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Abstract: To accurately describe the deformation characteristics of clay under long-term cyclic load,
based on fractional calculus theory, elastoplastic theory and the basic element model, a variable-
order fractional dynamic model designed to predict accumulative strain of clay was exhibited.
Firstly, the cyclic load was separated into static and alternating load in accordance with cyclic load
characteristics, and the strain of clay under static and alternating load was analyzed. Then, on the
basis of the variable-order Abel dashpot model, rheological theory and elastoplastic theory, the
expressions of the rheological constitutive model and strain response were both obtained. Finally,
in combination with the undrained dynamic triaxial testing of Zhan Jiang clay and Tian Jin soft
clay, a series of analyses was carried out on the effectiveness and parameter sensitivity of the model
when subjected to long-term cyclic loading. By comparing the dynamic constitutive model with
pre-existing models, the superiority of the dynamic constitutive model is revealed. The results show
that the dynamic constitutive model can characterize properly the deformation characteristics of
clay under the action of long-term cyclic loading, especially in its accelerating stage. The parameter
sensitivity of the model exhibits a growing trend with the increment of loading duration.

Keywords: dynamic constitutive model; variable-order Abel dashpot; parameter sensitivity; element
model; deformation characteristics

1. Introduction

Clay, such as soft clay or silt. is an elastic-viscoplastic material with high water content
and compressibility [1–3]. Due to its low bearing capacity, a large secondary settlement
in infrastructure constructions (expressways, metro tunnels, airstrips, etc.) built on a clay
foundation occurs readily under the action of cyclic loading, which directly affects opera-
tional usage and can generate considerable reconstruction expense [4,5]. Consequently, it is
essential to conduct research about accumulative strain of clay subjected to cyclic loading.

Accumulative strain of clay subjected to cyclic loading will increase along with load-
ing duration, and various constitutive models designed to predict the accumulative strain
upon soil have been proposed by many scholars. To date, these models can be roughly
separated into theoretical models and empirical models, according to their method of data
acquisition; the former are generally more complex compared to the latter, and a great
diversity of models have been obtained due to the various theories adopted by scholars.
Based on elastoplastic theory, many dynamic constitutive models capable of predicting
accumulative strain of soil have been proposed [6–9]. With the introduction of numerical
simulation approaches, several authors have developed constitutive models to capture
the effects of cyclic loading on traffic settlement [10–12]. Furthermore, based on general
thermodynamic principles and Newton’s laws of motion, Deng and other authors [13]
presented a constitutive model to explore the dynamic response of soft clay under dynamic
loads. Although these theoretical models have good ability in predicting the accumulative
deformation of soil, the complexity of their equations has inhibited their popularity in
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engineering contexts, Empirical models are obtained by fitting mass data to curves of
accumulative plastic strain-times of curve, and an empirical model was first exhibited by
Monismith [14]. Subsequently, taking into consideration the differences in the mechanical
properties of various soils, scholars have proposed different dynamic constitutive models
for fine-grained soils [15], saturated soft clay [16], peaty soil [17], silt sand [18], frozen
clay [19], compacted loess [20] etc. In addition, scholars have carried out extensive ex-
periments to explore the effects of intermittent loading, loading characteristics, variable
confining pressures, principal stress rotation and other factors affecting the mechanical
properties and deformation characteristics of soil [21–24]. Because of their simplicity and
desirable ability to predict material behavior, empirical model formulas are now widely
applied in practical engineering.

Nevertheless, the parameters in empirical models have the weakness of being suscepti-
ble to experimental circumstances which greatly limits the ability of these models to predict
accumulative deformation of soil. Element models, as one of the traditional rheological
constitutive models, are utilized by engineers and researchers for describing the deforma-
tion characteristics of geotechnical materials because of their simple concepts and explicit
physical meanings. For instance, Kabwe et al. [25] derived a fractional-order derivative
viscoelastic–viscoplastic constitutive model capable of estimating delayed deformations
characterized by squeezing. Based on the Nishihara model, Song et al. [26] constructed a
fatigue deformation model by introducing a nonlinear function to reflect the entire process
of the irreversible accumulation deformation of limestone under osmotic pressure and
cyclic disturbance coupling. Zhu et al. [27] proposed a new nonlinear creep constitutive
model by introducing a damage variable into the viscoplastic element to accurately de-
scribe the whole creep process for frozen sand with different dry densities and grain size
distributions under different shear stress levels and temperatures. Analogously, to capture
the deformation behavior of various geotechnical materials under different mechanical
states, authors [28–33] constructed a series of significant constitutive models suitable for
describing the accumulative deformation of geotechnical materials under static loading.
However, element models used to depict the deformation characteristics of geotechnical
materials under dynamic loads are comparatively few, though there are some research
results in the literature. By connecting constructed fractional-order viscoplastic bodies,
Pu et al. [34] constructed a novel constitutive equation using Burgers’ model to portray the
deformation of rock under cyclic loading. Therefore, as well as seeking better methods to
describe the deformation characteristics of soil under the action of dynamic loading, it is
essential to conduct further research into element models.

This study separated the cyclic load into static and alternating loads. Using fractional
calculus and elastoplastic theory, we obtained the amplitude of creep under static load,
and the value of strain response under alternating load, respectively. Then, the results
of dynamic triaxial test were used to study the constitutive model’s effectiveness under
dynamic loads, and the sensitivity of parameters. Through a comparison between different
constitutive models, the advantage of our constitutive model was then revealed.

2. Theory of Clay Deformation under Cyclic Loading
2.1. Analysis of Cyclic Stress

Based on domestic and international research experience, it is assumed that the wave
of cyclic load applied to the clay surface is a half sine wave, so cyclic stress is given as
follows Figure 1.

σd(t) =
σd.max + σd.min

2
+

(σd.max − σd.min)

2
sin(ωt) (1)

where ω is the angular frequency, σd(t), and σd.max and σd.min are the maximum and the
minimum levels of cyclic stress, respectively.
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2.2. Deformation Characteristics of Clay under Different Loads 
2.2.1. Deformation Characteristics of Clay under Long-Term Static Load 

Due to the nonlinear creep property of clay, the total strain 𝜀 (𝑡) under constant 
static load consists of both instantaneous and creep strain [35], so that. 

Figure 1. Diagrammatic sketch of cyclic stress.

Obviously, cyclic stress shown in Figure 1 can be separated into static load σs(t) and
alternating load σa(t). Figure 2a,b show static stress and alternating stress, respectively.
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The static stress σs(t) and the alternating stress σa(t) in accordance with the above
analysis can be expressed as

σs(t) =
σd.max + σd.min

2
(2)

σa(t) =
(σd.max − σd.min)

2
sin(ωt) (3)

2.2. Deformation Characteristics of Clay under Different Loads
2.2.1. Deformation Characteristics of Clay under Long-Term Static Load

Due to the nonlinear creep property of clay, the total strain εs(t) under constant static
load consists of both instantaneous and creep strain [35], so that.

εs(t) = εe + εc(t) (4)

where εe is instantaneous strain, and εc(t) is creep strain, which contains the viscoelastic
strains εve.1 and εve.2 in the initial creep and steady creep stages of the loading process,
respectively, and the viscoplastic strain εvp in the accelerating creep stage. Figure 3 shows
the representative creep strain-time curve for clay under long-term static load.
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Figure 3. Representative creep strain-time curve of clay.

During initial creep, we calculate

εs(t) = εe + εve.1(t) (0 < t ≤ t1) (5)

During steady creep, we calculate

εs(t) = εe + εve.1 + εve.2(t) (t1 < t ≤ t2) (6)

During accelerating creep, we calculate

εs(t) = εe + εve.1 + εve.2 + εvp(t) (t2 < t) (7)

In all, the total representative creep process of clay of consists four parts: instantaneous
stage, initial stage, steady stage, and accelerating stage. It is worth noting that the creep
properties of clay are associated with stress levels, matric suction, consolidation and other
factors [36–39].

2.2.2. Deformation Characteristics of Clay under Alternating Load

The accumulative plastic strain-time curves of geotechnical materials under long-term
alternating load can be categorized into three types [40]: (1) steady curve; (2) critical curve;
(3) failure curve, as shown in Figure 4a. The dynamic stress that makes an accumulative
strain-time curve evolve into a critical curve is called critical dynamic stress σcr, and
accumulative strain-time curves evolve into steady or failure curves, depending on whether
the dynamic stress is lower or higher than σcr. The rate of a steady curve is faster in the
initial stage before settling into a constant level, the rate of a critical curve is characterized
by fluctuation, while the rate of accumulative plastic strain increases with loading duration
for the failure curve. However, it is laborious to obtain ideal experimental data as depicted
in Figure 4a. More typically, accumulative plastic strain-time data such as we obtained
resembles Figure 4b, where failure and steady curves are primarily distributed in the
upper left and lower right regions of the figure, while critical curves are distributed in the
grey region between them. Experimental tests can only obtain a range of critical dynamic
stress, so it is hard to obtain the precise value of critical dynamic stress by laboratory
testing [41]. For this reason, the critical dynamic stress σcr is taken to be the median of the
range in this paper.



Appl. Sci. 2022, 12, 6416 5 of 20Appl. Sci. 2022, 12, x FOR PEER REVIEW 5 of 21 
 

  
(a) (b) 

Figure 4. (a) Representative accumulative strain-time curve; (b) Analysis of critical dynamic stress. 

2.3. Total Strain of Clay under Long-Term Cyclic Load 
Based on the theories above, we ignore any possible contribution of crack or damage 

to deformation during initial and steady stages. Thus, the corresponding dynamic strain 𝜀 (𝑡) of clay can be expressed as 𝜀 (𝑡) = 𝜀 (𝑡) + 𝜀 (𝑡) (8)

where 𝜀 (𝑡) and 𝜀 (𝑡) denote the accumulative plastic strain caused by static stress and 
alternating stress, respectively. The total dynamic strain-time curve of clay under the long-
term cyclic load is plotted in Figure 5. 

 
Figure 5. Total dynamic strain-time curve of clay. 

3. A Variable-Order Fractional Abel Dashpot 
3.1. Mathematical Preliminaries 

Definition 1. Let 𝐿 = 𝐿 (𝐼)  be the class of Lebsgue integral functions on the interval 𝐼 =(0, +∞), and 𝑓(𝑡) ∈ 𝐿 , 𝛼 ∈ (0, +∞), 𝑓𝑜𝑟 𝑡 > 0, 𝑅𝑒(𝛼) > 0, the Riemann–Liouville integra-
tion with the order 𝛼 is defined [42]. 

𝐷 𝑓(𝑡) = 1Γ(𝛼) (𝑡 − τ) 𝑓(τ)𝑑τ       (9)

Figure 4. (a) Representative accumulative strain-time curve; (b) Analysis of critical dynamic stress.

2.3. Total Strain of Clay under Long-Term Cyclic Load

Based on the theories above, we ignore any possible contribution of crack or damage
to deformation during initial and steady stages. Thus, the corresponding dynamic strain
εd(t) of clay can be expressed as

εd(t) = εs(t) + εa(t) (8)

where εs(t) and εa(t) denote the accumulative plastic strain caused by static stress and
alternating stress, respectively. The total dynamic strain-time curve of clay under the
long-term cyclic load is plotted in Figure 5.
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3. A Variable-Order Fractional Abel Dashpot
3.1. Mathematical Preliminaries

Definition 1. Let L1 = L1(I) be the class of Lebsgue integral functions on the interval I = (0,+∞),
and f (t) ∈ L1, α ∈ (0,+∞), f or t > 0, Re(α) > 0, the Riemann–Liouville integration with the
order α is defined [42].

D−α
t f (t) =

1
Γ(α)

∫ t

0
(t− τ)α−1 f (τ)dτ (9)
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The fractional derivative is defined as

Dα
t f (t) =

dα

dtα

(∫ t

0
(t− τ)σ−1 f (τ)dτ

)
(10)

In the above formula, D−α
t f (t) and Dα

t f (t) are the Riemann–Liouville fractional in-
tegral operator and derivative operator, respectively; t > 0, α ≥ 0 ; n is the smallest
positive integer that exceeds α; the order σ = n − α; and Γ(α) is the gamma function
Γ(α) =

∫ ∞
0 e−ttα−1dτ.

It can be determined from Equation (9) that the Riemann–Liouville integration with
the order α is actually a weighted integral. It is worth noting that, for α = 1, the equation is
transformed into a common integral, and the weight value is equal to 1; for α > 1, the farther
the distance between variable t and integral upper limit τ, the larger the weighted value; for
α < 1, the further the distance between variable t and integral upper limit τ, the smaller the
weighted value [43]. The convolution structure fully reflects the temporal dependence of
system function development [44]. The Riemann–Liouville fractional calculus is therefore
an essential tool for describing the creep behavior of clay.

3.2. The Constant-Order Fractional Abel Dashpot

Clay is characterized by its elasticity, viscoelasticity and plasticity over the course
of the entire creep process as shown in Figure 3. The elasticity and plasticity of clay
can be described by the hook body and the Newtonian dashpot, respectively, while the
viscoelasticity of clay can be described by a constant-order fractional Abel dashpot, as
shown in Figure 6.
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The constitutive relationship of the Abel dashpot is given as [45]

σ(t) = ηDαε(t) (11)

where η is the viscosity coefficient, 0 ≤ α ≤ 1, and Dα indicates fractional differentiation.
When α = 1, the Abel dashpot in Equation (11) is a Newtonian dashpot representing an

ideal fluid; and the element becomes a spring representing an ideal solid; when 0 < α < 1,
the Abel dashpot can be considered a comprehensive component describing the nonlinear
strain processes of the material between the spring and the Newtonian dashpot.

Considering σ(t) = σ0 (constant stress) in Equation (11), and taking the initial time
t = 0, by applying the fractional integral to both sides of Equation (11), the equation
expression of the Abel dashpot is obtained thus:

ε(t) =
σ0

η

tα

Γ(1 + α)
(12)

where σ0 is the normal level of stress.
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By substituting σ0 = 20 kPa and η = 40 kPa·hα into Equation (12), a series of different
α creep curves are generated, as shown in Figure 7. Under the condition of equal duration,
the greater the order, the greater the creep strain. However, creep strain is not susceptible
to the order in the initial stage; with increase in loading duration, the differences among
different creep strain curves caused by the order become more distinct.

Appl. Sci. 2022, 12, x FOR PEER REVIEW 7 of 21 
 

By substituting 𝜎 = 20 kPa and 𝜂 = 40 kPa ∙ h  into Equation (12), a series of dif-
ferent α creep curves are generated, as shown in Figure 7. Under the condition of equal 
duration, the greater the order, the greater the creep strain. However, creep strain is not 
susceptible to the order in the initial stage; with increase in loading duration, the differ-
ences among different creep strain curves caused by the order become more distinct. 

0 5 10 15 20 25 30
0

2

4

6

8

10

12

14

16
St

ra
in

 (%
)

Time (h)

 α=0.1
 α=0.3
 α=0.5
 α=0.7
 α=0.9
 α=1.0

 
Figure 7. Creep strain under the case of fractional derivative orders characterized by the Abel dash-
pot. 

3.3. The Variable-Order Fractional Abel Dashpot 
Because constant-order models are not always suitable to describe the mechanical 

behavior of the clay, and the mechanical properties of geotechnical materials change with 
time during the loading process [46], and considering that the mechanical properties of 
clay can be embodied by the order of fractional calculus, then the order of fractional cal-
culus should also be a variable in the creep process. Assuming the order of fractional cal-
culus to be a function of time in the loading process, i.e., 𝛼 = 𝛼(𝑡), 0 ≤ 𝛼(𝑡) ≤ 1, 𝑡 > 0, 
then the variable-order fractional Abel dashpot is given as follows: 𝜎(𝑡) = 𝜂 ( )𝐷 ( )𝜀(𝑡) (13)

where 𝛼(𝑡) represents the fractional derivative order as a continual function of time. 
Let 𝛼(𝑡) = 𝜎 ; by integrating both sides of Equation (13); then, the expression of the 

variable-order fractional Abel dashpot is given as 

𝜀(𝑡) = 𝜎𝜂 (𝑡 − 𝑡 )Γ(𝛼 + 1)  (14)

where 𝛼  and 𝜂  represent the order and the viscosity coefficient in different periods, 
respectively. The variable-order fractional Abel dashpot can now be derived, as in Figure 
8. 

Figure 7. Creep strain under the case of fractional derivative orders characterized by the
Abel dashpot.

3.3. The Variable-Order Fractional Abel Dashpot

Because constant-order models are not always suitable to describe the mechanical
behavior of the clay, and the mechanical properties of geotechnical materials change with
time during the loading process [46], and considering that the mechanical properties of clay
can be embodied by the order of fractional calculus, then the order of fractional calculus
should also be a variable in the creep process. Assuming the order of fractional calculus
to be a function of time in the loading process, i.e., α = α(t), 0 ≤ α(t) ≤ 1, t > 0, then the
variable-order fractional Abel dashpot is given as follows:

σ(t) = ηα(t)D
α(t)ε(t) (13)

where α(t) represents the fractional derivative order as a continual function of time.
Let α(t) = σ0; by integrating both sides of Equation (13); then, the expression of the

variable-order fractional Abel dashpot is given as

ε(t) =
n

∑
k=1

σ0

ηk

(t− tk−1)
αk

Γ(αk + 1)
(14)

where αk and ηk represent the order and the viscosity coefficient in different periods,
respectively. The variable-order fractional Abel dashpot can now be derived, as in Figure 8.
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4. Establishment of Dynamic Constitutive Model
4.1. Creep Strain of Clay under Long-Term Static Load

According to the previous analysis, we can draw the conclusion that the rheological
strain of clay contains instantaneous strain εe and viscoelastic strain εve, and these can be
expressed by the hook body and the variable-order fractional Abel dashpot, respectively.
Assuming the stress applied to the sample is equal to σ0, i.e., σ0 = (σd.max + σd.min)/2, the
instantaneous strain can be expressed as

εe =
σ0

E0
(15)

where E0 is the elastic modulus of the spring in the hook body.
Based on the constitutive model of the variable-order fractional Abel dashpot, the

viscoelastic strain expressed as εve.1(t) for the initial creep stage sand εve.2(t) for the steady
creep stage can be calculated as follows:

εve.1(t) =
σ0

η1

(t− 0)α1

Γ(α1 + 1)
(16)

εve.2(t) =
σ0

η2

(t− t1)
α2

Γ(α2 + 1)
(17)

The viscosity coefficient ηk and the fractional order αk can be assigned by a mass of
values in the creep process, and the relation between ηk and αk is shown in Table 1. To
simplify the final creep constitutive model, two orders were taken out in the initial and
steady stages, respectively.

Table 1. Values of fractional order αk and viscosity coefficient ηk versus time.

Time Fractional Order αk Viscosity Coefficient ηk

0 < t ≤ t1 α1 η1
t1 < t ≤ t2 α2 η2

. . . . . . . . .
tn−1 < t ≤ tn αn ηn

If the stress σ0 remains unchanged, when the loading duration is in the range of 0 to
t1, the creep constitutive model in initial stage is expressed thus:

εs(t) = εe + εve.1(t) =
σ0

E0
+

σ0

η1

tα1

Γ(α1 + 1)
(0 < t ≤ t1) (18)

Similarly, in the case of steady stage, we have

εs(t) = εve.2(t) =
σ0

η2

(t− t1)
α2

Γ(α2 + 1)
(t1 < t ≤ t2) (19)

Whether the clay undergoes the steady stage or the accelerating stage during the
loading process mainly depends on the magnitude of σ0 and on the clay’s material proper-
ties; when the static load level exceeds the long-term strength σs, the clay will experiences
accelerating creep; when σ0 is less than the long-term strength σs, the clay will experience
decay and steady creep. The entire creep strain of clay can be portrayed by the model based
on the variable-order fractional Abel dashpot, as shown in Figure 9.
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For this viscoplastic body, the stress σ0 of the fractional element is given by

σ0 =

{
0 σ < σs
σs σ ≥ σs

(20)

Although the variable-order Abel dashpot produces a better fit of experimental data in
the attenuation and steady stages, when compared with the constant-order Abel dashpot,
the method of adjusting these parameters in the variable-order Abel dashpot is not optimal
for describing the mechanical properties of clay in the accelerating stage. On the one
hand, the order of fractional derivative is related to the state of clay; once the order
exceeds 1, the underlying physical meaning is hard to explain. On the other hand, bearing
in mind the crack evolution and damage of soil skeleton during the loading process, many
researchers [47,48] have introduced damage variables into the viscoplastic body to depict
the creep behavior of geotechnical materials. Xu et al. [49] proposed a nonlinear viscoplastic
body (NVPB) model to portray creep strain in the accelerating stage for green schist and
verified its reliability by experimental data, with the corresponding creep equation given by

εc(t) =
H(σ0 − σs)

η
tn (21)

where σ0 is the normal stress, n is the rheological index and H can be expressed by

H(σ0 − σs) =

{
0 (σ0 ≤ σs)
σ0 − σs (σ0 > σs)

(22)

It will be apparent that the constitutive model has been established by empirical
formula without considering structure damages in the soil. Based on the research methods
noted above, the damage variable D was introduced into the viscosity coefficient η in this
paper, where D assumes damage evolution in the clay rheological process to be a negative
exponential function, which can be described as

D = 1− e−βt (23)

where β is a coefficient related to the properties of the clay, so that the viscoplastic coefficient
can be written as

η = η(1− D) = ηe−βt (24)

Therefore, a new viscoplastic body is proposed as shown in Figure 10. Following to
the analysis above, a new creep equation for the accelerating stage is given as follows:

εc(t) =
H(σ0 − σs)

ηe−βt (25)
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Bringing together the above, a full creep model for clay under long-term static load
can now be obtained, as shown in Figure 11, and the corresponding creep equation can also
be determined, so that, when σ0 ≤ σs, the creep constitutive equation is expressed as

εc(t) =
σ0

E0
+

σ0

η1

tα1

Γ(α1 + 1)
(0 < t ≤ t1) (26a)

εc(t) =
σ0

η2

(t− t1)
α2

Γ(α2 + 1)
(t1 < t ≤ t2) (26b)

If σ0 > σs

εc(t) =
H(σ0 − σs)

ηe−βt (t > t2) (26c)

Appl. Sci. 2022, 12, x FOR PEER REVIEW 10 of 21 
 

𝜂 = 𝜂(1 − 𝐷) = 𝜂𝑒  (24)

Therefore, a new viscoplastic body is proposed as shown in Figure 10. Following to 
the analysis above, a new creep equation for the accelerating stage is given as follows: 𝜀 (𝑡) = 𝐻(𝜎 − 𝜎 )𝜂𝑒  (25)

 
Figure 10. Viscoplastic body. 

Bringing together the above, a full creep model for clay under long-term static load 
can now be obtained, as shown in Figure 11, and the corresponding creep equation can 
also be determined, so that, when 𝜎 ≤ 𝜎 , the creep constitutive equation is expressed as 𝜀 (𝑡) = 𝜎𝐸 + 𝜎𝜂 𝑡Γ(𝛼 + 1)       (0 < 𝑡 ≤ 𝑡 ) (26a)

𝜀 (𝑡) = σ𝜂 (𝑡 − t )Γ(𝛼 + 1)           (𝑡 < 𝑡 ≤ 𝑡 ) (26b)

If 𝜎 > 𝜎  𝜀 (𝑡) = 𝐻(𝜎 − 𝜎 )𝜂𝑒                (𝑡 > 𝑡 ) (26c)

 
Figure 11. Improved variable-order fractional creep constitutive model. 

  

Figure 11. Improved variable-order fractional creep constitutive model.

4.2. The Strain Response of Clay under Long-Term Alternating Load
4.2.1. Dynamic Response Theory of Alternating Strain εa(t)

Viscoelastic materials, such as clay, show a viscous effect under subjection to alternat-
ing stress, Energy storage and dissipation are continuously accompanied by the process of
soil deformation under long-term alternating loading [50]. The phase differences between
dynamic strain and dynamic stress for elastic and ideal viscous materials are 0 and π/2,
respectively. Clay is regarded as a kind of viscoelastic material, so that the alternating strain
εa(t) lags behind alternating stress σa(t), assuming that the phase difference between εa(t)
and σd(t) is θ; thus, 0 < θ < π/2, retardation time is θ/ω, and θ is the complementary
angle of energy dissipation angle in viscoelastic mechanics. On the basis of the creep
constitutive model portrayed in Figure 11, the alternating stress on clay can be therefore be
expressed as

σa(t) = σ1 sin(wt) = σ1eiwt (27)

where σ1 is the amplitude of alternating stress, and σ1 = (σd.max − σd.min)/2, while
i is the imaginary unit. According to viscoelasticity theory, the strain response can be
calculated thus:

εa(t) = ε1 sin(wt + θ) = ε1ei(wt+θ) = ε∗eiwt (28)
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where ε1 is the amplitude of alternating strain, ε∗ is the amplitude of complex strain, and ε1
and θ are given by

ε1 = σ1

√
J2
1 + J2

2 (29)

θ = arctan(J2/J1) (30)

where J1 and J2 are represent storage and loss compliance, respectively.

Hook Body

Following the analysis above, the strain response equation of the hook body under
alternating stress σ1eiwt is expressed as

σ1eiwt = E0·ε∗eiwt (31)

By rewriting Equation (31) into the form of complex compliance, then

J∗(iw) =
ε∗

σ1
=

1
E0

= J1 − i J2 (32)

Where storage compliance J1 = 1/E0, and loss compliance J2 = 0.

Variable-Order Fractional Abel Dashpot

For the variable-order fractional Abel dashpot, the strain response equation can be
derived in accordance with Equation (13) and Fourier transform thus:

σ1eiwt = ηα(t)(iw)α(t)ε∗eiwt (33)

Equation (33) can be rewritten as

J∗(iw) =
ε∗

σ1
=

1

ηα(t)(iw)α(t)
(34)

Due to (i)α(t) = cos
(

α(t)π
2

)
+ i· sin

(
α(t)π

2

)
, Equation (34) can now be rewritten as

ε∗

σ1
=

cos
(

α(t)π
2

)
ηα(t)wα(t)

− i
sin
(

α(t)π
2

)
ηα(t)wα(t)

= J1 − i J2 (35)

Accordingly, storage compliance J1 =
cos
(

α(t)π
2

)
ηα(t)wα(t) , loss compliance J2 =

sin
(

α(t)π
2

)
ηα(t)wα(t) .

Viscoplastic Body

For the viscoplastic body, the strain response equation can be derived in accordance
with Equation (25) and Fourier transform, thus:

ε∗

σ1
=

eβt

η
= J1 − i J2 (36)

Consequently, storage compliance J1 = eβt

η , loss compliance J2 = 0.

4.3. The Strain Response of the Creep Constitutive Model

Assuming long-term stress is equal to critical dynamic stress, i.e., σs = σcr.

(1) when σ1 ≤ σcr,

an expression of strain response based on the creep constitutive model in Figure 11
can be obtained, if the load duration is in the range of 0 to t1, i.e., 0 < t ≤ t1.
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For the initial stage, we find

Ji1 =
1

E0
+

cos(α1π/2)
η1wα1

(37)

Ji2 =
sin(α1π/2)

η1wα1
(38)

Substituting Equations (37) and (38) into Equations (29) and (30) to reflect the viscous
effects of clay under long-term alternating load, the strain response constitutive equation
can be expressed as

εa(t) = σ1

√
J2
i1 + J2

i2 sin
(

wt + arctan
(

Ji2
Ji1

))
(39)

For the steady stage, we find

Js1 =
cos(α2π/2)

η2wα2
(40)

Js2 =
sin(α2π/2)

η2wα2
(41)

where t1 < t ≤ t2, substituting Equations (40) and (41) into Equations (29) and (30) to
reflect the viscous effect, a strain response constitutive equation is given as follows:

εa(t) = σ1

√
J2
s1 + J2

s2 sin
(

wt + arctan
(

Js2

Js1

))
(42)

(2) When σ1 > σcr,

for the accelerating stage, we find

Ja1 =
eβt

η
(43)

Ja2 = 0 (44)

Substituting Equations (43) and (44) into Equations (29) and (30) to reflect the viscous
effect, the strain response constitutive equation is given as follows:

εa(t) = σ1

√
J2
a1 + J2

a2 sin
(

wt + arctan
(

Ja2

Ja1

))
(45)

where t > t2. As for 0 < t < t1 and for t1 < t < t2, the strain response constitutive equations
for the initial and steady stages are identical with Equations (39) and (42), respectively.

5. The Dynamic Constitutive Model for Clay

By substituting Equations (26a), (26b), (26c), (39), (42) and (45) into Equation (8), the
dynamic constitutive model based on variable-order fractional Abel dashpot, expressing
viscoplastic body and strain response is given by

εd(t) =
σ0

E0
+

σ0

η1

(t− 0)α1

Γ(α1 + 1)
+ σ1

√
J2
i1 + J2

i2 sin(wt + arctan(Ji2/Ji1)) (0 < t ≤ t1) (46)

εd(t) =
σ0

η2

(t− t1)
α2

Γ(α2 + 1)
+ σ1

√
J2
s1 + J2

s2 sin(wt + arctan(Js2/Js1)) (t1 < t ≤ t2) (47)

εd(t) =
H(σ0 − σs)

ηe−βt + σ1

√
J2
a1 + J2

a2 sin(wt) (t > t2) (48)
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6. Model Validation and Sensitivity Analysis

The applicability and effectiveness of the dynamic constitutive model in Equations (46)–(48)
will now be discussed using undrained dynamic triaxial test results for Zhan Jiang clay,
and Tian Jin soft clay [51]. In addition, a sensitivity analysis of parameters α1, α2, β, η of
the dynamic constitutive model will be carried out, using soil parameters taken from the
literature [52,53]. The dynamic triaxial test system DYNTTS of the British GDS company
was used to perform the test, Sine wave cyclic loading was adopted, and the confining
pressure was set to 100 kPa, the vibration frequency was 1 Hz, and the specimen size of the
apparatus was 38 mm in diameter and 76 mm in height.

6.1. Model Validation

The efficacy of the dynamic constitutive model is dependent on its ability to adequately
fit experimental data; the predictions of the model for the accumulative strain of Zhan Jiang
clay and Tian Jin soft clay are shown in Figures 12 and 13, respectively.
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Figure 12. (a) Predication of dynamic constitutive model in Zhan Jiang clay; (b) Comparison be-
tween experimental data and fitting results (σ_3 = 100 kPa, σ_1/σ_3 = 0.5). 
Figure 12. (a) Predication of dynamic constitutive model in Zhan Jiang clay; (b) Comparison between
experimental data and fitting results (σ_3 = 100 kPa, σ_1/σ_3 = 0.5).
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tween experimental data and fitting results (σ_3 = 100 kPa, σ_1/σ_3 = 0.48). 
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Figure 13. (a) Predication of dynamic constitutive model in Tian Jin soft clay; (b) Comparison between
experimental data and fitting results (σ_3 = 100 kPa, σ_1/σ_3 = 0.48).
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Since the model agrees well with experimental data for both Zhan Jiang clay and
Tian Jin soft clay, given space limitations, the applicability and parameter sensitivity of the
model are described based on the test results for Zhan Jiang clay only.

It can be discerned from Figure 12a and Table 2 that the model agrees well with
the experimental data, which indicates that the model describes well the steady, critical
and failure curves of clay in the dynamic triaxial test. However, it can also be seen that
the experimental curves are not always identical with any of the three different types of
accumulative strain-time curve. Some experimental curves are normally composed of
one to three classical accumulative strain-time curves, so it is potentially inaccurate to
say that an accumulative strain-time curve is expressed by only one function expression.
In order to obtain an accurate assessment of strain characteristics, our focus of attention
must shift from amplitude of stress load on the specimen to determine time points t1 and
t2 as accurately as we can. The prediction of the model largely depends on t1 and t2; for
accumulative strain-time curves, the method endows the model with more applicability.
In addition, the new constitutive model with damage variables can accurately describe
the strain-time characteristics of clay under cyclic load, as shown in Figure 12b, especially
in the accelerating stage. Furthermore, as can be understood from Table 2, under the
same confining pressure, the orders α and viscosity coefficients η in the initial stage are
greater than those in the steady stage, which indicates that the viscous resistance of the
soil is reduced. This is because the successive cyclic loading causes the soil to become
dense, the soil particles are arranged in a more orderly manner after mutual dislocation
and adjustment, and the overall mechanical properties of the soil tend to be ideal when it
is solid. Finally, it can be seen from Table 2 that all correlation coefficients have values of
more than 0.90, which indicates the accuracy and applicability of the constitutive model, to
some extent, at least.

Table 2. Parameters determined via fitting analysis based on the dynamic triaxial test of clay.

σd/kPa.
E0/kPa α1 η1 α2 η2 β η t1/s t2/s R2

Initial Stage Steady Stage Accelerating Stage

35
1642 0.418 10800 225 0.9497

0.087 1013 225 0.9006

45
20950 0.354 693 210 0.9926

0.092 149 210 0.9812

50
184 0.706 1931 210 640 0.9916

0.254 106 210 640 0.9325
0.0022 42 210 640 0.9926

60
28050 0.620 519 160 0.9957

0.0106 72 160 0.9722
70 0.0432 52 0.9391

6.2. Sensitivity Analysis

For completeness, a sensitivity analysis should be performed in order to estimate the
influence of the parametric error, Equations (46) to (48) show that the accumulative strain of
clay depends on the parameters E0, α1, α2, η1, η2, β and η. To more accurately understand
the effects of these parameters on the results of each stage and to check the robustness
of the constitutive model, a sensitivity analysis was carried out on the main parameters
of α1, α2, β and η. The results are depicted in Figure 14, which shows the distribution of
accumulative strain in different three-dimensional spaces and the respective influences of
α1, α2, β and η on accumulative strain. Taking the experimental data with 50 kPa amplitude
as an example, when one of the parameters of α1, α2, β, η is adjusted, other parameters in
the model remain the same.
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Figure 14a,b show the accumulative strain distributions under the three-dimensional
space t− α1 − εd, and the effect of parameter increment ∆α1 on accumulative strain, re-
spectively. The accumulative strain-time curves under parameter increment ∆α1 = 0.01
almost coincide in the initial stage. In addition, significant change was no longer observed
in dynamic strain once the parameter α1 ≤ 0.4 (Figure 14a). Therefore, the influence of
parameter α1 on the accumulative strain is related not only to the ∆α1, but also to the initial
value α1. On the whole, it was found that there is a certain difference in accumulative strain
curves under the parameter increment ∆α1 = 0.01, but not an obvious difference. Therefore,
the parameter α1 is considered to exhibit low sensitivity in the constitutive model.

Figure 14c,d show accumulative strain distributions under the three-dimensional space
t− α2 − εd, and the influence of the parameter increment ∆α2 = 0.01 on the accumulative
strain, respectively. It is worth noting that the accumulative strain increases as the parameter
α2 increases, and the difference in accumulative strain under the parameter increment
∆α2 = 0.01 is more distinct compared to ∆α1 = 0.01. The reason for this phenomenon is
that the magnitude of the cyclic loading duration becomes larger. Meanwhile, it can be
understood from Figure 14c that the accumulative strain calculated by the constitutive
model exhibits a lower gradual effect when the order is 0< α2 ≤ 0.2. However, when
α2 > 0.2, the increase in accumulative strain is more obvious with increasing values of the
parameter α2. Taking into consideration the fitting result above, we therefore concluded
that the sensitivity of α2 to the constitutive model is high.

Figure 14e,f show accumulative strain distributions under the three-dimensional space
t− β− εd, and the influence of the parameter increment ∆β = 0.2× 10−3 on the accumula-
tive strain, respectively. It can be seen from Figure 14f that the difference in accumulative
strain curves under the parameter increment ∆β = 0.2× 10−3 is obvious. Interestingly,
the accumulative strain settled in three-dimensional-space forms an approximate plane
with increments in duration and in β, bearing in mind that parameter β is in a negative
exponential function, which indicates that the effect of β within a certain magnitude range
on the accumulative strain is linear. By comparison with Figure 14d,f, it can be deduced
that the sensitivity of β to the constitutive model is significantly powerful.

Figure 14g,h show the accumulative strain distributions under the three-dimensional
space t − η − εd, and the effect of the parameter increment η = 10 on the accumulative
strain, respectively. As η increases, the starting point of the accumulative strain moves
down. In addition, it is clear from Figure 14g that the variation of accumulative strain is
especially striking when the parameter η is 0 < η < 100. Therefore, the sensitivity of η to
the constitutive model is also significantly powerful, especially in the range of 0 to 100.

On the whole, the sensitivity of α1, α2, β and η to the constitutive model exhibits a
growing trend with increments of loading duration, but it is hard to determine merely by a
figure whether the sensitivity of these parameters to the constitutive model is powerful
or weak in a certain range; once they exceed a certain range, they may exhibit a trend in
opposition to the model.

6.3. Comparison of Models

To date, many dynamic constitutive models for soil have been proposed by scholars,
and these models have been adapted for various situations. These include the expo-
nential model initially proposed by Monismith, a hyperbolic model, an improved expo-
nential model which considers the effect of stress levels, and an improved hyperbolic
model [14,51,54,55]. On the whole, the ability of such models to fit the accumulative strain
curve has become better and better. Equations for the models described above are given by
Equations (49) to (52).

Exponential model [14]:
εd(t) = aNb (49)

Hyperbolic mode [54]:

εd(t) =
N

a + bN
(50)
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Improved exponential model [55]:

εd(t) = a
(

σd
σs

)m
Nb (51)

Improved hyperbolic model [51]:

εd(t) = d
(

δN − 1
)
+

bNm

1 + cNm (52)

where N represents circulation times, and t = NT, where T is the period of cyclic load,
and a, b, c, m are all fitting parameters. δ expresses the state of soil, d is the form factor of
accumulative strain, and the fitting results of different models are plotted in Figure 15.
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It can be seen from Figure 15 that the prediction abilities of the dynamic constitutive
model presented in this paper and the improved hyperbolic model are significantly higher
than those of the exponential model, improved exponential model and hyperbolic model.
By comparing the fitting results of the new dynamic constitutive model and the improved
hyperbolic model for the accelerating stage, we find that the new dynamic constitutive
model is almost completely consistent with the experimental data, which indicates that
the viscoplastic body can well describe the deformation characteristics of clay in the
accelerating stage.

7. Discussion

Although a new constitutive model of clay under long-term dynamic stress has been
constructed, and described in this paper, some questions still need to be discussed and
many further studies need to be carried out:

The new constitutive model with damage variables for clay was built based on frac-
tional calculus theory, and the univariate constitutive model equations were derived and
verified by citing undrained dynamic triaxial test data. But what are the three-dimensional
constitutive model equations? The model needs to be extended and verified further.

In addition, the loading duration used in our study was a relatively short time, and
the efficacy of the new constitutive model remains to be verified by more experimental
data in future.

It should also be noted that the new constitutive model is obtained by successive
loading, and it does well characterize the accumulative strain of clay under long-term
dynamic stress. However, soil deformation occurs intermittently in most cases, such as the
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deformation of filling materials used for embankments. It is therefore essential that the
effects of intermittent load on accumulative strain be considered in future studies.

Finally, in practice, soil deformation is affected by confining pressure, deviatoric stress,
stress history and vibration frequency amongst other factors. It is therefore necessary to
introduce new variables for better describing the deformation of clay in different situations.

8. Conclusions

Based on half-sine wave characteristics, the dynamic stress of clay can be separated
into static and alternating stress, and the corresponding accumulative strain consists of
creep dominated by static and strain responses ruled by dynamic stress. According to
the theories of fractional calculus, rheology, soil dynamics and viscoelastic mechanics,
a constitutive model of clay under long-term loading can be established to predict the
accumulative strain.

By analyzing the applicability and effectiveness of the constitutive model, whose
ability to predict the accumulative strain of clay under long-term dynamic stress has been
verified, by comparison with different models, and by sensitivity analysis of parameters,
we can state our main conclusions as follows:

[I] A new dynamic constitutive model suitable for describing the accumulative strain
of clay is proposed. Instantaneous strain, viscoelastic strain and viscoplastic strain
within total accumulative strain are described by means of hook body, variable-order
Abel dashpot and viscoplastic body, respectively.

[II] The new constitutive model proposed in this paper was applied to fit the undrained
dynamic triaxial data under the action of the amplitude of dynamic stress. According
to the fitting results, all correlation coefficients exceed 0.9, which indicates to some
extent that the ability of the new constitutive model can characterize the accumulative
strain of clay under long-term cyclic loading.

[III] By analyzing the accumulative strain of clay under the actions of parameter incre-
ments, the sensitivity effect of parameters α1, α2, β and η was revealed, and the
interaction mechanisms among parameters, loading duration and accumulative strain
was clarified. The influence of parameters α1, α2, β and η upon accumulative strain
was clearly demonstrated.

[IV] In comparison with other constitutive models, the new constitutive model presented
in this paper exhibits a significantly higher predictive performance, especially for
the accelerating stage, which illustrates that the viscoplastic body method described
in this paper can well characterize the deformation characteristics of clay in the
accelerating stage.
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