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Abstract: In cryogenic fluid storage and delivery, the rapid contraction and rebound of bubbles
are prone to occur during bubble collapse due to the pressure saltation. With the contraction and
rebound of bubbles, the pressure and temperature in the bubbles fluctuate greatly, which affects the
service life of fluid machinery. During bubble contraction and rebound, there is an accompanied
complex heat and mass transfer process. According to the thermal properties of cryogenic fluids, a
single-bubble collapse model is proposed considering the temperature variations inside the bubble.
In order to study the variation in temperature and pressure during bubble collapse in cryogenic
fluids, the contraction and rebound of a single bubble in liquid hydrogen are investigated numerically
under various operating pressures and supercooling degrees. The numerical results of the model
indicate that there are periodic contraction and rebound of the bubble when the pressure rises
suddenly. Furthermore, the periods and attenuation rates of bubbles in different media are studied
and compared. For the most concerned pressure and temperature characteristics, the relationship
between the peak pressure, the attenuation rate of the temperature and the dimensionless number
is proposed.

Keywords: single bubble; oscillation; attenuation rate; periodicity; supercooling degree; operating
pressure

1. Introduction

For long-distance delivery and large-scale storage of cryogenic fluids, liquid storage
and delivery are the most widely used methods in favor of high security and cost effective-
ness [1–4]. Among the cryogenic fluids, liquid hydrogen (normal boil point is 20.37 K) and
liquid oxygen (normal boil point is 90.19 K) have been widely used in rocket engines [5,6].
Taking liquid hydrogen as an example, its delivery cost is only 0.181 EUR/kg [7] and energy
consumption is only 0.37 kWh/kg [8], which is much lower than 0.63~0.76 EUR/kg and
2.43 kWh/kg for high-pressure hydrogen delivery.

In the transportation of cryogenic fluids, substantial sloshing cannot be avoided easily
due to the jounce of transport tankers and LNG carrier ships. This results in a large variation
in local pressure for the delivered cryogenic fluids. Under this condition, cavitation bubbles
grow when the local pressure drops below the saturated pressure of liquids [9,10]. When the
operating pressure increases suddenly, the bubbles contract and rebound rapidly. During
this contraction–rebound process, there is noise, vibration, pressure pulsation and damage
to the fluid machinery due to the high pressure and temperature of the bubbles [11].

Single-bubble growth in ordinary fluids has been preliminarily studied. The single
bubbles growth in water and freon has been focused on in many experiments [12–14].
Compared with bubble experiments in ordinary fluids, cavitation experiments in cryogenic
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fluids are relatively rare. Among cryogenic research, experiments of liquid nitrogen and hy-
drogen flow around a hydrofoil and an ogive were carried out by Hord in the 1970s [15–18].
The temperature and pressure distributions along the cavitation region of the hydrofoil sur-
face were measured experimentally. Moreover, Ball et al. [19] experimentally investigated
liquid hydrogen cavitation characteristics in various inducers. The experimental results
provided a reference for the design of an inducer for cryogenic fluids. Recently, Ito et al. [20]
studied the difference in cavitation characteristics between liquid nitrogen and water in
an inducer using a visualization experiment. The experimental results indicated that the
bubble size in liquid nitrogen was much smaller than that in water. In addition to cavitation
flow experiments in fluid machinery, single-bubble growth and collapse in cryogenic fluids
are the basis for the study of the cavitation mechanism in cryogenic fluids. However, there
is relatively little experimental research in the open literature due to its extremely rapid
growth and collapse process. Hewitt et al. [21] carried out the bubble growth experiment
in liquid nitrogen under depressurization and studied the bubble radius growth process.
Due to the limitations of harsh low-temperature conditions, the pressure and temperature
inside the nitrogen bubble were not investigated in the experiments.

In addition to experimental studies, there have also been theoretical and numerical
results focused on the heat and mass transfer process at the bubble interface. The isothermal
hypothesis is often adopted in cavitation models of ordinary fluids. Transport cavitation
models based on the Rayleigh–Plesset equation are used widely. Among these models, the
Zwart–Gerber–Belamri model [22], Schnerr–Sauer model [23] and Singhal model [24] are
applied in commercial CFD software. The growth and heat and mass transfer between
the bubble and liquid are predicted using the single-bubble model [25,26]. The bubble
radius growth results calculated with the model are verified with data from experiments in
water and freon. For ordinary fluids, the thermodynamic temperature drop is small and the
liquid vapor density ratio is large. Additionally, the transition time of bubble growth from
the dynamic growth stage to the thermal growth stage is equivalent to the bubble existence
time. Therefore, the isothermal assumption is prone to be suitable for the cavitation in
ordinary fluids.

Different from ordinary fluids, the temperature drop of the bubble growth process
cannot be ignored in cryogenic liquids. The existing isothermal hypothesis is not viable.
Therefore, for cryogenic fluids, thermodynamic effects must be considered on cavitation
development and bubble growth. Zhang et al. [27] modified the cavitation model for
ordinary fluids considering thermal effects and used it to study cavitation in liquid nitrogen.
The application of the cavitation model for cryogenic fluids was improved in prediction.
Comparing to the experimental results, the numerical results were within the error limits.
Recently, a large number of numerical studies popped up focusing on cryogenic fluid
cavitation. Xu et al. [28] used the modified cavitation model with thermodynamic effects
to compare the cavitation process of water and liquid nitrogen. The numerical results
indicated that thermal effects could inhibit the cavitation in liquid nitrogen but had almost
no suppression effect for water. Moreover, the particularity of liquid hydrogen cavitation,
which is different from other cryogenic fluids, was further investigated by Le et al. [29].
The empirical evaporation and condensation constant in liquid hydrogen was obviously
higher than that in other fluids. In addition to the modification of the cavitation model,
Li et al. [30] also used the modified model to study the cavitation model of liquid oxygen
in turbopumps. Cavitation was mainly distributed in the leading edge of the inlet of the
inducer and the central blade head of the impeller.

In most of the existing cavitation models, modifications have focused on the influence
of the thermal effect. There are relatively few models which have been proposed for single-
bubble growth and collapse. Ito [31] considered the equation of heat conduction outside
the bubble and used it to calculate the phase transition in the thermal boundary layer. In
addition, this model was also used to study the bubble development process in liquid
hydrogen, liquid nitrogen and liquid oxygen. The growth process of bubbles in the inducer
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was studied numerically based on this model [32]. However, the temperature difference
between the center and boundary of the bubble was not considered.

During the growth and collapse of a single bubble, the temperature and pressure of
the vapor inside the bubble vary greatly [33]. Nevertheless, most of the existing bubble
growth and collapse models assume that the temperature inside the bubble is the same as
that of the fluid at the bubble boundary. For the more accurate prediction of the growth–
collapse process of single bubbles in cryogenic fluids, existing bubble models should be
modified. In this paper, based on the existing bubble model, a single-bubble collapse model
was proposed for cryogenic fluids. The modified Rayleigh–Plesset equation, heat balance
equation, heat diffusion equation and state equation were solved simultaneously in various
cryogenic fluids. By comparing the tendency of bubble bursting and rebound in different
fluids, the influence of the physical properties of cryogenic fluids on bubbles was analyzed.
In addition, the influence of the bubble internal temperature on the bubble collapse and
rebound process was considered and calculated. The bubble contraction–rebound process
in liquid hydrogen was selected as the main research object. The oscillations of the bubble
radius, radius growth rate, temperature at the bubble boundary and temperature and
pressure inside the bubble were studied using the model. The amplitude, attenuation rate
and period of bubble collapse were analyzed under different supercooling degrees and
operating pressures.

2. Derivation and Verification of the Single-Bubble Collapse Model

During bubble collapse, the temperature and pressure inside the bubble are affected
by the operating pressure, supercooling degree and thermophysical property of different
fluids. In order to accurately predict and compare the bubble collapse process in various
fluids, the temperature and pressure inside the bubble were considered in the model. The
bubble collapse model is derived and the results of this model are verified in this section.

2.1. Derivation of the Single-Bubble Collapse Model

The equation for bubble growth was first derived and used by Rayleigh [34] in the
absence of surface tension and viscosity. Subsequently, this equation was improved by
Plesset [35] and was applied to the problem of traveling cavitation bubbles.

R
d2R
dt2 +

3
2

(
dR
dt

)
=

Pv(Tv)− Pinf
ρl

− 4νl
R

dR
dt
− 2S

ρl R
(1)

where R is the bubble radius, Tv is the temperature inside the bubble, Pv is the pressure
inside the bubble, ρl is the liquid density, Pinf is the operating pressure, νl is the kinematic
viscosity of the liquid and S is the surface tension of the fluid.

In addition to the Rayleigh–Plesset equation, the noncondensable gas in the bubble
was considered. In general, it was assumed that there is no mass transfer between the
noncondensable gas and the liquid. When the initial partial pressure of the noncondensable
gas is PG0, the partial pressure, PG, varies with the bubble radius, as shown in Equation (2).

PG = PG0

(
Tv

Tinf

)(
R0

R

)3k
(2)

where R0 is the initial bubble radius, Tinf is the operating temperature and k is the polytropic
exponent; k = 1 for bubble growth and k = 1.4 for bubble collapse.

In the process of bubble collapse, the contraction speed of the bubble interface is
greater than the bubble growth rate. When the Mach number (|dR/dt|/c) is higher than
0.3, the influence of liquid compressibility should be considered [10]. For this point, the
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near-acoustic solutions of Herring [36] and Trilling [37] modified the Rayleigh–Plesset
equation, and the results are shown in Equation (3):

R
d2R
dt2

(
1− 2

cl0

dR
dt

)
+

3
2

(
dR
dt

)2(
1− 4

3cl0

dR
dt

)
=

R
ρl0cl0

dP
dt

+
Pv − Pinf

ρl0
(3)

where cl0 and ρl0 are the constant sound speed and the density of the liquid, respectively.
The Rayleigh–Plesset equation adopted by the model could be modified by substitut-

ing Equations (1) and (2) into Equation (3):
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R
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4µl
R

dR
dt −Pinf

ρl0

(4)

where µl is the dynamic viscosity of the liquid.
In order to further consider the thermal effect in the bubble model, the thermal

equilibrium equation was introduced. The vapor density ρv in the bubble varies greatly
with the temperature. Additionally, the variation in temperature inside the bubble could
not be ignored during the bubble growth–collapse process. The transient variation in vapor
density in the bubble was also considered. In order to obtain the temperature inside the
bubble, TB, and the temperature at the bubble boundary, Tl, it was assumed that only
heat conduction exists in the thermal boundary layer around the bubble. According to the
thermal balance equation, Equation (5) was introduced:

4πR2kl

(
dTl
dr

)
r=R

= L
d
dt

(
4
3

πR3ρv

)
= 4πR2Lρv

dR
dt

+
4
3

πR3L
dρv

dTl

(
dTl
dt

)
r=R

(5)

where L is the latent heat of the fluid and kl is the thermal conductivity of the liquid. The
derivative of the temperature at the bubble boundary, Tl, with respect to time could be
derived from Equation (5):

dTl
dt

=

(
kl

dTl
dr
− Lρv

dR
dt

)
/
(

1
3

RL
dρv

dT

)
(6)

In Equation (6), the temperature gradient at the bubble boundary, dTl/dr, was unknown.
The temperature gradient at the bubble boundary could be obtained by solving the energy
equation in spherical coordinates for the moving boundary. The one-dimensional energy
equation is as follows.

∂T
∂t

+ u
∂T
∂r

= αl

(
∂2T
∂r2 +

2
r

∂T
∂r

)
(7)

where αl is the thermal diffusivity of the liquid. In Equation (7), u is the radial velocity
which is a function of the bubble growth rate and bubble radius. The radial velocity could
be solved:

u(R, t) =
dR
dt

(
R
r

)2
(8)

By substituting Equation (8) into Equation (7), the thermal diffusion equation of the
bubble boundary could be obtained:

∂T
∂t

+
dR
dt

(
R
r

)2 ∂Tl
∂r

=
αl
r2

∂

∂r

(
r2 ∂Tl

∂r

)
(9)

The boundary conditions and initial condition are shown in Equation (10). The
temperature of the entire flow field is constant and uniform. Moreover, the temperature at
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the bubble boundary could be derived from the assumption of discontinuity at the bubble
interface. The liquid temperature is constant at an infinite distance.

T(r, 0) = Tinf
T(R, t) = Tl
T(Rinf, t) = Tinf

(10)

By the external discretization of bubbles, Equations (4) and (9) could be solved using
the fourth-order Runge–Kutta method. Photos and a schematic diagram of the bubble
collapse–rebound process are shown in Figure 1. It was assumed that the liquid beyond
the 5 mm bubble boundary is not affected by the temperature and pressure change inside
the bubble [1], where the temperature and pressure are equal to Tinf and Pinf, respectively.
Based on the bubble radius and the temperature at the bubble boundary, the temperature
and pressure inside the bubble could be obtained.
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Figure 1. Single-bubble experimental photos [38] (a) and collapse model schematic diagram (b).

At first, it was assumed that there is no noncondensable gas inside the bubble. During
bubble collapse, the bubble boundary contracts inward rapidly. Inside the bubble, there
exists vapor compression and phase transformation simultaneously. Taking the boundary
layer at the bubble interface as the control volume, the heat flowing into the boundary layer
is positive and the heat flowing out is negative. The latent heat from phase transformation
flows into the boundary layer, and the conducted heat flows out of the boundary layer.
Assuming that the mass in the boundary layer is constant and equals m, the energy balance
equation of the thermal boundary layer is shown in Equation (11).

T(i+1)
l − T(i)

l =
4π
(

R(i)
)2[

∆nM
(

R(i) − R(i+1)
)

L− kl
dTl
dr

]
m

(11)

where ∆n is the variation in the amount of vapor substances and the superscript (i) indicates
the i-th time step. The total amount of vapor in the bubble could be obtained from Equation (12)

n(i+1) = n(i) + ∆n (12)

If only the phase transition process was being considered, the bubble radius R’ could
be obtained using the Clapeyron Equation (13).

4
3

π(R′)3P(i)
v = n(i+1)RT(i)

v (13)

where R is the molar gas constant which has a value of 8.3145 J/(mol·K).
At last, the pressure and temperature inside the bubble could be solved with the

polytropic compression/expansion Equation (14). In the equation, k is the polytropic
exponent. Generally, the growth and rebound of bubbles are deemed to be isothermal
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expansion processes with k = 1. The collapse process is an adiabatic compression with
k = 1.4. 

P(i+1)
v = P(i)

v

(
R′

R(i+1)

)3k

T(i+1)
v = T(i)

v

(
R′

R(i+1)

)3(k−1) (14)

For bubbles containing noncondensable gas, the solution process could be simplified.
The variation in the partial pressure of the noncondensable gas could be solved directly
according to the polytropic process Equation (15). Then, the temperature of the noncon-
densable gas was obtained. According to the assumption of uniform temperature inside
the bubble, the temperature inside the bubble was represented by the temperature of the
noncondensable gas, T(i+1)

v .
P(i+1)

G = P(i)
G

(
R(i+1)

R(i)

)3k

T(i+1)
v = T(i)

v

(
P(i+1)

G

P(i)
G

)(k−1)/k (15)

The model solving process is summarized as a flow chart shown in Figure 2. The
operating of the flow field, bubble radius and bubble growth time “tend” were initialized
at first. The temperature inside the bubble (Tv), temperature at the bubble boundary (Tl),
pressure inside the bubble (Pv), bubble radius (R) and bubble growth rate (dR/dt) were
investigated.
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2.2. Verification of the Single-Bubble Collapse Model

Due to the rapid contraction and rebound of the bubble, there are relatively few
experiments on the collapse of a single bubble, especially in cryogenic fluids. In order to
verify the model, the experimental results [38] of water bubbles under the condition of an
alternating pressure field and the numerical results of Yukio et al. [39] were selected in this
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paper. The verification of the bubble collapse and rebound process is shown in Figure 3.
Under the operating pressure of 1 atm, the initial radius of the bubbles in the saturated
water was 6.18 µm. With the condition of a sinusoidal pressure field with an applied
amplitude of 1.29 × 105 Pa and frequency of 25 kHz, the experimental and numerical
results of the bubble radius are shown in Figure 3a. The numerical results using the
model presented in this paper were within 10% of the experimental measurements. The
numerical results of this model were compared with the calculation results of the Yukio
model, shown in Figure 3b. The difference between the numerical results of the two models
were within 10%.
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Figure 3. Comparison of the calculation results of the growth–collapse model with the experimental
results (a) and the calculation results of the Yukio [39] model (b).

3. Comparison of Bubble Collapse in Different Fluids

According to the open literature [40], the pressure of 0.1 MPa~0.51 MPa and the tem-
perature of 20~27.4 K are often used in liquified hydrogen storage and delivery. Therefore,
in this section, the operating pressure of 1~3 atm and the supercooling degree of 1~5 K
were selected for calculation. The effects of operating pressure and supercooling degree
on the radius of a single bubble, bubble growth rate, temperature and pressure inside a
bubble were investigated. In order to study the particularity of bubble behavior in liquid
hydrogen, the bubble collapse process of liquid nitrogen, liquified methane and water were
introduced and compared.

In the process of bubble collapse, there is a bubble period with rapid contraction
and rebound. In the collapse process, the variation in the bubble radius with time under
different operating pressures and supercooling degrees is shown in Figure 4a,b, respectively.
Under the condition of low operating pressure, the liquid hydrogen force acting on the
bubble was small, so the bubble growth rate was slow. Therefore, the bubble contraction–
rebound period increased with higher operating pressure. Moreover, the amplitude of
the bubble radius increased with lower operating pressure because of the small kinetic
energy attenuation. When the operating pressure of the bubble remained the same, the
velocity of bubble contraction increased greatly with the supercooling degree. Therefore,
the period of the bubble radius decreased with the supercooling degree. Meanwhile, due
to the fast contraction of the bubble, the bubble radius became larger with the same kinetic
energy attenuation.
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Figure 4. Radius of liquid hydrogen bubbles under different operating pressures (a) and different
supercooling degrees (b) during collapse.

In addition to the bubble radius, the bubble growth rate over time was also inves-
tigated. The bubble growth rate under different operating pressures and supercooling
degrees is shown in Figure 5. As analyzed above, the maximum bubble growth rate was not
significantly correlated with operating pressure. Initially, the peak and valley values of the
bubble growth rate were almost the same under the same supercooling degree. However,
the bubble growth rate was affected by the high operating pressure and the attenuation
rate was rapidly accelerated. In contrast, the amplitude of the bubble growth rate increased
greatly with the supercooling degree of liquid hydrogen. The peak value and attenuation
rate of the bubble growth rate were affected by the operating pressure and the supercooling
degree. The period of the bubble growth rate decreased with the operating pressure and
the supercooling degree.
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Figure 5. Radius growth rate of liquid hydrogen bubbles under different operating pressures (a) and
different supercooling degrees (b) during collapse.

During contraction–rebound, the pressure and temperature of the bubble also varied
greatly. The pressure inside the bubble during oscillation is shown in Figure 6. The peak
and equilibrium of the pressure inside the bubble was promoted under larger operating
pressure. Similarly, the peak in pressure inside the bubble was also enlarged sharply with
supercooling degree. Accompanied with the variation in bubble radius, rapid contraction
led to the fast compression of hydrogen inside the bubble. The period of the bubble pressure
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was almost the same as the bubble radius period. The fluctuation of pressure inside the
bubble was possibly caused by the variation in the bubble radius.
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Figure 6. Pressure inside liquid hydrogen bubbles under different operating pressures (a) and
different supercooling degrees (b) during collapse.

Due to the different operating pressures, the absolute value of the peak pressure inside
the bubble did not reflect the impact intensity during bubble collapse clearly. Therefore,
the pressure inside the bubble was nondimensionalized using the operating pressure of
infinity. The comparison results are shown in Figure 7. The dimensionless pressure inside
the bubble was reduced. This result indicated that the impact caused by bubble collapse
was strong under low operating pressure.
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Figure 7. Dimensionless pressure inside liquid hydrogen bubbles under different operating pressures.

The temperature variation at the bubble boundary with time is shown in Figure 8. The
initial and final temperature at the bubble boundary were upraised at higher operating
pressure, but the amplitude decayed. With increment of supercooling degree, the lower
initial temperature at the bubble boundary led to larger temperature undulation. How-
ever, the influence of supercooling degree on the final bubble boundary temperature was
not significant.
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Figure 8. Temperature at liquid hydrogen bubble boundaries under different operating pressures
(a) and different supercooling degrees (b) during collapse.

Different from the liquid temperature at the bubble boundary, there was a larger
undulation in vapor temperature due to its small heat capacity. Moreover, the oscillation
of temperature inside the bubble was enhanced due to the vapor compression process.
As shown in Figure 9a, the initial temperature inside the bubble increased under higher
operating pressure. Under different operating pressures, the peak value of the temperature
remained almost the same during the first few periods. The influence of the supercooling
degree on the bubble temperature is shown in Figure 9b. The equilibrium temperature
inside the bubble was almost unaffected by the supercooling degree. The temperature peak
increased with the supercooling degree.
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Figure 9. Temperature inside liquid hydrogen bubbles under different operating pressures (a) and
different supercooling degrees (b) during collapse.

In order to compare the temperature inside the bubble and that at the bubble boundary,
the condition was selected with the operating pressure equal to 3 atm and supercooling
degree equal to 1 K. The two temperatures are shown in Figure 10. The temperature peak
inside the bubble was much larger than that at the bubble boundary. As the thermal con-
ductivity of the vapor phase was much lower than that of the liquid phase, the temperature
inside the bubble accumulated gradually, and its valley value gradually separated from the
temperature at the bubble boundary.
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Figure 10. Comparison of boundary temperature and internal temperature of liquid hydrogen bubble
during collapse.

Based on the investigation of bubble collapse in liquid hydrogen, the effect of fluids’
properties on bubble collapse was studied. The comparison of the bubble radius and
bubble growth rate in different fluids is shown in Figure 11a,b, respectively. The oscillation
frequency and amplitude of the liquid hydrogen bubble were much larger than those in the
other three fluids. The radius and growth rate of the bubble in liquid nitrogen and liquid
methane had similar peak values. The bubble radius in liquid nitrogen had a relatively
lower valley value.
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Figure 11. Bubble radius (a) and radius growth rate (b) in different fluids under 3 atm operating
pressure and 5 K supercooling degree during collapse.

Due to the great differences in standard boiling points among different fluids, it was
meaningless to compare temperature inside the bubble and that at the bubble boundary
directly. Therefore, the bubble temperature was nondimensionalized with the fluid critical
temperature. As shown in Figure 12, the amplitude and frequency of the dimensionless
temperature and the equilibrium temperature of the bubble in liquid hydrogen were
larger than those in the other fluids. Moreover, it is worth noting that only the peak
temperature inside the liquid hydrogen bubble was higher than the critical temperature
during temperature oscillation. Additionally, the bubble oscillation time of liquid hydrogen
was much smaller than that in the other fluids.
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Figure 12. Dimensionless temperature at bubble boundaries (a) and inside bubbles (b) in different
fluids under 3 atm operating pressure and 5 K supercooling degree during collapse.

The variation in bubble pressure in the different fluids is shown in Figure 13. The
pressure amplitude and frequency in the different fluids were in the same order as the
other parameters. The peak pressure during bubble collapse in liquid hydrogen was
approximately four times the operating pressure, which proved that the impact intensity
on the nearby surface was the largest. In other words, the damage of liquid hydrogen
cavitation to hydraulic machinery could be much greater than that of the other fluids.
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Figure 13. Pressure inside bubbles in different fluids under 3 atm operating pressure and 5 K
supercooling degree during collapse.

It is generally believed that the high pressure during bubble collapse is the main cause
of cavitation damage [33]. In order to investigate the potential damage, it was necessary to
compare the maximum pressure peaks in the different fluids, as well as different conditions.
The maximum peak pressure and dimensionless number (Weber number divided by the
Reynolds number: Wb/Re) during bubble collapse are shown in Figure 14. The maximum
peak pressure monotonously increased with the Wb/Re roughly. Therefore, the intensity
of cavitation damage could be roughly predicted using the magnitude of Wb/Re.
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4. Analysis of Periodicity and Attenuation Rate of Bubble Collapse

From Section 3, all the physical parameters of the bubbles featured oscillation char-
acteristics. The oscillation period and attenuation rate were influenced by the operating
pressure and supercooling degree. In this section, the attenuation rate and periodicity of
the liquid hydrogen bubble collapse process were studied and compared with the other
fluids. Moreover, the relationship between the temperature attenuation rate inside the
bubble and dimensionless number was drawn.

The period length of the bubble oscillation was defined as the length of time between
peak values in terms of radius, radius growth rate, temperature and pressure, respectively.
The period of the different parameters was almost same. Therefore, the first period of the
bubble radius oscillation was studied and is shown in Figure 15. The statistical results
indicated that the bubble oscillation period was the shortest in liquid hydrogen and the
longest in water. The period in liquid nitrogen was slightly longer than that in liquid
methane. The period length of the bubble oscillation decreased with the operating pressure.
Moreover, the increase in the supercooling degree also reduced the bubble oscillation
period. In addition, the influence of supercooling degree on period was weaker than that
of the operating pressure in the different fluids.

Besides the period, the attenuation rate was also an important parameter. The attenua-
tion rate was the dimensionless result of dividing the difference between the amplitude
of the current period and that of the next period with the amplitude of the current period.
The attenuation rate in the first thirty oscillation periods is shown in Figure 16. The attenu-
ation rate of the bubble radius was suppressed with operating pressure and lessened with
supercooling degree. The attenuation rate was almost not affected by operating pressure.
The influence of the supercooling degree on the radius attenuation rate was not as great
as that of the operating pressure. However, under the condition of smaller supercooling
degree, the attenuation rate of the bubble radius almost did not vary with period. With
larger supercooling degree, the slope of the radius attenuation rate increased obviously in
both the ascending and descending parts.
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Figure 16. Attenuation rate of liquid hydrogen bubble radii under different operating pressures
(a) and different supercooling degrees (b) during collapse.

Furthermore, the attenuation rate of the bubble growth rate (dR/dt) was investigated
in the first thirty periods. The attenuation rate with different operating pressures and
supercooling degrees is shown in Figure 17. Similar to the influence of operating pressure
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and supercooling degree on the attenuation rate of bubble radius, operating pressure greatly
enlarged the attenuation rate dR/dt, while it was reduced slightly with higher supercooling
degree. The difference was that the higher supercooling degree only raised the slope of the
attenuation rate dR/dt but did not change its monotonicity.
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Figure 17. Attenuation rate of liquid hydrogen bubble growth rate under different operating pressures
(a) and different supercooling degrees (b) during collapse.

Different from the attenuation rate mentioned above, the attenuation rate of the
temperature inside the bubble (Tv) dropped significantly in the first thirty periods, as
shown in Figure 18. Therefore, the period investigated was extended. The attenuation rate
of Tv was like an “S” curve. Its slope reached a maximum in the middle 20 periods, while
its decline was very slow at the beginning and ending. In addition to the Tv attenuation
rate, its maximum slope was enlarged with the operating pressure. The influence of
the supercooling degree on the maximum value, minimum value and slope of the Tv
attenuation rate was slight.
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Figure 18. Attenuation rate of temperature inside liquid hydrogen bubbles under different operating
pressures (a) and different supercooling degree (b) during collapse.

The slope of the attenuation rate of the bubble pressure (Pv) was large in the first
few periods and gradually decreased in the subsequent periods, as shown in Figure 19.
The influence of the operating pressure on the attenuation rate of Pv was similar to the
attenuation rate of the other parameters. It increased with higher operating pressure, but
its maximum slope varied slightly.
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Figure 19. Attenuation rate of pressure inside liquid hydrogen bubbles under different operating
pressures (a) and different supercooling degrees (b) during collapse.

In order to study the difference in the bubble collapse process among the different
fluids, the comparison results of bubble attenuation rates are shown in Figure 20. The
attenuation rates of all physical parameters in liquid hydrogen were the highest, and they
were the lowest in water. The attenuation rates of bubbles in liquid nitrogen and liquid
methane were very similar. However, the attenuation rate of Tv in the liquid hydrogen
bubbles suddenly declined in the 20th period and fell below that of water bubbles.
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In order to understand the difference in bubble attenuation rates in the different
fluids, the standard temperature drop and thermodynamic effect parameter of the different
fluids were investigated. The standard temperature drop (∆T) and thermodynamic effect
parameter (∑(Tinf)) are defined as follows:

∆T =
ρvL

ρlCPl
(16)

∑(Tinf) =
L2ρ2

v

ρ2
l CplTinfα

0.5
l

(17)

where ρv and ρl are the density of vapor and liquid, L is the latent heat, Cpl is the specific
heat capacity of the liquid at constant pressure and αl is the thermal diffusivity of the liquid.

Under the operating pressure of 3 atm, the trends in ∑(Tinf) and ∆T with the super-
cooling degree are shown in Figure 21. ∑(Tinf) and ∆T in liquid hydrogen were much larger
than in the other fluids. The two parameters in liquid nitrogen and methane were very
close. Moreover, the magnitude of ∑(Tinf) and ∆T in the four fluids were almost the same as
the magnitude of the attenuation rate. Therefore, the magnitude of the bubble attenuation
rate could be qualitatively determined according to ∑(Tinf) and ∆T in the different fluids.
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Figure 21. Thermodynamic effect parameter ∑(Tinf) (a) and standard temperature drop ∆T (b) in
different fluids at 3 atm.

The relationship between ∆T/Tinf and Tv maximum attenuation rates in the differ-
ent fluids was investigated using the statistical method and is shown in Figure 22. The
maximum Tv attenuation rate was enhanced with ∆T/Tinf monotonously and presented
a roughly logarithmic relationship. The magnitude could be qualitatively determined
according to the relationship between ∆T/Tinf and the maximum attenuation rate of Tv.
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Figure 22. Relationship between attenuation rate of temperature inside the bubble and ∆T/Tinf.

5. Conclusions and Discussions

In this paper, based on the existing bubble growth model, a mathematical model
suitable for the collapse process of a single bubble was proposed, considering the vapor
compression and expansion process inside the bubble. The collapse–rebound process
of bubbles in liquid hydrogen was studied. The variation in the period length and the
attenuation rates of different parameters with operating pressure and supercooling degree
were investigated using statistical methods and comparisons. The following conclusions
can be drawn.

1. The amplitude of physical parameters increased with the supercooling degree and
decreased with the operating pressure. The influence of the supercooling degree on
the bubble collapse process was larger than that of the operating pressure. However,
the supercooling degree and the operating pressure had different effects on the atten-
uation rates of the physical parameters. The attenuation rate of every parameter was
suppressed with higher operating pressure obviously, and slightly decreased with
the supercooling degree. For bubbles in various fluids, the oscillation period was
shortened under larger operating pressure and supercooling degree.

2. The amplitudes and frequencies of various parameters of bubbles in cryogenic media
were higher than those in normal media. Specifically, the amplitude and frequency
of every bubble parameter in liquid hydrogen were much larger than that in the
other fluids. Moreover, it took the liquid hydrogen bubble the shortest time to
reach equilibrium. For different liquids, the magnitude of the attenuation rates of
parameters was roughly consistent with that of the standard temperature drop (∆T)
and thermal effect parameters (∑(Tinf)). Moreover, all attenuation rates of bubbles
increased with the ambient pressure and decreased with the supercooling degree of
the fluid.

3. The maximum peak pressure and maximum attenuation rate of the temperature could
be roughly predicted using dimensionless numbers. The maximum pressure peak
increased monotonically with the dimensionless parameter (Wb/Re) and presented
a roughly exponential relationship. Moreover, the maximum attenuation rate of
temperature inside the bubble increased with the dimensionless parameter (∆T/Tinf)
monotonously and presented a roughly logarithmic relationship.
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Nomenclature

L latent heat of the fluid µ dynamic viscosity
P pressure ν kinematic viscosity
R bubble radius ρ density
S surface tension R molar gas constant
T temperature
c speed of sound Subscripts
k polytropic exponent G noncondensable gases
kl thermal conductivity of liquid v vapor inside bubble
m mass in boundary layer l liquid near bubble boundary
n species of substances inf operating parameters at infinity
t time 0 initial constant
u radial velocity

Subscripts
Greek symbols i time step

α thermal diffusivity
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