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Featured Application: Our findings provide deep insights into the thermal transport mechanisms
of branched carbon nanotubes, which may be useful in thermal management applications.

Abstract: This study investigated the thermal transport behaviors of branched carbon nanotubes
(CNTs) with cross and T-junctions through non-equilibrium molecular dynamics (NEMD) simulations.
A hot region was created at the end of one branch, whereas cold regions were created at the ends
of all other branches. The effects on thermal flow due to branch length, topological defects at
junctions, and temperature were studied. The NEMD simulations at room temperature indicated
that heat transfer tended to move sideways rather than straight in branched CNTs with cross-
junctions, despite all branches being identical in chirality and length. However, straight heat transfer
was preferred in branched CNTs with T-junctions, irrespective of the atomic configuration of the
junction. As branches became longer, the heat current inside approached the values obtained through
conventional prediction based on diffusive thermal transport. Moreover, directional thermal transport
behaviors became prominent at a low temperature (50 K), which implied that ballistic phonon
transport contributed greatly to directional thermal transport. Finally, the collective atomic velocity
cross-correlation spectra between branches were used to analyze phonon transport mechanisms for
different junctions. Our findings deeply elucidate the thermal transport mechanisms of branched
CNTs, which aid in thermal management applications.

Keywords: ballistic; phonon; branched CNT

1. Introduction

Since the discovery of carbon nanotubes (CNTs) in 1991, considerable research has
been conducted on their mechanical, optical, and electronic properties. CNTs have been
proposed as the most promising building blocks for nanoelectronic devices and thermal
management applications due to their high thermal conductivity and mechanical stabil-
ity [1,2]. However, the quasi-one-dimensional thermal transport of CNTs has restricted
their applications. Therefore, branched CNTs [3,4] have been proposed as alternatives
to CNTs. Due to their strong sp2 covalent bonds, branched CNTs exhibit lower thermal
resistance than those structures with van der Waals interactions (e.g., CNT bundles [5,6],
intermolecular junctions [7–9], and CNT networks [10,11]). In addition, high-quality and
high-purity branched CNTs have been synthesized using various approaches [12–18].
Moreover, branched CNTs demonstrate potential in rectifying electrical currents [12–14]
and heat [3,19]. Therefore, the thermal transport behavior inside branched CNTs should be
investigated to identify their possible applications.

Molecular dynamic (MD) simulation is an appropriate tool for characterizing the
collective and individual behavior of atomics or molecules at the nanoscale level. Com-
pared with other atomistic methods, such as the use of Boltzmann transport equations,
lattice dynamics, and non-equilibrium Green’s function, MD simulation can more ac-
curately capture the dynamics of lattice vibration, including harmonic and anharmonic
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interactions [20]. MD simulations have been widely adopted to investigate the thermal
transport mechanisms of pristine CNTs. A frequently researched aspect of pristine CNTs is
their length-dependent thermal conductivity, which involves ballistic or diffusive phonon
transport behavior at varying lengths [21–23]. However, similar examinations on the
phonon transport mechanism or thermal energy transfer inside branched CNTs have rarely
been conducted. Branched CNTs possess topological defects and the possibility of multi-
directional thermal transfer in junction regions, whereas pristine CNTs do not. Some
studies have examined the influences of the aforementioned phenomena on the thermal
transport behavior [3,4,24–26]. The topological defects at the junction area of branched
CNTs must satisfy Euler’s polyhedral formula [27,28]. Topological defects often cause con-
siderable phonon scattering and thus an increase in thermal resistance, which subsequently
influences heat transfer [24,26]. Moreover, the connections of different carbon structures,
such as CNTs and graphene, must facilitate multi-directional thermal transfer; however,
dimensional mismatch occurs at the junction, which causes an increase in resistance, a
decrease in transmission, and changes in the incident phonon mode [24,29,30].

Some researchers have investigated thermal ratification behaviors for branched CNTs
by conducting experiments [19], heat pulse simulations [3], and wave packet simula-
tions [4]. Chen et al. [31] investigated the thermal transfer inside a branched CNT with
T-junctions and observed that the heat preferred to flow straight rather than sideways,
especially for short branch lengths. They also noticed that symmetric temperature setups
exhibited lower transmission than asymmetric temperature setups because the phonons
were forced to change their propagation directions in the symmetric temperature setups.
The aforementioned phenomenon has been attributed to the occurrence of ballistic phonon
transport and topological defects (i.e., heptagons and octagons). However, the underlying
dominant mechanisms of the directional heat transfer inside branched CTNs have yet to
be determined.

In the present study, the heat flow inside branched CNTs with cross and T-junctions
was investigated using non-equilibrium molecular dynamics (NEMD) simulations. The
junctions in the CNTs were constructed through thermal welding. All of the CNT branches
had the same chirality and length and were attached to the cross and T-junctions to form
branched CNTs. The effects on thermal transfer due to branch length, topological defects
at the junction, and temperature were studied. Moreover, the collective atomic velocity
cross-correlation spectra between branches were used to analyze the phonon transport
mechanisms in the branched CNTs.

2. Methodology

All NEMD simulations were conducted using the Large-scale Atomic/Molecular Mas-
sively Parallel Simulator (LAMMPS) package [32]. The adaptive intermolecular reactive
bond order (AIREBO) potential [33] was employed in this study to describe the interatomic
interaction between carbon atoms. T-junctions and cross-junctions were created using
the thermal welding method proposed in [17]. Some atoms were removed intentionally
from one pristine 4 nm (6, 6) CNT to create a crossing region. The atoms were removed
such that the topological requirement described by the Euler polyhedral formula was
satisfied [28]. This formula regulates the numbers of vertices, faces, and edges in a con-
vex three-dimensional polyhedron. The number of pentagons (n5), heptagons (n7), and
octagons (n8) at a junction must satisfy the following equality: 2n8 + n7 − n5 = 6. A 1.5 nm
(6, 6) CNT was placed vertically with respect to the crossing region of the defect-containing
4 nm (6, 6) CNT. Subsequently, the two aforementioned CNTs were moved closer and
simultaneously heated up to 4000 K to perform thermal welding. A high temperature was
adopted to accelerate the creation of interlinks and surface reconstruction. Finally, the
T-junction model was cooled to 300 K.

Through the sequential removal of carbon atoms, topological defects in the junction
area could be quantitatively controlled to satisfy the Euler polyhedral formula. Thus,
T-junctions with two atomic configurations containing different topological defects were
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constructed, as illustrated in Figure 1a,b. One atomic configuration, which is hereafter
referred to as T-junction 1, contained two heptagon rings (one in the back) and two octagons
in the corner region, as depicted in Figure 1a. The second atomic configuration, which is
hereafter referred to as T-junction 2, contained four heptagon rings (two in the back), two
pentagon rings (one in the back), and two octagons in the corner region, as depicted in
Figure 1b.

Figure 1. Atomic configurations of the two T-junctions: (a) T-junction 1 and (b) T-junction 2 (P, H, and O represent pentagons,
heptagons, and octagons, respectively).

Cross-junctions were constructed by further removing atoms from the bottom region
of the T-junction model, which is hereafter referred to as the defect-containing T-junction,
as illustrated in Figure 2. For symmetry, the atoms removed from the bottom of the
aforementioned model were the same as those in the top crossing region of this model. A
1.5 nm (6, 6) CNT was assembled with the defect-containing T-junction model by using
the thermal welding process to form cross-junctions, as depicted in Figure 3a,b. The cross-
junction models depicted in Figure 3a,b were called cross-junctions 1 and 2, respectively.
The cross-junction models had twice the number of topological defects that their T-junction
counterparts did.

Figure 2. Defect-containing T-junction model.
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Figure 3. Atomic configurations of two cross-junctions: (a) cross-junction 1 and (b) cross-junction 2
(P, H, and O represent pentagons, heptagons, and octagons, respectively).

Equal-length (6, 6) CNTs were connected to T-junctions and cross-junctions to form
branched CNTs. To investigate the effect of branch length on the heat flow inside the
branched CNTs, various branch lengths between 25 and 200 nm were considered for the
simulations. The entire system was relaxed using a canonical (NVT) ensemble at the
junction region under a temperature of 300 K. The time step used for all simulations was
1 fs. To release the stress inside branched CNTs, the atoms on each individual branch were
allowed to move only along the axial direction of the CTNs under the microcanonical (NVE)
ensemble and the equilibrating process was run for 1 ns. Through the aforementioned
relaxation procedure, both longitudinal and transverse stresses inside the branches were
eliminated. Relaxing the structure was crucial because the residual stress from the initial
model can influence the material properties and can thus affect the heat flow [30].

The temperature setups of the cross and T-junctions are displayed in Figure 4a,b,
respectively. To avoid rigid body motion (i.e., translational movement and rotation) of
the branched CNTs, all of the branches were fixed at their ends for a length of 0.5 nm
adjacent to a 5 nm temperature-controlled region. The temperatures in the hot and cold
regions were controlled at 300 ± 30 K by using the Langevin thermostat setting. To observe
the thermal flow, a hot region was created at the end of branch 1 of the branched CNTs
whereas cold regions were created at all of the other branch ends. The NVE ensemble was
implemented in the free area of branched CNTs for 1 ns to enable the heat current to reach
a steady state. All of the results were collected in the following 1 ns. Each model was
simulated and averaged six times with different initial velocities.

In the branched CNT with cross-junctions, the heat current flowed from branch 1 into
the other three branches (branches 2, 3, and 4; Figure 4a). To investigate the heat flow
behavior inside this branched CNT, we defined the heat current ratio beyond the junction
as follows:

Ri =
Ii

∑ Ii
, i = 2 ∼ 4 (1)

where Ii is the power removed from the temperature-controlled region of branch i. The
heat current ratio for the T-junctions was similarly defined as that in Equation (1).
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Figure 4. Illustration of the temperature-controlled setup for non-equilibrium molecular dynamics
simulations. A hot region was created at branch 1, whereas cold regions were created in the remaining
branches of the branched CNTs with (a) cross-junction and (b) T-junction.

3. Results

The heat current ratios occurring after the cross and T-junctions were examined
through NEMD simulations. The effects of branch length, atomic configurations at the
junctions, and temperature on the heat flow inside the branched CNTs were examined. The
length dependence of the heat current ratios for the two cross-junctions is illustrated in
Figure 5a,b. Regardless of the atomic configuration at the junctions, the heat current ratios
R2 and R4 (for branches 2 and 4, respectively) were approximately equal and larger than
R3. This result indicates that the heat currents did not flow equally into the three branches
after the junction even though all of the branches had identical length and chirality. The
heat flow into the top (branch 2) and bottom (branch 4) branches was higher than that
into the straight branch (branch 3), especially for short branch lengths. However, as the
branch length increased, the heat current ratio tended to approach 1/3. This value was
equal to the prediction result obtained using conventional thermal circuit theory under
the assumptions that the thermal resistances along all the branch directions at the junction
were identical and that the thermal properties of all of the branches were the same.

Moreover, the thermal transport behavior was investigated by creating a hot region
placed at the bottom branch (branch 4) and cold regions at the ends of the other branches for
the branched CNT with cross-junctions. Different temperature settings produced different
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heat current directions, along which different topological defects were encountered. For
instance, the heat current from branch 1 encountered two heptagons in parallel at cross-
junction 1; however, the heat flow from branch 4 encountered two heptagons in series. The
heat current results for two temperature settings were within the standard deviation error,
as shown in Figures 5a and 6a. For both settings, the heat current preferentially flowed
sideways rather than straight.

Figure 5. Branch length dependence of the heat current ratio for branched CNTs with two atomic
configurations at the cross-junctions: (a) cross-junction 1 and (b) cross-junction 2.

We attempted to explain the aforementioned observations by using thermal circuit
theory and by considering the anisotropic thermal conductance at the junction. As the
topological defect locations were horizontally (along branches 1 and 3) and vertically (along
branches 2 and 4) asymmetric, the thermal resistances at the junctions along the branches
may have been different. A previous study [29] indicated that defects in series have lower
thermal resistance than those in parallel. When the asymmetric junction resistance is
considered (Figure 6b), the temperature difference between the hot and cold regions (∆T)
(hot region placing at branch 1) can be expressed as follows:

∆T = Thot − Tcold = I1(Ω1 + ΩCNT) + I2(Ω2 + ΩCNT)
= I1(Ω1 + ΩCNT) + I3(Ω3 + ΩCNT) = I1(Ω1 + ΩCNT) + I4(Ω4 + ΩCNT),

(2)

where ΩCNT is the thermal resistance of the pristine CNT branch and Ii is the heat current
at branch i. The following expression is obtained:

I2(Ω2 + ΩCNT) = I3(Ω3 + ΩCNT) = I4(Ω4 + ΩCNT) (3)

As the heat currents of branches 2 and 4 were larger than that of branch 3 (I2,4 > I3),
we deduced that the thermal resistance at the junction satisfied the following expres-
sion: Ω2,4 < Ω3. However, a contradictory result (i.e., Ω1,3 < Ω2) was obtained when
we considered the heat current situation in which a hot region was created at branch 4.
Our simulation results cannot be explained using an account of conventional thermal
circuits with or without the consideration of thermally anisotropic junctions. This finding
implies that the obtained results cannot be explained simply by diffusive-based thermal
circuit theory.

The thermal transport behavior inside the branched CNT with T-junctions was also
simulated. The dependences of the heat current ratios on the branch lengths are displayed
in Figure 7a,b, respectively. The heat current preferentially flowed straight into the straight
branch rather than sideways (i.e., R3 > 50% or R2 < 50%), especially for the short branch,
irrespective of the atomic configurations at the T-junctions. However, as the branch length
increased to 200 nm, the heat current ratios of branches 2 and 3 (i.e., R2 and R3, respectively)
approached 50%, which was predicted by a diffusive-based conventional thermal circuit
calculation. Similar to the branched CNT with cross-junctions, the atomic defects of
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pentagonal, heptagonal, and octagonal rings did not influence the directional heat transfer
behaviors. Moreover, the heat current preferentially flowed sideways rather than straight,
with one additional bottom branch attached to a T-junction.

Figure 6. (a) Length dependence of the heat current ratio for branched CNTs with cross-junction
1. A hot region was created at the bottom branch (branch 4), and cold regions were created at the
other branches. (b) Conventional thermal circuit when assuming different thermal resistances at
the junctions.

Figure 7. Branch length dependence of the heat current ratios inside branched CNTs with two
T-junctions: (a) T-junction 1 and (b) T-junction 2.
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4. Discussion

Through NEMD simulation of branched CNTs, directional heat transfer on the branches
could be observed. The directional heat transfer behavior in branched CNTs can be at-
tributed to two possible causes: asymmetric polygonal rings in the junction regions and
ballistic phonon transport [31]. First, it was reported that phonons exhibit different in-
teractions with asymmetric polygon rings, which resulted in directional flow due to the
specific location of the polygon rings [29]. This effect became weaker as the branch length
increased because the thermal resistance was influenced more by the branches than the
junctions. Therefore, heat currents tended to flow equally into each branch at long branch
lengths. However, similar heat current results were obtained regardless of the atomic
configuration at the junction (Figure 5 (cross-junctions) and Figure 7 (T-junctions)). Even if
the configuration of the polygon rings changed (e.g., from two heptagons in parallel to two
heptagons in series) by shifting the hot region to the bottom side, the heat still tended to
flow sideways rather than straight, as displayed in Figure 6a. Thus, the results indicated
that the directional heat transfer in branched CNTs was not dominated by local asymmetric
polygonal rings.

Second, heat may exhibit ballistic transport rather than diffusive scattering inside
branched CNTs, especially for short branches. When a branch was longer than the phonon
mean free path, ballistic to diffusive crossover of heat flow occurred and the heat was trans-
ported predominantly through diffusive scattering; thus, an equal heat current occurred
in each branch. As ballistic phonon transport was more pronounced at low tempera-
tures [1,21,34,35], the temperature effect was studied to further investigate the thermal flow
mechanism inside branched CNTs with cross and T-junctions. The hot and cold regions
were controlled at 50 ± 30 K to observe how the heat currents between branches changed.
As illustrated in Figure 8a,b, the heat current ratios for branch 2 exhibited relatively high
deviation from the conventional predictions for both junctions, which indicates the thermal
transport mechanisms in these branches were less diffusive and more ballistic at lower
temperatures. Moreover, the NEMD simulation was conducted on the branched CNT
with a defect-containing T-junction (Figure 2) to examine the different directional thermal
flow behaviors between cross and T-junctions. Compared with the T-junction, the defect-
containing T-junction, which was the intermediate construction stage of a cross-junction,
had an additional opening in its bottom region. As displayed in Figure 9, the size depen-
dence of the heat current ratio in branch 2 of the defect-containing T-junction was similar
to that on the size of a cross-junction and completely different from that on the size of the
T-junction. It is likely that phonons would scatter by the additional opening at the bottom
of defect-containing T-junction. Thus, the presence of an additional opening at the bottom
caused the heat current to tend to flow sideways into branch 2 rather than straight into
branch 3, which was unlike the phenomenon observed for the T-junction.

Figure 8. Effect of the temperature on heat flow in branched CNTs with (a) cross-junction 1 and
(b) T-junction 1.
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Figure 9. Branch length dependence of the heat current ratio in branch 2 of the branched CNT with
the T-junction and defect-containing T-junction.

Moreover, to analyze the thermal transport mechanism inside the branched CNTs
with different junctions, the collective atomic velocity cross-correlation spectra between
branches were examined to determine whether the phonons still maintained their original
vibrational characteristics after passing the junction structure. First, the power spectrum
of velocity cross-correlation between a pair of atoms located in two branches was defined
as follows:

Γ
mα,nβ
b,i (ω) =

∫
dt e−iωt

〈
vmα

b,i (t)v
nβ
b,i(0)

〉
, (4)

where vmα
b,i was the atomic velocity along the α direction of the bth atom at the ith unit cell

located on branch m. The angle in brackets indicates the time moving average. The power
spectrum of the time correlation function can provide information on how one atomic
vibration was transmitted to another atom in different frequency ranges. As phonons are a
collective motion of the periodic elastic arrangement of atoms inside condensed matter,
the power spectrum of velocity cross-correlation between a pair of atoms located in two
branches was insufficiently informative. Therefore, a group of atoms within nc unit cells in
each branch was selected to calculate the atomic velocity cross-correlation as follows:

Cmα,nβ(ω) =
1

ncNb

nc

∑
i

Nb

∑
j

∣∣∣ Γmα,nβ
j,i (ω

)∣∣∣2∣∣∣Γmα,mα
j,i (ω)

∣∣∣∣∣∣Γnβ,nβ
j,i (ω)

∣∣∣ (5)

where Nb was the number of atoms in one unit cell. In the conducted analysis, nc was
selected as 5. Moreover, the number of atoms in one unit cell, Nb, for a (6, 6) CNT was
24. Our methodology of velocity cross-correlation was similar to the one adopted to
calculate coherence length by Latour et al. [36]. Special care was taken to ensure that the
distance between each pair of atoms used to calculate the velocity cross-correlation was
the same (Figure 10), which was unlike the method used by Latour et al. [36], to ensure
that the time for traveling between the calculated atoms would not be different. Different
atomic velocity directions were considered to characterize different phonon modes (i.e.,
the longitudinal and transverse phonon modes). The longitudinal (transverse) phonon
mode was identified when the atoms vibrated parallel (perpendicular) to the branch axial
direction. The cross-correlation results were averaged over six different runs.
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Figure 10. Illustration of atoms at different branches in cross-correlation calculation.

The collective power spectra for the longitudinal and transverse vibrations, which
were termed the phonon correlation function, were analyzed for cross-junction 1 (Figure 11)
and T-junction 1 (Figure 12). As demonstrated in Figures 11a and 12a, the longitudinal
vibrations of branch 1 were more easily transmitted to branch 3 than to branch 2 in both
the longitudinal and transverse modes, which indicates that the vibrations in branch 2
originated from scattering and their correlation subsequently reduced. At low frequencies
(<1 THz), all of the vibrations between branches exhibited higher correlations, which is
consistent with the fact that low-frequency phonons have a long mean free path [36,37].
In addition, the longitudinal vibrations of branch 1 had a higher correlation with the
transverse vibration of branch 2 than with the longitudinal vibration of branch 2. This
result indicated that the longitudinal phonon may change to a transverse phonon when
transported from branch 1 to branch 2. This behavior is similar to the phonon polarization
conversion behavior observed by Shi et al. [24,29,30].

Figure 11. Collective power spectra of velocity cross-correlations of (a) longitudinal and (b) transverse
vibrations of branch 1 with those of branches 2 and 3 for cross-junction 1.

As depicted in Figures 11b and 12b, the transverse vibrations of branch 1 exhibited
higher transmittance strength in branch 3 for a T-junction than for a cross-junction, es-
pecially at a frequency of approximately 2 THz. However, the transverse vibrations of
branch 1 had lower overall correlations with the vibrations of branches 2 and 3 than
the longitudinal vibrations of branch 1. This result implies that the transverse phonons
scatter more at a junction relative to the longitudinal phonon. Both the longitudinal and
transverse phonons could move more and without scattering from branch 1 into branch 3
when encountering T-junctions than when encountering cross-junctions. This result was
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obtained because the atomic vibration could easily propagate straight into branch 3 when
encountering the T-junction without an additional opening and discontinuity at the bottom.
It should be pointed out that the phonon correlation function, which describes the resem-
blance in atomic vibration between branches, only reflects the phonon scattering behavior
during thermal transport. This function could not be directly related to the amount of
transferred heat because the heat current can be transported by both diffusive and ballistic
phonons, and the heat carried by diffusive phonons cannot be reflected by the atomic
velocity cross-correlation spectra.

Figure 12. Collective power spectra of the velocity cross-correlation of (a) longitudinal and
(b) transverse vibrations of branch 1 with those of branches 2 and 3 for T-junction 1.

5. Conclusions

In this study, NEMD simulations were conducted to investigate the thermal transport
behavior inside branched CNTs with cross and T-junction. Junctions were prepared through
the thermal welding of (6, 6) CNTs by removing atoms such that Euler formula-based
topological requirements were satisfied. All of the connecting branches had the same
length and chirality. The effects of branch length, topological defects at junctions, and
temperature on the thermal flow were studied. The simulation results indicated that the
heat current preferentially flowed into the side branch rather than the straight one for the
cross-junction structures; however, the heat inside the T-junction behaved differently. This
directional heat transfer was obvious especially in short branches and low temperatures.
Moreover, the atomic configuration at junctions with different topological defects only had
a marginal influence on the heat transfer. As the branch length increased, the heat tended
to flow equally into each branch. The directional heat transfer cannot be explained using
diffusive-based thermal circuit theory even when the anisotropic thermal conductance at
the junction was considered. Finally, the collective atomic velocity cross-correlation spectra
between branches were used to examine phonon transport mechanisms for the branched
CNTs. Furthermore, we found that the phonon correlation function, which describes the
similarity of atomic vibration between branches, could only provide information regarding
the phonon scattering behavior during thermal transport. Moreover, this function could
not be directly related to the amount of transferred heat because the heat current can be
transported by both diffusive and ballistic phonons, and the heat carried by diffusive
phonons cannot be reflected in the atomic velocity cross-correlation spectra. This finding
provides deep insight into the thermal transport mechanisms of branched CNTs, which
can be useful when employed in thermal management applications.
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