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Abstract: The joint work of multiple subsystems in an active mass damper/driver (AMD) system
solves the problems that the excessive weight and the insufficient driving capacity exist in the
AMD system with an auxiliary mass. However, each subsystem has its own time delay, which is
caused by inherent equipment defects. As a result, each subsystem works asynchronously, which
reduces the performance of the whole system. It is necessary to take into account its multi-time-delay
characteristics. Firstly, a four-layer frame is constructed for analyzing the impact of multi-time-delay
on the output of control parameters. Then, a new compensation gain is designed by an H∞ control law.
Finally, the proposed methodology is used in the above experimental system, and the performance
is verified by the control indexes. The results manifest that the proposed controller enhances the
performance of the multi-time-delay control system.

Keywords: active mass damper/driver; active control; H∞ compensation; time delay effect; multiple
subsystems

1. Introduction

A tuned mass damper (TMD) [1–5], an active mass damper/driver (AMD) [6–9] and
an active tuned mass damper (ATMD) [10–13] are often applied to reduce the structural
dynamic responses in civil engineering. The performance of an AMD system is theoretically
superior to other forms. However, its applications are relatively few. The main unfavorable
factor restricting its development is the time-delay effect. Simultaneously, the AMD system
with an auxiliary mass needs an over-capacity driving equipment. Instead, the AMD system
with multiple subsystems is more applicable in the civil engineering structures [14,15].

The research on time-delay compensation has aroused widespread attention. For
instance, the stability of a time-delay control system was analyzed through a linear matrix
inequality (LMI) approach [16,17]. According to a pole-assignment method, a compensation
controller was proposed for the systems with certain time delays [18]. However, a time-
delay should be regarded as a time-varying variable [19–22], mainly resulted from the
structural response delays, the monitoring time delays of sensors, etc. A reduced-order
controller with guaranteed cost control (GCC) algorithm was performed to compensate
for the long control force calculation time delays of high-rise buildings [23]. Moreover,
the compensation method for the actuator response time delays constituted the important
research content [22]. The control-structure interaction (CSI) effect causes the actuator
response time delays. This effect has time-varying characteristics and exists between the
active control systems and their target structures [24]. In short, the current research focus
on the compensation of a single time-delay system. It is essential to design a suitable
algorithm to compensate for the time-varying delays.

In addition to studying the time-delay compensation of a single time-delay system,
appropriate compensation control gains are also needed to consider the multi-time-delay
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characteristics. For example, the Lagrange equation of a dissipative system was used to
investigate the stability and bifurcation of a system with multi-time delay feedback [25]. A
robust control strategy was programmed for discrete-time systems with non-equal time
delays, and the input delays were considered in the control law synthesis [26]. Based
on Takagi–Sugeno fuzzy controller design techniques, to derive the stability conditions
of a multiple time-delay system, a global state-feedback nonlinear controller was con-
structed [27]. According to linear matrix inequalities (LMIs), the stability and robust
H∞ controller for time-delayed systems were investigated [28]. The reference [29] was
concerned with the H∞ synchronization control problem for a class of chaotic systems
with multiple delays. However, the time delay of each subsystem is not equal since the
performance of each subsystem is different. Thus, the performance of the whole system
is reduced due to each subsystem works asynchronously. In conclusion, it is required to
design a suitable control gain for the multi-time-delay characteristics of the AMD control
system with multiple subsystems. Specially, the method with an H∞ control law, which
enhances both performance and robustness of these systems, needs to be widely studied.

For the impact analysis of multi-time-delay on the control parameters, the AMD
systems with a single-controller or with multi-controllers are established for buildings.
Then, based on an H∞ control law, a new compensation gain is devised for a multi-time-
delay system. A multi-story frame with an AMD system is conducted to prove the efficiency
of the proposed compensation controller.

2. Establishment of the Multi-Time-Delay Control System
2.1. Time-Delay Sources

As shown in Figure 1 about the workflow of a control system, the time-delay resulted
from different types of time-delays. A new reduced-order controller for buildings is
conducted to compensate for the time-delay d4 [23]. Moreover, the compensation method
for the time-delay d6 configurated the important research content [22]. The others (d1, d2,
d3 and d5) are described in this section.
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Figure 1. The model of a control system.

For a building, owing to the limited in-plane stiffness of a floor, the stress wave
generated by a horizontal external excitation propagates in each floor. The propagation
time is the structural response delay d1. The state-space equation is described as,{ .

Zstr(t) = AstrZstr(t) + Bstrw(t)
Ystr(t) = CstrZstr(t− d1) + Dstrw(t− d1)

(1)

where Astr is the state matrix, Bstr is the excitation matrix, Cstr is the state output matrix and
Dstr is the direct transmission matrix of a building. Zstr is the state vector and Ystr is the
output vector. w is an external excitation.

The structural response delay of each floor of a high-rise building is not equal, so the
input equation of its control system cannot be simply described as the second equation of
Equation (1) which in this article only describes this related parameter. In addition, the
first equation of Equation (1) representing the dynamic equilibrium of the structure cannot
consider the addition of the time delay d1, since it is contained directly in the equilibrium
equation. In result, the structural response delay is not considered in this paper.
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Taking a force balanced accelerometer as an example, the process of monitoring
structural responses takes time which is called the monitoring time-delay of sensors d2.
The state-space equation of a monitoring system is,{ .

Zsen(t) = AsenZsen(t) + Bsenastr(t)
Usen(t) = CsenZsen(t− d2) + Dsenastr(t− d2)

(2)

where Asen is the state matrix, Bsen is the excitation matrix, Csen is the state output matrix
and Dsen is the direct transmission matrix of a monitoring system. Zsen is the state vector
and Usen indicates the output vector of sensors. astr is structural acceleration responses.

The distribution of sensors in a building is scattered. There is a certain distance
between the sensors and its control room. The required time from the output signals of
sensors to their acquisition device is called the time-delay d3. The transmitted time from the
control signals to the actuator is called the time-delay d5. According to the reference [30],
since the speed of electromagnetic waves in a line is fast enough, which is about 2.45 m/s,
the time delays (d3 and d5) can be ignored.

The measurement of acceleration signals is easier to be conducted than the displace-
ment and velocity signals [31]. The acquisition device converts the received feedback
voltage signals into the acceleration signals, and the measurement of acceleration signals is,

asen(t) = Usen(t)/Ka (3)

where Ka is the sensor sensitivity coefficient.
In view of the acceleration feedback signals, a new state observer in the reference [31]

is adopted to estimate the whole state vectors of an observer-based control system. The
control force calculation time-delay d4 consists of two parts (d41 + d42). The time required
for the estimation process is called the time-delay d41. The state-space equation of the
observer-based control system is,{ .

Zobs(t) = AobsZobs(t) + Bobsasen(t)
Yobs(t) = CobsZobs(t− d41) + Dobsasen(t− d41)

(4)

where Aobs is the state matrix, Bobs is the excitation matrix, Cobs is the state output matrix
and Dobs is the direct transmission matrix of an observer-based controller. Zobs is the state
vector and Yobs is the output vector.

Based on the estimated states, the output control forces can be calculated according to
a specific algorithm,

f (t) = −GYobs(t) (5)

where G represents a feedback gain matrix.
The time required for calculating control forces is called the time-delay d42. The

state-space equation of a control system is thereby written as,{ .
Zcon(t) = AconZcon(t) + BconYobs(t)
f (t) = CconZcon(t− d42) + DconYobs(t− d42)

(6)

where Acon is the state matrix, Bcon is the control matrix, Ccon is the state output matrix and
Dcon is the direct transmission matrix. Zcon is the state vector.

The control forces provided by a DC motor are discussed in the reference [24] as,

u(t) = − La

Ra

.
u(t)−

KbKiK2
g

Rar2
m

[ .
xa(t)−

.
xn(t)

]
+

KiKg

Rarm
v(t) (7)

where v is the applied voltage, La indicates the armature inductance, Ra indicates the
armature resistance, Kb represents the back electromotive force constant, Ki is the motor
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torque constant, Kg and rm are the gear ratio and the lead of the ball screw, respectively.
.
xa

and
.
xn are the relative velocities of the auxiliary mass and its installed floor, respectively.
The control-force equation and its transform are acquired from Equation (7) as,

.
u(t) =

(
− Ra

La

)
u(t) +

[
KiKg
Larm

−KbKiK2
g

Lar2
m

KbKiK2
g

Lar2
m

]
v(t)

.
xa.
xn


Y(t) = u(t− d6)

(8)

In conclusion, the time delays (d1, d3 and d5) can be ignored in the paper, and the total
time-delay of the control system is,

τ = d2 + d4 + d6 (9)

2.2. Impact Analysis of Multi-Time Delays

The force equilibrium equation is,

M
..
X(t) + C

.
X(t) + KX(t) = Bww(t) +

m

∑
i=1

Bsiui(t), (10)

where M, C and K indicate the mass, damping and stiffness matrix. ui is the force of the ith
controller. Bs indicates the location matrices of control forces, and Bw indicates the location
matrices of external excitations. X is the displacement of the system.

The ith time-delay is τi, and Equation (1) is expressed as,

.
Z(t) = AZ(t) +

m

∑
i=1

Biui(t− τi) + Ew(t) (11)

where Z indicates the state vector, which includes structural displacement and velocity
responses. A is the state matrix, Bi is the control matrix of the ith force and E is the
excitation matrix,

A =

[
0 I

−M−1K −M−1C

]
, Bi =

[
0

M−1Bsi

]
, E =

[
0

M−1Bw

]
. (12)

To clarify the difference between the system with a single-controller (System1) and the
system with multi-controllers (System2 which includes two controllers: AMD1 and AMD2),
a four-story frame along its minor-axis is used as an example to compare and analyze these
above methods, which is shown in Figure 2. The above frame is constructed by steel with a
damping ratio of 0.02. The important parameters are revealed in Table 1. More details and
the dynamic properties of the structure are found in the reference [32].

Three cases are considered in this paper: the control systems without time delays,
the systems with equal time delays and the systems with unequal time delays. Under
the SN direction of the El-Centro seismic wave, the equal time delays are assumed to be
0.05 s (τ1 = τ2 = 0.05 s), and the time-delay difference is set as 0.02 s, which means that
τ1 = 0.04 s and τ2 = 0.04 + 0.02 = 0.06 s. Table 2 shows the acceleration control effects,
and the control parameters are shown in Figures 3–8. The ratio between the reduction of
structural responses and the responses without control is defines as Control effect. The
control forces and strokes constitute AMD parameters.

Table 1. The important parameters of different AMD systems.

Index System1 System2

The weight of the auxiliary mass (kg) 20 × 1 10 × 2
The effective stroke (m) ±0.4 ±0.4

The maximum driving force (N) ±1000 × 1 ±500 × 2
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Figure 6. The deviations to the control parameters of System2 with equal time delays, (a) the forces
and (b) the strokes.



Appl. Sci. 2022, 12, 2860 7 of 19Appl. Sci. 2022, 12, x FOR PEER REVIEW 8 of 20 
 

(a)  
Time (s) 

(b)  
Time (s) 

Figure 7. The AMD1 parameters of System2 with unequal time delays, (a) the forces and (b) the 
strokes. 

(a)  
Time (s) 

(b)  
Time (s) 

Figure 8. The deviations to the control parameters of System2 with unequal time delays, (a) the 
forces and (b) the strokes. 

To analyze the impact of the time-delay differences on different systems, the time 
delay difference is increased from 0 to 0.02 s, and the corresponding maximum strokes 
and maximum control forces of System2 are plotted in Figure 9. As the time-delay differ-
ences increase, for the AMD-1, the amplitude of the control forces become larger while the 
amplitude of the strokes remains stable, which is consistent with the previous results. 

(a)  

       Time-delay deviation (s) 

  

0 50 100 150 200 250-100

-50

0

50

100

150

 

 

AMD1

0 50 100 150 200 250-0.05

0

0.05

 

 

AMD1

0 50 100 150 200 250-40

-20

0

20

40

60

 

 

AMD1-AMD2

0 50 100 150 200 250-1.5

-1

-0.5

0

0.5

1

1.5x 10-3

 

 

AMD1-AMD2

0 0.005 0.01 0.015 0.02110

120

130

140

150

160

 

 

AMD1
AMD2

C
on

tr
ol

 F
or

ce
 (N

) 

St
ro

ke
 (m

) 
St

ro
ke

 d
ev

ia
tio

n 

C
on

tr
ol

 fo
rc

e 
de

vi
at

io
n 

C
on

tr
ol

 F
or

ce
 (N

) 

Figure 7. The AMD1 parameters of System2 with unequal time delays, (a) the forces and
(b) the strokes.
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and (b) the strokes.

From Table 2, the multi-controllers can basically ensure synchronization in the systems
without time delays. Therefore, the control effects of System2 are close to those of System1.
When the equal time delays are considered, the acceleration control effects to the 8th floor
of System1 and System2 decrease by 47.41% and 52.05%, respectively. This is due to the
fact that the structural equivalent damping becomes smaller as the time delays increase.
The energy dissipation capacity of the control system is obviously reduced. This leads to
an increase in the acceleration responses and a significant decrease in the control effects.
The decrease of control effect of System2 is larger than that of System1 with the same time
delays, that is, the time-delay robustness of System2 is less than that of System1. When
the unequal time delays are considered, the acceleration control effect to the 8th floor of
System2 decrease by 53.37%. Compared with the case of the equal time delays, the control
effects of System2 are slightly decreased.

As shown in Figures 3 and 4, the maximum strokes of System2 are close to those
of System1 when without time-delay effect. However, compared with the whole forces
of System1, the sum of the forces of the sub-controllers is larger, which means relatively
speaking, the output of System1 is lower than that of System2. In System2, the differences
of the control parameters are relatively close to zero, indicating that the multi-controllers
operate synchronously.

As shown Figures 3–6, equal time-delays reduce the acceleration control effects of
System1 and System2. Comparing Figures 3–5, the control forces of System1 and System2
significantly increase, but their strokes are basically unchanged. This is caused by the less
impact of time-delays on the displacement feedback gain of the auxiliary mass. Comparing
Figure 4 with Figure 6, the differences of the control parameters of the multi-controllers
with equal time delays are nearly equivalent to those of the systems without time delays,
which means that equal time-delays have little influence on the synchronization of System2.
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As shown in Figures 7 and 8, the differences of the control forces are obvious when
there are unequal time delays in System2, which means that unequal time-delays have
an impact on the synchronization of System2, where System2 consists of two relatively
independent subsystems. However, compared to the differences of the control forces, the
differences of the strokes are relatively smaller. This is due to the fact that time-delays have
less influence on the feedback gains to the displacements of the auxiliary mass.

To analyze the impact of the time-delay differences on different systems, the time
delay difference is increased from 0 to 0.02 s, and the corresponding maximum strokes and
maximum control forces of System2 are plotted in Figure 9. As the time-delay differences
increase, for the AMD-1, the amplitude of the control forces become larger while the
amplitude of the strokes remains stable, which is consistent with the previous results.
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3. A Compensation Strategy Using an H∞ Control Law
3.1. Design Principle

The state-space equation of the multi-time-delay system is,
.
Z(t) = AZ(t) +

m
∑

i=1
Biui(t− τi) + Ew(t)

Y(t) = CZ(t) +
m
∑

i=1
Diui(t− τi) + Fw(t)

(13)

where τi denotes the time-delay of ith controller, ui represents the ith control force. Y is the
controlled vectors, which includes the dynamic responses and the control forces. C indicates
the state output matrix, Di indicates the direct transmission matrix of the control forces,
and F indicates the direct transmission matrix of the external excitations. The expressions
are as following,

C =


I 0
0 I

−M−1K −M−1C
0 0

, Di =


0
0

M−1Bsi
1

, F =


0
0

M−1Bw
0

. (14)

For the system (13), the negative feedback control forces are,

ui(t− τi) = −GciZ(t− τi) (15)

where Gci denotes the ith feedback gain.
The system is,

.
Z(t) = AZ(t) +

m
∑

i=1
(−BiGci)Z(t− τi) + Ew(t)

Y(t) = CZ(t) +
m
∑

i=1
(−DiGci)Z(t− τi) + Fw(t)

(16)

According to the reference [33], this paper introduces the following definitions and
lemmas to facilitate the analysis. Regarding the system (16), only when there are symmetric
positive-definite matrices P and Si (i = 1, 2, . . . , m), Lyapunov function is described as,

V(Z) = ZT PZ +
m

∑
i=1

∫ t

t−τi

ZT(σ)SiZ(σ)dσ (17)

where V(Z) denotes a positive-definite matrix.
When the system (16) is asymptotically stable, its derivative

.
V(Z) is a negative-definite

function. Then,

.
V(Z) =

.
Z

T
(t)PZ(t) + ZT(t)P

.
Z(t) +

m
∑

i=1

[
ZT(t)SiZ(t)− ZT(t− τi)SiZ(t− τi)

]
=

[
AZ(t) +

m
∑

i=1
(−BiGci)Z(t− τi) + Ew(t)

]T
PZ(t)

+ZT(t)P
[

AZ(t) +
m
∑

i=1
(−BiGci)Z(t− τi) + Ew(t)

]
+

m
∑

i=1

[
ZT(t)SiZ(t)− ZT(t− τi)SiZ(t− τi)

] (18)

Then,
.

V(Z) = ZT(t)
[

PA + (PA)T +
m
∑

i=1
Si

]
Z(t)−

m
∑

i=1

[
ZT(t− τi)SiZ(t− τi)

]
−

m
∑

i=1

{[
ZT(t)P(BiGci)Z(t− τi)

]
−
[
ZT(t)P(BiGci)Z(t− τi)

]T
}

+wT(t)
(
ET P

)
Z(t) + ZT(t)(PE)w(t)

(19)
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Equation (19) is written as the block matrixes,

.
V[Z(t)] =



Z(t)
Z(t− τ1)
Z(t− τ2)

...
Z(t− τm)

w(t)



T

Ξ



Z(t)
Z(t− τ1)
Z(t− τ2)

...
Z(t− τm)

w(t)


(20)

where Ξ is the coefficient matrix which can be expressed as,

Ξ =



PA + (PA)T +
m
∑

i=1
Si −P(B1Gc1) −P(B2Gc2) · · · −P(BmGcm) PE

−(B1Gc1)
T P −

m
∑

i=1
Si 0 · · · 0 0

−(B2Gc2)
T P 0 −

m
∑

i=1
Si · · · 0 0

...
...

...
. . .

...
...

−(BmGcm)
T P 0 0 · · · −

m
∑

i=1
Si 0

ET P 0 0 · · · 0 0


(21)

The performance index of the system (16) is given as,

Jz =
∫ t

σ=0

[
YT(σ)Y(σ)− γ2wT(σ)w(σ)

]
dσ (22)

where γ is a given positive scalar.
Then,

Jz =
∫ t

σ=0

{
YT(σ)Y(σ)− γ2wT(σ)w(σ) +

.
V[Z(σ)]

}
dσ−V[Z(t)] (23)

Owing to V[Z(t)] > 0, then,

Jz ≤
∫ t

σ=0

{
YT(σ)Y(σ)− γ2wT(σ)w(σ) +

.
V[Z(σ)]

}
dσ (24)

According to the system (16), then,

YT(σ)Y(σ)− γ2wT(σ)w(σ) =

[
CZ(σ) +

m
∑

i=1
(−DiGci)Z(σ− τi) + Fw(σ)

]T

·
[

CZ(σ) +
m
∑

i=1
(−DiGci)Z(σ− τi) + Fw(σ)

]
− γ2wT(σ)w(σ)

(25)

Equation (25) is written as the block matrixes, then,

YT(σ)Y(σ)− γ2wT(σ)w(σ) =



Z(σ)
Z(σ− τ1)
Z(σ− τ2)

...
Z(σ− τm)

w(σ)



T

Ψ



Z(σ)
Z(σ− τ1)
Z(σ− τ2)

...
Z(σ− τm)

w(σ)


(26)

where Ψ is the coefficient matrix which can be expressed as,
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Ψ =



CTC −CT(D1Gc1) −CT(D2Gc2) · · · −CT(DmGcm) CT F
−(D1Gc1)

TC (D1Gc1)
T(D1Gc1) (D1Gc1)

T(D2Gc2) · · · (D1Gc1)
T(DmGcm) −(D1Gc1)

T F
−(D2Gc2)

TC (D2Gc2)
T(D1Gc1) (D2Gc2)

T(D2Gc2) · · · (D2Gc2)
T(DmGcm) −(D2Gc2)

T F
...

...
...

. . .
...

...
−(DmGcm)

TC (DmGcm)
T(D1Gc1) (DmGcm)

T(D2Gc2) · · · (DmGcm)
T(DmGcm) −(DmGcm)

T F
FTC −FT(D1Gc1) −FT(D2Gc2) · · · −FT(DmGcm) FT F− γ2 I


(27)

Then,

Jz ≤
∫ t

σ=0





Z(σ)
Z(σ− τ1)
Z(σ− τ2)

...
Z(σ− τm)

w(σ)



T

Ω



Z(σ)
Z(σ− τ1)
Z(σ− τ2)

...
Z(σ− τm)

w(σ)




dσ (28)

where Ω is the coefficient matrix which can be expressed as,

Ω =



PA + (PA)T +
m
∑

i=1
Si + CTC −P(B1Gc1)− CT(D1Gc1)

−(B1Gc1)
T P− (D1Gc1)

TC (D1Gc1)
T(D1Gc1)−

m
∑

i=1
Si

−(B2Gc2)
T P− (D2Gc2)

TC (D2Gc2)
T(D1Gc1)

...
...

−(BmGcm)
T P− (DmGcm)

TC (DmGcm)
T(D1Gc1)

ET P + FTC FT(D1Gc1)
−P(B2Gc2)− CT(D2Gc2) · · · −P(BmGcm)− CT(DmGcm) PE + CT F

(D1Gc1)
T(D2Gc2) · · · (D1Gc1)

T(DmGcm) (D1Gc1)
T F

(D2Gc2)
T(D2Gc2)−

m
∑

i=1
Si · · · (D2Gc2)

T(DmGcm) (D2Gc2)
T F

...
. . .

...
...

(DmGcm)
T(D2Gc2) · · · (DmGcm)

T(DmGcm)−
m
∑

i=1
Si (DmGcm)

T F

FT(D2Gc2) · · · FT(DmGcm) FT F− γ2 I



(29)

The closed loop system shown by Equation (13) can be stabilized by a state-feedback
compensation controller with an H∞ performance index according to the references [34,35].
Only when there are symmetric positive-definite matrices P and Si (i = 1, 2, . . . , m), the
inequality Ω < 0 is satisfied. Then,

Jz ≤
∫ t

σ=0





Z(σ)
Z(σ− τ1)
Z(σ− τ2)

...
Z(σ− τm)

w(σ)



T

Ω



Z(σ)
Z(σ− τ1)
Z(σ− τ2)

...
Z(σ− τm)

w(σ)




dσ < 0 (30)

Then, ∫ ∞

σ=0

[
YT(σ)Y(σ)

]
dσ < γ2

∫ ∞

σ=0

[
wT(σ)w(σ)

]
dσ (31)

Or,
‖Y(σ)‖2 < γ2‖w(σ)‖2 (32)
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According to Schur’s complement in the reference [36], the inequality Ω < 0 is,

PA + (PA)T +
m
∑

i=1
Si −P(B1Gc1) −P(B2Gc2) · · · −P(BmGcm) PE CT

−(B1Gc1)
T P −

m
∑

i=1
Si 0 · · · 0 0 −(D1Gc1)

T

−(B2Gc2)
T P 0 −

m
∑

i=1
Si · · · 0 0 −(D2Gc2)

T

...
...

...
. . .

...
...

...

−(BmGcm)
T P 0 0 · · · −

m
∑

i=1
Si 0 −(DmGcm)

T

ET P 0 0 · · · 0 −γ2 I FT

C −(D1Gc1) −(D2Gc2) · · · −(DmGcm) F −I



< 0 (33)

The variable substitution method [37] is referred for transforming the inequality (33)
from a nonlinear matrix inequality into a linear matrix inequality. Supposing Xi = P(BiGci)
and Yi = DiGci. Only when there are symmetric positive-definite matrices P, Si and matrices
Xi, Yi (i = 1, 2, . . . , m), the following inequality is satisfied.

PA + (PA)T +
m
∑

i=1
Si −X1 −X2 · · · −Xm PE CT

−XT
1 −

m
∑

i=1
Si 0 · · · 0 0 −YT

1

−XT
2 0 −

m
∑

i=1
Si · · · 0 0 −YT

2

...
...

...
. . .

...
...

...

−XT
m 0 0 · · · −

m
∑

i=1
Si 0 −YT

m

ET P 0 0 · · · 0 −γ2 I FT

C −Y1 −Y2 · · · −Ym F −I



< 0 (34)

The ith control force is,
ui(t) =

[
(PBi)

−1Xi

]
Z(t) (35)

Then the ith feedback gain matrix is,

Gci = −(PBi)
−1Xi (36)

3.2. Numerical and Experimental Verification

Three systems are built for the four-story frame (Figure 2): a time-delay system
without compensation, the system with pole-assignment (PA) compensation [18] and the
system with H∞ compensation. The latter two systems include multiple time delays. In
PA compensation method, by appropriately changing the compensation gains, the poles
of the time-delay system are located in a target area. Conservatively, the multiple time
delays are defined as 0.4 s (τ1) and 0.6 s (τ2) since one of the time delays in the experimental
system is about 0.2~0.3 s after testing. In the experimental system, a control-force signal is
provided to the servo motor, and the actual system time delay is the time required to apply
the control forces to the structure. For engineering applications, it is difficult to measure
the displacement and velocity responses of a building. In the study, a state observer using
structural accelerations is built from the reference [31]. Finally, the simulink diagram of the
experimental system is shown in Figure 10.

Under an excitation load, the numerical and measured results are listed in Tables 3 and 4.
The control effects and the relevant control parameters are shown in Figures 11 and 12.

From Figures 11 and 12 and Tables 3 and 4, the maximum structural responses calcu-
lated by the numerical method are basically consistent with the measured results, which
are closely related to the accuracy of the sensor and numerical model. The structural
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responses of the numerical results follow the sine law under a sinusoidal excitation load.
On the contrary, the structural responses of the measured results do not fully follow the
sine law due to the interaction effect between the controller and the frame, and the coupling
effect of the structural horizontal and vertical vibrations. The strokes of the numerical
results illustrated in Figure 11f are obviously different from those of the measured results
illustrated in Figure 12f. There are three adverse aspects: the environmental interference
signals, the inhomogeneous magnetic field between the rotor and stator and the unsmooth
support track of the motor. In addition, due to the mechanical construction of the servo
motor, the frequency of the control forces in the measured test is inconsistent with the
numerical simulation. As a result, there are significant differences between the control
forces of the numerical results and those of the measured results, which are shown in
Figures 11e and 12e, respectively.
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Figure 10. The Simulink diagram of the experimental system.

Table 3. The control effects under the numerical results (mean square values).

Index No Control

No Compensation PA Compensation H∞ Compensation

Responses Effect
(%) Responses Effect

(%) Responses Effect
(%)

Displacement
(cm)

2nd floor 1.54 1.70 −10.22 1.29 16.24 1.03 33.26
4th floor 2.15 2.37 −10.25 1.80 16.21 1.43 33.23

Acceleration
(cm/s2)

2nd floor 16.76 18.48 −10.23 14.04 16.23 11.19 33.25
4th floor 23.33 25.72 −10.25 19.54 16.23 15.58 33.24

Control force (N) — 14.80 — 15.13 — 12.96 —
Stroke (cm) — 13.23 — 13.91 — 10.60 —

Table 4. The control effects under the measured results (mean square values).

Index No Control

No Compensation PA Compensation H∞ Compensation

Responses Effect
(%) Responses Effect

(%) Responses Effect
(%)

Displacement
(cm)

2nd floor 1.58 1.62 −2.53 1.11 29.75 1.01 36.08
4th floor 2.67 2.62 1.87 1.86 30.34 1.69 36.70

Acceleration
(cm/s2)

2nd floor 14.95 16.81 −12.44 5.86 60.80 6.09 59.26
4th floor 11.74 16.03 −36.54 4.29 63.46 3.84 67.29

Control force (N) — 14.90 — 14.19 — 14.12 —
Stroke (cm) — 17.55 — 15.13 — 11.82 —

The control system without compensation has a negative impact on reduction of the
structural responses. By contrast, the control systems with the multiple time delays tend to
reduce the dynamic responses, and the efficiency of PA compensation system is slightly
worse than that of H∞ compensation system, especially the acceleration control effects. The
reason is that the calculation process of the former system excludes the optimal control-gain
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selection process. Hence, the selected PA compensation gains are only a fixed value. Since
the selected control gains of H∞ compensation are a global optimal solution, its strokes
are relatively smaller than those of PA compensation. Otherwise, the control forces of PA
compensation are much higher than those of H∞ compensation. The imaginary part of
the PA compensation gains should be zero so that its state vectors and control forces are
real constants. However, this will not happen in H∞ compensation system. Its auxiliary
mass runs smoothly and the control forces are stable, indicating that the H∞ compensation
system has a better performance.
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Figure 11. The structural responses and the control parameters of the experiment under the numer-
ical results, the displacements (a) 0–30 s and (b) 15–20 s and the accelerations (c) 0–30 s and (d) 15–
20 s of the 2nd floor, the displacements (e) 0–30 s and (f) 15–20 s and the accelerations (g) 0–30 s and 
(h) 15–20 s of the 4th floor, the forces (i) 0–30 s and (j) 15–20s and the strokes (k) 0–30 s and (l) 15–
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Figure 11. The structural responses and the control parameters of the experiment under the numerical
results, the displacements (a) 0–30 s and (b) 15–20 s and the accelerations (c) 0–30 s and (d) 15–20 s of
the 2nd floor, the displacements (e) 0–30 s and (f) 15–20 s and the accelerations (g) 0–30 s and
(h) 15–20 s of the 4th floor, the forces (i) 0–30 s and (j) 15–20 s and the strokes (k) 0–30 s and
(l) 15–20 s.
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Figure 12. The structural responses and the control parameters of the experiment under the meas-
ured results, (a) the displacements and (b) the accelerations of the 2nd floor, (c) the displacements 
and (d) the accelerations of the 4th floor, (e) the forces and (f) the strokes. 

From Figures 11 and 12 and Tables 3 and 4, the maximum structural responses cal-
culated by the numerical method are basically consistent with the measured results, which 
are closely related to the accuracy of the sensor and numerical model. The structural re-
sponses of the numerical results follow the sine law under a sinusoidal excitation load. 
On the contrary, the structural responses of the measured results do not fully follow the 
sine law due to the interaction effect between the controller and the frame, and the cou-
pling effect of the structural horizontal and vertical vibrations. The strokes of the numer-
ical results illustrated in Figure 11f are obviously different from those of the measured 
results illustrated in Figure 12f. There are three adverse aspects: the environmental inter-
ference signals, the inhomogeneous magnetic field between the rotor and stator and the 
unsmooth support track of the motor. In addition, due to the mechanical construction of 
the servo motor, the frequency of the control forces in the measured test is inconsistent 
with the numerical simulation. As a result, there are significant differences between the 

Figure 12. The structural responses and the control parameters of the experiment under the measured
results, (a) the displacements and (b) the accelerations of the 2nd floor, (c) the displacements and
(d) the accelerations of the 4th floor, (e) the forces and (f) the strokes.

4. Conclusions

Impact analysis of multi-time-delays on the performance of an AMD system is com-
pletely conducted. For the negative effect of multi-time-delay in each subsystem, a new
compensation controller is designed using an H∞ control law. Finally, based on the results
of an experimental system, some concluding remarks are drawn.

(1) The maximum strokes of the system with multi-controllers are similar to those
of the system with a single-controller when there is no time-delay effect. The sum of the
control forces of the sub-controllers is larger than the overall control forces of the latter
system, indicating that the output of s the former system is relatively higher than that of
the latter system.

(2) In the system with multi-controllers, as no time-delay effect or an equal time-delay
effect is considered, the differences between its strokes and control forces are relatively
close to zero, which means the multi-controllers operate synchronously.
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(3) Equal time-delays reduce the performance of the systems with multi-controllers or
with a single-controller, and have little effect on the feedback gains to the displacements of
the auxiliary mass and the synchronization of the systems with multi-controllers.

(4) When there are unequal time delays in the system with multi-controllers, as the
time-delay differences increase, the amplitude of the control forces becomes larger, while
the amplitude of the strokes maintains stable, which shows that the multi-controllers
become relatively independent.

(5) The control system without compensation has a negative impact on the reductions
of the structural responses. When there are multiple time delays in a control system, the
efficiency of PA compensation system is lower than that of H∞ compensation system.
The H∞ compensation system greatly improves the performance of the multi-time-delay
systems, and its auxiliary mass runs smoothly and the control forces are stable.

5. Future Investigations

An AMD control system has good performance in case of a lab frame. However,
several particular problems limit its application in vibration control of actual high-rise
buildings. Therefore, future investigations focus on the influence of the follow contents.

(1) A high-rise building has an excessive number of degrees of freedom. The designed
AMD control system based on its original model has large orders and long time-delays that
are too difficult to fulfill the requirement of real-time control.

(2) Owing to failures in sensors have a negative effect on the performance of an AMD
control system, how to improve its fault-tolerant performance and robustness should
be studied.

(3) A high-rise building with an AMD system generally uses a simplified mathe-
matical model, leading to parametric uncertainties including the damping, stiffness and
mass variations.
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