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Abstract: The recent growth in the penetration of photovoltaic generation systems (PVs) has brought
new difficulties in the operating and planning of electric power distribution networks. This is because
operators of the distribution networks normally cannot monitor or control the output of the PVs,
which introduces additional uncertainty into the available information that operations must rely on.
This paper focuses on the service restoration of the distribution networks, and the authors propose a
problem framework and its solution method that finds the optimal restoration configuration under
extensive PV installation. The service restoration problems have been formulated as combinatorial
optimization problems. They do, however, require accurate information on load sections, which
is impractical in distribution networks with extensively installed PVs. A combined framework
of robust optimization and two-stage stochastic programming adopted in the proposed problem
formulation enables us to deal with the PV-originated uncertainty using readily available information
only. In addition, this problem framework can be treated by a traditional solution method with slight
extensions. The validity of the authors’ proposal is verified through numerical simulations on a
real-scale distribution network model and a discussion of their results.

Keywords: distribution networks; distribution network reconfiguration; service restoration; restora-
tion configuration; robust optimization; two-stage stochastic programming; treatment of uncertainty

1. Introduction

An electric power distribution network is constructed by distribution substations,
distribution feeders, circuit breakers and interconnecting and sectionalizing switches.
Historically, the distribution feeders, e.g., 6.6 kV feeders in Japan, have been expanded
radially from the distribution substations to supply power to spreading power-consuming
areas. The distribution feeders are divided into several load sections by the sectionalizing
switches and each of the load sections is connected to multiple other feeders via the
interconnecting switches. By closing or opening the switches appropriately, the distribution
network can take different radial network topologies with a substation at its center. This is
the multi-sectionalized and multi-connected distribution network [1].

When situations such as power failure in the distribution network arise, the operators
flip states of the switches to reform the distribution network from its original radial
configuration to another one, which is the distribution network reconfiguration. Finding
an appropriate set of the switch states is traditionally formulated as a combinatorial
optimization problem and familiar in the electrical power field. The service restoration
problem, which is to minimize outage loads in restorative phases [2–6], is well known
as a typical example of a problem of distribution network reconfiguration. In addition,
traditional and/or intelligent optimization algorithms have been applied to solve the
reconfiguration problems. Dual-gradient methods [7], branch exchange methods [8–10]
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and simplex methods [11] are included in the former, while metaheuristics [12–15] and
artificial neural networks [16,17] are in the latter. However, there is no established solution
method for distribution network reconfiguration since distribution networks have a large
number of switches.

The recent growth in the penetration of photovoltaic generation systems (PVs) brings
new challenges to distribution network reconfiguration [18,19]. The output of the PVs
strongly depends on weather conditions and cannot be monitored or controlled by the
distribution network operators. Moreover, PVs connected to the outage load sections
must be normally isolated from the distribution network to prevent their islanding op-
erations [20,21]. Most of the traditional service restoration problems require accurate
information of the load sections, including the status of the PVs, while the PV installation is
accompanied by additional uncertainty in the measurement and estimation of the section
loads [22–25]. That is, we cannot remove the uncertainty-originated operational risks of
the overload and the voltage limit violation in the determined “optimal” restoration con-
figuration. For these reasons, extended problem frameworks of the distribution network
reconfiguration, which include applications of stochastic frameworks [26–28], have been
attracting attention.

This paper presents a problem framework and its solution method that finds the opti-
mal restoration configuration under extensive PV installation. In the problem formulation,
the application of robust optimization and two-stage stochastic programming enables us to
deal with uncertainty using readily available information only. The robust optimization
often gives conservative solutions. To mitigate this, the two-stage stochastic programming
is combined with it. A parameter, the confidence coefficient, controls how they are com-
bined. A particular value of this parameter turns the combined method to pure robust
optimization. Furthermore, a solution method for the formulated problem is presented.
Finally, the validity of the authors’ proposal is verified through numerical simulations on a
real-scale distribution network model and includes a discussion of their results.

2. Service Restoration Procedure

Distribution networks are designed radially, and the power flow is controlled by
the states of the circuit breakers and the interconnecting and sectionalizing switches.
Figure 1 illustrates a simplified model of distribution networks. In Figure 1, the distribution
feeder is divided into three load sections by three sectionalizing switches, and each load
section is connected to another feeder through an interconnecting switch. This is the
three-sectionalized and three-connected distribution network, which is one of the most
reliable structures of the multi-sectionalized and multi-connected distribution networks [1].
Some switches cannot be operated remotely, and they are excluded from our discussion.
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Figure 1. Distribution network model (normal condition).

In normal operating conditions, the states of the switches are decided to maintain
the power supply reliability and power quality. Once trouble occurs in the distribution
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network, the resulting outage leads to significant impacts on activities in society. This is
the strongest reason why the distribution network operators are required to immediately
resume the service to as many customers as possible. Figure 2 illustrates an example of
distribution network reconfiguration during the service restorative phases.
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Figure 2. Service restoration procedure: (a) fault isolation (emergency condition); (b) fault identification and service
reactivation (restorative phase); (c) service restoration by load transfer (restorative phase); (d) PV reconnection after fault
clearing (normal condition).

As illustrated in Figure 2a, after detecting a fault, the distribution feeder with the
faulty load section is isolated automatically by turning off a circuit breaker and sectional-
izing switches. In Figure 2b, the circuit breaker and the sectionalizing switches turn on,
sequentially starting from the circuit breaker toward the sectionalizing switches adjacent to
the faulty load section. In this step, the faulty load section is identified. Next, as shown in
Figure 2c, the interconnecting switches are operated to reactivate the power supply from
other distribution feeders to as many outage sections as possible. Then, the distribution
network returns to its original configuration after clearing the fault as shown in Figure 2d,
which is the same as Figure 1 when no PVs are installed.

On the other hand, the power flow conditions in Figures 1 and 2d are different if
the PVs feed the power to the distribution feeders. In the emergency condition, the PVs
connected to the isolated feeders are simultaneously disconnected to prevent their islanding
operations. As shown in Figure 2b,c, the disconnected PVs automatically return to the
distribution network but with time delays. Even after the distribution network has returned
to its original configuration, as shown in Figure 2d, the distribution substation must supply
extra power to compensate for the shortage of power caused by the delayed reconnection
of PVs. However, the distribution network operators cannot know the reconnection status
because it is not monitorable or controllable. In summary, the uncertainty caused by the
unknown time delays leads to difficulty in estimating the amount and duration of extra
power supply, and therefore, the service restoration problems become more complicated.

3. Problem Formulation

During the restorative phases, the distribution network operators decide whether each
switch is to be open or closed. This problem is formulated as a combinatorial optimization
problem, and its optimization variables are defined as

xh ∈ {0, 1}, for h ∈W, (1)
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where xh is the 0–1 variable of switch h (0: open, 1: closed) and is an element of the vector
x, and W is the set of switch numbers.

In this section, the frameworks of traditional and proposed service restoration prob-
lems are presented.

3.1. Formulation of Traditional Service Restoration Problems

The top priority in the emergency condition is to immediately resume service to as
many outage consumers as possible [2–7,12,15,23–25]. Therefore, the service restoration
problem is formulated as an optimization problem in terms of minimizing the weighted
sum of the total amount of outage loads and the number of switching operations. The
objective function is represented as

min
x

f (x), (2)

f (x) = ∑
j∈S′(x)

∣∣Ij
∣∣+ α ∑

h∈W
|xh − x∗h |, (3)

where Ij is the net load of section j, x∗h is the switch state in the initial configuration, S′(x)
is the set of unrestored section numbers and α is the weighting factor (∑j∈S′(x)

∣∣Ij
∣∣ �

α ∑h∈W
∣∣xh − x∗h

∣∣).
The load sections must, unless they are unrestorable, satisfy the following operational

constraints:
∑
i∈F

yi,j(x) = 1, for j ∈ S\S′(x), (4)

∣∣∣∣∣∣ ∑
j′∈Li,j

(
Ij′yi,j′(x)

)∣∣∣∣∣∣ ≤ Cj, for i ∈ F, j ∈ S\S′(x), (5)

Vj ≤ Vi − ∑
j′′ ∈Hi,j

Zj′′ ∑
j′∈Li,j′′

(
Ij′yi,j′(x)

) ≤ Vj, for i ∈ F, j ∈ S\S′(x), (6)

where yi,j(x) is the 0–1 variable that indicates whether section j receives power from feeding
point (the root of feeder) i under the switch status x, Vi is the sending voltage of feeder i,
Zj is the line impedance of section j, Cj is the line capacity of section j, Vj and Vj are the
upper and lower voltage limits in section j, F is the set of feeder numbers, S is the set of
section numbers, Li,j is the set of section numbers starting from section j toward the end of
feeder i and Hi,j is the set of section numbers from the root of the feeder toward section j.

Equation (4) restricts the distribution network configuration radially, and the others
respectively represent acceptable ranges of the line current and voltage.

3.2. Proposed Treatment of Uncertainty

In the actual distribution network operations, the net loads Ij are given as

Ij = I∗j + PV∗j , j ∈ S, (7)

where I∗j is the true value of the section load of section j and PV∗j is the true value of PV
outputs of section j, which is treated as a negative load.

If the distribution network operators knew the values of I∗j and PV∗j , the traditional
optimal configuration would restore the service without any constraint violations. How-
ever, this is not the case, since the operators do not have access to the section loads or the
PV outputs in each load section. The only available information is their sum: the net loads
Ij. In addition, in the middle of fault, no power is supplied, and thus the net loads or the
net “demands” to be exact, are not measurable. So, they are approximated by the net loads
I′j , measured just before the fault occurrence, which consist of unmeasurable section loads
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I′∗j and the unmeasurable PV output PV′∗j just before the fault occurrence, as shown in (8)
below.

I′j = I′∗j + PV′∗j , j ∈ S. (8)

Although the distribution network operators do not have the true values of the PV
outputs, their specifications, connection points and historical output records are available.
By using this information, the possible range of the PV outputs can be set as

PV′∗j ∈
[
0, PVmax

j

]
, j ∈ S, (9)

where PVmax
j is the assumable maximum value of PV outputs of section j.

Based on (8) and (9), we can set the variation range of I′j , and thus the robust optimiza-
tion and the two-stage stochastic programming are applicable to the service restoration
problem in this study.

3.3. Proposed Problem Formulation

Robust optimization is an optimization framework in which a certain measure of
robustness is sought against uncertainty, represented as variability in the variables [29–32].
However, robust optimization has a significant drawback in that its solutions are highly
conservative. This is because it seeks the solution that is feasible whatever the uncertainty
is, or equivalently, the solution that is feasible in the worst-case scenario. On the other hand,
two-stage stochastic programming is well known as a typical stochastic programming
and treats the impact of uncertainty as an additional cost [33–35]. In two-stage stochastic
programming, the minimum cost that is additionally necessary to deal with the constraint
violations, which is the recourse function, is calculated and then aggregated into the
original objective function in the first stage. Afterward, the additional cost is minimized in
the second stage.

Here we regard the PV outputs as the stochastic variables and assume their likely
ranges as

P̃Vj ∈
[
0, ξPVmax

j

]
, j ∈ S, (10)

where P̃Vj is the stochastic PV output and an element of the vector of P̃V and ξ is the
confidence coefficient (∈ [0, 1]).

In theory, P̃Vj can take any positive value up to PVmax
j . We, however, assume that the

distribution network operators have confidence that the value is included in the smaller
range of (10). Variation sets of the section loads are represented as

Uj =
{

Ij

∣∣∣Ilow
j ≤ Ij ≤ Ihigh

j

}
, j ∈ S, (11)

{
Ilow
j = I′j − ξPVmax

j

Ihigh
j = I′j + ξPVmax

j
. (12)

The constraint violations caused by the uncertainty are, when they occur, eliminated
by additional switch operations, which leads to extra power outage that is the cost or
recourse function we have to pay to deal with uncertainty. Now, the objective function is
reformulated as

f (x) = f0(x) + EP̃V

[
Q
(

x, P̃V
)]

, (13)

f0(x) = ∑
j∈S′(x)

 max
P̃Vj∈[0,ξPVmax

j ]

∣∣∣I†
j

∣∣∣
+ α ∑

h∈W
|xh − x∗h |, (14)

EP̃V

[
Q
(

x, P̃V
)]

=
∫ PVmax

k

ξPVmax
k

 ∑
k∈S′(x,PV†

k )

(∣∣∣I†
k + PV†

k

∣∣∣·ck

(
PV†

k

))dPV†
k , (15)
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where I†
j is the realization value of the section load of section j, PV†

j is the realization value

of the PV output of section j, cj

(
PV†

j

)
is the probability distribution of the PV output of

section j and S
(

x, PV†
j

)
is the set of extra unrestored loads of section j.

Robust optimization deals with the uncertain PV output PV′∗j in the range of
[
0, ξPVmax

j

]
,

and the first term of (14) expresses its worst-case load outage. Beyond this range of uncertain
PV output, i.e., in the range of

(
ξPVmax

j , PVmax
j

]
, the two-stage stochastic programming

takes over as shown in (15).
The operational constraints (5) and (6) are redefined as ∑j′∈Li,j

(
−Ilow

j′ yi,j′(x)
)
≤ Cj

∑j′∈Li,j

(
Ihigh
j′ yi,j′(x)

)
≤ Cj

, for i ∈ F, j ∈ S\S′(x), (16)

 Vj ≤ Vi −∑j′′ ∈Hi,j

[
Zj′′ ∑j′∈Li,j′′

(
Ilow
j′ yi,j′(x)

)]
Vi −∑j′′ ∈Hi,j

[
Zj′′ ∑j′∈Li,j′′

(
Ihigh
j′ yi,j′(x)

)]
≤ Vj

, for i ∈ F, j ∈ S\S′(x). (17)

The remarkable feature of the proposed formulation is that the problem framework
can switch to pure robust optimization when we set the confidence coefficient ξ to 1. A
smaller confidence relaxes the conservativeness and brings more alternatives into the
distribution network operations. However, too small a confidence coefficient increases
uncertainty-originated risks, and therefore, it is important to set its value in consideration
of the balance of power supply reliability and operational efficiency.

4. Solution Method

Since the distribution networks generally have a large number of switches, it is
impossible to enumerate all possible solution candidates (sets of switch states) and select
the optimal solution from them. For example, with 100 switches, the number of possible
solution candidates is 2100 ('1.27 × 1030). In this paper, an enumeration-based method is
extended to solve the formulated problem.

4.1. Basis of Solution Method

The authors have proposed an enumeration-based solution method for the distribution
network reconfiguration [23,25,36]. In these methods, first, the target distribution network
is partitioned into several groups. Each group consists of load sections and switches that
share the common relevant feeding points which can supply them with power without
violating the radiality constraint. Second, all of the partial radial candidates, namely,
all the radial configurations within each group, are exactly enumerated. Third, partial
radial candidates satisfying the constraints of the line capacity and voltage range are
extracted from each group as part of feasible solution candidates. Fourth, all of the possible
combinations of the extracted partial candidates are constructed and then evaluated as
configuration candidates for the whole distribution network. Finally, we can obtain the
optimal configuration of the distribution network.

The previously proposed methods are applicable only when the structure of the
target distribution network is simple, but their solutions have global optimality. Owing
to this feature, the enumeration-based methods help exact comparison in the different
problem frameworks, and this is the reason why the authors select them as the basis of the
solution method.

4.2. Proposed Solution Method

The solution procedure of the distribution network reconfiguration is summarized
in the following four steps: in Step 1, the radial configuration candidates are generated,
in Step 2, the constraint violations of the line capacity and voltage limit are evaluated, in
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Step 3, the objective function is calculated, and in Step 4, the optimal (or quasi-optimal)
configuration is determined. When ξ is appropriately set and the corresponding uncertainty
ranges (12) are given, the difference between the traditional service restoration problems
and the extended one is only in the objective functions. Therefore, as indicated in Figure 3,
we can extend the previously proposed method without any complicated procedure and
apply it as the solution method for the proposed problem framework. Figure 4 shows
a conceptual illustration of the difference in feasible solutions between the traditional
problem frameworks and the proposed one. For further details of the solution method,
refer to the references.
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The difficulty in the distribution network reconfiguration is to identify feasible can-
didates among a huge number of possibilities and find the optimal one [37,38]. If the
distribution network can be partitioned into groups as described in Section 4.1, the iden-
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tification of radial configuration candidates is not difficult. Otherwise, some intelligent
optimization algorithms with an appropriate penalty term added to the objective function
will be useful.

5. Numerical Simulations

Figure 5 illustrates an actual-scale distribution network model, which was made by
referring to an actual operating underground and overhead intermingled distribution
network in Japan [37,39]. This model can be divided into groups as described in Section 4.1,
and thus the enumeration-based method was used to solve both of the problems in the
traditional and proposed frameworks. In the proposed framework, the two values of ξ,
0.7 and 1.0, were used, corresponding to the combined robust optimization and two-stage
stochastic programming problem and the pure robust optimization problem, respectively.
Through comparisons among these results, the validity of the authors’ proposal was verified.
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5.1. Conditions of Numerical Simulations

In the numerical simulations, the following scenario was assumed: one feeding point
is supplying 3.78 MW of power to the largest-consuming area where PVs are connected, the
total capacity of the PVs in the area is approximately equal to 30% of the total load of the
area, the PVs are generating power equal to 55% of the total PV capacity and the feeding
point has a fault and stops supplying power. Since the distribution network operators
do not know the actual PV outputs (0.72 MW) nor the actual load (3.78 MW), they have
to restore the service relying on the measured section loads (3.14 MW) in the target area.
Table 1 summarizes these conditions, and Figure 6 displays the line currents in the normal
condition. Figure 7 shows the conditional probability distribution of PV output given by
its output prediction, which was calculated by referring to the predicted and the actual PV
outputs measured from 1 June 2011 to 31 May 2012 in Japan [40].
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Table 1. Specification of Figure 5.

Total number of distribution substations 3
Total number of feeding points 53
Total number of switches 266
Total number of all configuration candidates 1.19 × 1080

Total amount of section loads 30.97 MW
Total amount of measured outage loads 3.14 MW
Total amount of PV capacities in target area 1.32 MW
Total amount of actual PV outputs in target area 0.72 MW
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Figure 6. Line currents in normal condition.
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Figure 7. PV output and its probability distribution: (a) sample of actual and predicted PV outputs; (b) probability
distribution for assumed PV output (55% of PV capacity).

5.2. Results and Discussions

Table 2 summarizes the globally optimal solutions of the traditional and proposed
frameworks. Figure 8 illustrates the line currents in each restoration configuration.

Table 2. Comparison of numerical simulation results.

Comparison Index Traditional
Framework

Two-Stage Stochastic Programming
ξ = 0.7 ξ = 1.0

Estimated total outage loads 206.57 kW 248.45 kW 260.98 kW
Expected value of extra outage loads - 1.11 kW 0
Number of changes of switch states 10 (5 pairs) 12 (6 pairs) 14 (7 pairs)

As summarized in Table 2, different configurations were selected, although each prob-
lem framework judged that its optimal solution could restore all outage loads excluding
those in the load sections directly connected to the faulty feeding point. The number
of changes of the switch states in the traditional framework was the smallest; however,
as shown in Figure 8a, the overload occurred by the extra power supply necessary to
compensate the disconnected PVs. In Figure 8c, which shows the result of pure robust
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optimization, there is no operational constraint violation in exchange for an increase in the
number of changes of the switch states. On the other hand, Figure 8b shows characteris-
tics intermediate between the above two frameworks. It indicates that the relaxation of
conservativeness, namely, setting ξ = 0.7 rather than ξ = 1.0, brought a decrease in the
number of changes of the switch states. In Figure 8b, the PV-originated uncertainty (≥ ξ)
was reflected in the expected value of extra outage loads.
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Figure 8. Line currents in each restoration configuration: (a) traditional framework; (b) proposed framework (ξ = 0.7);
(c) robust optimization framework (ξ = 1.0).

The authors carried out several numerical simulations under different conditions, and
as a result, found that the solutions derived in the traditional framework can cause opera-
tional constraint violations. For example, when we increased the level of PV penetration,
the PV-originated uncertainty was intensified, associated with (10–12), and it brought more
violations to the optimal solution of the traditional framework. In this section, the typical
results were shown to discuss the possibility of constraint violations by the traditional
framework in a realistic situation. Under these circumstances, we can conclude that the
proposed problem framework and its solution method functioned appropriately.

6. Conclusions

This paper presented a problem framework and its solution method that finds the
optimal restoration configuration of distribution networks considering the PV penetra-
tion. In the proposed problem formulation, robust optimization and two-stage stochastic
programming were applied to the service restoration problem to treat uncertainty as the
potential risk of operational constraint violations. As a result, the proposed framework
gives a reliable solution for PV-originated uncertainty using only the available informa-
tion in the service restoration. In the proposed framework, the setting of the confidence
coefficient has a significant impact on power supply reliability and also affects operational
efficiency because the larger coefficient brings more switching operations.

Through numerical simulations and the discussion of their results, the authors showed
the possibility that traditional frameworks lead to solutions with overload and voltage
limit violation. We also verified that the balance of reliability and efficiency depended on
the setting of the confidence coefficient. In future work, the authors will find a guideline
for the appropriate setting of the confidence coefficient.
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