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Abstract: Strength of rocks in the confined tension region, where the minimum principal stress is
tensile, has only infrequently been measured and is not well understood. Quasi-static confined
Brazilian tests under a range of confining stresses (2.76 to 27.58 MPa) where used to determine the
strength of sandstone in the confined tension region. The test results indicate that the strength in
the confined tension region was a strong function of the intermediate principal stress: increasing
the intermediate principal stress significantly increased the strength of the sandstone. The strength
data were well fit by the Mogi–Coulomb criterion, which accounts for the intermediate principal
stress. Unconfined Brazilian strength data were not well fit to the Mogi–Coulomb criterion derived
from the confined Brazilian test data, consistent with a transition from tensile to shear processes
dominating failure with increasing confining pressure. Observations of post-failure fracture surfaces
reveal more indication of shear processes with increasing confining pressure. Numerical simulations
from combined finite-discrete element method are compared to the experimental results and reflect
similar conditions for failure compared to the experimental tests in the confined tension region.

Keywords: strength; confined tension; confined extension; intermediate principal stress; Brazil-
ian test; failure criteria

1. Introduction

In the confined tension region, also referred to as the confined extension region,
the minimum principal stress (σ3) is tensile (taken as negative here) and the maximum
principal stress (σ1) is compressive (positive) (Figure 1). Strength of rocks in the confined
tension region has only infrequently been measured and is not well understood [1–5]. In
this region, as σ3 becomes increasingly tensile (negative), the failure mechanism transitions
from frictional to purely tensile in the direct or uniaxial tension test. There are many
important applications where the rock behavior in the confined tension region is of interest.
Failures such as borehole breakouts and spalling and rockbursts can occur under confined
tension stress states [6]. Interpretation of some natural fractures suggests they may form
from confined tension stress conditions [1]. The extent of damage zones surrounding
excavations is significantly affected by the tensile strength derived from tests conducted
under confined tension conditions [7]. In addition, fluid pressure induced fracture, e.g.,
hydrofracturing, can occur under confined tension stress conditions.

Strength criteria that include the confined tension region are required for the design
and evaluation of structures of rock. The most common strength criteria used for rock, such
as Mohr–Coulomb and Hoek–Brown, are developed from tests under compressive stress
states. These criteria reflect the frictional processes from which the rock derives its strength
under compressive stresses and are characterized by a positive correlation between the
maximum (σ1) and minimum principal stresses (σ3); that is, σ1 increases with increasing
σ3 [3]. When these criteria are extrapolated into the confined tension region, they generally
do not successfully represent the strength under these stress conditions [2–4,6]. A common
approach is to extend the criterion into the confined tension region until a threshold stress
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condition is reached beyond which the strength is set equal to the tensile strength of the
rock. This is the tension cut-off approach [3,8,9].

Figure 1. Failure curve in principal stress (σ1–σ3) space. The confined tension region is shown as a
shaded area. The stress paths of different strength tests are shown, including the stress path followed
by 3 confined Brazilian tests conducted under 3 different confining stresses. Figure modified from
Patel and Martin [4].

In Figure 2, strength data from two sets of confined extension tests are presented. The
figure also includes the strength data from other tests (unconfined compression, triaxial
compression and direct tension), and the fitting of the Hoek–Brown criterion to these data.
The figure illustrates that strength criteria developed from tests under compressive stresses
do not successfully represent the strength in the confined tension region [2–4,6]. Further, as
illustrated in Figure 2b, the tension cut-off does not describe the strength data that have a
σ3 less than the cut-off value as observed in some data obtained in the confined tension
region. Finally, the data in the figures also reveal that the strength in biaxial compression
obtained from confined extension tests and the strength from uniaxial compression can be
substantially different [4]. It is obvious that the strength developed in the confined tension
region is an important and unresolved issue.

Strength data in the confined tension region are limited. The Brazilian tensile strength
(BTS) test is the most common test in the confined tension region [4,7]. However, BTS tests
only follow one stress path (σ3 = −1/3σ1, σ2 = 0 at the sample center) and therefore cannot
be used solely to characterize the confined tension region. Strength data in the confined
tension region under a range of stress conditions can be generated from triaxial extension
tests on dog bone samples at different confining pressures [1,3,10–12]. The samples are
subjected to a compressive hydrostatic stress state from a confining pressure and axial
force. The confining pressure is kept constant while gradually reducing the axial force,
which eventually induces a tensile axial stress in the sample. Using this method, Ramsey
and Chester [1] interpreted results obtained with different confining pressures along with
post-failure examination of the fracture angle and surface as clearly demonstrating a hybrid
fracture between a tensile and shear fracture. A challenge with this method is the very
detailed sample preparation necessary to produce the dog bone geometry, e.g., [3]. Further,
numerical evaluation of the test suggests that the specimen geometry can produce a non-
uniform state of stress that deviates from the analytical solution used to interpret the tensile
strength [4].
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Figure 2. Strength data for (a) Berea Sandstone [10] and (b) Carrara Marble [1]. Results include
confined extension tests, as well as direct tension (DTS), uniaxial compression (UCS) and triaxial
tests. The Hoek Brown failure criteria is shown for the confined extension tests, as well as the tension
cut off. Modified from Hoek and Martin [6] and Patel and Martin [4].

Another method to test rock strength under confined tension conditions is the confined
Brazilian test originally described by Jaeger and Hoskins [13], and subsequently used to
find strength of rocks [14] and cementitious materials [15] in the confined tension region.
This test produces a triaxial state of stress, with the intermediate principal stress equal to
the confining pressure. The stress state induced by the confined Brazilian test at failure is a
function of the confining pressure; by testing at different confining pressures, the failure
surface in the confined tension region can be defined as shown in Figure 1. The stress paths
of confined Brazilian tests are more similar to that of typical compression tests compared
to extension tests on dog bone samples. Similar to the BTS test, the state of stress in the
confined Brazilian test is not homogeneous and must be calculated from the applied load
and confining pressure. Specimen preparation is more straightforward than that for dog
bone specimens, but similar to BTS tests, there are concerns with crushing-type failure near
the location where the specimens are loaded [4].

Strength measured in the confined tension region by different test methods indicate
that the intermediate principal stress affects the strength [4,5,13,15]. This suggests strength
data obtained from testing in the confined tension region should be evaluated with a
criterion that includes the intermediate principal stress. We report on quasi-static confined
Brazilian tests under a range of confining stresses to determine the strength of sandstone
in the confined tension region. We seek to determine if the strength in the confined
tension region is a function of the intermediate principal stress, and whether the strength
can be described by a failure criterion that accounts for the intermediate principal stress.
Numerical simulations from combined finite-discrete element method are compared to the
experimental results to gain further insight into the behavior of brittle geomaterials in the
confined tension region.

2. Materials and Methods
2.1. Experimental Methods

Slabs of Royal Red sandstone quarried southeast of Kanab, Utah were provided by
New Mexico Travertine, Inc. The sandstone was selected because it is a widely available
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and common rock type, and is homogenous, consisting of a small grain size ranging from 20
to 100 microns with no large aggregate particles. The slabs were cored, and the ends were
cut with a masonry saw to produce samples for subsequent testing. Uniaxial compression
tests [16] were performed on cylindrical specimens with a diameter of 50.8 mm and a
height of 101.6 mm using an applied axial force at a rate of 30,000 N/min. A compressive
strength of 62.24 MPa was derived from averaging the maximum applied principal stress
for five tests. Young’s modulus was estimated as 2.74 GPa from the stress and strain
data interpreted from the measured force and deformation. A density of 2480 kg/m3

was calculated by measuring the weight and volume of each sample used in the uniaxial
compression tests.

Samples for Brazilian tests were produced with a 50.8 mm diameter and a 25.4 mm
thickness, consistent with recommended sample dimensions for Brazilian tests [17]. The
samples were flattened to address the problem of localized cracking produced near the
region of the applied force [4,18]. To produce flattened loading surfaces, the cylindrical
samples were flattened 1 mm on the top and bottom of the disk using a sanding belt.
Unconfined flattened Brazilian tests were performed at a rate of 0.2 mm/min [19]. Thin
wood strips were placed between the loading frame and the sample to evenly distribute the
load along the flattened end. An average tensile stress at failure of 6.05 MPa was obtained
from four repeated unconfined Brazilian tests.

For confined Brazilian testing, sandstone disks were jacketed to allow loading while
under confinement providing by a confining fluid (Figure 3). The disks were first placed
between two aluminum endcaps which are ported for fluid access to the ends of the sample
if desired. Perforated Teflon spacers with a thickness of 1.6 mm were placed between the
sandstone and the endcaps to limit friction between the samples and the end caps. The
perforated Teflon spacers also allowed an even distribution of gas across the surface of the
sandstone. A latex membrane was then placed around the sample, Teflon, and endcaps.
This assembly was cast in a low stiffness polyurethane rubber compound, PMC-121/Dry
from Smooth-On Inc. Two loading platens were embedded in the polyurethane rubber cast
to allow direct contact with the sample when loading.

Figure 3. Schematic of the sample jacketing construction modified from Boyce [15].

The jacketed samples were tested in a pressure vessel rated to 34 MPa internal pressure.
The pressure vessel was placed in a 433 kN Instron load frame which was used to apply the
diametric load through a loading ram. A hydraulic oil pump was used to apply a confining
pressure on the sample. Quasi-static confined Brazilian strength tests were carried out with
this system by applying a diametric load at a prescribed deformation rate and observing
permeability changes. After an initial seating period, the samples were loaded at a rate of
0.04 mm/min. Tests were performed at five confining pressures: 2.76, 8.27, 13.79, 20.68,
and 27.58 MPa.
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The principal stresses at the center of the sample are calculated from the loading
conditions based on the elastic solution developed by Hondros [20] for the unconfined
Brazilian test. Jaeger and Hoskins [13] extended Hondros’s solution to account for a
confining pressure, PC, used in the confined Brazilian test. To incorporate the use of a
flattened Brazilian disk and the configuration of the sample loading, the Jaeger and Hoskins
solution has been adapted to the test configuration used by Boyce [15] and is given by:

σ1 = 0.9 ∗ 6[F − (PCAf)]

πDt
+ PC (1)

σ2 = PC (2)

σ3 = 0.9 ∗ −2[F − (PCAf)]

πDt
+ PC (3)

where, σ1 is the maximum principal stress, σ2 is the intermediate principal stress, σ3 is the
minimum principal stress, F is the applied axial force, Af is the flattened surface area, D is
the diameter, and t is the thickness of the Brazilian disk.

2.2. Numerical Methods

Numerical simulations replicating experimental testing were performed with the
Hybrid Optimization Software Suite (HOSS) [21], developed at Los Alamos National
Laboratory, to evaluate and improve the prediction of damage and failure. HOSS uses
the combined finite-discrete element method (FDEM) to simulate fracture and damage
processes in brittle materials including the separation of mesh elements to accurately model
fracture networks [22–24]. Previous studies have proven the ability of HOSS to accurately
model simulations of rock mechanic problems and fracture development processes [25–28].

A three dimensional, tetrahedron mesh (Figure 4a) was modeled to replicate the
geometry of the experimental Brazilian disk and two loading plates by using Cubit, a
modeling software developed at Sandia National Laboratories. The steel plate material
blocks were treated as finite element (FEM) domains, and the sandstone disk material
block was treated as an FDEM domain. FDEM modeling is more computationally intensive
than the continuum-based FEM approach, so only the material block expected to fracture
used the FDEM approach. By defining the steel plates as FEM domains, the computational
processing power needed for each simulation is reduced. The mesh dimension of 3 mm was
chosen by using a mesh convergence study performed during similar simulation testing by
Boyce [15]. An additional simulation was performed to replicate a uniaxial compression
test, shown in Figure 4b.

Material properties used in the simulations are given in Tables 1 and 2. The steel
material properties were obtained from Boyce [15]. For the sandstone, Young’s modulus
and density were obtained from experimental testing. Poisson’s ratio, and the friction
coefficients were estimated based on existing literature on similar sandstones [10,29,30].
Shear strength was calibrated to the model based on preliminary iterative numerical trials.
Similarly, the tensile strength measured in the lab was also calibrated to the model. After
iterative numerical tests, the tensile strength value used in the simulations was 4.69 MPa,
which is 78% of the tensile stress at failure in the unconfined Brazilian tests. The true tensile
strength is typically between about 70 to 80% of the BTS value for a wide range of rocks [7].

To simulate the displacement-controlled loading that was performed in the laboratory
experiments, a constant velocity was applied to the bottom loading plate, while fixing
the top loading plate. The velocity of the bottom plate was 0.3 mm/min and was chosen
using a convergence study carried out for a similar simulation by Boyce [15]. A pressure
boundary condition was placed on the exterior side sets of the sandstone disk, simulating
the confining pressures of 2.76, 8.27, 13.79, 20.68, and 27.58 MPa for different tests.



Appl. Sci. 2021, 11, 2285 6 of 14

Figure 4. Geometric representation of (a) a confined Brazilian test and (b) a uniaxial compression test to be used in numerical
computations.

Table 1. Sandstone Material Properties used in HOSS Simulations.

Young’s Modulus E (GPa) 2.74

Poisson’s Ratio ν 0.20
Density ρ (kg/m3) 2483

Tensile Strength σ (MPa) 4.69
Shear Strength τ (MPa) 30.0

Friction Coefficient: Sandstone/Sandstone µI 0.57
Friction Coefficient: Sandstone/Steel µII 0.60

Maximum Normal and Shear Displacements δI, δII (mm) 0.036, 0.028

Table 2. Steel Material Properties used in HOSS Simulations.

Young’s Modulus E (GPa) 200

Poisson’s Ratio ν 0.30
Density ρ (kg/m3) 8050

3. Results
3.1. Experimental Results

The maximum and minimum principal stresses at the peak load at the sample center
for the confined Brazilian tests are calculated from Equations (1) and (3) and are shown in
Figure 5. In addition, results from unconfined Brazilian tests and unconfined compression
tests are shown in this figure. A curve has been fit through the mean values at each
confining pressure. Most of the tests failed in the confined tension region, that is, where
σ1 is compressive and σ3 is tensile. At the greatest confining pressure, failure occurred
under all compressive stresses. The variability in the confined Brazilian strength data at
the same confining pressure may be due to a number of different factors. Samples were
produced from a number of different slabs, and thus may account for some variability. In
addition, the samples were tested without regard to its bedding orientation which can affect
Brazilian test results on sedimentary rocks [7]. The complex sample jacketing configuration
may also contribute to some variability, although it is not likely to be responsible for all
of the variability as the unjacketed unconfined Brazilian test data has some variability as
well. There were not enough tests performed at each confining pressure to determine a
meaningful standard deviation in the strength data.
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Figure 5. Minimum and maximum principal stresses at failure for a series of confined, flattened
Brazilian disks on sandstone. Average values at each confining stress, including unconfined, are
represented by an open point. Uniaxial compression strength (UCS) on the same sandstone is also
shown. The dashed line represents the best fit failure curve.

The results from the confined Brazilian tests follow an approximately positive linear
relationship between σ1 and σ3. However, the unconfined Brazilian test results deviate
from this line, and in fact, indicate that σ3 increases (becomes less negative) at the lower
σ1 in this test. The result that σ3 increases (becomes less negative) as σ1 decreases has
been observed over portions of other tests in the confined tension region using confined
tension tests of dogbone samples [1,3,10] and confined Brazilian tests [15]. The shape of the
strength curve in this region is not consistent with a tension cut-off or a strength criterion in
the tensile region developed from Griffith fracture criteria [2,6]. A possible explanation for
the apparently lower than expected strength during the unconfined Brazilian test reported
here is that without confinement, cracks initiate from “open” micro-flaws or microcracks.
Confinement would tend to close the open microcracks, and thereby increase their strength.

The uniaxial compressive strength is on the order of 30% lower than the biaxial
compressive strength of the confined Brazilian tests (where the curve crosses the σ3 = 0 axis).
Jaeger and Hoskins [13] saw a similar behavior in some of their confined Brazilian tests.
Results from Bobich [10] and Ramsey and Chester [1] on dog bone samples also indicate
that the biaxial compressive strength is greater than the unconfined compressive strength
(refer to Figure 2). Patel and Martin [4] conclude that tests with an intermediate principal
stress increases the peak strength in the confined tension region.

The strength data from the confined and unconfined Brazilian tests are presented as
a function of the intermediate stress, that is, σ1 vs. σ2 and σ3 vs. σ2. in Figures 6 and 7,
respectively. Both figures confirm the role of the intermediate stress on the rock strength.

The Mogi–Coulomb failure criterion has been used to describe strength of materials
where the intermediate principal stress has been shown to be important [31]. The Mogi–
Coulomb criterion is a more general case of the Mohr–Coulomb criterion which ignores
the intermediate principal stress. The Mogi–Coulomb criterion is defined in terms of the
octahedral shear stress and the mean normal stress:

τoct =
1
3

√
(σ1 − σ2)

2 + (σ2 − σ3)
2 + (σ1 − σ3)

2 (4)

σm,2 =
1
2
(σ1 + σ3) (5)
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Figure 6. Intermediate and maximum principal stresses at failure for a series of confined, flattened
Brazilian disks on sandstone. Average values at each confining stress, including unconfined, are
represented by an open point. The dashed line represents the best fit failure curve.

Figure 7. Intermediate and minimum principal stresses at failure for a series of confined, flattened
Brazilian disks on sandstone. Average values at each confining stress, including unconfined, are
represented by an open point. The dashed line represents the best fit failure curve.

The Mogi–Coulomb criterion is typically represented as a straight line in terms of
the octahedral shear stress and mean normal stress. The Mogi–Coulomb criterion is
typically applied to failure under compressive stresses, and represents strength derived
from frictional (shear) processes. The strength data from the confined Brazilian tests are
given in terms of these stresses in Figure 8, and are found to fit to the straight line:

τoct = 13.354 + 0.571σm,2 (6)

where R2 is 0.9902. This good fit to the Mogi–Coulomb criterion suggests frictional pro-
cesses are largely controlling strength in much of the confined tension region as suggested
by Lan [3]. In addition, the unconfined compressive strength data are fit well by this
straight line, suggesting that accounting for the intermediate principal stress reconciles
strengths determined under different stress paths and stress conditions. The unconfined
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Brazilian strength data fall below the extrapolation of the straight line, consistent with the
strength in this configuration having a greater dependence on tensile strength and less on
frictional processes during crack initiation due to more open micro-flaws in the absence
of confinement.

Figure 8. Failure curve represented in σm,2 vs. τoct stress space plotted with the average failure
stresses at each confining pressure. Note the uniaxial compression failure is consistent with confined
Brazilian failure data. The estimated direct tension strength (DTS) range is represented between
triangle markers.

Additionally, included in the figure is the range of strengths expected from a direct
tensile test. The direct tensile strength (DTS) is expected to be related to the unconfined
Brazilian tensile strength (BTS) by:

DTS = A × BTS (7)

where A is a constant ranging from 0.6 to 0.8. From the analysis of many datasets, Perras
and Diederichs [7], found A for sedimentary rocks as 0.69. Nicksiar and Martin [32]
reported an average value of A to be 0.77 for all rock types. A line has been drawn
that connects the DTS, BTS and straight-line portion of the failure surface defined by the
Mogi–Coulomb criterion. Along this line, the failure mode transitions from pure tensile to
progressively more frictional (shear).

3.2. Post-Failure Observations of Samples

Post-peak fracture surfaces were observed at the conclusion of every test. 18 of the
24 samples had a single fracture oriented in the direction of the diametric load. 6 of
the 24 observed samples had wedges form near the flattened surface of the Brazilian
disks. This behavior was observed for samples with a range of confining stresses. Jaeger
and Hoskins [13] observed wedging in some confined Brazilian tests; they argued that
extensional fracture near the center of the sample was the principal failure mechanism and
that wedging was a secondary effect.

The typical fracture appeared as a single extension fracture oriented parallel to the
direction of loading (Figure 9). However, at the highest confining pressures, the fractures
were more likely to be oriented away from the direction of loading (Figure 9) as would be
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expected for shear dominated behavior. En echelon (stepped) patterns were observed in
some samples tested at the greatest confining pressures, consistent with shear processes [33].
These fractures displayed surface textures with dulled features, indicating grinding of the
fracture surfaces. This evidence indicates that failure is increasingly dominated by shear
under higher confining pressures.

Figure 9. The fracture pattern differences due to confining pressure. Column (A) failed under a
confining pressure of 2.76 MPa (sample A-8 and A-7), Column (B) at 13.79 MPa (sample A-19 and
A-17), and Column (C) failed at 27.58 MPa (sample A-23 and A-24).

3.3. Numerical Results

Six numerical simulations were performed to compare to the strength behavior seen
in the experimental tests on the flattened Brazilian disks. Figure 10 compares the mini-
mum and maximum principal stresses at failure for the experimental tests and numerical
modeling. The simulation and experimental results are relatively similar in all instances
except the unconfined Brazilian tests. The variation seen in the confined tests is consistent
with the spread of data observed between different tests at the same confining pressures.
However, the larger difference between the unconfined tests can perhaps be explained
by Zhu [2], who found when comparing theoretical prediction and experimental data
in the confined tension region that the predicted tensile strength was 30% greater than
the experimental observations. This same behavior is observed in Figure 10, where the
tensile strength from the simulation is approximately 31% greater than the average of the
experimental results. This behavior may occur because microcracking in the unconfined
tests initiates due to open microcracks, which is not described by the models. The modeling
does not consider pre-existing micro-cracks within the rock; therefore, it does not account
for different behavior due to open versus closed microcracks.
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Figure 10. Minimum and maximum principal stresses at failure for the experimental tests and
numerical models. Each of the six simulations are represented with X symbols.

Notably, a similar curve to that seen in the experimental results is observed in the
numerical results in which the confined Brazilian simulations show a linear curve but σ3
becomes less tensile in an unconfined Brazilian test. Additionally, the stresses at failure
are depicted in Figure 11, compared to the Mogi–Coulomb failure criterion observed
experimentally. The simulation results align closely with this failure criterion.

Figure 11. Failure curve represented in σm,2 vs. τoct stress space plotted with the average failure
stresses at each confining pressure. Each of the six simulations are represented with X symbols.
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4. Conclusions

Confined Brazilian tests conducted on sandstone indicate that the strength measured
with confined Brazilian tests was a strong function of the intermediate principal stress.
Increasing the intermediate principal stress significantly increased the strength of the
sandstone.

In σ1–σ3 stress space, the strength data from the confined Brazilian tests follow a
straight line. This result suggests that the strength of the sandstone under the stress
conditions of the confined Brazilian tests involve frictional processes. The strength data
from the unconfined Brazilian tests do not fit the trend of the confined Brazilian test data
in σ1–σ3 stress space, nor are they consistent with a simple tension cut-off. The uniaxial
compressive strength is on the order of 30% lower than the biaxial compressive strength of
the confined Brazilian tests.

All of the strength data were evaluated with respect to the Mogi–Coulomb strength
criterion which, in contrast to most strength criteria for rocks, explicitly accounts for the
role of the intermediate principal stress. The Mogi–Coulomb criterion represents strength
derived from largely frictional processes. In this stress space, the confined Brazilian data
and the uniaxial compressive strength were well represented by a straight line, suggesting
that accounting for the intermediate principal stress reconciles strengths determined under
different stress paths and stress conditions. The unconfined Brazilian strength data falls
below the straight line, suggesting that tensile processes are increasingly controlling the
strength in this test. Observation of post-failure fracture surfaces reveal that samples tend to
show more indication of shear processes with increasing confining stress, namely, fracture
surfaces tend to be ground down. For the sandstone tested here, additional confined
Brazilian tests under confining pressures between 0 (unconfined) and 2.76 MPa would
be helpful to better describe the transition from tension to shear dominated strength. For
other rock types, the confined Brazilian test can be used to determine the failure behavior
in the confined tension region and provide insight into the transition between tensile and
shear failure processes.

The numerical models consistently replicated the strength and failure behavior of the
confined Brazilian tests, demonstrating the ability of HOSS to reasonably capture trends
and behaviors in the confined tension stress space. The Mogi–Coulomb criterion also
is well fit to the unconfined Brazilian and UCS simulations, suggesting that numerical
calculations reflect the transition from tensile to frictional processes driving failure in the
confined tension region.

For applications where rock may be subjected to confined tension conditions, the
results herein suggest that the failure criterion used should account for the intermediate
principal stress. Numerical methods should be evaluated to ensure the predicted strength
in the confined tension region reflects the role of the intermediate principal stress.
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