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Featured Application: Multishell nanotubes are promising candidates for an advancement in
thermoelectric materials and devices.

Abstract: Thermal transport in the Si/SiO2 multishell nanotubes is investigated theoretically. The
phonon energy spectra are obtained using the atomistic lattice dynamics approach. Thermal conduc-
tivity is calculated using the Boltzmann transport equation within the relaxation time approximation.
Redistribution of the vibrational spectra in multishell nanotubes leads to a decrease of the phonon
group velocity and the thermal conductivity as compared to homogeneous Si nanowires. Phonon
scattering on the Si/SiO2 interfaces is another key factor of strong reduction of the thermal conduc-
tivity in these structures (down to 0.2 Wm−1K−1 at room temperature). We demonstrate that phonon
thermal transport in Si/SiO2 nanotubes can be efficiently suppressed by a proper choice of nanotube
geometrical parameters: lateral cross section, thickness and number of shells. We argue that such
nanotubes have prospective applications in modern electronics, in cases when low heat conduction
is required.
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1. Introduction

Rapid miniaturization of electronic devices and increasing power consumption require
an efficient heat management at nanoscale [1,2]. Thermal properties of nanostructures and
different methods of their optimization have been widely investigated both experimen-
tally and theoretically [3–8]. Phonon engineering, i.e., targeted modification of phonon
modes in nanostructures to enhance their thermal [5,9,10], electrical [9] and optical proper-
ties [11,12], manifests itself as a powerful tool for the optimization of nanoscale thermal
transport [5,9,10]. Nanomaterials with high thermal conductivity (TC), such as graphene,
are promising candidates as heat spreaders and interconnectors [13–16], while nanoma-
terials with low thermal conductivity and high electrical conductivity can be used for
thermoelectric applications. The efficiency of the thermoelectric energy conversion, figure
of merit ZT, is directly proportional to the electrical conductivity and inversely propor-
tional to the total thermal conductivity: ZT = S2σT/

(
κph + κel

)
, where S is the Seebeck

coefficient, σ is the electrical conductivity, T is the absolute temperature, and κph and κel
are the phonon and electron thermal conductivities, respectively. Acoustic phonons are the
main heat carriers in bulk semiconductors at room temperature (RT) and above. Strong
spatial confinement of acoustic phonons in nanostructures significantly changes phonon
energy spectra as compared with the bulk case, resulting in a decrease of phonon group
velocities [17–23]. The latter, in combination with an enhancement of phonon boundary
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scattering, stipulates a reduction of the lattice TC in nanostructures in comparison with that
in bulk materials [9,17,18,20,22]. A significant reduction of the thermal conductivity leads
to an increase of ZT, e.g., in Bi2Te3 quantum-well structures ZT increases up to 13 times in
comparison with the bulk value [24]. The silicon-based nanostructures are also prospective
for thermoelectric applications despite the fact that bulk silicon is a poor thermoelectric
with ZT ~ 0.01 at RT [25]. Hochbaum et al. [26] and Boukai et al. [27] demonstrated that
significant increase of ZT occurs in Si nanowires (NWs) due to suppression of phonon
transport. Strong reduction of lattice thermal conductivity in cross-sectional modulated
Si nanowires [28–30] may also lead to improvement of their thermoelectric efficiency as
compared with bulk Si. A reduction of RT TC down to 1 Wm−1K−1 was also reported for
SiGe nanocomposite materials [3,31]. It was shown [3] that a rise of the Seebeck coefficient
is stronger than a possible increase of the electrical resistivity.

Si-based nanotubes (NTs) are even more promising for thermoelectric applications
due to a very large surface-to-volume ratio. It was shown in a molecular dynamics
study [32] that RT thermal conductivity of Si NTs is as small as about 33 percent of that of
Si NW with the same cross section area. In p-type Si NTs, a five-fold enhancement of ZT
(ZT = 0.34 at 550 ◦C) was experimentally achieved as compared to the bulk counterpart [33].
Considerable advancements were also achieved in the methods of large-scale and low-
cost preparation of Si NTs. A template-free preparation by an electrochemical method
with in-situ surface modification of Si NTs was reported in Ref. [34]. In Ref. [35], a low-
cost fabrication technology of vertically aligned Si NTs via a wet-etching process with
controllable NT thickness was demonstrated. Besides thermoelectrics, the applications
of Si-based NTs include biosensors, energy storage, photodetectors, optoelectronics and
field-effect transistors [35–39].

Efficient engineering of the acoustic phonon energy spectrum is carried out in self-
rolled micro- and nanoarchitectures [40]. The strain-driven roll-up procedure is a powerful
high-tech instrument for fabrication of multilayer micro- and nano-superlattices and their
arrays [41–43]. The acoustic phonon dispersion in multishell tubular nanostructures has
been analyzed within the framework of elastodynamics [44]. It was shown that the number
of shells is an important control parameter of the phonon dispersion together with the
structure dimensions and acoustic impedance mismatch between the shells. An increase of
the number of shells was shown to lead to an appreciable decrease of the average and root-
mean-square phonon group velocities. A strong reduction of lattice thermal conductivity in
low-dimensional nanostructures (nanowires, thin films and superlattices) compared with
corresponding bulk materials justified diverse proposals to use them for thermoelectric
and thermal insulating applications [17,22,26–30].

Silica is a commonly used matrix material at preparation of different nanostructures
and nanomaterials [45–50]. Moreover, combination of crystalline silicon and amorphous
silica layers allows one to study unusual phonon phenomena related to phonon propaga-
tion through heterogeneous crystalline/amorphous media [8,28,43,51]. Although Si-based
NTs have been intensively studied during recent years [32–39], their thermal properties
remain poorly understood.

In the present paper, we develop an atomistic calculation to tackle the phonons and
thermal transport in novel Si/SiO2 multishell nanotubes (MNTs). We demonstrate that
phonon thermal transport in Si/SiO2 MNTs can be efficiently suppressed by a proper
choice of a nanotube’s geometrical parameters: lateral cross section, thickness and number
of shells. Our results also shed light on the interplay between different mechanisms of
phonon scattering.

The remainder of the paper is organized as follows. In Section 2, we describe our
theoretical model employed for calculations of phonon energy dispersion and the lattice
thermal conductivity in Si/SiO2 MNTs. Discussions of the obtained results on phonon
modes and thermal transport in Si/SiO2 MNTs are provided in Section 3. Conclusions are
given in Section 4.
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2. Theoretical Model of Thermal Conductivity in Si/SiO2 Multishell Nanotubes

We study rectangular MNTs formed from alternating layers of silicon and silica. The
number of Si/SiO2 bilayer shells is varied. A scheme of a MNT is shown in Figure 1. The
external surface of the nanotube is assumed to be free [8,19,21]. The X and Y axes of the
Cartesian coordinate system are located in the cross-sectional plane of the NT and are
parallel to its sides, while the Z axis is directed along the NT axis. We assume that the NT is
infinite along the Z axis. The thicknesses of the shells are denoted dx,Si and dy,Si for silicon
(dx,SiO2 and dy,SiO2 for silicon dioxide), while the cavity dimensions are dx,cavity and dy,cavity.
The number of Si/SiO2 bilayer shells is denoted by N.
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Figure 1. Scheme of a Si/SiO2 rectangular MNT.

The phonon energy spectra in the Si/SiO2 MNTs and Si NWs are calculated using an
atomistic face-centered cubic cell (FCC) model within the lattice dynamics approach [8]. In
the FCC model, the diamond-type crystal lattice, consisting of two shifted face-centered
cubic Bravais sublattices, is replaced with one face-centered cubic lattice with all atoms pos-
sessing a doubled mass. The equations of motion for atoms in the harmonic approximation
is [28]:

miω
2uα

(→
r i,
→
q
)
= ∑β=x,y,z;

→
r j

Dαβ

(→
r i,
→
r j

)
uβ

(→
r j,
→
q
)

, α = x, y, z (1)

Here, i enumerates atoms in a NT translation period (two cross-sectional atomic planes
in case of FCC model), mi is the mass of the i-th atom,

→
r i and

→
r j are the radius vectors of

the i-th and j-th atoms, respectively,
→
q is the phonon wavevector, ω is the sought phonon

frequency, uα

(→
r i,
→
q
)

is a component of the displacement vector for the i-th atom and the

dynamic matrix Dαβ

(→
r i,
→
r j

)
is

Dαβ

(→
r i,
→
r j

)
= Φαβ

(→
r i,
→
r j

)
/
√

mimj (2)

where mj is the mass of the j-th atom and Φαβ

(→
r i,
→
r j

)
is the matrix of force constants.

In the FCC model, the summation in Equation (1) is performed over all the nearest and

second-nearest atoms of the i-th atom: twelve nearest atoms at
→
r j =

→
r i +

→
h

I

j (j = 1, . . . ,

12) and six second-nearest atoms at
→
r j =

→
r i +

→
h

I I

j (j = 1, . . . , 6) [8,28]. The components

of the vectors
→
h

I

j and
→
h

I I

j are presented in Table I of Ref. [28]. The force constant matrix

Φαβ

(→
r i,
→
r j

)
used in our calculations is taken from Ref. [8]:
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Φ(1)
αβ

(
→
h
(k)

,
→
r k,
→
r
′
k

)
=
−κ1

(→
r k,
→
r
′
k

)
h(k)α h(k)β∣∣∣∣∣→h (k)
∣∣∣∣∣
2 (3)

Φ(2)
αβ

(
→
h
(k)

,
→
r k,
→
r
′
k

)
=


κ2

(→
r k,
→
r
′
k

)
0 0

0 κ3

(→
r k,
→
r
′
k

)
0

0 0 κ3

(→
r k,
→
r
′
k

)
 for atoms with coordinates (±a, 0, 0)

Φ(2)
αβ

(
→
h
(k)

,
→
r k,
→
r
′
k

)
=


κ3

(→
r k,
→
r
′
k

)
0 0

0 κ2

(→
r k,
→
r
′
k

)
0

0 0 κ3

(→
r k,
→
r
′
k

)
 for atoms with coordinates (0,±a, 0)

Φ(2)
αβ

(
→
h
(k)

,
→
r k,
→
r
′
k

)
=


κ3

(→
r k,
→
r
′
k

)
0 0

0 κ3

(→
r k,
→
r
′
k

)
0

0 0 κ2

(→
r k,
→
r
′
k

)
 for atoms with coordinates (0, 0,±a)

(4)

This matrix depends on 3 independent force constants κ1, κ2 and κ3, which can be ex-
pressed through the elastic moduli c11, c12 and c44 of a bulk cubic crystal [8]: κ1 = a(c12+c44)

2 ,

κ2 = a(c11−c12−c44)
4 , κ3 = a(c44−c12)

8 , where a is the lattice constant.
Calculation of the thermal conductivity of Si/SiO2 MNTs and Si NWs is conducted

using the following formula:

κph =
1

2πkBT2SNT
∑

s

∫ qz,max

0
[}ωs(qz)υz,s(qz)]

2τtot,s(qz)
exp

(
}ωs(qz)

kBT

)
[
exp

(
}ωs(qz)

kBT

)
− 1
]2 dqz (5)

This expression was derived from the Boltzmann transport equation within the
relaxation-time approximation [6,22,52,53] and captured the quasi one-dimensional density
of the phonon states. In Equation (5), the summation is performed over all phonon branches
s = 1, . . . , Nb, SNT is the NT cross-sectional area, ωs is the phonon frequency, υz,s is the
Z-th component of the phonon group velocity, qz,max = π/a is the maximal amplitude of
phonon wavevector, τtot,s is the total phonon relaxation time, kB is the Boltzmann constant,
} is the Planck constant and T is the temperature.

The total phonon relaxation rate was estimated according to the Matthiessen’s rule:

τ−1
tot,s(qz) = τ−1

U,s(qz) + τ−1
imp,s(qz) + τ−1

x,s (qz). (6)

Here, τU,s is the relaxation time for the Umklapp scattering: τ−1
U,s(qz) =

B[ωs(qz)]
2T exp(−C/T) [22] and τimp,s is the relaxation time for the phonon-impurity

scattering: τ−1
imp,s(qz) = A[ωs(qz)]

4, where A = 1.32 × 10−45 s3 is determined analytically

from the isotope concentration of natural silicon [8,22]. Parameters B = 1.73 × 10−19 sK−1

and C = 137.3 K of the Umklapp scattering are fitted to reproduce experimental temperature
dependence of bulk Si thermal conductivity [54]. In Si/SiO2 MNTs, both phonon-boundary
scattering at Si/SiO2 interfaces and diffusion of vibrational excitations in amorphous SiO2
influence the thermal conductivity. To analyze the role of these mechanisms in thermal
transport, we performed calculations of the thermal conductivity using different values of
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the third term in Equation (6). We employed the “effective scattering rate” τ−1
SiO2

due to the
diffusion of vibrational excitations in amorphous SiO2 [43]:

1
τx,s

=
1

τSiO2,s(qz)
= υ2

z,s(q)
3ωs(q)

a2
b.l.F〈ω〉

2
dx,SiO2

dx,Si
(7)

or the relaxation rate for the boundary scattering τ−1
B :

1
τx,s

=
1

τB,s(qz)
=

1− p
1 + p

|υz,s(qz)|
2

N

(
1

dx,Si
+

1
dy,Si

+
1

dx,SiO2

+
1

dy,SiO2

)
(8)

or took into account both of them: 1/τx,s = 1/τSiO2,s + 1/τB,s. In Equations (7) and (8)
ab.l. = 0.235 nm is the SiO2 bond length, 〈ω〉 is the mean vibrational frequency (the mean
vibrational energy }〈ω〉 = 34 meV is taken from Ref. [43]), F = 0.33 according to Ref. [55].
The specularity parameter p characterizes the phonon-boundary scattering. Depending on
the boundary roughness, p can take values between p = 0 (pure diffusive scattering) and
p = 1 (pure specular scattering).

3. Results and Discussion

We calculated the phonon energy spectra in Si/SiO2 MNTs and Si NWs by solv-
ing Equation (1) numerically (eigenvalue problem). Diagonalization of the matrix from
Equation (1) was performed using LAPACK library [56] under GCC 8.4 compiler [57]. The
calculations were performed for all qz in the interval (0, π

a ).
In 1D case, the partial phonon density of states (DOS) per unit length in real space can

be found from the relation: gs(ω)dω = 1
2π dqz,s. Hence, the (total) phonon DOS per unit

length in real space is given by:

g(ω) = ∑s(ω)
gs(ω) = ∑s(ω)

1
2πυz,s

, (9)

where summation is performed over all phonon modes s(ω) with frequency ω. The phonon
energy spectra and total DOS for Si NW and Si/SiO2 MNTs are shown in Figure 2. The Si
NW has dimensions 11 ML × 11 ML (2.97 nm × 2.97 nm; 1 monolayer (ML) = 0.27 nm).
The geometric parameters of the Si/SiO2 NTs are as follows: the cavity cross section is
45 ML × 45 ML (12.15 nm × 12.15 nm), the thickness of the Si layer is 6 ML (1.62 nm) and
the thickness of the SiO2 layer is 4 ML (1.08 nm). Panel (a) represents results for the Si
NW, panel (b)–for the NT with a single Si/SiO2 bilayer shell (N = 1) and panel (c)–for the
NT with two Si/SiO2 bilayer shells (N = 2). Similarly to rectangular nanowires [21,58],
phonon modes in rectangular MNTs can be classified into four types according to the
spatial symmetry of the displacement vector components: Dilatational, Flexural1, Flexural2
and Shear. For the Si NW, we show phonon branches with numbers s = 1–4, 11, 17, . . . , 47,
51, 76, . . . , 301, 320 for Shear polarization; s = 1–4, 11, 17, . . . , 47, 51, 76, . . . , 326, 342 for
Dilatational polarization and s = 1–4, 11, 17, . . . , 47, 51, 76, . . . , 326, 331 for Flexural1 and
Flexural2 polarizations. For the Si/SiO2 NT with N = 1, we present phonon branches with
s = 1–5, 30, 55, 480, 500, 550, . . . , 1000, 1075, . . . , 1600, 1661 for Dilatational polarization;
s = 1–5, 30, 55, 480, 500, 550, . . . , 1000, 1075, . . . , 1600, 1640 for Shear polarization and
s = 1–5, 30, 55, 480, 500, 550, . . . , 1000, 1075, . . . , 1600, 1650 for Flexural1 and Flexural2
polarizations. For the Si/SiO2 NT with N = 2, the following phonon branches are depicted:
s = 1–5, 80, 155, 230, 305, 380, 455, 500, 675, 850, . . . , 2950, 3000, 3100 . . . , 3900, 3920 for
Dilatational polarization; s = 1–5, 80, 155, 230, 305, 380, 455, 500, 675, 850, . . . , 2950, 3000,
3100 . . . , 3800, 3880 for Shear polarization and s = 1–5, 80, 155, 230, 305, 380, 455, 500, 675,
850, . . . , 2950, 3000, 3100, . . . , 3900 for Flexural1 and Flexural2 polarizations.
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Figure 2. Phonon dispersions and phonon density of states in the Si NW with the cross section 11 ML
× 11 ML (panel (a)); in the Si/SiO2 NTs (nanotubes) with the cavity cross section 45 ML × 45 ML and
a single Si/SiO2 bilayer shell (panel (b)) and two Si/SiO2 bilayer shells (panel (c)). The thicknesses of
silicon and silica layers in the Si/SiO2 bilayer are 6 ML and 4 ML, correspondingly.
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The number of confined phonon branches in the NTs (Nb = 6600 for a single-shell NT
and Nb = 15,600 for a double-shell NT) is substantially larger than that in a NW (Nb = 1323).
The slope of the lowest phonon branches in NTs is smaller than that in a NW due to acoustic
mismatch between silicon and silicon dioxide. A great number of phonon modes in the
NTs with energy }ω > 10 meV are nearly dispersionless and possess group velocities close
to zero. As compared to a NW, the DOS maximum in NTs is shifted toward the lower
energy interval, where the drop of the average phonon group velocity is more significant
(see Figure 3). The DOS maximum in a MNT with two bilayer shells is more prominent
due to a larger number of phonon modes concentrated in SiO2, which possess a smaller
maximal phonon energy than Si.
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The effect of phonon deceleration in MNTs with different numbers of Si/SiO2 bilayer
shells (N = 1, 2, 3, 4) is illustrated in Figure 3, where the average phonon group velocity
〈v〉(ω) = ∑s(ω)(υz,sgs(ω))/ ∑s(ω) gs(ω) is shown as a function of the phonon energy
for a Si NW with cross section Nx × Ny = 11 ML× 11 ML and different Si/SiO2 NTs
with the following geometrical parameters: Ncavity,x × Ncavity,y = 45 ML× 45 ML, NSi,x =
NSi,y = 6 ML, NSiO2,x = NSiO2,y = 4 ML (panel (a)) and Ncavity,x×Ncavity,y = 5 ML× 5 ML,
NSi,x = NSi,y = 6 ML, NSiO2,x = NSiO2,y = 4 ML (panel (b)). The phonon group velocity in
NTs is smaller than that in a NW over a wide energy range (0 to 30 meV). The reduction
of the phonon group velocities in NTs is explained by an acoustic mismatch between Si
and SiO2, a stronger phonon confinement and a spectral redistribution of the phonon DOS
in NTs. In the energy range from 30 to 37 meV, the phonon group velocities vary near the
same low values for all considered NTs. Increase of the number of shells slightly reinforces
the drop of phonon group velocity.

A comparison of temperature dependencies of thermal conductivity (TC) in a Si NW
and Si/SiO2 MNTs is provided in Figure 4. The geometrical parameters of a NW and MNTs
are the same as in Figure 3. The thermal conductivity curves presented in panels (b) and
(e) are calculated considering diffusion transport in SiO2 (see Equation (7)), while those
in panels (a) and (d) consider boundary scattering (see Equation (8)) with the specularity
parameter p = 0.6. The values of the thermal conductivity in the NTs (even for the NTs with
a greater number of phonon modes) are lower than the thermal conductivity in the NW in
the whole temperature range. This decrease of TC in the MNTs is due to modification of
phonon energy spectra in MNTs leading to phonon deceleration, as well as enhancement of
the phonon scattering at interfaces and diffusion of vibrational excitations in SiO2 layers.
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Figure 4. Temperature dependence of the TC (thermal conductivity) (a,b,d,e) and phonon DOS (density of states) (c,f) in
Si/SiO2 MNTs. The TC is calculated considering the phonon Umklapp and boundary scatterings (a,d) as well as the phonon
Umklapp scattering and “effective scattering rate” due to diffusion of vibrational excitations in SiO2 (b,e).

The maxima of the thermal conductivity curves are determined by the interplay
between three-phonon Umklapp and boundary or effective diffusion scatterings. At low
temperatures, the phonon-boundary scattering or the diffusion of vibrational excitations in
SiO2 layers is the main mechanism of scattering, and the increase of TC with temperature
is explained by the population of high-energy phonon modes. A subsequent rise of
temperature results in the reinforcement of the Umklapp scattering and a reduction of TC.
Additional interfaces between the shells effectively scatter phonons, hence the TC decreases
with augmentation of the number of shells (see panels (a) and (d)) reaching values as low
as 0.2 W/mK at RT for Si/SiO2 NT with smaller cavity and N = 4. A similar dependence of
TC on N was demonstrated experimentally for Si/SiO2 rolled-up nanotubes of 1.9 µm to
3.2 µm radii and a 24-nm-thick shell [43]. The latter fact confirms the importance of our
theoretical findings for an accurate prediction of thermal transport phenomena in Si/SiO2
nanotubes in a wide range of lateral cross sections, numbers and thicknesses of the shells.
However, the phonon dispersion and transport properties in multishell nanostructures
with sizes of the order of a few hundred nm require further analysis because they are in the
transitional region between the areas of applicability of elastodynamics and the atomistic
approaches.

Usually, TC in nanostructures strongly depends on surface roughness and/or rough-
ness of interfaces between layers in the case of multilayered nanostructures. Depending on
the model, different values of the specularity parameter p were employed for the theoretical
predictions and the interpretation of experimental results [28,29,52,59–62].

To elucidate the dependence of TC in MNTs on p, we plot in Figure 5a, the TC of
a single-shell Si/SiO2 NT (5 ML/6 ML/4 ML) as a function of temperature for different
values of p. A decrease of the specularity parameter suppresses TC over the entire con-
sidered range of temperatures. Thus, the boundary scattering plays an important role in
limiting thermal transport even for T > 150 K, where the three-phonon Umklapp scattering
becomes relatively strong. This results in decreasing TC with T for T > 150 K. In Figure 5b,
we show how different values of p affect the drop of TC in MNTs as compared with NWs.
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The TC curves in Figure 5b were calculated taking into account both the phonon-boundary
scattering and the diffusion of vibrational excitations in SiO2 layers. Coexistence of the
phonon-boundary scattering and the “effective scattering” due to the diffusion of vibra-
tional excitations in SiO2 layers results in lower values of TC in comparison with the cases
of their separate action. At the same time, the TC reduction with rising number of shells
remains manifested for different values of p (see Figure 5b). It is also worth noticing that
for p = 0.9 the ratios between thermal conductivities in MNTs with different numbers of
shells κph(N)/κph(1) for N = 2 and 5 (see Figure 5c) are close to experimental values [43]
despite the fact that experimental multishell NTs possess much larger sizes.
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4. Conclusions

Phonon and thermal properties of novel Si/SiO2 multishell nanotubes are theoretically
investigated within the lattice dynamics approach. It is demonstrated that the thermal
conductivity in the Si/SiO2 MNTs is by a factor of 5 to 35 lower than that in the corre-
sponding Si NW as a function of the temperature, number of shells and the interface
roughness. This effect is explained by the redistribution of phonon energy spectra in NTs
leading to a stronger phonon confinement and a reduction of the average phonon group
velocities. It is also established that a significant number of phonon modes are scattered
on Si/SiO2 interfaces, which enhances the influence of the phonon boundary scattering
on the TC in the MNTs under analysis. As a result, the TC decreases with increase of
the number of Si/SiO2 shells. Low values of the TC in Si/SiO2 MNTs as compared with
other low-dimensional nanostructures make advanced semiconductor MNTs prospective
candidates for thermoelectric applications.
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