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Abstract: With the increase in train speeds on high-speed railways, the excitation frequency of track
irregularities increases, which has a negative impact on train comfort and opposes the passengers’
desire for high ride comfort. In addition, the uncertainty of train comfort results from the stationary
randomness of track irregularities and the different zonal distribution in the car body. Therefore,
the application of the stationary random vibration method to analyze the zonal distribution of train
comfort and the relevant influencing factors is important to guarantee the passengers’ comfortable
experience in each ride and to provide a theoretical basis for comfort optimization. First, the train
was modeled using eight independent vehicle elements. Second, the pseudo-excitation method was
applied to obtain the theoretical zonal distribution of the Sperling index, an indicator of comfort,
via the linearity of the power spectrum density of train acceleration. Third, considering various
factors affecting train comfort, the results were compared with those calculated using the Monte
Carlo method. It was found that the most comfortable area was located slightly in the front of the
center of the car body. Improving track irregularities and reasonably controlling the speed of a train
will increase the train’s comfort, while it will deteriorate with a loss in car-body mass and damage to
the secondary suspension system.

Keywords: train comfort zonal distribution; Sperling index; stationary random vibration method;
pseudo–excitation method; Monte Carlo method; power spectrum density

1. Introduction

High-speed railways (HSRs) have been widely and rapidly developed in global trans-
portation thanks to their advantages such as positive energy efficiency, safety, and reliability.
The continuous acceleration of high–speed trains increases the excitation frequency of track
irregularities and intensifies the interaction between the vehicle and the track, which has a
negative impact on train comfort. Under these circumstances, people are increasingly dis-
satisfied with the inferior ride comfort of trains. In addition, the irregularity of the tracks, a
type of stationary random excitation, and the different arrangement of seats in the car body
are responsible for the uncertainty of ride comfort for passengers. Therefore, it is important
to improve the ride comfort for passengers and apply the stationary random vibration
method to analyze the zonal distribution of train comfort and the relevant influencing
factors to provide a theoretical basis for comfort optimization.

Nowadays, research on train vibration comfort has attracted the attention of scientists
all over the world. The main contribution of Albers et al. [1] was to develop the drive train
and its assemblies to meet customers’ vibration comfort requirements. Lee et al. [2] investi-
gated the implementation of an e-Health train that provided passengers with optimized
ride comfort as well as the opportunity to provide appropriate feedback on the changed
ride comfort to improve passengers’ feelings and the health service. The calculation and
analysis results of Yu et al. [3] showed that: (1) the vibration of the waiting and store floor
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under the load of the standing crowd was small, and the comfort requirements could
be met; (2) the vibration of the waiting and store floor under the load of the high-speed
train was larger because the waiting and store floors were more flexible; and (3) the vi-
bration comfort under the load of the high-speed train could meet the requirements of
the corresponding code. Using frequency-domain analysis and time-domain analysis, the
distribution of the main vibration frequency was given by Lu [4]. Ni et al. [5] presented
an experimental study on the design of a tunable secondary suspension for high-speed
trains using magnetorheological fluid dampers (hereafter referred to as MR dampers) to
improve lateral ride comfort. Bao et al. [6] develop a fully coupled wind-vehicle-bridge
(WVB) interaction model to evaluate the dynamic performance and ride comfort of the
monorail-vehicle-bridge system in turbulent crosswinds. The TR08 car of the Shanghai
Magnetic Train Demonstration Line was prototyped by Jingyu [7], and a simulation model
of multibody dynamics was built. Zhu et al. [8] proposed a strategy to evaluate the comfort
of the trestle in terms of the vibration of the train–bridge–trestle coupling. Alehashem
et al. [9] showed that the designed MR dampers effectively reduced the rolling motion of
the car body. Peng et al. [10] proposed a novel evaluation model to assess this, as the most
commonly used international standard ISO 2631-1 is inappropriate.

The random vibration method is used to study the vibration response of the train
system accurately and statistically significantly. Lu et al. [11] presented a detailed study on
the effect of vibration modes on fatigue damage in a bogie frame of a high-speed train under
random loading conditions while considering the extension of the excitation frequency
range and the proportional increase of the high-frequency components. Li et al. [12,13]
introduced the pseudo-excitation method (PEM) to solve the random oscillations induced
by rail irregularities, and presented an efficient algorithm to analyze the random multipoint
oscillations of train inverters. Tan et al. [14] established a refined 3D vibration model for a
coupled system of train, rail, and beam, and solved it using the PEM. Jin et al. [15] devel-
oped a versatile semiactive suspension system with variable-stiffness magnetorheological
elastomer isolators and variable-damping magnetorheological dampers for high-speed
trains to improve ride comfort by avoiding car body resonance and dissipating vibration
energy. Arnaud [16] proposed a new method to predict the random vibration of the train–
track–bridge system during earthquakes based on the Hamiltonian Monte Carlo method
(MCM). Yao et al. [17] used a combination of numerical simulation, field tests, and a random
forest algorithm to predict the building vibration caused by a moving train. Guo et al. [18]
proposed a method to monitor the deformation of the track slab using fiber optic sensing
and an intelligent method to identify the deformation of the track slab using a random
forest model.

Despite numerous research works, there is still a lack of a comprehensive analysis
of train comfort from the point of view of zonal distribution and the random vibration
method. In order to represent the zonal distribution of train comfort, flexible car bodies
must be modeled with a larger number of degrees of freedom (DOFs) than those based on
rigid-body dynamics theory, which significantly increases the complexity and inefficiency
of the solution. In this case, we aimed to accurately determine the zonal distribution of the
Sperling index by using stationary random excitation, including the PEM and MCM, and
to analyze various influencing factors such as the degree of track irregularity, train speed,
vehicle load, and damage to the secondary suspension system.

2. Establishment and Solution of the Motion Equation
2.1. Motion Equation of Train System Based on MCM

In the analysis of the train vibration, it was helpful to generate different series of
random track irregularity excitations repeatedly. Later, each of them was solved using the
Newmark-β method (NβM) to obtain the corresponding series of the random vibratory
response of the train. When the solving process for one of series of random excitation is
terminated, it is called once-sampling of MCM. The entire programming procedure was
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realized in MATLAB software (version R2022a). Before that, the relevant motion equation
of train system needed to be established in accordance with the following assumptions [19]:

(1) The interaction is nonexistent among vehicle elements.
(2) Each vehicle element is composed of a rigid car-body, bogies, and wheel sets.
(3) The springs of a train are linearly elastic, while the dampers are linearly viscous.
(4) Each vehicle element is a linear stationary system; namely, the mass, damping, and

stiffness matrices of train are constant.
(5) The train moves at a constant speed.
(6) The wheels and rails fit snugly. The relative displacement between the track and the

bridge deck, as well as the elastic effect of the track–bridge system, are neglected.
(7) The track irregularity is a zero-mean stationary Gaussian random process.

Based on the assumptions above, a train subsystem is made up of a certain number
of mutually independent 3D vehicle elements. Each of them consists of a car-body, two
bogies, four wheel sets, and a two-layer spring-damper suspension system. Each vehicle
element contains 15 independent DOFs for the car-body and bogies, and three dependent
DOFs for each wheel set coupled respectively with the vertical, horizontal, and torsional
motion states of 4 contact points. The DOFs of each vehicle element are listed in Table 1
and correspond to those in Figure 1.

Table 1. The DOFs of a vehicle element.

Vehicle Element i DOF

Car body 5 DOFs: yci, zci, θci, ϕci, ψci
1

Bogies 10 DOFs: yfbi, zfbi, θfbi, ϕfbi, ψfbi, yrbi, zrbi, θrbi, ϕrbi, ψrbi
Wheel sets 12 DOFs: yw1i, zw1i, θw1i, yw2i, zw2i, θw2i, yw3i, zw3i, θw3i, yw4i, zw4i, θw4i

1 y is the lateral sway, z is the vertical levitation, θ is the roll, ϕ is the pitch, and ψ is the yaw. Subscript “f” and “r”
respectively denote the front and the rear bogie, while the numbers represent the orders of wheel sets. Subscript
i denotes the number of a certain vehicle element and equals 1, 2, 3 . . . 8. Back-and-forth along the x-axis was
neglected because the train ran at a constant speed according to the 7th assumption. Subscripts “c”, “b”, and “w”,
respectively refer to “car body”, “bogies”, and “wheel sets”.
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According to the D’Alembert principle, the motion equation of a train can be expressed as:

Mt
..
ut + Ct

.
ut + Ktut = Tsuw + Td

.
uw (1)

where Mt, Ct, and Kt are the mass, the damping, and the stiffness matrix, respectively. Ts
and Td are the projector matrices for the spring and the damper, respectively. All of them
can be diagonally assembled from Mve, Cve, Kve, Tsve, and Tdve of the vehicle elements, as
given in Equation (2), where ut is the vibratory displacement vector containing the DOFs
of the car body and the bogies in Table 1, while uw is the vibratory displacement vector
containing the DOFs of the wheel-sets in Table 1. Kve in Equation (3) contains the auto-
coupling stiffness matrices of the car body and bogies, namely Kcc and Kbb expressed in
Equations (5) and (6), as well as the cross-coupling stiffness matrix Kbc(η), which represents
the car–bogie interaction and differentiates the front and rear bogies using η = 1 and −1,
respectively. Mve is diagonally assembled using the mass of different components and their
moments of inertia around different axes. Tsve in Equation (8) is a stiffness projector matrix
multiplied by the displacement vector uw of wheel–track contact points to form the force
vector of the train. The expression of Cve and Tsve, respectively similar to Equations (3)
and (8), can be obtained simply by replacing the spring factor k with the corresponding
damping factor c.

Kt = diag
[
Kve Kve · · · Kve

]
(2)

Kve =

 Kcc Kbc(1)
T Kbc(−1)T

Kbc(1) Kbb 0
Kbc(−1) 0 Kbb

 (3)

Mve = diag(mc, mc, Ixc, Iyc, Izc, mb, mb, Ixb, Iyb, Izb, mb, mb, Ixb, Iyb, Izb) (4)

Kcc = 2


ky2 0 −ky2h1 0 0
0 kz2 0 0 0

−ky2h1 0 ky2h2
1 + kz2b2

2 0 0
0 0 0 kx2h2

1 + kz2d2
2 0

0 0 0 0 kx2b2
2 + ky2d2

2

 (5)

Kbb =


2ky1 + ky2 0 −2ky1h3 + ky2h2 0 0

0 2kz1 + kz2 0 0 0
−2ky1h3 + ky2h2 0 2(ky1h2

3 + kz1b2
1) + ky2h2

2 + kz2b2
2 0 0

0 0 0 2(kx1h2
3 + kz1d2

1) + kx2h2
2 0

0 0 0 0 2(kx1b2
1 + ky1d2

1) + kx2b2
2

 (6)

Kbc(η) =


−ky2 0 ky2h1 0 −ηky2d2

0 −kz2 0 −ηkz2d2 0
−ky2h2 0 ky2h1h2 − kz2b2

2 0 −ηky2d2h2
0 0 0 kx2h1h2 0
0 0 0 0 −kx2b2

2

 (7)

Tsve =

 0 0
Tb

sve 0
0 Tb

sve

; Tb
sve =


ky1 0 0 ky1 0 0
0 kz1 0 0 kz1 0

−ky1h3 0 kz1b2
1 −ky1h3 0 kz1b2

1
0 kz1d1 0 0 −kz1d1 0

ky1d1 0 0 −ky1d1 0 0

 (8)

In MCM, the trigonometric series superposition method is commonly used to generate
the history samples of the track irregularity to form uw. Therefore, uw can be expressed in
Equation (9) with the delay vector td, which reflects the phase difference among the wheel
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sets in Equation (10). In addition, the symbol “◦” in Equation (9) represents the Hadamard
product, also known as the element-wise product between two matrices.

uw(t) =

[
√

2
N

∑
k=1

√
Sir(nk)dnk ◦ cos(nkv(t− td) + θk)

]
(9)

td =
[
tve

d (1) tve
d (2) · · · tve

d (nv)
]T (10)

tve
d (i) = 11×12diag[(i− 1)lvI3,

2d1 + (i− 1)lv
V

I3,
2d2 + (i− 1)lv

V
I3,

2(d1 + d2) + (i− 1)lv
V

I3] (11)

Sir(n) =
{[

Sa(n) Sv(n) Sc(n)
][

I3 I3 · · · I3
]

3×12nv

}T
(12)

where nv is the total number of vehicle elements; Sir is the given vertical track irregularity
PSD matrix in Equation (12) composed of the alignment, vertical, and cross-level PSDs; nk
is an angular wave number sample; dn is the bandwidth; and θk is a random phase angle
obeying the uniform distribution U(0,2π). The integer order of k ranges from 1 to N.

2.2. Motion Equation of Train System Based on the PEM

The PEM proposed by LIN helps to establish a series of input pseudo simple harmonic
excitation by the given random excitation PSD in order to obtain the structural response
PSD and the variance [20]. In the PEM, the stationary pseudo solution can be calculated
through the multiplication of the frequency response function matrix (FRF). Based on the
same assumptions as those presented in Section 2.1, using the D’Alembert principle, the
motion equation of the train can be expressed as:

~
Ut(ω, t) =

[
~
u

a
t

~
u

v
t

~
u

c
t

]
= (−ω2Mt + jωCt + Kt)

−1
(Ts + jωTd)

~
Uw(ω, t) (13)

where
~
Ut with the overhead tilde “~” is the displacement vibratory response of the train

to represent the variables in the pseudo form as the function of angular frequency ω
and time t. In addition, in Equation (13), it is composed of three types of displacement
response subvectors respectively controlled by three independent directional types of track
irregularity PSDs, namely the alignment Sa, the vertical Sv, and the cross-level Sc. This is
because the PEM does not allow the linear superposition of different pseudo inputs defined
by mutually independent PSDs, and only their PSDs obey the linear superposition principle.

Meanwhile, the pseudo velocity
.
~
Ut and acceleration

..
~
Ut vibratory response vectors can

be expressed as Equations (14) and (15). The pseudo displacement of wheel sets can be
defined in Equation (16) by converting the angular wave number domain to the angular
frequency domain; it contains three types of pseudo track irregularity motions, similar to
the definition of Equation (13):

.
~
Ut(ω, t) = jω

~
Ut(ω, t) (14)

..
~
Ut(ω, t) = −ω2 ~

Ut(ω, t) (15)

~
Uw(ω, t) =

[
~
u

a
w

~
u

v
w

~
u

c
w

]
=
{[

I3 I3 · · · I3
]

3×12nv

}T
◦
√

Sir(n)
V ◦ exp[jnV(t− td)]

=
{[

I3 I3 · · · I3
]

3×12nv

}T
◦
√

Sir(ω) ◦ exp[jω(t− td)]
(16)

With the pseudo displacement vibratory response of the train in Equation (16), the
PSD matrix of the displacement vibratory response can be calculated through the sum of
the multiplication of the conjugate and the transpose of the corresponding pseudo vectors,
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as shown in Equation (17). Accordingly, the PSD matrix of acceleration vibratory response
can be deduced through the multiplication of the PSD matrix of the displacement vibratory
response and the fourth power of angular frequency ω. The exponential term with the vari-
able of time t will be eliminated due to the multiplication of the conjugate and the transpose,
which makes the PSD independent of time; namely, stationary. Accordingly, in Equation
(18), the principal diagonal elements represents the auto-PSDs of the corresponding DOFs,
while the remaining elements represent the cross-PSDs of two different DOFs.

SU(ω) =
~
Uw
∗ ~
Uw

T =
~
u

a∗

t
~
u

aT

t +
~
u

v∗

t
~
u

vT

t +
~
u

c∗

t
~
u

cT

t (17)

S ..
U
(ω) = ω4SU(ω) = ω4


Syc1yc1(ω) Syc1zc1(ω) Syc1θc1(ω) · · ·
Szc1yc1(ω) Szc1zc1(ω) Szc1θc1(ω) · · ·
Sθc1yc1(ω) Sθc1yc1(ω) Sθc1θc1(ω) · · ·

...
...

...
. . .

 (18)

3. Sperling Index Based on Vibratory Acceleration History and PSD
3.1. Zonal Distribution Deduction of Sperling Index Based on Vibratory Acceleration History

The Sperling index, an indicator of stability, is a measurement method to determine
the comfort of passengers and occupants on the rolling stock, as well as the status of
transported goods. The evaluation is based on the measurement of the vehicle body’s
vibration acceleration. The less comfort the passengers experience, the higher the Sperling
index will be [21].

To derive the Sperling index at a given location, the zonal acceleration should first be
determined. In Figure 2, the vibration acceleration is linearly distributed in the space of the
car body according to the principle of rigid dynamics. The vertical vibration acceleration
at any zonal location in the horizontal plane of the car-body center can be determined
by considering the horizontal coordinate (x,y), vertical, roll, and pitch acceleration of the
car-body center. In this case, the coordinate origin was at the car-body center.
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motion of the vertical levitation and the roll; (c) top view of car-body motion of the lateral sway and
the yaw.
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Therefore, the zonal distribution of the vertical acceleration can be derived using Equa-
tion (19). In the case of horizontal acceleration, the horizontal coordinate (x,y), lateral sway,
and yaw acceleration of the car-body center are considered. Thus, the zonal distribution of
the horizontal acceleration can be expressed as Equation (20).

..
zci(x, y, t) =

..
zci(0, 0, t) + x

..
ϕci(0, 0, t) + y

..
θci(0, 0, t) (19)

..
yci(x, y, t) =

..
yci(0, 0, t) + x

..
ψci(0, 0, t) (20)

Secondly, the corresponding acceleration amplitude spectrum within the prescribed
interval of frequency must be calculated using fast Fourier transform (FFT). In this case,
the single-frequency component for the Sperling index can be defined as Equation (21),
while the 10th power root of the sum of the 10th power is described in Equation (22) for
the Sperling index of multiple-frequency component vibrations for the car body of vehicle
element i.

Wki(x, y) = 3.57 10

√
A3

ki
fk
◦ F( fk) = 3.57

10

√√√√∣∣∣FFT[
..
yci

..
zci ]

( fk)
∣∣∣3

fk
◦ [Fv( fk) Fh( fk)] (21)

Wi =
10

√√√√ N

∑
k=1

W10
ki (22)

where Ak (unit: m/s2) represents the amplitude vector of the vibration acceleration at
the frequency point fk (unit: Hz) after Fourier transform, F(fk) represents the frequency
correction coefficient vector whose vertical and horizontal elements are sectionally ex-
pressed in Equations (23) and (24), and the number of frequency N is strongly related to the
interval limit of frequency and the measurement duration. In accordance with the code
GB/T5599-2019, the standard measurement duration is 5 s, the reciprocal of which is the
bandwidth frequency df of the fast Fourier transform.

Fv( fk) =


0.325 f 2

k ( fk = 0.5 ∼ 5.9Hz)
400/ f 2

k ( fk = 5.9 ∼ 20Hz)
1 ( fk = 20 ∼ 40Hz)

(23)

Fh( fk) =


0.8 f 2

k ( fk = 0.5 ∼ 5.4Hz)
650/ f 2

k ( fk = 5.4 ∼ 26Hz)
1 ( fk = 26 ∼ 40Hz)

(24)

In general, the derivation of the zonal distribution of the Sperling index based on the
course of the vibration acceleration is random, as the phase angles of the course of the
track irregularities generated in each MCM vary. According to GB/T5599-2019, in order to
roughly evaluate the train comfort, the average value of the Sperling index is often used.

3.2. Zonal Distribution Deduction of Sperling Index Based on Vibratory Acceleration PSD

To derive the zonal distribution of the Sperling index based on the PSD, the linearity
of the PSD of the car-body acceleration must first be determined to form the auto-PSDs and
cross-PSDs between the different DOFs.

The linearity of the PSD can be derived from the linearity of the correlation function
of random signals. In signal processing, cross-correlation is a measure of the similarity
of two series as a function of the displacement of one series relative to the other, while
autocorrelation is the cross-correlation of a signal with a delayed copy of itself as a function
of delay. Informally, it is the similarity between observations as a function of the time
lag between them. Therefore, autocorrelation and cross-correlation can be defined as
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Equations (25) and (26), where τ is the time lag, T is the period of the signal, and v and h
are two signals [22].

Rvv(τ) = lim
T→∞

1
T

∫ T
2

− T
2

v(t)v(t + τ)dt (25)

Rvh(τ) = lim
T→∞

1
T

∫ T
2

− T
2

v(t)h(t + τ)dt (26)

There exists a signal p that is equal to the linear additional relation as av + bh, where a
and b are two constants. Therefore, the auto-correlation of signal p can be deduced using
Equation (27), from which it can be seen that the auto-correlation of the signal p is linked to
the auto-correlation and cross-correlation of signals v and h.

Rpp(τ) = R(av+bh)(av+bh)(τ)

= lim
T→∞

1
T
∫ T

2
− T

2
a2v(t)v(t + τ) + abv(t)h(t + τ) + abh(t)v(t + τ) + b2h(t)h(t + τ)dt

= a2Rvv(τ) + b2Rhh(τ) + ab[Rhv(τ) + Rvh(τ)]

(27)

The Wiener–Khinchin theorem illustrates that the Fourier transform of auto-correlation
of a signal is equal to its PSD [23]. Therefore, the PSD of signal p can be deduced by the
inverse Fourier transform given in Equation (28), namely the linearity of PSD.

Spp(τ) =
∫ ∞

−∞
Rpp(ω)ejωτdω = a2Svv(τ) + b2Shh(τ) + ab[Shv(τ) + Svh(τ)] (28)

Accordingly, the zonal relationship of the vertical and horizontal vibration acceleration
between the center of the car body and a specific location on the same plane is given in
Equations (19) and (20) in Section 3.1. Therefore, for the PSD of a vertical vibration
acceleration at coordinate (x,y), not only the auto-PSDs for the vertical levitation, roll,
and pitch of the car-body center, but also the cross-PSDs for the vertical levitation, roll,
and pitch of the car-body center are multiplied by the corresponding coordinate and
superimposed shortly thereafter in Equation (29). Similarly, the PSD of the horizontal
vibration acceleration at coordinate (x,y) can be calculated using (30), which includes auto-
PSDs for the lateral sway and yaw of the car-body center and cross-PSDs for the lateral
sway and yaw of the car-body center.

S..
z[i](ω, x, y) = y2S..

θci
+ x2S ..

ϕci
+ S..

zci
+ x(S..

zc
..
ϕc
+ S ..

ϕc
..
zc
) + y(S..

θci
..
zci

+ S..
zci

..
θci
) + xy(S..

θci
..
ϕci

+ S ..
ϕci

..
θci
) (29)

S ..
y[i](ω, x, y) = x2S ..

ψci
+ S ..

yci
+ x(S ..

yci
..
ψci

+ S ..
ψci

..
yci
) (30)

The auto-PSDs and the cross-PSDs above can be respectively withdrawn from the main
and the counter diagonal elements of the vibratory acceleration PSD matrix in Equation (18).
The PSD multiplied by the bandwidth dω is equal to the square of amplitude spectrum. In
this way, Equation (21), which describes the simple frequency component for the Sperling
index, should be modified to be the form containing the quadratic term of amplitudes to be
linked with the corresponding PSDs in Equation (31):

Wki(x, y) = 3.57
20
3

√√√√A2
ki ◦
[

F( fk)

fk

] 2
3
= 3.57

20
3

√√√√2[S ..
y[i](2π fk, x, y) S..

z[i](2π fk, x, y)] ◦
[

F( fk)

fk

] 2
3
d f (31)

In the actual calculation, the Sperling index for multiple frequency components ex-
pressed in Equation (22) is equivalent to Equation (32):

Wi =
10

√√√√ N

∑
k=1

W10
ki ≈

20
3

√√√√ N

∑
k=1

W
20
3

ki (32)



Appl. Sci. 2022, 12, 7442 9 of 19

Finally, through the combination of the equations above, the zonal distribution of the
Sperling index in the vertical and horizontal can be expressed as Equation (33) in the form
of a 20/3 root of the integration of PSDs.

Wi(x, y) =
20
3

√√√√√4π
∫ 40

0.5
3.57

20
3 [S ..

y[i](2π f , x, y) S..
z[i](2π f , x, y)] ◦

{
[Fv( f ) Fh( f )]

f

} 2
3

d f (33)

In general, the zonal distribution deduction of the Sperling index based on the vibra-
tory acceleration PSD can comprehensively and precisely reflect the train comfort because
the excitation is just formed of the PSD of track irregularities obtained through accurate
statistics gathered by the relevant national railway department, and can be directly con-
verted to the PSD of the response.

4. Case Study
4.1. Parameters of Track Irregularity and Train

The PSDs of track irregularities adopted for the case study were proposed by the
Federal Railroad Administration (FRA) [24] based on a large amount of measured data
fitted with the even functions expressed by the cutoff angle wave numbers (nc and ns with
units rad/m) and roughness constants (Aa and Av with units m/rad). The expressions
of the PSDs for the alignment, vertical, and cross-level PSDs are given in Equation (34)
through (36) and are shown in Figure 3. The PSDs were divided into Grades 1–6, and the
corresponding parameters from Equations (34)–(36) are listed in Table 2.

Sa(n) =
Aan2

c
n2(n2 + n2

c)
(34)

Sv(n) =
Avn2

c
n2(n2 + n2

c)
(35)

Sc(n) =
4Avn2

c
(n2 + n2

c)(n2 + n2
s)

(36)
Appl. Sci. 2022, 12, x FOR PEER REVIEW 11 of 22 
 

 

 

(a) 

 

(b) 

 
(c) 

Figure 3. Illustrations of track irregularities: (a) vertical profile; (b) alignment; (c) cross-level. 

Table 3. Parameters of the train operation. 

Items Values 

Half of longitudinal distance of wheel sets d1 1.25 m 

Half of longitudinal distance of bogies d2 8.75 m 

Half of lateral distance of springs in 1st suspension system b1 1.00 m 

Half of lateral distance of springs in 2nd suspension system b2 1.00 m 

Vertical distance, car body center to 2nd suspension system h1 0.80 m 

Vertical distance, 2nd suspension system to bogie center h2 0.20 m 

Vertical distance, bogie center to 1st suspension system h3 0.10 m 

Mass of wheel set mw 2000 kg 

Mass of bogie mb 3000 kg 

Moment of inertia of bogie in longitudinal direction Ibx 3000 kg·m2 

Moment of inertia of bogie in lateral direction Iby 3000 kg·m2 

Moment of inertia of bogie in vertical direction Ibz 3000 kg·m2 

Mass of car body mb 40 t·m2 

Moment of inertia of car body in longitudinal direction Icx 100 t·m2 

Moment of inertia of car body in lateral direction Icy 2000 t·m2 

Moment of inertia of car body, about vertical direction Icz 2000 t·m2 

Longitudinal damping of 1st suspension system/bogie side cx1  1 kN·s/m 

Lateral damping of 1st suspension system/bogie side cy1 1 kN·s/m 

Vertical damping of 1st suspension system/bogie side cz1 20 kN·s/m 

Longitudinal damping of 2nd suspension system/car-body side cx2 60 kN·s/m 

Lateral damping of 2nd suspension system/car-body side cy2 60 kN·s/m 

Vertical damping of 2nd suspension system/car-body side cz2 10 kN·s/m 

Longitudinal stiffness of 1st suspension system/bogie side kx1 1000 kN/m 

Lateral stiffness of 1st suspension system/bogie side ky1 1000 kN/m 

Vertical stiffness of 1st suspension system/bogie side kz1 1000 kN/m 

Longitudinal stiffness of 2nd suspension system/car-body side kx2 200 kN/m 

Lateral stiffness of 2nd suspension system/car-body side ky2 200 kN/m 

Vertical stiffness of 2nd suspension system/car-body side kz2 200 kN/m 

Figure 3. Illustrations of track irregularities: (a) vertical profile; (b) alignment; (c) cross-level.



Appl. Sci. 2022, 12, 7442 10 of 19

Table 2. Parameters of the PSDs of track irregularities defined in FRA standard.

Items Grade-1 Grade-2 Grade-3 Grade-4 Grade-5 Grade-6

Alignment roughness constant Aa 1.211 × 10−4 1.018 × 10−4 0.682 × 10−4 0.538 × 10−4 0.210 × 10−4 0.034 × 10−4

Vertical roughness constant Av 3.363 × 10−4 1.211 × 10−4 0.413 × 10−4 0.303 × 10−4 0.076 × 10−4 0.034 × 10−4

Cutoff angular wave number nc 0.6046 0.9308 0.8520 1.1312 0.8209 0.4380
Cutoff angular wave number ns 0.8245 0.8245 0.8245 0.8245 0.8245 0.8245

The high-speed train CRH2 was used for analysis. To stabilize the response of the
train to ensure correctness, the train began by running for an initial distance equivalent
to a duration of 5 s. According to GB/T5599-2019 [25], the upper and lower limits of the
angular wave number were determined. All the parameters of the train operation are listed
in Table 3.

Table 3. Parameters of the train operation.

Items Values

Half of longitudinal distance of wheel sets d1 1.25 m
Half of longitudinal distance of bogies d2 8.75 m

Half of lateral distance of springs in 1st suspension system b1 1.00 m
Half of lateral distance of springs in 2nd suspension system b2 1.00 m
Vertical distance, car body center to 2nd suspension system h1 0.80 m

Vertical distance, 2nd suspension system to bogie center h2 0.20 m
Vertical distance, bogie center to 1st suspension system h3 0.10 m

Mass of wheel set mw 2000 kg
Mass of bogie mb 3000 kg

Moment of inertia of bogie in longitudinal direction Ibx 3000 kg·m2

Moment of inertia of bogie in lateral direction Iby 3000 kg·m2

Moment of inertia of bogie in vertical direction Ibz 3000 kg·m2

Mass of car body mb 40 t·m2

Moment of inertia of car body in longitudinal direction Icx 100 t·m2

Moment of inertia of car body in lateral direction Icy 2000 t·m2

Moment of inertia of car body, about vertical direction Icz 2000 t·m2

Longitudinal damping of 1st suspension system/bogie side cx1 1 kN·s/m
Lateral damping of 1st suspension system/bogie side cy1 1 kN·s/m
Vertical damping of 1st suspension system/bogie side cz1 20 kN·s/m

Longitudinal damping of 2nd suspension system/car-body side cx2 60 kN·s/m
Lateral damping of 2nd suspension system/car-body side cy2 60 kN·s/m
Vertical damping of 2nd suspension system/car-body side cz2 10 kN·s/m
Longitudinal stiffness of 1st suspension system/bogie side kx1 1000 kN/m

Lateral stiffness of 1st suspension system/bogie side ky1 1000 kN/m
Vertical stiffness of 1st suspension system/bogie side kz1 1000 kN/m

Longitudinal stiffness of 2nd suspension system/car-body side kx2 200 kN/m
Lateral stiffness of 2nd suspension system/car-body side ky2 200 kN/m
Vertical stiffness of 2nd suspension system/car-body side kz2 200 kN/m

Lower limit of angular wave number nmin π/V rad/m
Upper limit of angular wave number nmax 80π/V rad/m
Sampling rate of angular wave number dn 2π/5V rad/m

Lower limit of time tmin 0 s
Upper limit of time tmax 10 s

Time sampling rate dt 1/80 s

4.2. Demonstration of the Methodological Correctness

In this section, the methodological correctness is demonstrated by analyzing the
probability characteristics of the random vibration acceleration of the car-body center. The
expected value of the random process can be obtained by averaging the samples at each
measurement time from the total sample. Due to ergodicity in all states of a stationary
process, a sample history basically contains the properties reflecting all probability and
statistical characteristics of the random process. The expected value of the family of random
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variables corresponds to the time average of a single random time sample, as shown in
Equation (37), where vj represents a particular random time sample of the family of random
variables V . For the stationary Gaussian random process with a zero mean, the variance
can be expressed as Equation (38). By combining Equation (25) with the time lag τ = 0, the
autocorrelation of the signal is equal to its variance.

µ = E[V(t)] = E[vj(t)] =
n

∑
i=1

vj(t)
n

= lim
T→∞

1
T

∫ T
2

− T
2

vj(t)dt (37)

σ2 = E[V(t)− µ]2 = E[v2
j (t)] = lim

T→∞

1
T

∫ T
2

− T
2

v2
j (t)dt = Rvv(0) (38)

The track irregularities as input of the linear train system are a stationary Gaussian
random process with a zero mean, which theoretically has the same properties of probability
distribution as the train oscillation response. According to the Wiener–Khinchin theorem
and the statistical control for a random signal with a zero mean value [26], the theoretical
standard variance of the vertical vibration acceleration of the car body can be obtained
via the square root of the integration of the PSD calculated using the PEM, as shown in
Equation (31), similar to the horizontal acceleration. The preliminary history curve of the
expected value and the standard variance of the history samples can be calculated by the
statistical method at each time point.

σ..
zci

=

√∫ +∞

−∞
S..

zci
(ω)dω (39)

A vehicle element was simulated to run at a speed of 350 km/h for 5 s to cross a
distance of a Grade-4 track irregularity. The PEM and MCM with 100 times of sampling
were adopted to analyze the characteristics of the possibility distribution for the car-body
center acceleration. In Figure 4, concerning the possibility distribution of the car-body
center vibratory acceleration for only one vehicle element in the time history domain, it can
be seen that:

1. In Figure 4a,c, the expected value µ and the limits of the 3σ normal distribution
of the vibration response of the Car-Body center using MCM–NβM and PEM-FRF,
respectively, are in substantial agreement. The response patterns are also well within
the bounds of the 3σ principle for normal distributions. Compared to MCM, which
required multiple solutions, the PEM was much more accurate and efficient.

2. In Figure 4b,d, the preliminary probability density curve calculated using MCM-NβM
agrees with the theoretical normal distribution calculated using PEM-FRF.

3. In general, the train vibration acceleration under track irregularities obeyed the
stationary zero-mean normal distribution, the statistical properties of which can be
described by the 3σ-principle, and which is consistent with the original assumption
regarding the track irregularities as a stationary zero-mean Gaussian random process.
Therefore, it was demonstrated that the methodology was correct and suitable for the
analysis outlined in the following sections.
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4.3. Analysis of the Car-Body Center Comfort in Different Vehicle Elements

The train, which consisted of eight independent vehicle elements, was adopted for 5 s
at a speed of 350 km/h over a track with Grade-4 track irregularities for the simulation.
The MCM was applied 100 times to calculate the vibration acceleration of the car body at
the center of each vehicle element and derive the Sperling indices, which are shown in
Figure 5 in the form of box plots, and compared with the theoretical values calculated using
the PEM. In Figure 5, it can be seen that:

1. The variations in the theoretical Sperling index of the car-body center according to the
PEM between the different vehicle elements were insignificant for both the horizontal
and vertical components. The theoretical Sperling index for the horizontal component
was obviously higher than that for the vertical component;

2. In all sequences of vehicle elements, the difference between the upper and lower
provisional range limits of the Sperling index sampling distribution according to
MCM did not exceed 0.12 for both the horizontal and vertical components;

3. In general, the discomfort was strongly related to the horizontal vibration acceleration
of the car body. In addition, the Sperling index was a stationary indicator of comfort
that was independent of the order of vehicle elements when the train was subjected
to track irregularities. In this way, the comfort of the center of the car body could be
characterized by simply selecting a vehicle element to analyze.
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4.4. Analysis of the Zonal Distribution Characteristics of Train Comfort

In the simulation, a vehicle element was selected to traverse a track with Grade-6 track
irregularities for 5 s at a speed of 350 km/h. MCM was applied 100 times to calculate the
vibration acceleration of the car-body center of each vehicle element and then calculate
the preliminary average of the zonal distribution of the Sperling index shown in Figure 6
according to Section 3.1 and compare it with the theoretical values calculated using the
PEM according to the linearity of PSDs given in Section 3.2. To simplify the representation
in the figure, the coordinate (x,y) was replaced by a length of the car body of 25 m and a
width of the car body of 4 m. The mesh of the plane in which the car body was located was
divided into 10 × 10. In Figure 6, it can be seen that:
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1. The mean network of the zonal distribution of the Sperling index calculated using
MCM–NβM was almost identical to the theoretical network calculated using PEM-
FRF for both the horizontal and vertical components;

2. In Figure 6a, the zonal distribution of the horizontal Sperling index is symmetric with
respect to the pitch and roll axis of the car-body center. It has the cylindrical shape of
the letter “V” and reaches the highest line at the rear and front edges of the car-body,
respectively, while it reaches the lowest line on the pitch axis of the car-body;
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3. In Figure 6b, the zonal distribution of the vertical Sperling index is a symmetrically
curved surface with respect to the roll axis of the Car-Body center. It reaches the
highest points at the four vertices of the X−Y plane, where the center of the car body
is located, while the lowest point is slightly in front of the center of the car body in the
direction of travel;

4. Compared to Figure 5 in Section 4.3, the Sperling index of the center of the car body is
smaller for both the horizontal and vertical components for Grade-6 track irregularities
than for Grade-4 track irregularities;

5. In general, a small track irregularity had a negative effect on train comfort, and the
zonal distribution of train comfort was not strictly symmetrical with respect to the
center of the car body. The most comfortable area for the vertical component was
near the front of the center of the car body, while the most comfortable area for the
horizontal component was on the pitching axis of the center of the car body. The
realistic evaluation of train comfort could be roughly characterized by the average
value of the Sperling index during train operation, while the theoretical design of
train comfort could be accurately determined by the PEM.

4.5. Analysis of Influence of the Quality of Track Irregularity on the Zonal Distribution
Characteristics of Train Comfort

A vehicle element was simulated using the PEM to respectively cross a distance of
track irregularity of Grade-1, Grade-3, and Grade-5 at a speed of 350 km/h to compare
the different qualities of the track irregularities’ influences on the zonal distribution of the
Car-Body Sperling index, as shown in Figure 7. It can be seen in Figure 7 that:
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1. The symmetrical characteristic of the zonal distribution of the car-body Sperling index
of the car body for the horizontal and vertical components was identical to that in
Section 4.4;

2. With the deterioration in the quality of the track irregularities, the values of the
Sperling index for the entire network increased significantly for both the horizontal
and vertical components;

3. In general, train comfort deteriorated with the deterioration of the quality of track
irregularities, so regular track maintenance is of great importance.
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4.6. Analysis of Influence of the Train Speed on the Zonal Distribution Characteristics
of Train Comfort

A vehicle element was simulated using the PEM to run a train with a track irregularity
of Grade-2 at speeds of 150 km/h, 250 km/h, and 350 km/h to compare the influence of
the different train speeds on the zonal distribution of the Car-Body Sperling index of the
car body, as shown in Figure 8. In Figure 8, it can be seen that:

1. The symmetrical characteristic of the zonal distribution of the car-body Sperling index
of the car body was identical to that shown in Section 4.4 for both the horizontal and
vertical components;

2. As the train accelerated, the values of the car-body Sperling index for the entire
network increased significantly for both the horizontal and vertical components;

3. In general, the train comfort deteriorated when the train traveled too fast. This was
because the amplitude of the vibration velocity and the acceleration of the track
irregularity contained the linear and quadratic terms of the train speed V, respectively.
When the train accelerated, the amplitudes increased rapidly, which increased the
input excitation and led to a significant increase in the vibration response of the
car body. Therefore, appropriate control of a train’s speed can help to improve
passenger comfort.

Appl. Sci. 2022, 12, x FOR PEER REVIEW 16 of 21 

3. In general, train comfort deteriorated with the deterioration of the quality of track 
irregularities, so regular track maintenance is of great importance.

4.6. Analysis of Influence of the Train Speed on the Zonal Distribution Characteristics of Train 
Comfort 

A vehicle element was simulated using the PEM to run a train with a track irregular-
ity of Grade-2 at speeds of 150 km/h, 250 km/h, and 350 km/h to compare the influence of 
the different train speeds on the zonal distribution of the Car-Body Sperling index of the 
car body, as shown in Figure 8. In Figure 8, it can be seen that: 
1. The symmetrical characteristic of the zonal distribution of the car-body Sperling in-

dex of the car body was identical to that shown in Section 4.4 for both the horizontal 
and vertical components; 

2. As the train accelerated, the values of the car-body Sperling index for the entire net-
work increased significantly for both the horizontal and vertical components;  

3. In general, the train comfort deteriorated when the train traveled too fast. This was 
because the amplitude of the vibration velocity and the acceleration of the track ir-
regularity contained the linear and quadratic terms of the train speed V, respectively. 
When the train accelerated, the amplitudes increased rapidly, which increased the 
input excitation and led to a significant increase in the vibration response of the car 
body. Therefore, appropriate control of a train’s speed can help to improve passenger 
comfort. 

(a) (b) 

Figure 8. Zonal distribution of car-body Sperling index influenced by the train speed according to 
PEM: (a) horizontal Sperling index; (b) vertical Sperling index. 

4.7. Analysis of Influence of the Car-Body Mass on the Zonal Distribution Characteristics of 
Train Comfort 

In rigid dynamics, the moment of inertia of a car-body center is equivalently linear 
to the car-body mass. Considering the that center of mass is overlapped by the car-body 
center, the mass matrix of the vehicle element in Equation (4) can be respectively redefined 
as Equation (40) where α is the mass factor: 

),,,,,,,,,,,,,,(diag zbybxbbbzbybxbbbzcycxcccve IIImmIIImmIIImm ααααα=M (40)

A vehicle element was simulated using the PEM to run on a track with a Grade-6 
track irregularity for 5 s at a speed of 250 km/h to compare the influence of a full load (Full

Figure 8. Zonal distribution of car-body Sperling index influenced by the train speed according to
PEM: (a) horizontal Sperling index; (b) vertical Sperling index.

4.7. Analysis of Influence of the Car-Body Mass on the Zonal Distribution Characteristics
of Train Comfort

In rigid dynamics, the moment of inertia of a car-body center is equivalently linear
to the car-body mass. Considering the that center of mass is overlapped by the car-body
center, the mass matrix of the vehicle element in Equation (4) can be respectively redefined
as Equation (40) where α is the mass factor:

Mve = diag(αmc, αmc, αIxc, αIyc, αIzc, mb, mb, Ixb, Iyb, Izb, mb, mb, Ixb, Iyb, Izb) (40)

A vehicle element was simulated using the PEM to run on a track with a Grade-6 track
irregularity for 5 s at a speed of 250 km/h to compare the influence of a full load (Full rated,
α = 1.2) and an empty load (Unladen, α = 1) on the zonal distribution of the car body’s
Sperling index, as shown in Figure 9. In Figure 9, it can be seen that:
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1. The symmetrical characteristics of the zonal distribution of the car body’s Sperling
index for the horizontal and vertical components were identical to those shown in
Section 4.4;

2. With the additional mass of the car body, the values of the Sperling index for the entire
mesh decreased significantly for both the horizontal and vertical components;

3. In general, the comfort of the train deteriorated with the loss in the car-body mass.
Therefore, it is important to reasonably distribute the number of passengers during
transfer and optimize the original mass design of the car body.
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4.8. Analysis of Influence of the Damage of Secondary Suspension System on the Zonal
Distribution Characteristics of Train Comfort

The comfort of a train is highly dependent on the performance of the secondary
suspension system. Reducing the stiffness and increasing the damping can help to simulate
the damage of the secondary suspension system. In this way, one of the vertical springs and
dampers in the secondary suspension system connecting the car body to the front bogie
was multiplied by the damage factors dfk and dfc, respectively. Therefore, the corresponding
stiffness submatrix of the vehicle element including Equations (3) and (5)–(7) was updated
in Equations (41)–(44).

Kve =

 Kcc Kbc(1)
T Kbc(−1)T

Kbc(1) Kbb 0
Kbc(−1) 0 Kbb

 (41)

Kcc =


2ky2 0 −2ky2h1 0 0

0 3+dfk
2 kz2

1−dfk
2 kz2b2

dfk−1
2 kz2d2 0

−2ky2h1
1−dfk

2 kz2b2 2ky2h2
1 +

3+dfk
2 kz2b2

2 0 0
0 dfk−1

2 kz2d2 0 2kx2h2
1 +

3+dfk
2 kz2d2

2 0
0 0 0 0 2kx2b2

2 + 2ky2d2
2

 (42)

Kbb =


2ky1 + ky2 0 −2ky1h3 + ky2h2 0 0

0 2kz1 +
3+dfk

4 kz2
1−dfk

2 kz2b2 0 0
−2ky1h3 + ky2h2

1−dfk
2 kz2b2 2(ky1h2

3 + kz1b2
1) + ky2h2

2 +
3+dfk
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0 0 0 2(kx1h2
3 + kz1d2

1) + kx2h2
2 0

0 0 0 0 2(kx1b2
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 (43)
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Kbc(1) =


−ky2 0 ky2h1 0 −ky2d2

0 − 1+dfk
2 kz2 0 − 1+dfk

2 kz2d2 0
−ky2h2 0 ky2h1h2 − 1+dfk

2 kz2b2
2 0 −ky2d2h2

0 0 0 kx2h1h2 0
0 0 0 0 −kx2b2

2

 (44)

Similarly, the damping submatrix was formed by replacing the spring coefficient k and
the spring damaged factor dfk with the damping coefficient c and the damper damaged
factor dfc. The top row of the submatrix in the following equations means that damage
was present.

In this case, a vehicle element was simulated using the PEM to traverse a track with
a Grade-6 track irregularity for 5 s at a speed of 250 km/h and compare the effects of the
original secondary suspension system (dfk = 1 and dfc = 1) and the damaged secondary
suspension system (dfk = 10 and dfc = 0.1) on the zonal distribution of the car body’s
Sperling index, as shown in Figure 10. In Figure 10, it can be seen that:
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Similarly, the damping submatrix was formed by replacing the spring coefficient k 
and the spring damaged factor dfk with the damping coefficient c and the damper dam-
aged factor dfc. The top row of the submatrix in the following equations means that dam-
age was present. 

In this case, a vehicle element was simulated using the PEM to traverse a track with 
a Grade-6 track irregularity for 5 s at a speed of 250 km/h and compare the effects of the 
original secondary suspension system (dfk = 1 and dfc = 1) and the damaged secondary 
suspension system (dfk = 10 and dfc = 0.1) on the zonal distribution of the car body’s Sper-
ling index, as shown in Figure 10. In Figure 10, it can be seen that: 
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Figure 10. Zonal distribution of Car-Body Sperling index influenced by the damage of a vertical
spring damper in secondary suspension system using PEM: (a) horizontal Sperling index; (b) vertical
Sperling index.

1. In Figure 10a, the symmetrical characteristic of the network of the horizontal Sperling
index after damage to a vertical spring damper in the secondary suspension system
was still consistent with the initial condition, but the overall magnitude of the hori-
zontal Sperling index was much higher than the initial condition. This was because
the damaged vertical spring damper affected the lateral car-body sway by influencing
the car-body roll in conjunction with the vertical car-body sway;

2. It can be seen in Figure 10b that after the damage to the vertical spring damper in the
secondary suspension system, the network of the vertical Sperling index could not
maintain the uniformly curved surface as in the initial state, and reached the highest
values when the damaged spring damper was located and gradually decreased toward
the areas where the other healthy vertical spring dampers were located. The overall
magnitude of the vertical Sperling index far exceeded that of the initial condition;

3. In general, the damage to the secondary suspension system led to an overall deteriora-
tion in the train comfort for both the horizontal and vertical components, even if only
one local vertical spring damper in the secondary suspension system was damaged.
The comfort of the train suffered more on the side where the damage occurred. The
train comfort for the horizontal and vertical components were not independent of
each other. Therefore, it is important to consider both components comprehensively
when optimizing the train comfort.
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5. Conclusions

This study established a spatial train model that adopted the random vibration method
to study the zonal distribution of train comfort; the model could overcome the uncertainty
caused by the randomness of track irregularities and the zonal difference in the vibratory
acceleration in a car body. Our relevant conclusions are as follows:

1. Compared with the Monte Carlo method and depending on a large amount of samples,
the pseudo-excitation Method, based on the linearity of the power spectrum density
of the car-body vibratory acceleration, was more efficient to derive the accurate zonal
distribution of the Sperling index.

2. The realistic evaluation of train comfort can be roughly characterized by the average
value of the Sperling index during train operation, while the theoretical design of
train comfort can be accurately determined using the pseudo–excitation method.

3. The vibration acceleration of the train during track irregularities is a stationary Gaus-
sian random process with a zero mean value, the statistical properties of which can be
described by the 3σ–principle.

4. The Sperling index is a stationary indicator of comfort that is independent of the order
of the vehicle elements when the train is subjected to a track irregularity. In this way,
train comfort can be characterized by simply selecting a vehicle element to analyze.

5. The zonal distribution of train comfort is not strictly symmetrical with respect to the
center of the car body. The most comfortable area for the vertical component was
located near the front of the center of the car body, while the most comfortable area
for the horizontal component was located on the axis of the tilt axis of the center of
the car-body center.

6. The comfort of the train deteriorated with a loss in mass of the Car-Body and with
irregularities in the tracks, while reasonable control of the train speed, regular mainte-
nance of the tracks, and reasonable distribution of the number of passengers when
changing trains improved the comfort of the train.

7. The overall comfort of the train deteriorated even if only one local vertical spring
damper in the secondary suspension system was damaged. It suffered more on the
side where the damage was present. The comfort of the train was not independent
of the horizontal and vertical components. To optimize the comfort of the train, it is
therefore important to consider both components comprehensively.
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