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Abstract: Though inclined under-expanded planar jets are used in many practical applications, the
wall stress resulting from their impingement has not been adequately characterized. Reduced-order
models for wall shear as a function of jet parameters have not been reported. This work uses
computational fluid dynamics to determine wall shear stress as a function of the nozzle parameters
and jet angle. The simulations of the impinging jet are validated against the experimental data and
direct numerical simulation; then, the jet parameters are varied to formulate an empirical relationship
for maximum wall shear stress as a function of a nozzle pressure ratio, standoff distance, jet Reynolds
number, and impingement angle. The global expression for shear stress agrees with the numerical
results within a mean deviation of 3%. The relationship can be used for applications where shear
stress information is required to design or assess the performance of practical systems, such as surface
cleaning, particle resuspension from the surface, and surface cooling.

Keywords: impinging jets; supersonic flow; wall shear stress; CFD

1. Introduction

Impinging jets have a wide range of scientific and engineering applications and have
been studied extensively. While most of these studies focus on heat and mass transfer [1–6],
the focus of this work is related to aerodynamic particle resuspension from the surfaces,
such as in surface cleaning [7,8] and non-contact particle sampling from surfaces [9–11].
Resuspension rates were correlated to wall shear stress [12]; for example, Phares et al. [13]
suggested that size-controlled microparticles’ resuspension could be used to estimate the
wall shear stress experimentally. Resuspension of small, deforming, or irregular shape
particles, such as residues of energetic materials [9,14–16], microorganisms [17,18], and
nanoparticles, require exposure to high velocities at the surface [19], which is associated
with high wall shear stress. These levels of shear stresses are not typical for weather-induced
conditions but can be generated by the impingement of supersonic or high-pressure under-
expanded jets. Studies of under-expanded jets have typically been confined to axisymmetric
jets with applications related to vertical take-off and landing aircraft [20–22].

Our earlier work parameterized the wall jet behavior from a normal impinging
jet [23,24]. Compared with round or low aspect ratio nozzles, the high aspect ratio planar
jets produce broader and more uniform regions of high shear stress. Obliquely impinging
planar jets have several advantages for cooling [25–27], drying [28], and aerodynamic parti-
cle sampling. In non-contact surface sampling, the wall jet flow entrains and directs the
resuspended particles for their subsequent collection and analysis in contrast to scattering
the sample with axisymmetric jets [15]. Fillingham et al. [24] presented parameterization of
the normal planar underexpanded jet, but the correlations developed in that work do not
extend to oblique jets. Crafton et al. [29] and Ngyuen et al. [30] studied the flow field from
round under-expanded jet impingement on an inclined surface. However, the authors did
not consider planar jets or wall shear stress correlations.
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The flow field of jets impinging normally and obliquely has been studied experi-
mentally and by numerical methods to develop relationships with wall shear stress. Dor-
repaal [31] found a similarity solution for subsonic 2-D incompressible non-orthogonal
stagnation point flow. Beltaos [32] used Preston tube measurements to calculate the wall
shear stress of the incompressible oblique planar jets. The behavior of compressible jets
and characterization of wall shear stress was not considered. Chin et al. [33] studied
the mass transfer of obliquely impinging planar jets but did not examine wall shear
stress. Hwang et al. [3] conducted a computational study of obliquely impinging slot
jets, but the k− ε turbulence model used is unreliable for wall shear stress measurement.
Rajaratnam et al. [34] studied erosion from obliquely planar jets; however, their results do
not directly apply to particle resuspension from a rigid surface.

Investigating inclined impinging jets can close a knowledge gap in microparticle
resuspension applications where shear stress is closely correlated with particle resus-
pension [12,13,35,36]. This work presents a parametric study of obliquely impinging,
under-expanded planar jets. Impingement angles from 0◦ to 60◦ are examined for jets
standoff height to nozzle width ratios of 15–30 and nozzle pressure ratios from 1.0–3.4. The
computational data is used to develop a simple relationship for maximum wall shear stress
as a function of only the jet parameters: impingement angle, jet width, jet standoff height,
and jet nozzle pressure. This reduced-order relationship allows evaluating wall shear stress
without performing extensive CFD simulations or performing labor-intensive experiments.

2. Methodology
2.1. Problem Description

Obliquely impinging under-expanded jets can be characterized by four parameters:
the standoff height (H), the jet width (W), the jet nozzle pressure ratio (NPR), and the jet
impingement angle (θ). The schematic of the jet impingement and the definitions are shown
in Figure 1. Table 1 summarizes the range of the values used in this study.

Appl. Sci. 2022, 12, x FOR PEER REVIEW 2 of 11 
 

from round under-expanded jet impingement on an inclined surface. However, the au-
thors did not consider planar jets or wall shear stress correlations. 

The flow field of jets impinging normally and obliquely has been studied experimen-
tally and by numerical methods to develop relationships with wall shear stress. Dorrepaal 
[31] found a similarity solution for subsonic 2-D incompressible non-orthogonal stagna-
tion point flow. Beltaos [32] used Preston tube measurements to calculate the wall shear 
stress of the incompressible oblique planar jets. The behavior of compressible jets and 
characterization of wall shear stress was not considered. Chin et al. [33] studied the mass 
transfer of obliquely impinging planar jets but did not examine wall shear stress. Hwang 
et al. [3] conducted a computational study of obliquely impinging slot jets, but the 𝑘 − 𝜖 
turbulence model used is unreliable for wall shear stress measurement. Rajaratnam et al. 
[34] studied erosion from obliquely planar jets; however, their results do not directly ap-
ply to particle resuspension from a rigid surface. 

Investigating inclined impinging jets can close a knowledge gap in microparticle re-
suspension applications where shear stress is closely correlated with particle resuspension 
[12,13,35,36]. This work presents a parametric study of obliquely impinging, under-ex-
panded planar jets. Impingement angles from 0° to 60° are examined for jets standoff 
height to nozzle width ratios of 15–30 and nozzle pressure ratios from 1.0–3.4. The com-
putational data is used to develop a simple relationship for maximum wall shear stress as 
a function of only the jet parameters: impingement angle, jet width, jet standoff height, 
and jet nozzle pressure. This reduced-order relationship allows evaluating wall shear 
stress without performing extensive CFD simulations or performing labor-intensive ex-
periments. 

2. Methodology 
2.1. Problem Description 

Obliquely impinging under-expanded jets can be characterized by four parameters: 
the standoff height (H), the jet width (W), the jet nozzle pressure ratio (NPR), and the jet 
impingement angle (ϴ). The schematic of the jet impingement and the definitions are 
shown in Figure 1. Table 1 summarizes the range of the values used in this study. 

 
Figure 1. Schematic of oblique jet impingement on a flat plate. 

The analysis is performed using non-dimensional parameters, such as the normal-
ized maximum wall shear stress is defined as, τ∗ =  , where 𝜌 and 𝑈  are the 

density and velocity at the nozzle exit, respectively. The objective of this work is to de-
velop a set of equations for the prediction of the maximum normalized wall shear stress 
as a function of the following non-dimensional parameters: jet height to width ratio—  , 

a

aaaaaDownhill 
Direction

Uphill 
Direction

Figure 1. Schematic of oblique jet impingement on a flat plate.

Table 1. Range of geometric conditions used in the study.

Standoff Distance, H (mm) 15.0, 17.5, 30.0, 35.0, 60.0, 100.0

Width of the nozzle, W (mm) 0.5, 1.0, 2.0

Jet Angle, θ (◦) 0, 15, 20, 30, 45, 60

Nozzle exit pressure ratio, NPR 1.0, 1.2, 1.4, 1.6, 1.8, 2.0, 2.2, 2.4, 2.6, 2.8, 3.0, 3.2, 3.4
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The analysis is performed using non-dimensional parameters, such as the normalized
maximum wall shear stress is defined as, τ∗max = τmax

1
2 ρoU2

o
, where ρo and Uo are the density

and velocity at the nozzle exit, respectively. The objective of this work is to develop a set of
equations for the prediction of the maximum normalized wall shear stress as a function
of the following non-dimensional parameters: jet height to width ratio— H

W , the nozzle
pressure ratio—NPR, the jet Reynolds number—Re = UoW

νo
, and the jet impingement

angle—θ, a naught subscript describes the properties at the nozzle exit.

2.2. Computational Method

The scientific literature does not report the experimental data or DNS related to the
wall jet developed from compressible impinging jets. To compute the flow properties
needed for the estimation of shear stresses, the CFD simulations solve the steady-state
Favre-Averaged Navier–Stokes equations:

∂(ρũi)

∂xi
= 0 (1)

∂
(
ρũiũj

)
∂xi

= − ∂p
∂xi

+
∂τij

∂xj
−

∂
(

ρu′′i u′′j
)

∂xj
(2)

∂

∂xj

(
ρũj

(
h̃ +

1
2

ũiũj

)
+ ũjρu′′i u′′j

)
=

∂

∂xj

(
ũi

(
τij − ρu′′i u′′j

)
− q− ρu′′j h′′ + τiju

′′
i −

1
2

ρu′′j u′′i u′′i

)
(3)

Numerical simulations were performed using ANSYS FLUENT 17.2 software (An-
sys, Canonsburg, PA, USA). A second-order scheme was used to solve the pressure. A
third-order monotonic upstream-centered scheme was used for density, momentum, and
turbulence, which was necessary to avoid the effects of numerical viscosity (associated with
the low-order schemes) on the jet dissipation, as well as pressure–strain relationship. Since
the flow contains non-negligible changes in temperature, the Sutherland model, based on
the kinetic theory of ideal gases and an idealized intermolecular force potential, was used
for viscosity calculation.

Turbulence closure models are challenged in modeling complex flow phenomena;
however, Jaramillo et al. [37] demonstrated that k− ω models result in good agreement
with DNS when calculating the mean flow of planar impinging jets. The k−ω shear stress
transport (SST) model used in this work, uses k− ε away from the wall in the free stream
and free jet portions of the flow while using k−ω near the wall to resolve the boundary
layer. As demonstrated by Alvi et al. [38] and discussed by Fillingham et al. [23], the
k−ω SST model [39] is a good choice for modeling underexpanded impinging jets while
resolving the wall jet boundary layer. Shukla and Dewan. [40] also found k−ω SST to be
superior to other closure models when considering planar impinging jets.

The computational grids contain ~500,000 quadrilateral elements. The grid is con-
structed so that, along the impingement surface, the first node in the wall-normal direction
is located within a y+ = 1 at the maximum shear stress location in every case. This is
ensured by evaluating the maximum wall shear stress for the normal impingement case at
the maximum NPR for each H/W ratio found in our previous work [24] and calculating
the distance from the wall that yields y+ = 1 for this maximum wall shear. The ∆x of the
mesh is generated via biasing from ∆x = 5∆ywall at the impingement point to ∆x = 50∆ywall
at the edge of the domain. This grid resolution ensures that the viscous sublayer is resolved
for the entire domain. The maximum x-direction spacing gives an element aspect ratio of
less than 50:1. Mesh independence was confirmed by a simulation with the highest wall
shear stress case and doubled number of elements in each direction, such that the first node
was placed at y+ = 0.5 still with a maximum aspect ratio of 50:1. This mesh consisted of
approximately 2,000,000 elements; this further mesh refinement did not significantly affect
the results, leading to only a 0.12% change in the maximum wall shear stress value.
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The inlet boundary condition is defined as the exit of an isentropic nozzle where the
flow is choked; thus, the boundary can be described by a total pressure, total temperature
and a static pressure where the total pressure is necessarily (for an ideal diatomic gas)
1.893 times the static pressure. The walls are modeled as isothermal, no-slip boundaries.
The outlets are defined as atmospheric pressure outlets. The outlets are located at 50 jet
hydraulic diameters (100 jet slot widths) from the jet axis, corresponding to a minimum of
1.5 times the impingement height.

2.3. Model Validation

Validation of the CFD result is challenging in the absence of the experimental or DNS
data for compressible planar impinging jets needed for direct comparison. We evaluated
two flow regions: (i) impinging jet and (ii) wall jet region.

Impinging jet region validation: The implementation of k−ω SST jet in the impinging
jet region was previously validated with underexpanded axisymmetric jets using Schlieren
photography. The shape and the shock structures were shown to be in excellent agreement
with experimental observations [23]. Additionally, the CFD simulations were compared
with pressure profiles on the impingement surface from pressure-sensitive paint (PSP)
experiments [24]. PSP utilizes the emission spectra of a luminophore by relating the
emission intensity at specific wavelengths to the partial pressure of oxygen at the surface.
Images were taken under wind-on and wind-off conditions, and the images’ intensity
ratios were related to pressure. The CFD approach was evaluated using oblique planar
jet impingement against the PSP pressure measurements. The oblique jet produces an
uphill shift in the impingement point from the geometric center [32]. Figure 2 shows the
computed pressure profiles overlayed on the PSP measurements. The CFD simulations
show good agreement in the shape and magnitude of the pressure profile.
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Figure 2. Normal pressure profiles from CFD (red) and pressure-sensitive paint (blue) experiments
for h = 30 mm, d = 1 mm, NPR = 1.0 with the impingement angle of 30 degrees (left) and 15 degrees
(right), as shown originally in Fillingham et al. [24].

Wall jet region validation: The k−ω SST simulations were compared to two separate
DNS studies. First, the model was used to replicate DNS data from normal planar im-
pinging jet conducted by Jaramillo et al. [37], reporting wall jet profiles downstream of the
impingement point. Figure 3a shows the agreement in velocity profile from Jaramillo et al.
and the k− ω SST computation. Second, the model was evaluated against the DNS of a
classical wall jet conducted by Naqavi et al. [41]. Figure 3b–d compares the development of
the wall jet thickness, y1/2, the maximum velocity, Um, and the wall shear stress.
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In summary, the k − ω SST was found to be an acceptable model for use in the
parametric study because of the excellent agreement with the PSP measurements, validation
from two DNS studies describing wall jet development, and previously reported Schlieren
photography comparison for the axisymmetric impinging jet [23].

3. Results

The CFD data for the maximum wall shear stress was tabulated for each case and ex-
amined as a function of each jet parameter. As found in our previous work [24], supersonic
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flow is still present in the boundary layer for H/W values of less than 30. As such, we did
not include these cases in the analysis, and the relations developed in this work should only
be applied for H/W values above 30. Figure 4a plots the normalized maximum wall shear
stress against the nozzle pressure ratio for various conditions. The angle is coded by colors,
and the height-to-width ratio is represented by marker type. When each independent
parameter is fixed, the maximum wall shear stress increases with approximately the square
root of NPR for all cases. Figure 4b plots the normalized maximum wall shear stress against
the height to width ratio. As expected, the maximum wall shear stress decreases with
increasing height to width ratio. When all other parameters are fixed, the wall shear stress is
proportional to the inverse of the height to width ratio. Figure 4c illustrates that maximum
wall shear stress decreases with the impingement angle. This relationship was found to
resemble a function of the form: 1− sin θ. After analyzing the maximum wall shear stress
as a function of jet parameters, we propose an equation for normalized maximum wall
shear stress of the form

τ∗max = τ∗max, θ=0

(
1− a

(
H
W

)b
NPRc sind θ

)
. (4)
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To obtain the global fit based on the form of Equation (1), we first determine the
normalized maximum wall shear stress for a normal impingement angle θ = 0◦ as a
function of height to width ratio, nozzle pressure ratio, and jet Reynolds number. Based on
our previous work [23], we expect the Reynolds number term to be relevant as it accounts
for the effective turbulent viscosity increase for jets with higher Reynolds numbers. This
leads to increased energy dissipation in the free jet region and, thus, reduces the maximum
wall shear stress after the impingement. Therefore, to describe the maximum wall shear
stress at normal impingement, we propose the following equation:

τ∗max, θ=0 = α

(
H
W

)β

NPRγReλ (5)

Least-squares fitting gives the following values for the coefficient and exponents:

α = 9338.08

β = −1.146

γ = 0.589

λ = −0.301

The prediction of maximum wall shear stress from a normal impingement of under-
expanded planar jets using Equation (5) agrees with the CFD data with a maximum
deviation of 5.7% and a mean deviation of 2.1%. Figure 5 plots the predicted maximum
wall shear stress against the calculated value from CFD.

After finding the normal impingement correlations, we calculated the coefficient and
exponents for Equation (1). Least-squares fitting yields the following coefficients:

a = 0.208

b = −0.276

c = 1.213

d = 1.512
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Inserting the coefficients into Equation (4) yields the final expression

τ∗max = 9338.08
(

H
W

)−1.146
NPR0.589Re−0.301

(
1− 0.208

(
H
W

)−0.276
NPR1.213 sin1.512 θ

)
(6)

Compared with the numerical data, the predicted normalized maximum wall shear
stress has an average deviation of 3.3% and a maximum deviation from CFD of 10.3%.
Figure 6 plots the predicted normalized maximum wall shear stress values against the
values calculated via CFD.
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Inserting the coefficients into Equation (4) yields the final expression 𝜏∗ = 9338.08 𝐻𝑊 . 𝑁𝑃𝑅 . 𝑅𝑒 . 1 − 0.208 𝐻𝑊 . 𝑁𝑃𝑅 . sin . 𝜃  (6)

Compared with the numerical data, the predicted normalized maximum wall shear 
stress has an average deviation of 3.3% and a maximum deviation from CFD of 10.3%. 
Figure 6 plots the predicted normalized maximum wall shear stress values against the 
values calculated via CFD. 

 
Figure 6. Predicted maximum normalized wall shear stress plotted against maximum normalized 
wall shear stress from CFD for all impingement angles. Shade represents the nozzle pressure ratio, 

Figure 6. Predicted maximum normalized wall shear stress plotted against maximum normalized wall
shear stress from CFD for all impingement angles. Shade represents the nozzle pressure ratio, the symbol
represents the impingement angle, and the marker size represents the height-to-width ratio.

4. Conclusions

We report empirical formulation for predicting the maximum wall shear stress re-
sulting from obliquely impinging under-expanded planar jets as a function of four jet
parameters: the standoff height (H), the jet width (W), the jet nozzle pressure ratio
(NPR), and the jet impingement angle (θ). The empirical relationship for the normal

wall shear stress was developed in the form τ∗max, θ=0 = α
( H

W
)βNPRγReλ with the coef-

ficients (α = 9338.08, β = −1.146, γ = 0.589, λ = −0.301). The jet angle correction was
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implemented in the form τ∗max = τ∗max, θ=0

(
1− a

( H
W
)bNPRcsindθ

)
with the coefficients

(a = 0.208, b = −0.276, c = 1.213, d = 1.512) determined based on the least squire fit of
the shear stresses calculated using scale resolved CFD simulations. The global expression
can predict wall shear stress within a mean error of 3.3%. The formulation can be used
to estimate particle resuspension rates and heat transfer rates when correlated with wall
shear stresses.

There are limitations to the relationships developed in this work. These expressions
will only hold for subsonic boundary layer flow and, as such, should not be extended to
use for H/W of less than 30 or NPR above 3.4 without the expectation of error induced due
to compressibility. Additionally, the expressions should not be extended to impingement
angles above 60◦ as the characteristics of the system change from an impinging jet to a wall
jet, and the expressions will no longer apply.
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