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Abstract: Constrained-surface-based stereolithography has recently attracted much attention from
both academic and industrial communities. Despite numerous experimental, numerical and theoreti-
cal efforts, the fundamental need to reduce the separation force between the newly cured part and
constrained surface has not yet been completely solved. In this paper, we develop a fluid dynamics
approach, proposed in our previous work, to theoretically model the separation force in 3D printing
of a cylindrical part for flat and patterned windows. We demonstrate the possibility of separation
force reduction with an accelerated movement of the printing platform. In particular, we investigate
behaviors of transient parameter, its reduction rate, and separation force reduction with respect to
elevation speed and time. The proposed approach involves deceleration and acceleration stages and
allows to achieve the force reduction for the entire printing process. Finally, we provide implicit ana-
lytical solutions for time moments when switching between the stages can be done without noticeable
increase of separation force and explicit expression for separation force in case of patterned window.

Keywords: separation force; Newtonian fluid; constrained surface stereolithography; surface texturing;
vat photopolymerization

1. Introduction

Additive manufacturing (AM) based on vat photopolymerization is one of the most
promising 3D printing technologies for polymer-based products fabrication [1–3]. Among
the various vat photopolymerization AM technologies, constrained-surface stereolithog-
raphy (SL) is the most widely used one. It allows mass production in a wide size range
(from millimeters to meters) and product commercialization. Compared to other polymer
3D printing technologies, such as fused deposition modeling (FDM), constrained surface
SL has many advantages, such as high speed [4] and surface finish [5–7], multi-material
fabrication capability [8,9], and high accuracy [6,10]. It has been successfully implemented
in multiple industrial applications, varying from medicine and education to aerospace and
consumer goods production.

Similar to other 3D printing technologies, constrained-surface SL starts from a three-
dimensional (3D) computer-aided-design (CAD) model, which is then sliced into a set
of two-dimensional (2D) layers. As its name implies, the constrained (liquid) surface is
confined between the platform or the part being fabricated and the bottom (or top) surface
of the liquid vat. The ultraviolet (UV) light beam can easily penetrate this transparent
surface, focusing on the emerging part, and then curing the layer of the liquid polymer
constrained in the region (Figure 1a). To separate the cured layer from the constrained
surface and reconfine a new layer of a liquid resin for curing, the platform is elevated with
a speed V. The process repeats until a 3D object is built.
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Figure 1. Fabrication explained (a) scheme of constrained-surface stereolithography (b) domain definition.

Despite rapid development of constrained-surface SL, successful separation of the
newly cured layer from the constrained surface is still the major challenge, limiting its
applications. The extreme values of the separation force were primarily responsible for
manufacturing failures [3,4,11–14]. Many researchers addressed this problem experimen-
tally, to identify the key factors that affect the separation [4,13,14]. It turned out to be a
complicated process, influenced by multiple parameters and geometry factors. Hence,
modeling and simulation could be beneficial to tackle this problem resulting in lower
labor costs and fabrication time. Liravi et al. [11] used a mechanical approach to develop
a cohesive zone model (CZM) for the separation force. The authors employed bilinear
cohesive law and considered the material loaded with pure normal tensile stress only.
They also proposed an optimization scheme for constitutive cohesive stiffness parameters
estimation. Ye et al. [15] proposed another CZM-based approach and demonstrated the
efficiency of combining bilinear (for resonant values of force) and non-linear (for force
values in the rest of the time interval) traction separation laws in predicting separation
force-time profiles. Another approach, namely tilting separation, has been studied by Wu
et al. in [12,16]. The authors developed a CZM-based approach for analytical prediction of
the tilting separation force and verified it experimentally. This study revealed the critical
importance of the cohesive curve in understanding the separation process under different
conditions. Moreover, they modeled the key parameters of separation: cohesive stiffness,
fracture energy, and maximal traction stress. It provided insights into the crucial differences
between tilting and pulling-up separation. The vibration-assisted approach was proposed
by Jin et al. [17,18] and also resulted in the separation force reduction. Most recently,
Hu and co-workers developed a rotation-assisted model for constrained-surface SL and
demonstrated its potential [19]. Several noticeable studies also considered the develop-
ment of composites with improved performance [20–24]. However, approaches rather
than mechanical to model the separation force remain mostly undeveloped. To fill this
gap, in our previous work [25], we proposed a fluid-mechanics-based theoretical model to
characterize the separation force in continuous 3D printing of a cylindrical part. However,
the significant limitation imposed in that study was the constant elevation speed, rarely
applicable for real fabrication processes. For up-to-date achievements and future prospects
of 3D printing, an interested reader can refer to the recent literature [26–28].

In this paper, we investigate the behavior of the transient part of the separation force
with respect to time t and elevation speed V and enhance the existing model [25] by
incorporating acceleration in a control profile for the gap between the constrained surface
and the bottom surface of the cured part. The paper is organized as follows. The general
problem formulation is given in Section 2. The main results of this study are presented
in Section 3. In particular, in Section 3.1. we refer to our previous work and study the
behavior of the transient parameter, α, incorporated in the separation force. The influence
of the acceleration term added to the control profile for the gap is considered in Section 3.2.
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We further reveal that this approach leads to a dramatic increase in the separation force
for the initial time interval (t / 5 s) of the printing process. We define the moment of time
when this trend reverses (the separation force starts to decrease compared to the constant
elevation speed case). In Section 3.3, we develop an approach to tackle the problem emerged
in previous subsection and reduce the separation force for the initial time interval by means
of deceleration of the printing platform. We further (Section 3.4) revisit another approach
for the separation force reduction, namely the patterned window and obtain a refined
expression for it. This expression simultaneously incorporates both the patterned-window
and platform-acceleration (deceleration) approaches. Finally, the results of this study are
summarized in Section 4.

2. Problem Formulation

The transient incompressible flow of a Newtonian fluid is described by the stan-
dard governing equations, which are the continuity equation, coupled to the momentum
equation, given as follows:

ρ
Du
Dt

= −∇p +∇ · τ, (1)

where u and p stand for velocity field and static pressure, respectively, and τ is a stress
tensor given by:

τ = µ
[
∇u +∇uT

]
(2)

No-slip boundary conditions at the walls and constant atmospheric pressure at the inlet of
the constrained liquid layer are applied to the governing equations. Additionally, gravity
is neglected and the bottom surface of the domain is considered rigid. The separation force,
Fs, is derived by integrating of the static pressure over the top surface Ω:

Fs =
∫

Ω
pdΩ (3)

Consider the printing of an axisymmetric cylindrical part (radius R). As shown in
Figure 1b, we define a cylindrical coordinate system (r, θ, z). In the simplest case, the
Navier–Stokes equation for the radial component of the velocity ur reads as (assuming
r � z):

∂ur

∂t
= −1

ρ

dp
dr

+ ν
∂2ur

∂z2 , (4)

with the initial and boundary conditions:

ur(r, 0, t) = 0, ur(r, h, t) = 0, ur(r, z, 0) = 0, (5)

where ρ and ν are the density and kinematic viscosity of the liquid resin, respectively, and
h is the distance between the bottom surface of the printed part and constrained surface
(further referred as “gap”).

3. Results and Discussion
3.1. Transient Parameter Properties

In our previous study [25] we solved (4) and (5) using separation of variables method
and obtained an expression for the separation force in case of flat window:

Fs =
V0πR4

4βh3(1 + α)
, (6)

where α = 24 ∑∞
n=1

((−1)n − 1)2

π4n4 e−(
πn
h )

2
νt, β = 1/(6µ), µ is the dynamic viscosity of the

liquid resin, and h = h0 + V0t with h0 and V0 standing for initial gap and elevation speed.
It is worth noting that (6) is valid only in case of constant elevation speed, V(t) = V0. The
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values of the parameter α vary in a range 0 < α < 1 and can also contribute to the reduction
of separation force. As can be seen from (6), Fs ∝ 1/(1 + α) and, thus, the separation force
can be in theory reduced by 1/2 as α → 1. The behavior of α with respect to elevation
speed V0 and time t is shown in Figure 2.

Figure 2. The dependence of transient parameter (a) α from the time for the different values of the
initial elevation speed; (b) αa from the time for the different values of the initial elevation speed; (c) α

from the elevation speed for the different moments of time; (d) αa from the elevation speed for the
different moments of time. The initial gap h0 = 10µm.

In particular, Figure 2a shows that an impact of α on the separation force becomes not
negligible for the values of the initial elevation speed V0 > 0.5 mm/s. At the same time,
Figure 2c demonstrates that the maximal values of α with respect to initial elevation speed
are achieved after t > 5× 103 s. However, the printing platform motion with the constant
elevation speed limits significantly the practical applications of the separation force model.

3.2. Flat Window and Accelerated Printing Platform

Following the procedure proposed in [25], an expression for the separation force in
case of arbitrary elevation speed, V(t), can be obtained. Here we consider a case with the
gap varying as ha = h0 + V0t + at2

2 and corresponding elevation speed, V(t) = V0 + at.
Then the separation force reads as:

Fs,a =
(V0 + at)πR4

4βh3
a(1 + αa)

, (7)

where αa = 24 ∑∞
n=1

((−1)n − 1)2

π4n4 e−(
πn
ha )

2
νt and a is the acceleration of the printing plat-

form. The behavior of the parameter αa with respect to initial elevation speed V0 and time t
are given in Figure 2b,d where the acceleration is fixed at a = 0.01 mm/s2. Interestingly,
even for such a relatively low value of acceleration, the behavior of the parameter αa
changes significantly compared to α. In particular, the maximal value of αa is achieved
approximately two times faster compared to α. Moreover, the value of the initial elevation
speed for which the value of the parameter αa becomes non-negligible, decreases as well.
To better illustrate the difference between α and αa, we introduced α-reduction parameter,
ηα, given by:

ηα = 1− α

αa
(8)
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The comparison of ηα dependence on the initial elevation speed for different values of the
acceleration is given in Figure 3.

Figure 3. α-reduction as a function of the initial elevation speed for (a) a = 0.01 mm/s2 (b) a = 0.05
mm/s2 (c) a = 0.1 mm/s2. The initial gap h0 = 10µm.

The value of the α-reduction parameter remains constant (ηα → 1) for relatively low
initial elevation speeds and drops dramatically with time. As the acceleration increases, the
point where ηα starts dropping shifts to the higher values of the initial elevation speeds, thus
demonstrating the positive role of acceleration in decreasing parameter αa and consequent
reduction of the separation force, as outlined below.

As the behavior of the transient parameter was defined, we proceeded with the
optimization of the separation force. Let us introduce the non-dimensional force reduction
parameter, χ, given by:

χ = 1− Fs,a

Fs
(9)

The time dependence of the parameter χ for different values of elevation speed varying
from 0.1 mm/s to 0.4 mm/s is given in Figure 4. In top (a–d) and bottom (e–h) rows the
cases of 1 mm and 10 µm initial gaps are compared. It was observed that for the relatively
large initial gap the acceleration of the moving platform led to the resonant increase of the
separation force. The effect, however reversed after several seconds and the separation
force started to drop. In contrast, for a relatively small initial gap this effect was almost
negligible, as can be seen from the bottom row of Figure 4e–h. The ranges of elevation
speed and acceleration correspond to previous experimental studies [13]. The minimal
value of the separation force reduction, χmin, with respect to time, t, derived from ∂χ

∂t = 0
and given by:

tmin =
A2 − (V2

0 + 5h0a)A− B
6V0aA

, χmin = χ|t=tmin , (10)

where A and B stand for:

A =

(
3V4

0 h0a + 123h2
0V2

0 a2 −V6
0 − 125h3

0a3 + 6h0V0a
√

36V4
0 h0a− 9V6

0 + 339h2
0V2

0 a2 − 750h3
0a3
)1/3

,

B = 2V2
0 h0a + V4

0 + 25h2
0a2 (11)

We can also obtain the values of t, where χ = 0. Let us introduce non-dimensional quantities

C =
at
V0

and D =
h0

V0t
. By solving χ = 0, we arrive at:

C = 0, C = (1 + D)(
√

5 + 8D− 3). (12)

We define C in such a way that C ≥ 0, otherwise a ≤ 0, provided that V0 > 0, t > 0. This
imposes a limitation on D : D ≥ 1/2, which is equivalent to h0 ≥ V0t/2. As expected
(Figure 4), there are two solutions, one is trivial, another is given in an implicit form:

t01 = 0,
at02

V0
=

(
1 +

h0

V0t02

)(√
5 + 8

h0

V0t02
− 3

)
(13)
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Here we assume that
1 + α

1 + αa
→ 1, i.e. α→ 0, αa → 0, that is valid for relatively small values

of t (t < 100 s). If that is not the case, an implicit solution is (aside the trivial):

1 + α

1 + αa
· at

V0
=

(
1 +

h0

V0t

)(√
5 + 8

h0

V0t
− 3

)
. (14)

As can be seen from Figure 4a–d, it is not efficient to accelerate the moving part for
0 < t < t02, since it causes the significant increase of the separation force, which has the
highest values in this time interval. The simple solution of this problem is to keep the
elevation speed constant up to t = t02 and add an acceleration for t > t02. However, the
reduction of the separation force can be achieved for 0 < t < t02 interval via deceleration
of the moving part, as outlined in the next section.

Figure 4. The reduction of the separation force due to acceleration with time for (a) h0 = 1 mm,
V0 = 0.1 mm/s (b) h0 = 1 mm, V0 = 0.15 mm/s (c) h0 = 1 mm, V0 = 0.3 mm/s (d) h0 = 1 mm,
V0 = 0.4 mm/s (e) h0 = 10 µm, V0 = 0.1 mm/s (f) h0 = 10 µm, V0 = 0.15 mm/s (g) h0 = 10 µm,
V0 = 0.3 mm/s (h) h0 = 10 µm, V0 = 0.4 mm/s.
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3.3. Flat Window and Decelerated Printing Platform

We will now proceed with decelerated moving platform to reduce the separation force
for 0 < t ≤ t02. The dependence C = C(D), given by (12) is shown in Figure 5a. As can be
seen from it, C ≥ 0 for D ≥ 1/2, which corresponds to the case of acceleration, whereas
C < 0 for 0 < D < 1/2, which corresponds to the case of deceleration. The lower limit of
D (D > 0) was imposed provided that h0 > 0, V0 > 0, t > 0.

Figure 5. Effect of deceleration on separation force reduction: (a) non-dimensional parameter C as a
function of non-dimensional parameter D (b) for h0 = 1 mm, V0 = 0.15 mm/s, a = 0.01..0.1 mm/s2

(c) for h0 = 1 mm, V0 = 0.3 mm/s, a = 0.01..0.1 mm/s2.

As can be seen in Figure 5b,c, if the acceleration is fixed, the rate of χ→ 1 is propor-
tional to V0. Moreover, Figure 5b,c proves the efficiency of deceleration on the initial time
interval (0 < t < t02) of the platform motion.

3.4. Patterned Window

The concept of flat window patterned with radially symmetrical grooves has been
proven to be beneficial to control liquid flow dynamics and alter pressure gradients [29–38],
as well as for the separation force reduction [10,25,39,40], both theoretically and exper-
imentally. These studies revealed that the grooves were capable of increasing flow by
augmentation of the cross section of the pathway. We recently proposed a model [25] to
estimate the separation force for the patterned window. The model employs the concept of
an effective gap, he:

he = h0 +

(
Sgr

Sgap

)γij

hgr, (15)

and is based on the analytical solution for a flat window. Here h0, hgr,Sgr, Sgap and γij
stand for initial gap for the flat window, height of the grooves, total area of the bottom
surfaces of the grooves, total area of the flat window, and fitting function dependent on the
geometry of the grooves, respectively. The concept capitalizes on mass conservation of the
fluid domain formed by the patterned window and the equivalent flat window with the
larger initial gap attributed to the presence of grooves. An exact form of fitting parameter
γij depends on the geometry of the window. For instance, if the window is patterned with
radially symmetrical grooves, it depends on the number, depth, and shape of the grooves.
In particular, for rectangular and triangular grooves, γij can be approximated by [25]:

γij = 1 + εiδj +
1
2!
(
εiδj
)2

+
1
3!
(
εiδj
)3, (16)

where εi = F1/Fi with F1 and Fi standing for the maximal value of the separation force
for a flat window estimated from (6) and the maximum value of the separation force for
the patterned window obtained from the simulation/experiment, respectively. An explicit
dependence of γij on the window geometry is given by parameter δj. For instance, in case
of radially symmetrical rectangular grooves, the dependence δj on the number of grooves,
n, is given by:

δj(n) = 1− e−ψj
n

n∞ , (17)
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where n∞ corresponds of the window completely covered with grooves and ψj is the fitting
parameter. Once the concept of effective gap was implemented, an expression for the
separation force becomes:

Fs =
(V0 + at)πR4

4β

[
h0 +

(
Sgr

Sgap

)γij

hgr + V0t + at2/2
]3


1 + 24 ∑∞

n=1
((−1)n − 1)2

π4n4 e

−


πn

h0 +

(
Sgr

Sgap

)γij

hgr + V0t + at2/2


2

νt



(18)

Table 1 summarizes all the parameters introduced in this study. There are two types of
parameters: constants and functions. Elevation speed, V, and gap height, h are both
time-dependent.

Table 1. Key parameters.

Parameter Description Parameter Description Parameter Description

α
transition parameter
(a = 0) a platform acceleration A auxiliary function

αa
transition parameter
(a 6= 0) h gap height B auxiliary function

β
inversed dynamic
viscosity (resin) h0 initial gap C auxiliary function

γij
fitting function
(groove geometry) he effective gap D auxiliary function

δj
fitting function
(groove number) hgr groove height F1

max separation force (flat
window)

εi force ratio n number of grooves Fi
max separation force
(patterned window)

ηα α-reduction n∞ max number of grooves Fs separation force (a = 0)

µ
dynamic viscosity
(resin) p static pressure Fs,a separation force (a 6= 0)

ν
kinematic viscosity
(resin) r radial coordinate R part radius

ρ mass density (resin) t running time Sgap total window area (flat)

τ stress tensor u velocity field Sgr
total groove area (bot-
tom)

χ force reduction ur radial velocity V elevation speed

ψj
groove number fit-
ting coefficient z axial coordinate V0 initial elevation speed

Finally, we would like to emphasize the following. As mentioned above, multiple
times, this study is a development of our previous one [25]. The latter provided a numerical
verification of the proposed method. An expression for the separation force derived in
this study has the functional form similar to that in [25]. Thus, we consider the approach
developed here sufficiently justified. An interested reader can refer to [13], where an
experimental approach for measuring the separation force in a constrained-surface SL
process is described in detail.

4. Conclusions

In this study, we considered the influence of the printing platform acceleration on
the separation force in a constrained-surface stereolithography process. There were two
reasons for introducing acceleration. First, it allowed more accurate modeling of a real
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printing process since the constant elevation of the printing platform was rare. Second,
platform acceleration was employed to potentially reduce the separation force.

Indeed, we developed a theoretical model to predict the separation force for printing
a cylindrical part. We considered the behavior of three parameters, namely transient
parameter, its reduction, and separation force reduction, as functions of time and elevation
speed. In particular, we demonstrated that transient parameter optimization resulted in
up to a two-fold reduction of the separation force. However, it was important how fast
the optimal value of the transient parameter could be achieved. We demonstrated that,
in case of an accelerated platform motion, the process takes much less time compared to
constant elevation (approximately up to two orders of magnitude). The dynamics of the
separation force reduction parameter was also in favor of the positive effect of acceleration
on separation force reduction. Moreover, a ten-fold increase of the acceleration resulted in
up to a three-fold decrease in separation force. We also investigated both flat and patterned
windows and demonstrated the possibility of significantly reducing the separation force
for the continuous 3D printing process. At the same time, a more complex acceleration
algorithm was suggested. In particular, providing an initial non-zero elevation speed, the
platform should be decelerated for relatively small times, and accelerated later on. This
algorithm resulted in efficient separation force reduction compared to constant elevation.

In future studies, this model can be generalized in terms of geometry (fabrication
of arbitrary-shaped parts) and resin properties. In particular, resins possessing non-
Newtonian properties (for instance, seeded with magnetic particles) can be considered.
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