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Abstract: Acoustic purely imaginary metamaterials (PIMs) slabs can support the coexistence of
coherent perfect absorption and laser modes and are used to achieve negative refraction. Previous
works have focused on a pair of different PIM slabs, one operating in CPA mode and the other in
laser mode. However, this structure has restrictions on the incident wave direction, specifically the
wave can only be incident from the CPA side. In this paper, we derive the analytical expressions for
the parameters required for the coexistence of CPA and laser modes in acoustic PIM slabs. Numerical
simulation results show that such PIM slab can freely switch states between the coherent complete
absorber and the laser depending on the incidence direction. On this basis, by using a pair of identical
PIM slabs, bidirectional negative refraction and planar focusing can be achieved. In addition, the
parameters in the appropriate range can be found by adjusting the mode order, which facilitates the
experimental verification. So far, the required acoustic purely imaginary metamaterials (PIMs) have
not been experimentally demonstrated, and the results presented in the manuscript are theoretical
speculations on their existence, so practical applications may require more sophisticated design
and engineering.

Keywords: purely imaginary metamaterials (PIMs); acoustic laser; acoustic coherent perfect absorp-
tion (CPA); negative refraction; planar focusing

1. Introduction

A beam of light is refracted at the interface of any two homogeneous materials, and
the refraction angle follows the Snell’s law. In natural materials, both the refracted and
incident light lie on either side of the normal. Metamaterials can be engineered to exhibit
negative refraction, i.e., the refracted light is located on the same side of the normal as
the incident light [1]. Negative refraction has attracted a lot of attention because it has
exciting applications in various fields [2–6], such as antenna technology, electromagnetic
absorbers, phase compensation, subwavelength lithography, and planar focusing lenses.
The practical implementation of Negative refraction can be achieved using a slab possessing
both negative permittivity and negative permeability [7–9]. However, negative refraction
based on bulk double negative (DNG) metamaterials suffer from inherent challenges such
as losses, limited granularity and non-ideal anisotropy, which hinder their applicability.
Therefore, the idea of negative refraction has inspired a large number of studies aimed
at introducing alternative approaches, such as using phase-conjugating interfaces [10,11],
constructing phononic crystals [12–15], employing a pair of parity-time (PT) symmetric
metasurfaces [5,16,17], etc. In particular, the coexistence of CPA and laser modes in PT
symmetric systems can be achieved by adjusting the material parameters and structural
configuration. In this active scheme, the power flow and phase velocity are directed from
the laser side to the CPA side, and negative refraction can be obtained without the need for
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a bulk negative refractive index material [5,16]. With the study of PT-symmetric systems, it
has been found that the imaginary part of the material parameters representing the loss and
gain of materials plays an important role in the modulation of the wave field [5,16,18–22].

In recent years, purely imaginary metamaterials (PIMs) were originally proposed in the
field of optics [23–27], and since both light and sound are classical waves, similar materials
were introduced into the field of acoustics [28–30]. Unlike the spatially distributed loss and
gain in PT-symmetric systems, PIM has balanced loss and gain uniformly distributed in
space, but in different material parameters. It is worth noting that CPA mode and laser
mode can also be implemented in acoustic PIM structures [28–30]. Yet, they usually occur
in different cases. That is, for a given PIM slab, the CPA mode and the laser mode have
different wave vectors and cannot be excited at the same angle of incidence. To solve this
problem, the acoustic CPA mode is usually obtained from a PIM slab, while the acoustic
laser mode is implemented on another PIM slab with conjugate material parameters [28].
However, the negative refraction achieved using this structure has a requirement for the
direction of incidence, i.e., the beam can only be incident from the CPA side.

In this work, analytical solutions have been derived for the coexistence of acoustic CPA
mode and acoustic laser mode in a single PIM slab. Such PIM slabs can freely switch states
between the acoustic coherent perfect absorption and the acoustic laser depending on the
direction of incidence. Further, by using a pair of identical PIM slabs, bidirectional negative
refraction and planar focusing can be achieved. In this process, the illuminated PIM slab
operates as a coherent perfect absorber, completely absorbing the incident wave, while the
other identical PIM slab operates in the mode of a coherent laser, reproducing the incident
acoustic waves on both sides. Moreover, the parameters in the appropriate range can be
found by adjusting the mode order, which facilitates the experimental verification. To date,
the required acoustically pure imaginary metamaterial (PIM) has not been experimentally
demonstrated, so the results presented in the manuscript are theoretical speculations on
its existence.

2. Derivation of Coexistence Conditions for CPA and Laser Modes in a Single Acoustic
PIM Slab

Figure 1 illustrates the structure under study. A PIM slab of thickness d is sand-
wiched between two semi-infinite background layers. Without loss of generality, the
background material is set to be air with a mass density of ρ0 = 1.21 kg/m3 and a ve-
locity of c0 = 343 m/s. In terms of PIM material parameters, both bulk compressibility
βs = iβrβ0 and mass density ρ = −iρrρ0 are purely imaginary numbers with conjugate
phase factors, where β0 and ρ0 are the corresponding parameters of air, and βr and ρr
are relative parameters which are real numbers. It can be found that the speed of sound

c = ±
√
(ρβs)

−1 and the refractive index n = ±
√

ρβs/ρ0β0 are real numbers. The blue
rays indicate the incident waves, while the black and red rays indicate the scattered waves
in the PIM slab and the background medium, respectively.

Due to the opposite sign of the imaginary part of the bulk compressibility and mass
density, the material of PIM contains both gain and loss elements. If the gain element
dominates, the incident wave may excite the transmitted and reflected waves so strongly
that the injected waves can be ignored. This corresponds to the acoustic laser mode, as
shown in Figure 1a. In contrast, if the loss element dominates, the coherent waves incident
from both sides can be completely absorbed by the PIM slab without any scattered waves.
This is equivalent to the CPA mode, as shown in Figure 1b.
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Figure 1. Sketch of the scattering process of (a) laser and (b) CPA modes in PIM slabs. The blue rays
indicate the incident waves, while the black and red rays indicate the scattered waves in the PIM slab
and background medium, respectively.

By analyzing the scattering characteristics of the PIM slab with thickness of d in air,
combined with the boundary conditions, the dispersion relation of the acoustic laser mode
can be ascribed as (

1− η

1 + η

)2
= ej2kx

′d. (1)

Correspondingly, the dispersion relation for the acoustic CPA mode is(
1− η

1 + η

)2
= e−j2kx

′d. (2)

Here, k0 = 2π/λ is the wave vector in air, η = ρkx/ρ0kx
′ is the relative impedance of

the PIM-air interface, and kx =
√

k02 − ky2, kx
′ =

√
n′2k02 − ky2 are the x directional wave

vector in the air and PIM media, respectively. (For detailed derivation, see Appendix A).
By comparing Equations (1) and (2), it can be found that in general, the laser mode

and the CPA mode appear in different situations. That is, for given material parameters,

the laser mode and the CPA mode have different wave vectors. However, when
(

1−η
1+η

)2
=

ej2kx
′d = e−j2kx

′d, the CPA mode and the laser mode can be satisfied simultaneously. After
further solving, we can get two sets of analytical solutions, which are ρr =

√
π2

k0
2d2 (2m+ 1

2 )
2

(1−sin2 θ)
= π

k0d × (2m + 1
2 )/ cos θ

βr = [ π2

k0
2d2 (2m + 1

2 )
2
+ sin2 θ]/[ π

k0d × (2m + 1
2 )/ cos θ]

(3)

and  ρr =

√
π2

k0
2d2 (2m+ 1

2 )
2

(1−sin2 θ)
= π

k0d × (2m− 1
2 )/ cos θ

βr = [ π2

k0
2d2 (2m− 1

2 )
2
+ sin2 θ]/[ π

k0d × (2m− 1
2 )/ cos θ]

. (4)

Here, m is an arbitrary integer related to the mode order. (For detailed derivation, see
Appendix B).

Based on the above analytical results, further numerical simulations of the coexistence
of the laser mode and the CPA mode were carried out using COMSOL Multiphysics
software (version 4.2). Without loss of generality, the width of the PIM slab is set to 2λ
and the black vertical lines indicate the outer boundary of the PIM slab. As a periodic
boundary condition is set in the y-direction, the height of the PIM slab does not affect the
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acoustic field distribution, which is set to 4λ in the following simulations. A plane wave
radiation boundary is imposed on the incident and transmitted boundaries. The incident
angle is set to be 20◦ and the black arrows in Figure 2 indicate the direction of energy flow
in each region.
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Figure 2. The simulated acoustic fields for laser modes (left panels) and CPA modes (right panels).
The parameters in (a) are ρr = 0.13 and βr = 1.00, in (b) are ρr = 0.40 and βr = 0.65, and in (c) are
ρr = 1.99 and βr = 1.82. In all simulations, the incident wavelength is λ, the width of the PIM slab is
d = 2λ, the incident amplitude is 1 Pa, and the incident angle is set to be 20◦.

According to Equation (3), when the m is taken as zero, the density obtained is 0.13
and the bulk compressibility is 1.00. The left panel of Figure 2a shows the total acoustic
field pattern when a plane wave is incident from the left side at an incident angle of 20◦,
as shown by the red arrow. The total field far exceeds the intensity of the incident field
(refer to the color bar) and the distribution is symmetric about the line x = 0. Thus, this is
consistent with the distribution pattern of the even acoustic laser mode. The right panel
of Figure 2a gives the acoustic field distribution when two waves of opposite phase are
incident from the left and right sides with the identical angle indicated by the red and
yellow arrows, respectively. The absence of any acoustic scattering in the background
media indicates that the coherent incident waves are completely absorbed in the PIM slab
structure by the effect of interference as well as material absorption. Additionally, the
results show that the amplitude distribution is asymmetric with respect to the line x = 0.
Therefore, an odd CPA mode can also be excited with the same structure and material
parameters. Similarly, when taking m as one in Equation (4), we can obtain a density of
0.40 and a bulk compressibility of 0.65. The two panels of Figure 2b show the total acoustic
pressure field when one wave is incident from the left and when two waves are incident
in phase from both sides, respectively. By observing the field patterns and the direction
of the energy flow indicated by the black arrows, it could be found that odd laser modes
and even CPA modes can be excited. To investigate the role played by the parameter m in
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the equations, the other terms are kept the same and the parameter m in Equation (4) is
changed from one to four. The coefficients obtained are ρr = 1.99 and βr = 1.82. Similar to
the cases of Figure 2b, the odd laser mode and the even CPA mode are successfully excited
as shown in Figure 2c. The difference is that the mode of the PIM slab in Figure 2c is three
orders higher due to the change of m from one to four.

The simulation results in Figure 2 confirm that even laser modes and odd CPA modes
are supported when the acoustic parameters conform to Equation (3), while odd laser
modes and even CPA modes can be achieved when the acoustic parameters conform to
Equation (4). The integer m determines the order of the modes in the PIM slab and can be
used to adjust the material parameters to a range suitable for experimental implementation.

3. Bidirectional Negative Refraction

In the previous section, we showed that the coexistence of CPA mode and laser mode
can be achieved using a PIM slab with specific acoustic parameters. When the thickness
and acoustic material parameters of the PIM slab satisfy Equation (3), even laser mode and
odd CPA mode can be supported; when the thickness and acoustic material parameters of
the PIM slab satisfy Equation (4), even CPA mode and odd laser mode can be supported.
The coexistence of modes provides the possibility of negative refraction with a pair of
identical PIM slabs.

As sketched in Figure 3a, the structure consists of two PIM slabs separated by a
distance L in air. The relationship between the transmission and reflection coefficients
of the system with the incident angle θ and spacing L can be obtained by calculating the
elements of the scatting matrix of the system [28]. When the acoustic material parameters
of the PIM slab satisfy Equation (3) or Equation (4), the calculated results are shown in
Figure 3b,c, respectively. It can be found that in this matched case, the amplitude of
reflectance is in the order of 10−15 and the logarithm of the amplitude of the transmittance
is in the order of 10−16. Therefore, the reflection coefficient is almost zero, while the
transmission coefficient is very close to the unity. Both are essentially independent of
the incident angle and the spacing. Therefore, omnidirectional negative refraction can be
achieved and is independent of the spacing between the two PIM slabs.
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Figure 3. (a) Schematic diagram of negative refraction based on two identical PIM slabs. (b)The
magnitude of the transmission coefficient and (c) the logarithm of the amplitude of the transmittance
coefficient as a function of the angle of incidence θ and the spacing L between the two slabs.

Numerical simulations were performed using the finite element method to verify the
theoretical analysis results. As shown in Figure 4, two identical PIM slabs with width 2λ
are immersed in the air and the four black vertical lines indicate the outer boundaries of
the left and right PIM slabs, respectively. The incidence angle is arbitrarily taken as 30◦.
The black arrows indicate the direction of the energy flow in each region.
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Figure 4. The simulated acoustic field patterns for negative using a pair of identical PIMs supporting
the coexistence of CPA and laser modes. (a,b) are the simulated acoustic field patterns when the
waves are incident from the left and right sides, respectively. The relative coefficients are ρr = 0.14
and βr = 1.84. (c,d) are the simulated acoustic field pattern for the incident waves from the left and
right sides, respectively. The relative coefficients are ρr = 1.01 and βr = 1.01.

In Figure 4a,b, the density and the bulk compressibility of the PIM slab are ρr = 0.14
and βr = 1.84, respectively. The material parameters are calculated using Equation (3)
with m taken as zero, which supports the coexistence of even laser mode and odd CPA
mode. While in Figure 4c,d, the density ρr = 1.01 and the bulk compressibility βr = 1.01
are calculated using Equation (4) with m taken as two and the coexistence of odd laser
mode and even CPA mode are supported. The simulation results in Figure 4 show that in
all four cases, the amplitude of total acoustic pressure field in the background medium is
equal to that of the incident field (see color bar) and there is no significant scattering.

When the acoustic wave is incident from the left shown by the blue arrows, it can be
seen from Figure 4a,c that a backward energy flow occurs in the air between the two slabs,
forming a negative refraction. The backward wave in the air gap forms a CPA mode with
the incident wave on the first PIM slab and a laser mode with the transmitted wave on
the second PIM slab. Similarly, as shown in Figure 4b,d, the incident acoustic wave from
the right side indicated by the blue arrows also generates a reverse energy flow in the air
between the two slabs, which together with the incident acoustic wave constitutes the CPA
mode and together with the transmitted acoustic wave constitutes the laser mode.

The discussion of mode polarity in the PIM slab is the same as in the previous section.
For example, in Figure 4a,b, the parameters of the PIM slabs are calculated by Equation (3),
and the even laser mode and the odd CPA mode are obtained; while in Figure 4c,d, the
parameters of PIM slabs are calculated by Equation (4), and the odd laser mode and even
the CPA mode are excited. In this process, the illuminated PIM slab works as a coherent
perfect absorber, completely absorbing the incident wave, while the other part works in a
coherent laser mode, reproducing the incident wave on both sides.

The previous section shows how acoustic negative refraction can be achieved using a
pair of identical PIM slabs. However, plane waves are an idealization. In practice, waves
are non-planar in nature because they are generated by a finite number of sources, such as
antennas. Fortunately, non-planar waves can be expanded into plane waves based on the
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Fourier transform. In the following, we will further implement flat plate focusing based on
the negative refraction of plane waves.

Take two PIM slabs with a thickness of 0.3λ and a spacing of 12λ as an example, the
focal length is set to 6λ, then the relationship between the y-coordinate and the incident
angle is θ = arc tan(y/6λ). In the case of coexistence of CPA and Laser modes, the required
material parameters can be acquired by Equation (3) or Equation (4). In Equation (3), we
arbitrarily choose to take the m as zero to obtain a set of material parameters as shown in
Figure 1a.

The point sources are placed at (−12r, 0) and (12r, 0), respectively. Figure 5b,d show
the simulated pressure field pattern under point sources located at the left and right sides,
respectively. As expected, in both cases, two focal points appear between the slabs and on
the other side of the source, respectively. The red and black curves in Figure 5c represent
the intensity fields in the focal planes shown in Figure 5b,d, respectively. The width of
the focal point as well as the field distribution confirm that the proposed structure can
ideally focus the propagating spectrum. Bidirectional diffraction-limited planar focusing is
possible. It should be noted that the source point and the two image points are coherent.
The illuminated PIM slab operates in CPA mode, so the symmetry of the field distribution
on both sides of it is determined by the polarity of the CPA mode; while the other PIM slab
works in laser mode and its polarity also determines whether the fields on both sides are
in-phase or out of phase.

Appl. Sci. 2022, 12, x FOR PEER REVIEW 8 of 13 
 

 

Figure 5. (a) The relative material parameters r  and r  versus y-coordinate. (b,d) the acoustic 

field patterned with point source placed at (−12r, 0) and (12r, 0), respectively. (c) The acoustic field 

intensity amplitudes at the imaging planes. The red and black curves represent the intensity fields 

in the focus planes indicated by the red dashed lines in (b,d), respectively. 

4. Discussion and Conclusions 

It is worth noting that when the laser mode is implemented, the energy of the trans-

mitted and reflected waves is greater than the energy of the incident waves, so this mode 

generates energy, or to put it another way, requires energy input. The input of energy can 

be achieved by means of acoustic gain media. The imaginary part of the material param-

eters represents the loss and gain of the material. Thus, due to the opposite sign of the 

imaginary part of the bulk compressibility and mass density, the material of the PIM slabs 

contains both gain and loss elements. 

At present, the experimental research of acoustic PIM system is still in the early stage. 

A major challenge lies in the design and implementation of acoustic gain media. Loud-

speakers with appropriate gain circuitry [20,31] or acoustoelectric effects using piezoelec-

tric semiconductors [32,33] have been widely used to provide wave amplification in ex-

periments, despite the complex circuitry and external energy involved. Due to the low 

heat capacitance and thermal inertia of carbon nanotubes (CNTs), a more flexible and tun-

able approach is proposed by employing thermoacoustics, where the fluctuating Joule 

heating is converted to sound [34–36]. So far, PIM systems have mostly been discussed 

theoretically [25–28,30]. Therefore, practical applications in this work may require further 

sophisticated design and engineering. 

In conclusion, we have derived the explicit expressions of material parameters re-

quired for the coexistence of laser and CPA modes in the acoustic PIM slab. Numerical 

simulations confirm that coexistence of odd laser and even CPA modes or coexistence of 

even laser and odd CPA modes can be achieved with different orders. Such a PIM slab 

can freely switch states between coherent complete absorber and acoustic laser depending 

on the direction of incidence. We further demonstrate that planar focusing can be achieved 

with gradient refractive index materials. These findings may find applications in acoustic 

amplification, absorption and imaging. In addition, the parameters in the appropriate 

range can be found by adjusting the mode order, which facilitates experimental verifica-

tion. So far, the required acoustically pure imaginary metamaterial (PIM) has not been 

experimentally demonstrated, so the results presented in the manuscript are theoretical 

speculations on its existence. 

Figure 5. (a) The relative material parameters ρr and βr versus y-coordinate. (b,d) the acoustic
field patterned with point source placed at (−12r, 0) and (12r, 0), respectively. (c) The acoustic field
intensity amplitudes at the imaging planes. The red and black curves represent the intensity fields in
the focus planes indicated by the red dashed lines in (b,d), respectively.

4. Discussion and Conclusions

It is worth noting that when the laser mode is implemented, the energy of the trans-
mitted and reflected waves is greater than the energy of the incident waves, so this mode
generates energy, or to put it another way, requires energy input. The input of energy can be
achieved by means of acoustic gain media. The imaginary part of the material parameters
represents the loss and gain of the material. Thus, due to the opposite sign of the imaginary
part of the bulk compressibility and mass density, the material of the PIM slabs contains
both gain and loss elements.

At present, the experimental research of acoustic PIM system is still in the early
stage. A major challenge lies in the design and implementation of acoustic gain media.
Loudspeakers with appropriate gain circuitry [20,31] or acoustoelectric effects using piezo-
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electric semiconductors [32,33] have been widely used to provide wave amplification in
experiments, despite the complex circuitry and external energy involved. Due to the low
heat capacitance and thermal inertia of carbon nanotubes (CNTs), a more flexible and
tunable approach is proposed by employing thermoacoustics, where the fluctuating Joule
heating is converted to sound [34–36]. So far, PIM systems have mostly been discussed
theoretically [25–28,30]. Therefore, practical applications in this work may require further
sophisticated design and engineering.

In conclusion, we have derived the explicit expressions of material parameters required
for the coexistence of laser and CPA modes in the acoustic PIM slab. Numerical simulations
confirm that coexistence of odd laser and even CPA modes or coexistence of even laser and
odd CPA modes can be achieved with different orders. Such a PIM slab can freely switch
states between coherent complete absorber and acoustic laser depending on the direction
of incidence. We further demonstrate that planar focusing can be achieved with gradient
refractive index materials. These findings may find applications in acoustic amplification,
absorption and imaging. In addition, the parameters in the appropriate range can be found
by adjusting the mode order, which facilitates experimental verification. So far, the required
acoustically pure imaginary metamaterial (PIM) has not been experimentally demonstrated,
so the results presented in the manuscript are theoretical speculations on its existence.
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Appendix A

Appendix A.1. Scattering Process of Acoustic Laser Mode

For the acoustic laser mode, the incident wave can be neglected because the outgoing
wave is strong and the corresponding scattering process is shown in Figure 1a. The
distribution of the acoustic field in different regions is,

p1 = Aejkx xe−jkyy (x < 0)

p2 =
(

Be−jkx
′x + Cejkx

′x
)

e−jkyy (0 < x < d)

p3 = De−jkx(x−d)e−jkyy (x > d)

. (A1)

And the relationship between velocity and acoustic pressure is given by v = − 1
ρ

∫
∇pdt.

Assuming the ejωt convention, the expressions of the acoustic velocity in each regions are
give by

⇀
v1 = [− kx

ωρ0

⇀
ex +

ky
ωρ0

⇀
ey]Aejkx xe−jkyy (x < 0)

⇀
v2 = [ kx

′
ωρ1

⇀
ex +

ky
ωρ1

⇀
ey]Be−jkx

′xe−jkyy + [−kx
′

ωρ1

⇀
ex +

ky
ωρ1

⇀
ey]Cejkx

′xe−jkyy (0 < x < d)
⇀
v3 = [ kx

ωρ0

⇀
ex +

ky
ωρ0

⇀
ey]De−jkx(x−d)e−jkyy (x > d)

. (A2)
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The acoustic pressure and normal velocity are continuous at the interface of two
different media. So, according to the boundary conditions at x = 0 and x = d, we can
obtain the following equations,

A = B + C
A−kx

ρ0
= B kx

′

ρ′ − C kx
′

ρ′

Be−jkx
′d + Cejkx

′d = D
kx
′

ρ′ Be−jkx
′d + −kx

′

ρ′ Cejkx
′d = kx

ρ0
D

. (A3)

After further simplification and taking η = kx
ρ0

/ kx
′

ρ′ = ρ′kx
ρ0kx ′

, the dispersion relation for
the laser mode can be obtained as (

1− η

1 + η

)2
=

ejkx
′d

e−jkx ′d
. (A4)

Appendix A.2. Scattering Process of the Acoustic CPA Mode

As shown in Figure 1b, for the acoustic CPA mode, the outgoing waves can be ne-
glected, i.e., the outgoing waves are zero. The acoustic field distribution of the correspond-
ing area is expressed as,

p1 = Ae−jkx xe−jkyy (x < 0)

p2 =
(

Be−jkx
′x + Cejkx

′x
)

e−jkyy (0 < x < d)

p3 = Dejkx(x−d)e−jkyy (x > d)

. (A5)

According to the relationship between velocity and acoustic pressure v = − 1
ρ

∫
∇pdt,

the following equations can be obtained,
⇀
v1 = [ kx

ωρ0

⇀
ex +

ky
ωρ0

⇀
ey]Ae−jkx xe−jkyy (x < 0)

⇀
v2 = [ kx

′
ωρ1

⇀
ex +

ky
ωρ1

⇀
ey]Be−jkx

′xe−jkyy + [−kx
′

ωρ1

⇀
ex +

ky
ωρ1

⇀
ey]Cejkx

′xe−jkyy (0 < x < d)
⇀
v3 = [−kx

ωρ0

⇀
ex +

ky
ωρ0

⇀
ey]Dejkx(x−d)e−jkyy (x > d)

. (A6)

By matching the boundary conditions at x = 0, d, we get
A = B + C
A kx

ρ0
= B kx

′

ρ′ − C kx
′

ρ′

Be−jkx
′d + Cejkx

′d = D
kx
′

ρ′ Be−jkx
′d + −kx

′

ρ′ Cejkx
′d = −kx

ρ0
D

. (A7)

Let η = kx
ρ0

/ kx
′

ρ′ = ρ′kx
ρ0kx ′

, the dispersion relation for the CPA mode can be solved as

(
1− η

1 + η

)2
=

e−jkx
′d

ejkx ′d
. (A8)

Appendix B

We focus on the scattering properties of a PIM slab with thickness of d in air, as shown
in Figure 1. Consider monochromatic acoustic waves with frequency ω and incident angle
θ. As discussed in the previous section, the dispersion relations of acoustic laser mode

and CPA mode can be expressed as
(

1−η
1+η

)2
= ej2kx

′d and
(

1−η
1+η

)2
= e−j2kx

′d, respectively.
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In general, these two modes appear in different situations. However, when
(

1−η
1+η

)2
=

ej2kx
′d = e−j2kx

′d, i.e., when ejkx ′d

e−jkx ′d = ±1, the CPA mode and the laser mode can be satisfied
simultaneously.

If ejkx ′d

e−jkx ′d = 1 holds, we can get η = 0. This indicates that the wave vector in the
x-direction is zero, i.e., the wave cannot propagate forward in the air, so this solution can

be ignored. And if ejkx ′d

e−jkx ′d = −1 holds, we can get η = −i and eik′xd = ±i.

Case 1: eik′xd = i
For eik′xd = i, the result kx

′d = (2m + 1
2 )π can be derived, where, m is an arbitrary

integer related to the mode order. And since η = ρkx
ρ0kx ′

= −iρrρ0kx
ρ0kx ′

= −iρrkx
kx ′

= −i, we can

get ρkx
kx ′

= 1. Thus, the problem is transformed into solving the following set of equations,{
ρkx
kx ′

= 1
kx
′d = (2m + 1

2 )π
, (A9)

where ky = k0 sin θ is the wave vector along the y directions, and kx =
√

k02 − ky2, kx
′ =√

n′2k02 − ky2 are the x directional wave vector in the air and PIM media, respectively.

n = ±
√

ρβs/ρ0β0 = ±
√

ρrβr is the refractive index. The solution of Equation (A9) is
as follows:  ρr =

√
π2

k0
2d2 (2m+ 1

2 )
2

(1−sin2 θ)
= π

k0d × (2m + 1
2 )/ cos θ

βr = [ π2

k0
2d2 (2m + 1

2 )
2
+ sin2 θ]/[ π

k0d × (2m + 1
2 )/ cos θ]

. (A10)

Case 2: eikx
′d = −i

Similarly, for eikx
′d = −i, the result kx

′d = (2m− 1
2 )π can be derived. Combined with

η = ρkx
ρ0kx ′

= −iρrρ0kx
ρ0kx ′

= −iρrkx
kx ′

= −i, i.e., ρkx
kx ′

= 1. The problem is transformed into solving
the following set of equations, {

ρkx
kx ′

= 1
kx
′d = (2m− 1

2 )π
(A11)

The parameters are set in the same way as in case 1. The solution of Equation (A11) is ρr =

√
π2

k0
2d2 (2m+ 1

2 )
2

(1−sin2 θ)
= π

k0d × (2m− 1
2 )/ cos θ

βr = [ π2

k0
2d2 (2m− 1

2 )
2
+ sin2 θ]/[ π

k0d × (2m− 1
2 )/ cos θ]

. (A12)
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