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Lagrangian equations derivation process 
The Lagrangian equation was used to calculate the equivalent joint torque dynamic 

equation of the SAM [1, 2]. Regardless of external interference and rigid-flexible 
coupling deformation, the kinetic energy of a SAM with a fixed base is mainly 
composed of the following parts: linkage kinetic energy, universal joint kinetic energy, 
and load kinetic energy. Therefore, the total kinetic energy of the SAM can be described 
as follows: 

 𝐾 = 𝐾௥ + 𝐾௟ + 𝐾௣ (S1) 
where 𝐾௥ is the kinetic energy of the connecting rod, 𝐾௟ is the kinetic energy of the 
universal joint, and 𝐾௣ is the kinetic energy of the end tool and load. 

Assuming that the mass of any particle 𝑃  on the connecting rod 𝑖  is 𝑑𝑚 , its 
kinetic energy is as follows: 

 
𝑑𝐾௜ = ଵଶ 𝑣௣ଶ𝑑𝑚                                                                                  = ଵଶ 𝑇𝑟𝑎𝑐𝑒 ൤∑ ∑ డ𝑫𝒊డ௤ೕ 𝒓𝒑𝒊 (𝒓𝒑𝒊 )்௜௞ୀଵ௜௝ୀଵ (డ𝑫𝒊డ௤ೖ)்𝑞ሶ௝𝑞ሶ௞൨ 𝑑𝑚 (S2) 

where 𝑫𝒊 = 𝑫𝒊𝟎  is the transformation matrix of the 𝑖 -th joint, and 𝒓𝒑𝒊   is the local 
coordinate system’s position vector. We can then integrate the kinetic energy of the 
particle on connecting rod 𝑖 to obtain the kinetic energy of connecting rod 𝑖: 

 
𝐾௜ = ׬ 𝑑𝐾௜௟௜௡௞ ௜                                                                                        = ଵଶ 𝑇𝑟𝑎𝑐𝑒 ∑ ∑ డ𝑫𝒊డ௤ೕ ቀ׬ 𝒓𝒑𝒊 (𝒓𝒑𝒊 )்𝑑𝑚௟௜௡௞ ௜ ቁ௜௞ୀଵ௜௝ୀଵ (డ𝑫𝒊డ௤ೖ)்𝑞ሶ௝𝑞ሶ௞  (S3) 

where ׬ 𝒓𝒑𝒊 (𝒓𝒑𝒊 )்𝑑𝑚௟௜௡௞ ௜  is the pseudo-inertia matrix of link 𝑖 expressed by 𝑰𝒊. 

 

𝑰𝒊 = ׬ 𝒓𝒑𝒊 (𝒓𝒑𝒊 )்𝑑𝑚௟௜௡௞ ௜                                                                                      
=

⎣⎢⎢
⎢⎢⎢
⎡ ׬ 𝑥௜ଶ𝑑𝑚௟௜௡௞ ௜ ׬ 𝑥௜𝑦௜𝑑𝑚௟௜௡௞ ௜ ׬ 𝑥௜𝑧௜𝑑𝑚௟௜௡௞ ௜ ׬ 𝑥௜𝑑𝑚௟௜௡௞ ௜׬ 𝑥௜𝑦௜𝑑𝑚௟௜௡௞ ௜ ׬ 𝑦௜ଶ𝑑𝑚௟௜௡௞ ௜ ׬ 𝑦௜𝑧௜𝑑𝑚௟௜௡௞ ௜ ׬ 𝑦௜𝑑𝑚௟௜௡௞ ௜׬ 𝑥௜𝑧௜𝑑𝑚௟௜௡௞ ௜׬ 𝑥௜𝑑𝑚௟௜௡௞ ௜

׬ 𝑦௜𝑧௜𝑑𝑚௟௜௡௞ ௜׬ 𝑦௜𝑑𝑚௟௜௡௞ ௜
׬ 𝑧௜ଶ𝑑𝑚௟௜௡௞ ௜׬ 𝑧௜𝑑𝑚௟௜௡௞ ௜

׬ 𝑧௜𝑑𝑚௟௜௡௞ ௜׬ 𝑑𝑚௟௜௡௞ ௜ ⎦⎥⎥
⎥⎥⎥
⎤

 (S4) 

The total kinetic energy of each link of the SAM can be described as follows: 

 
𝐾௟ = ∑ 𝐾௜ଶ଴௜ୀଵ                                                                        = ଵଶ ∑ 𝑇𝑟𝑎𝑐𝑒 ൤∑ ∑ డ𝑫𝒊డ௤ೕ 𝑰𝒊௜௞ୀଵ (డ𝑫𝒊డ௤ೖ)்𝑞ሶ௝𝑞ሶ௞௜௝ୀଵ ൨ଶ଴௜ୀଵ  (S5) 

Assuming that all external loads and the weight of the end tool are concentrated 
on a specific point on the end joint of the SAM, there would only be translational 
movement without rotational kinetic energy: 

 𝐾௣ = ଵଶ 𝑚௚௣𝑇𝑟𝑎𝑐𝑒 ൤∑ ∑ డ𝑫𝟐𝟎డ௤ೕ 𝒓𝟐𝟎(𝒓𝟐𝟎)்ଶ଴௞ୀଵ ቀడ𝑫𝟐𝟎డ௤ೖ ቁ் 𝑞ሶ௝𝑞ሶ௞ଶ଴௝ୀଵ ൨ (S6) 

where 𝑚௚௣ is the mass of the end tool and load. 
Ignoring the rigid–flexible coupling elastic deformation of the cables, connecting 

rods, and joints, as well as any external interference, the SAM is only affected by the 
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gravitational potential energy 𝑃: 
 𝑃 = 𝑃௚௟ + 𝑃௚௣ (S7) 

where 𝑃௚௟ is the gravitational potential energy of the connecting rod and the universal 
joint, and 𝑃௚௣ is the gravitational energy of the end tool and load. 

The gravitational energy at position 𝒓𝒊 on any connecting rod 𝑖 of the SAM is 
as follows: 

 𝑑௣௜ = −𝑑𝑚𝒈𝑻𝒓𝟎 = −𝒈𝑻𝑫𝒊𝒓𝒊𝑑𝑚 (S8) 
where 𝒈𝑻 = [0, 0, 9.81, 1]. 

Integrating the Eq (S8), the total gravitational energy of the connecting rod can be 
obtained as follows: 

 𝑃௚௟ = ∑ −𝒈𝑻𝑫𝒊 ׬ 𝒓𝒊𝑑𝑚௟௜௡௞ ௜ଶ଴௜ୀଵ = − ∑ 𝑚௜𝒈𝑻𝑫𝒊𝒓𝒍𝒊ଶ଴௜ୀଵ  (S9) 
where 𝑚௜ is the mass of the connecting rod 𝑖 (if 𝑖 is an even number, it is the mass 
of the universal joint), and 𝒓𝒍𝒊 is the center of gravity of the connecting rod 𝑖 relative 
to the previous joint coordinate system. 

The gravitational energy of the loading mass of the end tool can be described as 
follows: 

 𝑃௚௣ = −𝑚௚௣𝒈𝑻𝑫𝟐𝟎𝒓𝒈𝟐𝟎 (S10) 
where 𝑚௚௣  is the mass of the end tool and load, and 𝒓𝒈𝟐𝟎  is the coordinate of the 
center of gravity relative to the previous joint. 
Derivation of dynamics equation 

The cable traction is equivalent to the joint torque, and the SAM becomes a typical 
serial multi-joint manipulator, with the final dynamic model expressed as follows: 

 𝑻 = 𝑴(𝑞)𝒒ሷ + 𝑯(𝑞, 𝑞ሶ )𝒒ሶ + 𝑮(𝑞) + 𝑫 (S11) 
where 𝒒ሷ ∈ 𝑅ଶ଴ is the joint angular acceleration vector, 𝒒ሶ ∈ 𝑅ଶ଴ is the joint velocity 
vector, and 𝑻 ∈ 𝑅ଶ଴  is the input torque vector, 𝑴(𝑞) ∈ 𝑅ଶ଴×ଶ଴  is a nonsingular 
positive definite inertial force matrix, 𝑯(𝑞, 𝑞ሶ ) ∈ 𝑅ଶ଴×ଶ଴  is the term of centrifugal 
force and Coriolis force. 𝑮(𝑞) is the gravitational term (including the gravity of the 
connecting rod, the universal joint, the end tools and the load), and 𝑫 represents the 
unknown bounded disturbance of the unstructured unbuilt dynamic model.  

Using the Lagrangian method to expand Eq (S11), the torque of any joint 𝑝 can 
be obtained as follows: 

 

𝑻𝒑 = ௗௗ௧ డ௅డ௤ሶ೛ − డ௅డ௤೛ = ∑ ∑ 𝑇𝑟𝑎𝑐𝑒 ൬డ𝑫𝒊డ௤ೖ 𝑰𝒊(డ𝑫𝒊డ௤೛)்൰ 𝑞ሷ௞௜௞ୀଵଶ଴௜ୀ௣   + ∑ ∑ ∑ 𝑇𝑟𝑎𝑐𝑒 ൬ డమ𝑫𝒊డ௤ೕడ௤ೖ 𝑰𝒊(డ𝑫𝒊𝑻డ௤೛)்൰ 𝑞ሶ௝𝑞ሶ௞௜௞ୀଵ௜௝ୀଵଶ଴௜ୀ௣    +𝑚௚௣ ∑ 𝑇𝑟𝑎𝑐𝑒 ൤డ𝑫𝟐𝟎డ௤ೕ 𝒓𝟐𝟎(𝒓𝟐𝟎)் డ𝑫𝟐𝟎డ௤೛ ൨ 𝑞ሷ௝ଶ଴௝ୀ௣                    +𝑚௚௣ ∑ ∑ 𝑇𝑟𝑎𝑐𝑒 ൤ డ𝑫𝟐𝟎డ௤ೕడ௤ೖ 𝒓𝟐𝟎(𝒓𝟐𝟎)் డ𝑫𝟐𝟎డ௤೛ ൨ 𝑞ሶ௝𝑞ሶ௞ଶ଴௞ୀ௣ଶ଴௝ୀ௣− ∑ 𝑚௜𝒈𝑻 డ𝑫𝒊డ௤೛ 𝒓𝒍𝒊ଶ଴௜ୀ௣ − 𝑚௚௣𝒈𝑻 డ𝑫𝟐𝟎డ௤೛ 𝒓𝒈𝟐𝟎 + 𝑫𝒑        
 (S12) 

where the Lagrangian function 𝐿 is as follows: 
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𝐿 = 𝐾 − 𝑃                                                                                         + ଵଶ ∑ ∑ ∑ 𝑇𝑟𝑎𝑐𝑒 ൤డ𝑫𝒊డ௤ೕ 𝑰𝒊(డ𝑫𝒊డ௤ೖ)்𝑞ሶ௝𝑞ሶ௞൨௜௞ୀଵ௜௝ୀଵଶ଴௜ୀଵ                     + ଵଶ 𝑚௚௣𝑇𝑟𝑎𝑐𝑒 ൤∑ ∑ డ𝑫𝟐𝟎డ௤ೕ 𝒓𝟐𝟎(𝒓𝟐𝟎)்ଶ଴௞ୀଵ ቀడ𝑫𝟐𝟎డ௤ೖ ቁ் 𝑞ሶ௝𝑞ሶ௞ଶ଴௝ୀଵ ൨+ ∑ 𝑚௜𝒈𝑻𝑫𝒊𝒓𝒍𝒊ଶ଴௜ୀଵ + 𝑚௚௣𝒈𝑻𝑫𝟐𝟎𝒓𝒈𝟐𝟎                                
 (S13) 
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