, while for the errors for #3 and #4 discs, they are 123.71543%∠21.8563◦

and 1281.45771%∠21.69524◦, respectively. Whereas, for SDA, the maximum identifica-
tion errors of rotor unbalance for #1-#4 discs are 4.70411 × 10−8%∠1.49579 × 10−7◦,
5.00642 × 10−4%∠1.41912 × 10−4◦, 0.28694%∠0.12378◦, and 0.16497%∠1.57779◦, respec-
tively, according to Figure 8.
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Figure 5. The maximum identification error for each rotor unbalance in h1.4 based on SDA using
#10 point as one of the required measuring points: (a) relative error for the rotor unbalance amplitude;
(b) absolute error for the rotor unbalance angle.
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Figure 6. The maximum identification error for each rotor unbalance in h1.4 based on TODA using
#10 point as one of the required measuring points: (a) relative error for the rotor unbalance amplitude;
(b) absolute error for the rotor unbalance angle.
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Figure 7. The maximum identification error for each rotor unbalance in g4.4 based on SDA using
#20 point as one of the required measuring points: (a) relative error for the rotor unbalance amplitude;
(b) absolute error for the rotor unbalance angle.
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Figure 8. The maximum identification error for each rotor unbalance in g4.4 based on TODA using
#20 point as one of the required measuring points: (a) relative error for the rotor unbalance amplitude;
(b) absolute error for the rotor unbalance angle.

Moreover, Figure 9 represents the rotor unbalance identification errors for #3 and
#4 discs from 1 to 2001 Hz obtained. The maximum identification error for rotor unbalance
for #3 disc occurs at 1 Hz. For #4 disc, the maximum identification errors of the rotor
unbalance amplitude and angle occur at 1 Hz and 2 Hz, respectively. However, when the
rotating frequency becomes high, the identification errors are almost equal to zero.
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(2) Results of the second kind of simulation
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Figure 9. Identification error changed with rotating frequency based on TODA using #20 point as one
of the required measuring points in the simulation of g.4.4: (a) rotor unbalance amplitude of #3 disc;
(b) rotor unbalance angle of #3 disc; (c) rotor unbalance amplitude of #4 disc; (d) rotor unbalance
angle of #4 disc.

Figures 10 and 11, which represent the maximum identification errors of each rotor
unbalance for h1.4 are obtained based on SDA and TODA, respectively. In this simulation,
#10 point was used as one of the required measuring points and the other measuring points
were #3, #47, #11, #21, #31, and #41 at the locations of the two bearings and the four discs.
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Figure 10. The maximum identification errors of each rotor unbalance in h1.4 based on SDA using
#10 point as one of the required measuring points: (a) relative error for the rotor unbalance amplitude;
(b) absolute error for the rotor unbalance angle.
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Figure 11. The maximum identification error for each rotor unbalance in h1.4 based on TODA using
#10 point as one of the required measuring points (the other measuring points are at the location of
the two bearings and the four discs): (a) relative error for the rotor unbalance amplitude; (b) absolute
error for the rotor unbalance angle.

According to Figure 10, for SDA, the maximum relative errors of the rotor unbal-
ance for #1–#4 discs are 5%∠5.000001199◦, 5%∠5.000020523◦, 5.00003%∠5.00022366◦, and
5%∠5.000170751◦, respectively, which are almost equal to the setting errors (5%∠5◦) of the
inputted unbalance responses. According to Figure 11, for TODA, the maximum relative
errors of rotor unbalance for each disc also almost equal the setting error. They are 5%∠5◦,
5%∠5.00002◦, 5.00006%∠5.00008◦, and 5%∠5.00005◦, respectively. Similar results can be
found in the second kind of calculation simulation example for g1.1, h1.1, h4.4, and g1.4,
according to Table A2 and Figures A5–A8 in Appendix B.

However, according to Figures 12 and 13, which show the maximum identification
errors of each rotor unbalance for g4.4, for TODA, the maximum identification errors of rotor
unbalance for #3 and #4 discs are 134.9012142%∠16.8563◦ and 1350.530732%∠26.69523◦,
respectively, although the errors for #1 and #2 discs are almost equal the setting error
5%∠5◦. Whereas, for SDA, the maximum identification errors for the rotor unbalance for
#1–#4 discs are 5%∠5◦, 5.00001%∠5.00014◦, 5.0039%∠5.00404◦, and 5.17322%∠6.57779◦,
respectively. Only the rotor unbalance angle of #4 disc is a bit bigger than the setting error
of 5%. The others are almost equal to the input setting error of 5%∠5◦.
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Figure 12. The maximum identification error for each rotor unbalance in g4.4 based on SDA using
#20 point as one of the required measuring points: (a) relative error for the rotor unbalance amplitude;
(b) absolute error for the rotor unbalance angle.
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Figure 13. The maximum identification error for each rotor unbalance in g4.4 based on TODA using
#20 point as one of the required measuring points (the other measuring points are at the location of
the two bearings and the four discs): (a) relative error for the rotor unbalance amplitude; (b) absolute
error for the rotor unbalance angle.

Hence, the rotor unbalance identification errors for #3 and #4 discs from 1 to 2001 Hz
are as shown in Figure 14. The maximum error occurs at the beginning. The maximum
identification error for rotor unbalance for #3 disc is at 1 Hz. For #4 disc, the maximum
identification errors of rotor unbalance amplitude and angle are at 1 Hz and 2 Hz, respec-
tively. However, when the rotating frequency becomes high, the identification errors are
almost equal the input setting error of 5%∠5◦.

3.2.2. Discussion

In the first kind of numerical simulation, the simulated unbalance responses calculated
by the CRDAM were fed into SDA and TODA to estimate the rotor unbalance. For SDA,
the identified rotor unbalance was equal to the set value of rotor unbalance. For TODA,
the identified rotor unbalance was equal to the set value of rotor unbalance except for the
simulation of g4.4. The error for the identified rotor unbalance for #3 and #4 discs in g4.4 is
big at the low rotating frequency (1 Hz, 2 Hz) but very small at other rotating frequencies.

In the second kind of numerical simulation, the simulated unbalance responses, which
were calculated by the CRDAM and contaminated the set measured error (5%, 5◦), were fed
into SDA and TODA. For SDA, the identified error was equal to the set error. For TODA,
the identified rotor unbalance was almost equal to the set error except for the simulation of
g4.4. The error for the identified rotor unbalance for #3 and #4 discs in g4.4 was bigger than
the set errors at the low rotating frequency (1 Hz, 2 Hz) but almost equal to the set error at
other frequencies.

The unbalance responses in both the x and y directions were needed when using
TODA. At a low frequency, the value of the unbalance response is very small. The errors
in computer calculations, such as rounding errors, have a considerable influence on small
values. Accordingly, there were errors with regard to the unbalance responses in both the x
and y directions at low frequencies. If the errors in the x and y directions are quite different,
a big identification error may occur at a low frequency for TODA because the errors in
the x direction are divided by the errors in the y direction, while, for SDA, the unbalance
response in only one direction is needed. Hence, the identification error can be equal to the
set measured error.

Therefore, the error for the identified rotor unbalance response will be equal to the
set error if the errors of all the measured unbalance responses are the same. It is indicated
that the repeatability precision of each measuring channel of the unbalance response
measurement system plays a critical role when it comes to using the proposed algorithms.
In engineering, the vibration caused by rotor unbalance can be very small for low-speed
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rotors and the measuring system cannot accurately detect tiny vibrations. Therefore, the
proposed method, especially TODA, cannot be applied to low-speed rotors.
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Figure 14. Identification error changed with rotating frequency based on TODA using #20 point
as one of the required measuring points in the simulation for g.4.4: (a) rotor unbalance amplitude
of #3 disc; (b) rotor unbalance angle of #3 disc; (c) rotor unbalance amplitude of #4 disc; (d) rotor
unbalance angle of #4 disc.

3.3. Adjustment Point
3.3.1. Results

In the third kind of simulation of g1.4, the matrix of the maximum identified error for
rotor unbalance for each disc was obtained with Equations (24)–(27). The numbers of AFPs
were also obtained. They are shown in Figures 15–18. The simulations were conducted by
using simulated unbalance responses as input data to SDA and TODA and by changing one
measuring point which was close to the identified disc. The #20, #40, #60, and #80 points
were used for the respective changes. The other m + n measuring points were at the discs
and bearings. The simulated unbalance responses were calculated by means of the CRDAM
contaminating the sensor resolution at 0.1 nm.

In Equations (24)–(27), the four element values in a row of the matrix are the maxi-
mum identification errors of unbalance for #1-#4 discs, respectively, when using the same
measuring point. The four elements in a column are the maximum identification errors
of unbalance for the same disc when the measuring points #20, #40, #60, and #80 were
applied, respectively. By comparing the biggest identification error obtained under different
adjustment point conditions when the rotating frequency is changed from 1 to 2001 Hz, it
is easy to find that the adjustment point plays a critical role in improving the identification
accuracy for SDA and TODA. The details are as follows:
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(1) According to Equations (24) and (25), for SDA, when #20 point, which is near #1 disc,
is used as one of the required measuring points, the maximum identification error for
rotor unbalance for #1 disc is the smallest among that of the four discs. The maximum
identification error for rotor unbalance is 10.84%∠2.12◦, while for #2–4 discs, their
maximum errors are much bigger. When #40 point, which is close to #2 disc is used,
the maximum identification error for rotor unbalance for #2 disc becomes the smallest.
It is 42.54%∠8.60◦. When #60 point, which is beside #3 disc, is used, #3 disc’s rotor
unbalance identification error, which is 257.24%∠57.41◦, is the second smallest and is
close to the smallest error of 254.72%∠51.14◦. When #80 point, which is beside #4 disc,
is used, #4 disc’s rotor unbalance identification error, which is 9.82%∠16.25◦, is much
smaller than the others. From the perspective of the column in the matrix, when the
measuring point is changed from #20 to #40, the maximum identification error for
rotor unbalance for #1 disc becomes bigger, while the maximum identification error
for rotor unbalance for #4 disc becomes smaller. The maximum identification errors
for rotor unbalance for #2 and #3 discs are also changed apparently. As #20 point
is applied, #1 disc acquires the best recognition accuracy, while #2 disc has the best
recognition accuracy as #40 point is applied, #3 disc has the best recognition accuracy
as #60 point is applied, and #4 disc has the best recognition accuracy as #80 point
is applied.

(2) As for TODA, similar results can be obtained, although the values of maximum
identification errors are much bigger than the maximum identification errors for SDA,
according to Equations (26) and (27). When #20 point, which is near #1 disc, is used
as one of the required measuring points, the maximum identification error for rotor
unbalance for #1 disc is the smallest among that of the four discs. The maximum
identification error for rotor unbalance is 4.22 × 102%∠170.38◦, while for #2–4 disc,
their maximum errors are much bigger. When #40 point, which is close to #2 disc,
is used, the maximum identification error for rotor unbalance for #2 disc becomes
the smallest. It is 1.64 × 104%∠140.73◦. When #60 point, which is beside #3 disc, is
used, #3 disc’s rotor unbalance identification error, which is 6.03 × 104%∠179.57◦, is
the second smallest. When #80 point, which is beside #4 disc, is used, #4 disc’s rotor
unbalance identification error is 2.68 × 1015%∠179.95◦. Although it is the biggest
among the obtained maximum identification errors of the four discs, it is the smallest
error for #4 disc, which can be obtained by changing the measuring point from #20 to
#40. From the perspective of the column in the matrix, when the measuring point is
changed from #20 to #40, the maximum identification error for rotor unbalance for
#1 disc becomes bigger. The maximum identification errors of rotor unbalance for #2,
#3, and #4 discs are also changed apparently. As #20 point is applied, #1 disc acquires
the best recognition accuracy, while #2 disc has the best recognition accuracy as
#40 point is applied, #3 disc has the best recognition accuracy of unbalance amplitude
as #60 point is applied, and #4 disc has the best recognition accuracy as #80 point
is applied.

SDA_M1g14 =


10.84 376.18 14934.67 22570.13

400.78 42.54 7251.41 4823.78
382.89 254.72 257.54 3203.79

1153.90 475.79 1148.01 9.82

 (24)

SDA_M2g14 =


2.12 152.05 179.19 170.46
83.28 8.60 178.20 173.14
132.99 51.14 57.41 173.82
121.58 141.59 139.37 16.25

 (25)
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TODA_M1g14 =


4.22× 102 1.54× 105 1.04× 107 7.39× 1018

4.97× 104 1.46× 104 3.45× 106 9.50× 1017

3.66× 104 6.58× 104 6.03× 104 1.37× 1017

9.14× 105 1.94× 106 3.89× 106 2.68× 1015

 (26)

TODA_M2g14 =


170.38 179.83 178.53 179.98
178.23 140.73 179.01 180.00
179.27 179.76 179.57 179.99
179.75 179.67 179.67 179.95

 (27)

where SDA_M1g14 and SDA_M2g14 are the matrix of the maximum identification error for
rotor unbalance amplitude and the angle of #1 to #4 discs under different adjustment point
conditions using SDA; TODA_M1g14 and TODA_M2g14 are the matrix of the maximum
identification error for rotor unbalance amplitude and the angle of #1 to #4 discs under
different adjustment point conditions using TODA.
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Figure 15. Statistical results of the number of AFPs of rotor unbalance for each disc in the simulation
of g1.4 using #20 point as one of the required measuring points and using a 0.1 nm resolution:
(a) results for the unbalance amplitude; (b) results for the unbalance angle.
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Figure 16. Statistical results of the number of AFPs of rotor unbalance for each disc in the simulation
of g1.4 using #40 point as one of the required measuring points and using a 0.1 nm resolution:
(a) results for the unbalance amplitude; (b) results for the unbalance angle.
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Figure 17. Statistical results of the number of AFPs of rotor unbalance for each disc in the simulation
of g1.4 using #60 point as one of the required measuring points and using a 0.1 nm resolution:
(a) results for the unbalance amplitude; (b) results for the rotor unbalance angle.
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Figure 18. Statistical results of the number of AFPs of rotor unbalance for each disc in the simulation
of g1.4 using #80 point as one of the required measuring points and using a 0.1 nm resolution:
(a) results for the unbalance amplitude; (b) results for the unbalance angle.

According to the number of AFPs of rotor unbalance obtained by SDA in Figures 15–18,
the results are as follows:

(1) The numbers of AFPs of rotor unbalance amplitude for #1–#4 discs are 1001, 979, 744,
and 762, respectively, according to Figure 15a. For the rotor unbalance angle, there
are 1001, 990, 629, and 612 AFPs, respectively, according to Figure 15b. This indicates
that the identification results for rotor unbalance for #1 disc are best when #20 point is
used as one of the required measuring points.

(2) According to Figure 16, there are 994, 999, 824, and 929 AFPs, respectively, for the
rotor unbalance amplitude of #1 disc, #2 disc, #3 disc, and #4 disc, and 988, 1001,
835, and 787 AFPs, respectively, for the rotor unbalance angle. This indicates that the
identification results for rotor unbalance for #2 disc are best when #40 point is used as
one of the required measuring points.

(3) According to Figure 17, the numbers of AFPs of rotor unbalance amplitude are
980, 987, 995, and 988, respectively, and the numbers of rotor unbalance angles are
974, 995, 995, and 960 respectively. This indicates that the identification results for
rotor unbalance for #3 disc are best when #60 point is used as one of the required
measuring points.
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(4) According to Figure 18, for the rotor unbalance amplitude of #1 disc, #2 disc, #3 disc,
and #4 disc, there are 917, 929, 897, and 1001 AFPs, respectively. For the angle, there are
861, 966, 881, and 999 AFPs, respectively. This indicates that the identification results
for rotor unbalance for #4 disc are best when #80 point is used as one of the required
measuring points.

For TODA, the same conclusion can be obtained according to Figures 15–18, although
the number of AFPs obtained by TODA is obviously lesser than that of SDA. When
#20 point is used as one of the required measuring points, the numbers of AFPs of rotor
unbalance amplitude for #1-#4 discs are 867, 163, 29, and 12, respectively. For the rotor
unbalance angle, there are 896, 117, 57, and 186 AFPs, respectively. Apparently, #1 disc
has the most AFPs. When #40 point is used, the numbers of AFPs of rotor unbalance
amplitude for #1-#4 discs are 587, 662, 107, and 38, respectively. For the rotor unbalance
angle, there are 541, 720, 137, and 158 AFPs, respectively. Apparently, #2 disc has the
most AFPs. When #60 point is used, the number of AFPs of rotor unbalance amplitude
of #1-#4 discs are 408, 297, 461, and 234, respectively. For the rotor unbalance angle, there
are 352, 271, 421, and 201 AFPs, respectively. Obviously, #3 disc has the most AFPs. When
#80 point is used, the number of AFPs of rotor unbalance amplitude of #1-#4 discs are 78,
48, 39, and 707, respectively. For the rotor unbalance angle, there are 166, 128, 97, and
675 AFPs, respectively. Obviously, #4 disc has the most AFPs.

Similar results can be found in the third kind of calculation simulation example for
g4.4, h1.4, and h4.4, according to Equations (A1)–(A12) and Figures A9–A20 in Appendix C.
However, for h4.4, no result can be obtained based on SDA and TODA from 1 Hz to 20 Hz.

3.3.2. Discussion

In the third kind of numerical simulation, the highest sensor resolution (0.1 nm) at
present is considered. In the simulation of g1.4 and g4.4, when #20 point, which is near
#1 disc, is used as one of the required measuring points, the identification accuracy for the
rotor unbalance for #1 disc (at location of #21 point) is high. Similarly, #2 disc at #41 point,
#3 disc at #61 point, and #4 disc at #81 point can obtain high identification accuracy for rotor
unbalance as #40, #60, and #80 points are used respectively. In the simulation of h1.4 and
h4.4, #1disc at #11 point, #2 disc at #21 point, #3 disc at #31point, and #4 disc at #41 point
can obtain a high identification accuracy for rotor unbalance as #10, #20, #30, and #40 points
are used, respectively.

From the above, to obtain good identification results, there should be a measuring
point near the disc, for which the rotor unbalance should be identified. The measuring
point near the disc determines the identification error for the rotor unbalance and it should
be near the disc the unbalance of which is to be identified. Hence, the measuring point is
called an adjustment point.

By applying the proposed adjustment point, the identification errors for rotor unbalance
for #3 and #4 discs in the first and second kind of simulations are reduced and Figures 19
and 20 are obtained. According to Figure 19, the maximum identification error is almost
equal to zero. It is 0.00358%∠0.00193◦ for #3 disc and 2.04046 × 10−4%∠5.84276 × 10−5◦

for #4 disc, while they are 123.71543%∠21.8563◦ and 1281.45771%∠21.69524◦, respectively,
before the application of the adjustment point. According to Figure 20, the ultimate error is
5.0006%∠5.00193◦ for #3 disc and 4.99979%∠5.00377◦ for #4 disc. They are almost equal to the
setting error of 5%∠5◦, while they are 134.9012142%∠16.8563◦ and 1350.530732%∠26.69523◦,
respectively, before the application of the adjustment point. Therefore, there should be a
sensor mounted near each disc if the unbalances of all the discs are to be identified.
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Figure 19. Identification error changed with frequency based on TODA for the first kind of g.4.4
simulation in which the proposed adjustment points (#60 and #80 points) are applied: (a) rotor
unbalance amplitude of #3 disc; (b) rotor unbalance angle of #3 disc; (c) rotor unbalance amplitude of
#4 disc; (d) rotor unbalance angle of #4 disc.

It was established that SDA has a much better identification accuracy than TODA. The
reason is that the unbalance responses in both the x and y directions are involved in TODA
and the unbalance response in only one direction is needed for SDA. This means that the
measured errors of unbalance responses in both the x and y directions will contribute to the
identification error of TODA. Moreover, they are combined by division in TODA. When
the measured errors in the two directions are not the same and the error, whose value is
smaller, happens to be the denominator, a high identification error occurs. Based on the
simulation results, the value of the denominator is smaller in most cases, but the value of
the denominator can be bigger, in which case the identification error of SDA is bigger than
that of TODA, according to Figures A9, A17 and A20. Moreover, according to Figures A9,
A17 and A20, similar results for SDA and TODA can be obtained when the comprehensive
effect of the response measuring errors in the x and y directions is equal to that in the x
or y direction. It is indicated that the identification result of TODA is greatly affected by
the measured error for the unbalance response due to the unbalance responses in both
the x and y directions being required. In practical engineering, it is difficult to obtain
completely consistent measurement errors for each unbalance response. The measured
errors for unbalance responses in the x direction are different from those in the y direction.
This may lead to big identification errors for TODA. Hence, SDA is better than TODA from
the perspective of engineering applications.

3.4. Affect of Sensor Resolution
3.4.1. Results

According to the result in the third kind of simulation, the maximum identification
error of TODA was too big. Hence, the fourth kind of simulation was conducted based
on SDA. The simulated unbalance responses calculated by CRDAM containing different
sensor resolutions (0.1 nm, 1 nm, 0.1 um, and 1 um) were used as input data to the method.
The computational example g1.4 is used. In the simulation, the measuring points for the
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two discs and the four bearings are utilized and #20, #40, #60, and #80 points are used as
the respective adjustment points in order to obtain good identification results.
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Figure 20. Identification error changed with frequency based on TODA for the second kind of g.4.4
simulation in which the proposed adjustment points (#60 and #80 points) are applied: (a) rotor
unbalance amplitude of #3 disc; (b) rotor unbalance angle of #3 disc; (c) rotor unbalance amplitude of
#4 disc; (d) rotor unbalance angle of #4 disc.

The curves for the identification errors, which were obtained when the sensor resolu-
tions were 0.1 nm, 1 nm, 0.1 um, and 1 um, are shown in Figures 21–24. According to the
figures, the identified rotor unbalance changes with the rotating frequencies and there are
several peak values for the identified rotor unbalance. The results are as follows:

(1) Sensor resolution of 0.1 nm

According to Figure 21, for #1 disc, the peak values of the amplitude of the identified
rotor unbalance are 10.84%, 2.02%, 0.31%, and 0.42% at frequencies of 1 Hz, 271 Hz,
643 Hz, and 1267 Hz, respectively. The peak values of the absolute error for the angle are
2.12◦,1.47◦,0.32◦, and 0.32◦ at 1 Hz, 271 Hz, 645 Hz, and 1267 Hz, respectively.

For #2 disc, the peak values of the amplitude of the identified rotor unbalance are
3.46%, 42.54%, 4.33%, and 1.42% at frequencies of 1 Hz, 269 Hz, 645 Hz, and 1263 Hz,
respectively. The peak values of the absolute error for the angle are 2.29◦, 8.6◦, 0.31◦, and
0.8◦ at 1 Hz, 267 Hz, 645 Hz, and 1265 Hz, respectively.

For #3 disc, the peak values of the amplitude of identified rotor unbalance are 26.02%,
257.24%, 11.64%, and 20.64% at frequencies of 1 Hz, 269 Hz, 645 Hz, and 1265 Hz, respec-
tively. The peak values of the absolute error for the angle are 19.49◦, 57.41◦, 11.72◦, and
7.76◦ at 1 Hz, 271 Hz, 645 Hz, and 1267 Hz, respectively.

For #4 disc, the peak values of the amplitude of identified rotor unbalance are 9.82%,
6.46%, 0.82%, 0.56%, and 7.61% at frequencies of 1 Hz, 267 Hz, 645 Hz, 809 Hz, and 1267 Hz,



Appl. Sci. 2022, 12, 3865 25 of 42

respectively. The peak values of the absolute error for the angle are 16.259◦, 1.88◦, 1.39◦,
and 4.15◦ at 269 Hz, 645 Hz, 809 Hz, and 1265 Hz, respectively.
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(2) Sensor resolution of 1 nm

According to Figure 22, for #1 disc, the peak values of the amplitude of identified rotor
unbalance are 83.36%, 1.92%, 0.31%, and 0.42% at frequencies of 1 Hz, 269 Hz, 643 Hz, and
1267 Hz, respectively. The peak values of the absolute error for the angle are 8.77◦, 1.45◦,
0.32◦, and 0.32◦at 1 Hz, 271 Hz, 645 Hz, and 1267 Hz, respectively.

For #2 disc, the peak values of the amplitude of identified rotor unbalance are 95.6%,
42.54%, 4.33%, and 1.42% at frequencies of 1 Hz, 269 Hz, 645 Hz, and 1263 Hz, respectively.
The peak values of the absolute error for the angle are 32.5◦, 8.6◦, and 0.8◦ at 1 Hz, 267 Hz,
and 1265 Hz, respectively.

For #3 disc, the peak values of the amplitude of identified rotor unbalance are 242.24%,
257.23%, 11.64%, and 20.64% at frequencies of 1 Hz, 269 Hz, 645 Hz, and 1265 Hz, respec-
tively. The peak values of the absolute error for the angle are 108.42◦, 57.41◦, 11.72◦, and
7.76◦at 1 Hz, 271 Hz, 645 Hz, and 1267 Hz, respectively.

For #4 disc, the peak values of the amplitudes of identified rotor unbalance are 17.48%,
6.46%, 0.82%, 0.66%, and 7.61% at frequencies of 1 Hz, 267 Hz, 645 Hz, 809 Hz, and 1267 Hz,
respectively. The peak values of the absolute error for the angle are 165.08◦, 16.25◦, and
4.15◦at 1 Hz, 269 Hz, and 1265 Hz, respectively.

(3) Sensor resolution of 0.1 um

With the sensor resolution being reduced to 0.1 um, the minimum starting frequency
of the identification was 4 Hz (SDA does not work at a low frequency). According to
Figure 23, the results are as follows:

For #1 disc, the peak values of the amplitude of identified rotor unbalance are 695.26%,
19.45%, 0.65%, and 0.62% at frequencies of 4 Hz, 268 Hz, 646 Hz, and 1266 Hz, respectively.
The peak values of the absolute error for the angle are 140.04◦, 10.86◦, 0.55◦and 0.45◦ at
4 Hz, 268 Hz, 646 Hz and 1262 Hz, respectively.

For #2 disc, the peak values of the amplitude of identified rotor unbalance are 597.53%,
22.7%, 5.32% and 1.63% at frequencies of 4 Hz, 270 Hz, 644 Hz, and 1268 Hz, respectively.
The peak values of the absolute error for the angle are 94.44◦, 5.72◦1.9◦, and 0.71◦ at 4 Hz,
266 Hz, 644 Hz, and 1268 Hz, respectively.

For #3 disc, the peak values of the amplitude of identified rotor unbalance are 1722.04%,
262.49%, 39.32%, 9.24%, and 11.76% at frequencies of 8 Hz, 268 Hz, 644 Hz, 814 Hz, and
1264 Hz, respectively. The peak values of the absolute error for the angle are 120.31◦, 20.6◦,
8.75◦, 3.49◦, and 11.3◦ at 16 Hz, 270 Hz, 644 Hz, 814 Hz, and 1268 Hz, respectively.

For #4 disc, the peak values of the amplitude of identified rotor unbalance are 853.26%,
4.43%, 13.87%, and 3.3% at frequency 6 Hz, 268 Hz, 810 Hz, and 1266 Hz, respectively. The
peak values of the absolute error for the angle are 165.1◦,10.04◦, 0.79◦, 4.34◦, and 1.5◦ at
10 Hz, 270 Hz, 644 Hz, 810 Hz, and 1264 Hz, respectively.

(4) Sensor resolution of 1 um

As the sensor resolution was reduced to 1 um, the starting frequency of the identi-
fication was 856 Hz (SDA does not work at a low frequency). According to Figure 24,
for #1 disc, the peak value of the amplitude of identified rotor unbalance is 0.63% at a
frequency of 1266 Hz. The peak value of the absolute error for the angle is 0.45◦ at 1262 Hz.
For #2 disc, the peak value of the amplitude of identified rotor unbalance is 1.58% at a
frequency of 1268 Hz. The peak value of the absolute error for the angle is 0.75◦ at 1268 Hz.
For #3 disc, the peak value of the amplitude of identified rotor unbalance is 11.73% at
a frequency of 1264 Hz. The peak value of the absolute error for the angle is 11.56◦ at
1268 Hz. For #4 disc, the peak value of the amplitude of identified rotor unbalance is 3.47%
at a frequency of 1268 Hz. The peak value of the absolute error for the angle is 1.49◦ at
1264 Hz.

(5) According to the above results, the peak values that were outside the assumed allow-
able range—the amplitudes bigger than 20% and the angles bigger than 10◦—are all
counted in Tables 7–10, with the sensor resolutions set at 0.1 nm, 1 nm, 0.1 um, and
1 um, respectively. From Tables 7–10, the frequencies at which these peak values ap-
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pear are at or around the critical frequencies listed in Table 11 and the low frequencies
such as 1 Hz, 4 Hz, and so on. This indicates that the rotor unbalance identification
error is big when the rotor works at a low speed or near the critical speeds when using
SDA.

Table 7. Statistical results of peak values outside the assumed allowable range when the resolution is
0.1 nm.

Disc Unbalance Value Value Value Value

#1
Amplitude (10.84%, 1 Hz) - - -

Angle - - - -

#2
Amplitude - - (42.54%, 645 Hz) -

Angle - - - -

#3
Amplitude (26.02%, 1 Hz) (257.24%, 269 Hz) - (20.64%, 1265 Hz)

Angle (19.49◦, 1 Hz) - (11.72◦, 645 Hz) -

#4
Amplitude - - - -

Angle - (16.259◦, 269 Hz) - -

Table 8. Statistical results of peak values outside the assumed allowable range when the resolution is
1 nm.

Disc Unbalance Value Value Value Value

#1
Amplitude (83.36%, 1 Hz) - - -

Angle - - - -

#2
Amplitude (95.6%, 1 Hz) (42.54%, 269 Hz) - -

Angle (32.5◦, 1 Hz) - - -

#3
Amplitude (242.24%, 1 Hz) (257.24%, 269 Hz) (11.64%, 645 Hz) (20.64%, 1265 Hz)

Angle (108.42◦, 1 Hz) (57.41◦, 271 Hz) (11.72◦, 645 Hz) -

#4
Amplitude - - - -

Angle (165.08◦, 1 Hz) (16.259◦, 269 Hz) - -

Table 9. Statistical results of peak values outside the assumed allowable range when the resolution is
0.1 um.

Disc Unbalance Value Value Value Value

#1
Amplitude (695.26%, 4 Hz) (19.45%, 268 Hz) - -

Angle (140.04◦, 4 Hz) (10.86◦, 268 Hz) - -

#2
Amplitude (597.53%, 4 Hz) (22.7%, 270 Hz) - -

Angle (94.44◦, 4 Hz) - - -

#3
Amplitude (1722.04%, 8 Hz) (262.49%, 268 Hz) - (11.76%, 1268 Hz)

Angle (120.31◦, 16 Hz) (20.6◦, 270 Hz) - (11.3◦, 1268 Hz)

#4
Amplitude (853.26%, 6 Hz) - - -

Angle (165.1◦, 10 Hz) (10.04◦, 270 Hz) - -

Table 10. Statistical results of peak values outside the assumed allowable range when the resolution
is 1 um.

Disc Unbalance Value

#1 disc
Amplitude -

Angle -

#2 disc
Amplitude -

Angle -

#3 disc
Amplitude (11.73%, 1264 Hz)

Angle (11.56◦, 1268 Hz)

#4disc
Amplitude -

Angle -
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Table 11. First three critical frequencies of g1.4 from 1 Hz to 2000 Hz.

First Order Second Order Third Order

269 Hz 645 Hz 1267 Hz

Moreover, similar results can also be obtained in simulations of g4.4, h1.4, and h4.4.

3.4.2. Discussion

In the fourth kind of numerical simulation, the proposed adjustment point is applied
and four kinds of typical sensor resolutions are considered for the validation of SDA. At or
around the critical frequencies which are obtained by CRDAM and low frequencies, the
identification error for rotor unbalance is bigger than at other frequencies. The resolution of
sensors is applied by limiting the number of digits after the decimal point in the unbalance
responses. At a low frequency, the unbalance responses are very small. The rounding digits
have a considerable influence on small values and causes big input errors for unbalance
responses. At or near the critical frequency, the unbalance responses vary greatly with
frequencies. It is indicated that the rounding digits may lead to big differences among the
measured errors of unbalance responses. The repeatability precision of the input responses
is poor. Hence, big identification error occurs at low frequencies or at critical frequencies.
Similarly, the peak values that are outside the assumed allowable range are at or around the
critical frequencies and low frequencies. Far from the critical frequencies, the identification
errors are small. The rotating machines’ operational frequency (speed) is designed to be far
from the critical frequencies to avoid resonance. This indicates that SDA can be applied to
rotors not working under very low rotating speeds.

The statistical results for peak values of the identification error for #1 disc of rotor g1.4
are listed in Table 12. According to Table 12, it is indicated as follows:

(1) At a low frequency, the peak values of identification errors become bigger as sensor
resolution is reduced and rotor unbalance cannot be identified when the sensor
resolution is 1 um.

(2) At or around the first order critical frequency, the identification error, which is ob-
tained using a sensor resolution of 0.1 nm, is little different from the identification
error obtained using a sensor resolution of 1 nm. The identification error becomes
much bigger when the sensor resolution is 0.1 um and the rotor unbalance cannot be
identified when the sensor resolution is close to 1 um.

(3) At or around the second order critical frequency, the identification error obtained
when the sensor resolution is 0.1 nm is equal to the identification error obtained when
the sensor resolution is 1 nm. However, when the sensor resolution is 0.1 um, the
identification error becomes a little bigger. Moreover, when the sensor resolution
comes close to 1 um, the rotor unbalance cannot be identified.

(4) At or around the third order critical frequency, the identification error obtained when
the sensor resolution is 0.1 nm is equal to the identification error obtained when the
sensor resolution is 1 nm. However, when the sensor resolution comes close to 0.1 um
and 1 um, the identification errors become a little bigger.

The above indicates that sensors with a resolution of 1 um should be avoided and
sensors with a resolution of 1 nm and 0.1 nm are recommended for practical application.
Similar results can also be obtained from the identification errors for rotor unbalance for
#2~#4 discs. These indicate that SDA requires high sensor resolution. The higher the sensor
resolution is, the smaller the identification error. In engineering, the resolution of most
vibration displacement sensors is 1 um and sensors with resolutions of 0.1 nm and 1 nm
are very expensive. Hence, the cost of SDA can be very high when there are multiple discs
and bearings in a rotor.
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Table 12. Statistical results of peak values of identification errors of rotor unbalance for #1 disc in g1.4.

Sensor
Resolution

Low Frequency
(1 Hz)

First Order (269
Hz)

Second Order
(645 Hz)

Third Order
(1267 Hz)

0.1 nm
(10.84%, 1 Hz) (2.02%, 271 Hz) (0.31%, 643 Hz) (0.42%, 1267 Hz)
(2.12◦, 1 Hz) (1.47◦, 271 Hz) (0.32◦, 645 Hz) (0.32◦, 1267 Hz)

1 nm
(83.36%, 1 Hz) (1.92%, 269 Hz) (0.31%, 643 Hz) (0.42%, 1267 Hz)
(8.77◦, 1 Hz) (1.45◦, 271 Hz) (0.32◦, 645 Hz) (0.32◦, 1267 Hz)

0.1 um
(695.26%, 4 Hz) (19.45%, 268 Hz) (0.65%, 646 Hz) (0.62%, 1266 Hz)
(140.04◦, 4 Hz) (10.86◦, 268 Hz) (0.55◦, 646 Hz) (0.45◦, 1262 Hz)

1 um
Cannot be
identified

Cannot be
identified

Cannot be
identified (0.63%, 1266 Hz)

Cannot be
identified

Cannot be
identified

Cannot be
identified (0.45◦, 1262 Hz)

4. Conclusions

In this paper, two kinds of algorithms, SDA and TODA, are proposed to identify
rotor unbalances in multi-disc and multi-span rotors from unbalance responses. Rotors are
modeled based on the continuous rotor dynamic analysis method. By using the unbalance
responses as inputs and considering the unbalance responses at the bearings and the
eccentric discs as unknown variables, an inverse problem model is developed based on the
matrix method to eliminate the coupling between bearing coefficients and rotor unbalances.
Four kinds of numerical simulations considering sensor resolutions and measurement
errors were conducted to study the algorithms. Compared with existing methods, the
proposed algorithms have the flexibility to incorporate any number of bearings and discs.
Moreover, test runs and external exciters are not required. The conclusions are summarized
as follows.

(1) The proposed algorithms provide a technique with which to monitor all the rotor
unbalances on-line under operational conditions. For SDA, the unbalance responses in
only one direction are needed. For a rotor with m discs and n bearings, the number of
required unbalance responses is m + n + 1. While for TODA, the unbalance responses
in both the x and y directions are required. The necessary measuring position of
the two methods should be at the disc whose unbalance is to be monitored. For
monitoring the unbalance of all discs, there should be a sensor mounted at each
disc, while the other measuring positions can be at or around the bearings or discs.
Moreover, numerical simulations indicate that there should be one measuring point
called the adjustment point to achieve a high identification accuracy. The proposed
adjustment point should be near the disc whose unbalance is to be monitored. In
order to identify all the discs’ unbalances accurately and simultaneously, there should
be m + n + n measuring points, among which n adjustment points near each disc
are necessary.

(2) The identification accuracy of the proposed algorithms requires a high performance of
the unbalance response measurement system. Numerical simulations indicate that if
the measuring errors of all the required unbalance responses are zero, the identification
error will be zero, too. When the measuring errors are the same, the identification
error will be equal to the measuring errors. It is indicated that the consistency of each
channel’s measurement errors plays a critical role in identifying rotor unbalance when
using the proposed algorithms. In addition, SDA has a better identification accuracy
than TODA when considering sensor resolution from the perspective of engineering
applications. The identification error of SDA is only high at a very low frequency
and the critical frequencies when sensor resolutions are considered. Hence, SDA is
suitable for medium-speed and high-speed rotors. Moreover, identification accuracy
is strongly related to sensor resolution. Sensors with resolutions of 1 um should be
avoided and sensors with 1 nm and 0.1 nm resolutions are recommended.
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For future research, there are various possible directions. Experiments should be
conducted to validate the proposed methods. The limitation of the proposed algorithms
is that they are not suitable for low-speed rotors and a high accuracy of measurement of
unbalance responses is strongly demanded. Therefore, sensors and instruments with high
accuracy and good resolutions for measuring unbalance responses should be developed.
Moreover, further investigations could focus on decreasing the high requirements on
measurement accuracy. Sensors with a resolution of 1 um can be used for the identification.
The Timoshenko model, in which gyroscopic moments are considered, could be taken into
consideration based on CRDAM when modelling a continuous shaft. The research method
of this paper can be regarded as a tool for future study.
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Nomenclature
q Dimensionless value of position z due on the z-axis
U(q) Dimensionless unbalance response in the frequency domain due on the y-axis
V(q) Dimensionless unbalance response in the frequency domain due on the x-axis
# For instance, #1 disc means the first disc
mju Eccentric masses of #j disc
ej Eccentric distance of #j disc
αj Eccentric angle of #j disc
mjd Masses of #j disc
w Rotation frequency rotors
L Length of rotor shaft
E Elastic modulus of rotor shaft
I Diametric shaft cross-sectional geometric moment of inertia
kjj·xx #jj bearing’s main stiffness coefficient in the x direction
kjj·xy #jj bearing’s cross-coupled stiffness coefficient in the x direction
kjj·yx #jj bearing’s cross-coupled stiffness coefficient in the y direction
kjj·yy #jj bearing’s main stiffness coefficient in the y direction
cjj·xx #jj bearing’s main damping coefficient in the x direction
cjj·xy #jj bearing’s cross-coupled damping coefficient in the x direction
cjj·yx #jj bearing’s cross-coupled damping coefficient in the y direction
cjj·yy #jj bearing’s main damping coefficient in the y direction
ks·xx Bearing’s main complex coefficient in the x direction
ks·xy Bearing’s cross-coupled complex coefficient in the x direction
ks·yx Bearing’s cross-coupled complex coefficient in the y direction
ks·yy Bearing’s main complex coefficient in the y direction
zjd z coordinate position of #j disc
zjjb z coordinate position of #jj bearing
qjd Dimensionless value of zjd
qjjb Dimensionless value of zjjb
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Gu(q, qi) Green’s functions in the y direction
Gv(q, qi) Green’s functions in the x direction

Gu

(
q, qjd

)
Green’s coefficients for #j disc in the y direction

Gu

(
q, qjjb

)
Green’s coefficients for #jj bearing in the y direction

Gv

(
q, qjd

)
Green’s coefficients for #j disc in the x direction

Gv

(
q, qjjb

)
Green’s coefficients for #jj bearing in the x direction

Ujd #j disc’s dimensionless unbalance response in frequency domain in the y direction
Vjd #j disc’s dimensionless unbalance response in frequency domain in the x direction
Ujjb #j bearing’s dimensionless unbalance response in frequency domain in the y direction
Vjjb #j bearing’s dimensionless unbalance response in frequency domain in the x direction
m Number of discs
n Number of bearings

Appendix A

(1) Simulation results for g1.1 and h1.1

In this simulation, #60 and #30 are used as the required measuring points for g1.1 and
h1.1, respectively, and the other measuring points are at the locations of the two bearings
and the disc.

Table A1. The maximum identification errors of the disc calculated by SDA and TODA.

Methods Rotor Unbalance g1.1 h1.1

SDA
Amplitude 6.77977 × 10−9 1.23934 × 10−8

Angle 1.6455 × 10−9 7.73824 × 10−9

TODA
Amplitude 4.21247 × 10−5 2.79355 × 10−8

Angle 3.32871 × 10−6 2.49249 × 10−8

(2) Simulation results for rotor h4.4

In this simulation, #10 is used as one of the required measuring points and the other
measuring points are at the locations of the two bearings and the four discs.
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Figure A1. The maximum identification error for each rotor unbalance in h4.4 based on SDA using
#10 point as one of the required measuring points: (a) relative error for rotor unbalance amplitude;
(b) absolute error for rotor unbalance angle.
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Figure A2. The maximum identification error for each rotor unbalance in h4.4 based on TODA using
#10 point as one of the required measuring points: (a) relative error for the rotor unbalance amplitude;
(b) absolute error for the rotor unbalance angle.

(3) Simulation results for rotor g1.4

In this simulation, #20 is used as one of the required measuring points and the other
measuring points are #15, #90, #21, #41, #61, and #81, which are the locations of the two
bearings and the four discs.
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Figure A3. The maximum identification error for each rotor unbalance in g1.4 based on SDA using
#20 point as one of the required measuring points: (a) relative error for the rotor unbalance amplitude;
(b) absolute error for the rotor unbalance angle.
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Figure A4. The maximum identification error for each rotor unbalance in g1.4 based on TODA using
#20 point as one of the required measuring points: (a) relative error for rotor unbalance amplitude;
(b) absolute error for rotor unbalance angle.
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Appendix B

(1) Simulation results for g1.1 and h1.1

In this simulation, #60 and #30 are used as one of the required measuring points for
g1.1 and h1.1, respectively, and the other measuring points are at the locations of the two
bearings and the disc.

Table A2. The maximum identification error for the disc calculated by SDA and TODA.

Methods Rotor Unbalance G1.1 H1.1

SDA
Amplitude 5.000000007 5.000000013

Angle 5 5.000000008

TODA
Amplitude 5.000000108 5.000000022

Angle 5.000003329 5.000000025

(2) Simulation results for rotor g1.4

In this simulation, #20 is used as one of the required measuring points and the other
measuring points are #15, #90, #21, #41, #61, and #81, where the two bearings and the four
discs are.
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Figure A5. The maximum identification error for each rotor unbalance in g1.4 based on SDA using
#20 point as one of the required measuring points: (a) relative error for the rotor unbalance amplitude;
(b) absolute error for the rotor unbalance angle.
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Figure A6. The maximum identification error for each rotor unbalance in g1.4 based on TODA using
#20 point as one of the required measuring points: (a) relative error for the rotor unbalance amplitude;
(b) absolute error for the rotor unbalance angle.
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(3) Simulation results for rotor h4.4

In this simulation, #10 is used as one of the required measuring points and the other
measuring points are at the locations of the two bearings and the four discs.
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Figure A7. The maximum identification error for each rotor unbalance in h4.4 based on SDA using
#10 point as one of the required measuring points: (a) relative error for the rotor unbalance amplitude;
(b) absolute error for the rotor unbalance angle.
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matrix of the maximum identification error for rotor unbalance amplitude and the angle 
of #1 to #4 discs under different adjustment point conditions using TODA. 

#1 disc #2 disc #3 disc #4 disc
4.99

5.00

5.01

5.02

5.03

5.04

5.05

5.06

5.07

5.0
00

01
92

99

5.0
00

33
71

38

5.0
62

90
84

36

5.
00

53
36

91

m
ax

im
um

 re
la

tiv
e 

er
ro

r o
f i

de
nt

ifi
ed

 
ro

to
r u

nb
al

an
ce

 a
m

pl
itu

de
 (%

)  using TODA and h4.4
rotor unbalance amplitude

#1 disc #2 disc #3 disc #4 disc

5.000

5.005

5.010

5.0
00

01

5.0
00

01

5.0
08

02

5.
00

17
1

m
ax

im
um

 a
bs

ol
ut

e 
er

ro
r o

f 
id

en
tif

ie
d 

ro
to

r u
nb

al
an

ce
 a

ng
le

 (°
)

 using TODA and h4.4
rotor unbalance angle

Figure A8. The maximum identification error for each rotor unbalance in h4.4 based on TODA using
#10 point as one of the required measuring points: (a) relative error for the rotor unbalance amplitude;
(b) absolute error for the rotor unbalance angle.

Appendix C

(1) Simulation results for g4.4

In this simulation, #20, #40, #60, and #80 points are used, respectively, and the other
m + n measuring points are at the discs and bearings.

SDA_M1g44 =


7.74 7263.22 4675809.49 38337218.12

290.65 4.75 15819.92 131153.82
47436.53 2396.85 270.45 2287.39

2659853.86 134047.34 11889.74 4.97

 (A1)

SDA_M2g44 =


0.70 176.85 179.33 178.63
94.64 8.20 177.39 179.98
179.58 170.81 19.58 104.65
171.64 177.59 138.72 1.63

 (A2)



Appl. Sci. 2022, 12, 3865 36 of 42

TODA_M1g44 =


2.72× 103 2.20× 105 6.15× 108 5.97× 109

4.66× 104 5.71× 103 7.17× 106 6.97× 107

7.48× 106 3.64× 104 4.97× 104 1.78× 105

3.49× 109 1.60× 107 6.20× 106 1.27× 104

 (A3)

TODA_M2g44 =


172.85 177.23 173.68 175.19
179.57 115.55 179.88 179.76
179.98 179.66 178.09 179.98
179.92 179.92 179.91 177.42

 (A4)

where SDA_M1g44 and SDA_M2g44 are the matrix of the maximum identification error for
rotor unbalance amplitude and the angle of #1 to #4 discs under different adjustment point
conditions using SDA; TODA_M1g44 and TODA_M2g44 are the matrix of the maximum
identification error for rotor unbalance amplitude and the angle of #1 to #4 discs under
different adjustment point conditions using TODA.
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Figure A9. Statistical results of the number of AFPs of rotor unbalance of each disc in the simulation
of g4.4 using #20 point as one of the required measuring points and a 0.1 nm resolution: (a) results of
unbalance amplitude; (b) results of unbalance angle.
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Figure A10. Statistical results of the number of AFPs of rotor unbalance of each disc in the simulation
of g4.4 using #40 point as one of the required measuring points and a 0.1 nm resolution: (a) results of
unbalance amplitude; (b) results of unbalance angle.
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Figure A11. Statistical results of the number of AFPs of rotor unbalance of each disc in the simulation
of g4.4 using #60 point as one of the required measuring points and a 0.1 nm resolution: (a) results of
unbalance amplitude; (b) results of unbalance angle.
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where 1 4_ 1hSD A M  and 14_ 2 hSDA M  are the matrix of the maximum identification error 
for rotor unbalance amplitude and the angle of #1 to #4 discs under different adjustment 
point conditions using SDA; 14_ 1hTODA M  and 14_ 2 hTODA M  are the matrix of the 
maximum identification error for rotor unbalance amplitude and the angle of #1 to #4 
discs under different adjustment point conditions using TODA. 
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Figure A12. Statistical results of the number of AFPs of rotor unbalance of each disc in the simulation
of g4.4 using #80 point as one of the required measuring points and a 0.1 nm resolution: (a) results of
unbalance amplitude; (b) results of unbalance angle.

(2) Simulation results for h1.4

In this simulation, #10, #20, #30, and #40 points are used, respectively, and the other
m + n measuring points are at the discs and bearings.

SDA_M1h14 =


62.06 377.46 15340.98 8311.13
495.48 9.29 5473.69 3128.49

1050.54 302.84 146.67 515.27
1741.08 422.80 650.49 42.56

 (A5)

SDA_M2h14 =


21.67 176.86 178.86 179.80
119.47 7.69 172.06 179.22
142.30 139.97 136.16 163.97
140.05 83.30 170.82 12.68

 (A6)

TODA_M1h14 =


678.59 11343.28 126989.97 68381.74

9068.03 611.79 96905.97 20941.13
41233.01 8545.67 4524.67 5890.04
91145.20 24188.79 18490.77 294.55

 (A7)
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TODA_M2h14 =


151.57 171.11 179.62 179.20
175.38 134.00 179.86 177.95
176.74 165.76 173.57 179.56
179.20 179.39 179.86 107.60

 (A8)

where SDA_M1h14 and SDA_M2h14 are the matrix of the maximum identification error for
rotor unbalance amplitude and the angle of #1 to #4 discs under different adjustment point
conditions using SDA; TODA_M1h14 and TODA_M2h14 are the matrix of the maximum
identification error for rotor unbalance amplitude and the angle of #1 to #4 discs under
different adjustment point conditions using TODA.
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Figure A13. Statistical results of the number of AFPs of rotor unbalance of each disc in the simulation
of h1.4 using #10 point as one of the required measuring points and a 0.1 nm resolution: (a) results of
unbalance amplitude; (b) results of unbalance angle.
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Figure A14. Statistical results of the number of AFPs of rotor unbalance of each disc in the simulation
of h1.4 using #20 point as one of the required measuring points and a 0.1 nm resolution: (a) results of
unbalance amplitude; (b) results of unbalance angle.
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Figure A15. Statistical results of the number of AFPs of rotor unbalance of each disc in the simulation
of h1.4 using #30 point as one of the required measuring points and a 0.1 nm resolution: (a) results of
unbalance amplitude; (b) results of unbalance angle.
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where 44_ 1hSD A M  and 4 4_ 2 hS D A M  are the matrix of the maximum identification 
error for rotor unbalance amplitude and the angle of #1 to #4 discs under different 
adjustment point conditions using SDA; 44_ 1hTODA M  and 4 4_ 2 hTO D A M  are the 
matrix of the maximum identification error for rotor unbalance amplitude and the angle 
of #1 to #4 discs under different adjustment point conditions using TODA. 
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Figure A16. Statistical results of the number of AFPs of rotor unbalance of each disc in the simulation
of h1.4 using #40 point as one of the required measuring points and a 0.1 nm resolution: (a) results of
unbalance amplitude; (b) results of unbalance angle.

(3) Simulation results for h4.4

In this simulation, #10, #20, #30, and #40 points are used, respectively, and the other
m + n measuring points are at the discs and bearings.

SDA_M1h44 =


0.10 40.21 648.96 330916.69

32.56 1.24 5473.69 5238.11
438.92 44.95 4.46 61.05

132071.11 3609.63 402.43 1.49

 (A9)

SDA_M2h44 =


0.03 45.47 179.93 178.81
25.58 0.22 114.52 179.55

179.59 12.10 6.72 47.90
179.90 178.59 71.69 0.15

 (A10)

TODA_M1h44 =


0.73 764.47 28245.31 862557.51

3091.55 10.72 469.71 34447.58
43906.69 387.83 16.43 624.62

9631294.06 30595.13 267.13 6.50

 (A11)
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TODA_M2h44 =


0.56 179.40 179.89 179.22

172.28 6.54 179.54 179.97
178.12 143.85 5.10 166.32
179.77 174.86 167.72 5.17

 (A12)

where SDA_M1h44 and SDA_M2h44 are the matrix of the maximum identification error for
rotor unbalance amplitude and the angle of #1 to #4 discs under different adjustment point
conditions using SDA; TODA_M1h44 and TODA_M2h44 are the matrix of the maximum
identification error for rotor unbalance amplitude and the angle of #1 to #4 discs under
different adjustment point conditions using TODA.
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Figure A17. Statistical results of the number of AFPs of rotor unbalance of each disc in the simulation
of h4.4 using #10 point as one of the required measuring points and a 0.1 nm resolution: (a) results of
unbalance amplitude; (b) results of unbalance angle.
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Figure A18. Statistical results of the number of AFPs of rotor unbalance of each disc in the simulation
of h4.4 using #20 point as one of the required measuring points and a 0.1 nm resolution: (a) results of
unbalance amplitude; (b) results of unbalance angle.
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Figure A19. Statistical results of the number of AFPs of rotor unbalance of each disc in the simulation
of h4.4 using #40 point as one of the required measuring points and a 0.1 nm resolution: (a) results of
unbalance amplitude; (b) results of unbalance angle.
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Figure A20. Statistical results of the number of AFPs of rotor unbalance of each disc in the simulation
of h4.4 using #40 point as one of the required measuring points and a 0.1 nm resolution: (a) results of
unbalance amplitude; (b) results of unbalance angle.
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