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Abstract: Microresonator-based lasers in the two-micron range are interesting for extensive appli-
cations. Tm3+ ions provide high gain; therefore, they are promising for laser generation in the
two-micron range in various matrices. We developed a simple theoretical model to describe Tm-
doped glass microlasers generating in the 1.9–2 µm range with in-band pump at 1.55 µm. Using this
model, we calculated threshold pump powers, laser generation wavelengths and slope efficiencies
for different parameters of Tm-doped tellurite glass microspheres such as diameters, Q-factors, and
thulium ion concentration. In addition, we produced a 320-µm tellurite glass microsphere doped
with thulium ions with a concentration of 5·1019 cm−3. We attained lasing at 1.9 µm experimentally
in the produced sample with a Q-factor of 106 pumped by a C-band narrow line laser.

Keywords: microlaser; microsphere; Tm-doped tellurite glass; in-band pump; numerical simulation

1. Introduction

Whispering gallery mode (WGM) resonators with high Q-factors and a small mode
volume providing efficient light-matter interaction are very attractive photonic elements
for obtaining optical frequency combs for different applications [1–9], creating optical
filters, switches, microlasers, sensors, and other miniature optoelectronic devices [10–16].
Microlasers in the two-micron range are potentially interesting for extensive application
in remote chemical sensing, biomedicine, and atmosphere monitoring. Lasing in the
two-micron range is easily achieved in microspheres doped with Tm3+ and/or Ho3+ ions
(sometimes with the addition of other co-dopants) [17–26]. Due to high gain of Tm3+

ions, lasing is easily achieved in various glass matrices such as silica [17], tellurite [18–20],
fluorotellurite [21], fluoride [22], and even chalcogenide [23].

Tellurite glasses are of great interest for the development of microlasers in the two-
micron range [18]. Current technologies allow producing low-loss tellurite glasses charac-
terized by substantial solubility of rare-earth ions [27], which is beneficial in fabricating
such photonic devices. Additionally, a high linear refractive index n~2 for tellurite glasses
leads to an emission cross section higher than for silica glass with refractive index n~1.4 [27],
since the cross section is proportional to (n2 + 2)2/9n.

Despite a large number of experimental studies on laser generation in thulium-doped
microresonators made of different glasses, insufficient attention has been paid to theoretical
models and numerical investigations. There are only a few theoretical studies of Tm-doped
microlasers. A rather complex theoretical model for lasing at ~2 µm in a Tm-doped tellurite
microsphere coupled with an undoped microsphere was proposed and studied in the
recent work by M. Saffari et al. [28]. Recently, we investigated theoretically the possibility
of single-color and multi-color cascade lasing at wavelengths of about 1.9, 1.5, and 2.3 µm
in Tm-doped tellurite microspheres pumped at 792 nm [29]. Diagrams of various regimes
were plotted depending on the parameters of the system (such as Q-factors and pump
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powers) [29]. After that, P. Wang et al. demonstrated experimentally dual-wavelength
lasing at 1.9 and 2.3 µm for the first time in a Tm-doped fluorotellurite microsphere [21],
thus confirming the performance of our theoretical model [29]. Here, we concentrate on
studying laser generation in the 1.9–2 µm range at the 3F4 → 3H6 transition of Tm3+ ions
with in-band pump in the range of about 1.55 µm, which is highly attractive for many
practical applications. Currently, there are plenty of commercially available laser sources
at 1.55 µm demanded in telecom applications; therefore, their use for pumping thulium
microlasers is a fairly straightforward solution. The simple theoretical model presented here
can be used to describe Tm-doped microlasers based on various glass matrices, including
tellurite (which is also analyzed in detail in this work), silica, fluorotellurite, fluoride,
and others.

Microlasers based on different active rare-earth ions can be described by a system of
ordinary differential equations of the first order in time [30,31]. The most common way to
analyze such microlasers is numerical solution of a dynamical system (commonly by the
Runge–Kutta method). A steady state solution that is of the greatest interest can be found
by simulating the laser dynamics over a long time sufficient for relaxation oscillations
to decay [31]. However, with a large number of WGMs falling into the gain band of an
active ion, the dynamical system contains a very large number of coupled equations, which
can take a lot of time to solve, especially for many realizations with varied parameters.
When considering continuous wave (CW) generation under CW pump, a solution can
be found by solving a system of many nonlinear algebraic equations (of the order of the
number of modes) obtained by taking d/dt = 0. However, we have proposed another
semi-analytical approach allowing us to solve only a single nonlinear algebraic equation
using exhaustive search for each mode (or a combination of modes) and to find stable CW
generation regimes [29]. Here, to describe CW lasing in the 1.9–2 µm range in a Tm-doped
microsphere, we use the same approach which becomes very simple for in-band pump.

2. Theoretical Model

The general scheme of the analyzed system is shown in Figure 1. It consists of a
thulium-doped tellurite glass microsphere and a silica fiber taper for both, coupling the
CW pump wave and extracting the generated laser wave.
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Figure 1. A simplified scheme of the considered system. Ppump is a pump power and κ is a
coupling coefficient.

We consider in-band CW pump (3H6 → 3F4) at a wavelength of 1.55 µm and lasing in
the 2 µm range (3F4 → 3H6) as shown in Figure 2a. The cross-relaxation process, which
can play an important role for a pump at ~0.79 µm [32], is neglected here, because levels
above 3F4 are almost unpopulated under in-band pump. Here, we used the two-level
approximation, which is equivalent to the quasi three-level model because the transition
from the pump level to the upper laser level (both belong to the 3F4 manifold) is very
rapid at a room temperature, so the population of the pump level is almost zero (please
see Appendix A for details). Let us define the population densities of the 3H6 and 3F4
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levels as n1 and n2. They are normalized to the concentration of Tm3+ ions NTm and satisfy
the expression

n1 + n2 = 1. (1)
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Figure 2. (a) A simplified scheme of laser levels for in-band pump. (b) Normalized gain function
proportional to (σemn2 − σabsn1).

An important characteristic is a gain function proportional to (σemn2 − σabsn1), where
σem and σabs are the emission and absorption cross sections, respectively. The calculated
normalized gain function depending on wavelength is given in Figure 2b. The wavelength
corresponding to the maximum of the function depends on n2 and determines the generated
wavelength. Note that the emission cross-section at the pump wavelength λp = 1.55 µm is
almost zero σem(λp) ≈ 0 for similar tellurite glasses [33,34].

The rate equation for the ground state population is [32,34,35]:

dn1

dt
= −W12n1 +

(
W21 +

1
τ21

)
n2. (2)

where τ21 = 3 ms [32] is the lifetime of the 3F4 level and W12,21 are the stimulated absorption
and emission rates (assuming σem(λp) ≈ 0)

W12 =
Γλpσabs(λp)

hcSe f f
|Ap|2 +

Γ
hcSe f f

∑
l

λs,lσabs(λs,l)|As,l |2, (3)

W21 =
Γ

hcSe f f
∑

l
λs,lσem(λs,l)|As,l |2. (4)

Here, λs,l is the laser wavelength with the mode order l (we consider here only the
family of fundamental modes with angular mode order l), h is Planck’s constant, c is the
speed of light in vacuum, Seff is the effective mode field area, Γ = 0.95 is the overlap factor
(defined in [28]), Ap is the intracavity field amplitude at the pump wavelength, and As,l is
the intracavity field amplitude at laser wavelength. For the fundamental mode family, the
overlap factor is almost independent on the laser wavelength in the 1.9–2 µm range. We
calculated previously that for the fundamental mode family, Seff is almost a linear function
of the tellurite microsphere radius changing from Seff ≈ 6 µm2 up to Seff ≈ 20 µm2 when
the radius increases from 50 µm to 200 µm [36].

The temporal evolution of the intracavity field amplitudes inside the microsphere can
be described by the system of ordinary differential Equations [29–31,35]:

dAp

dt
= −1

2

(
1

Te f f
− gp − i∆ω

)
Ap + i

√
1

TextTRT
Epump (5)

dAs,l

dt
= −1

2

(
1

Te f f
− gs,l

)
As,l (6)



Appl. Sci. 2021, 11, 5440 4 of 12

gp = − cΓNTm√
ε

σabs(λp)n1 (7)

gs,l =
cΓNTm√

ε
(σem(λs,l)n2 − σabs(λs,l)n1), (8)

where ∆ω is detuning of the pump with amplitude Epump from the nearest WGM (further
we take ∆ω = 0); Teff is the effective lifetime 1/Teff = 1/T0 + 1/Text; T0 is the intrinsic lifetime
(without allowance for ground state absorption); Text is the coupling lifetime; TRT is the
round trip time (circulating time inside the microsphere); ε is the permittivity (the square
of the refractive index). We neglect the difference between these lifetimes for different
wavelengths and WGMs inside the gain band.

The intracavity laser power is Ps,l = |As,l|2 and the output laser power is

Pout
s,l =

∣∣∣∣∣
√

TRT
Text

As,l

∣∣∣∣∣
2

= κPs,l (9)

where the coupling coefficient κ is

κ =
TRT
Text

. (10)

For a steady-state solution, the time derivatives in Equations (2), (5) and (6) are equal
to zeros

dn1

dt
= 0, (11)

dAp

dt
= 0, (12)

dAs,l

dt
= 0. (13)

Therefore, the system of Equations (2), (5) and (6) with (1), (3), (4), (7) and (8) taken into
account becomes algebraic, and the number of equations originating from (6) is determined
by the number of the considered WGMs in the gain band. However, the solution of a
nonlinear system containing a lot of algebraic equations is not a trivial task. Therefore, we
use the following semi-analytical approach. First of all, we assume that lasing is single-
mode (which is certainly valid near the threshold). We use an exhaustive search for each
l in Equation (6) and after that choose only stable physically meaningful solutions (with
0 <n1 <1 and Ps,l > 0). Stability of the solutions is analyzed as follows. If a lasing WGM has
the order l*, then for all other WGMs with orders l 6= l* the zero solution As,l = 0 must be
stable, that is the increment in Equation (6) must be <0:

− 1
2

(
1

Te f f
− gs,l 6=l∗

)
< 0. (14)

Therefore, for the WGM with number l, Equation (6) with allowance for Equation (8)
takes the form

1
Te f f

− cΓNTm√
ε

(σem(λs,l)n2 − σabs(λs,l)n1) = 0. (15)

Using Equation (1), we find n1 and n2 from Equation (15):

n1 =
σem(λs,l)

σem(λs,l) + σabs(λs,l)
− 1

Te f f

√
ε

cΓNTm

1
(σem(λs,l) + σabs(λs,l))

, (16)

n2 =
σabs(λs,l)

σem(λs,l) + σabs(λs,l)
+

1
Te f f

√
ε

cΓNTm

1
(σem(λs,l) + σabs(λs,l))

, (17)
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|Ap|2 =
(4/T2

RT) · κPpump(
1

Te f f
+ cΓNTm√

ε
σabs(λp)n1

)2 . (18)

After that, from Equation (2) with Equation (1) and the expressions (3), (4) taken into
account, we determine the intracavity power at the laser wavelength

|As,l |2 =
|Ap|2λpσabs(λp)n1 −

n2hcSe f f
τ21Γ

λs,l(σem(λs,l)n2 − σabs(λs,l)n1)
. (19)

Therefore, we have obtained the analytical expression (19) for |As,l|2 for each WGM
with number l from the gain band, where n1, n2, and |Ap|2 are given by the expressions
(16), (17) and (18), respectively. Further, we execute exhaustive search for all l, select only
physically meaningful solutions and for them examine the stability using the expression
(14). We verified that for any set of parameters, there is only one stable solution resulting
in laser generation at a fixed wavelength (or no lasing under the threshold).

3. Theoretical Results and Discussion

We consider critical coupling when an intrinsic Q-factor is equal to a coupling Q-factor:
Q0 = Qext (in other words when Teff = T0/2 = Text/2). We set σabs(λp) = 0.05·10−20 cm2

and the emission/absorption cross sections at laser wavelengths as in the paper [34]. We
varied Tm3+ ion concentrations, microsphere diameters, Q-factors, and pump powers. The
calculated coefficients κ as functions of the total Q-factor for different diameters of a tellurite
microsphere ranging from 40 µm to 400 µm are plotted in Figure 3a as well as expected
laser wavelengths (Figure 3b), slope efficiencies (Figure 3c), threshold pump powers
(Figure 3d–f), and threshold values of coupling coefficients multiplied by pump powers
(Figure 3g–i) as functions of the varied parameters of the system. Figure 3d demonstrates
that for a Tm3+ ion concentration of 1·1019 cm−3, lasing is possible only if the Q-factor
exceeds 106. For lower Q-factors, losses are too large and the gain cannot compensate
them; the laser threshold is not reached. With an increase in active ion concentrations to
NTm = 5·1019 cm−3 and NTm = 1 1020cm−3, the gain according to Equation (8) grows, and the
minimum Q-factors required for generation become equal to 3·105 and 2·105, respectively
(Figure 3e,f). Figure 3d–f also demonstrate that for a certain active ion concentration, the
larger the microsphere diameter, the higher the threshold pump power is.

Figure 3d–f show that with an increase in the Q-factor, the threshold pump powers
first decrease, then reach a minimum, and then begin to increase. This has the following
explanation. At low Q-factors, a large intracavity pump power is required to overcome
losses and reach the lasing threshold. As the Q-factor increases, less losses need to be
compensated, so the threshold power decreases. However, at high Q-factors, the coupling
coefficient is rather small (see Figure 3a), because κ is inversely proportional to the total
Q-factor for the critical coupling. The intracavity pump power becomes lower than for
medium Q-factors, which explains the non-monotonic behavior of the curves in Figure 3d–f.
For a clearer demonstration, we plot the dependence of the threshold values of coupling
coefficients multiplied by pump powers on Q-factor (Figure 3g–i). These curves are
monotonic: the higher the Q-factor, the lower intracavity power is required to attain lasing.

Let us go back to the expected lasing wavelength. We found that in the used model, it
does not depend on the diameter of the microsphere and the pump power, but depends on
Q-factor and active ion concentration. At low Q-factors, a higher pump power is required,
so the population n2 of the level 3F4 is rather high, so the maximum gain is achieved at
shorter wavelengths near the maximum of the emission cross section (see Figure 2b). With
an improved Q-factor, the laser wavelength grows smoothly. Knowing experimental λs
and NTm, it is possible to compare the measured value of the Q-factor with the calculated
one or even estimate the effective Q-factor (if it is not measured experimentally).
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microspheres indicated in the legend. Calculated laser wavelengths (b) and slope efficiencies (c) above the threshold pump
power as functions of the total Q-factor for different thulium ion concentrations NTm. Threshold pump powers for different
microsphere diameters d for thulium ion concentration of 1·1019 cm−3 (d), 5·1019 cm−3 (e), and 1·1020cm−3 (f). Threshold
values of κPThr (pump powers multiplied by coupling coefficients) for different microsphere diameters d for thulium ion
concentration of 1·1019 cm−3 (g), 5·1019 cm−3 (h), and 1·1020cm−3 (i). The legend shown in subplots (d,g) is the same as for
subplots (d–i).

The slope efficiencies calculated for pump powers above the threshold are plotted in
Figure 3c. They do not depend of microsphere diameters. There is an optimal Q-factor
to attain maximum efficiency, which coincides with the general laser theory according to
which there is an optimal value of transmission coefficient of a laser resonator (or optical
losses) to obtain the maximum output laser power [35].

Our semi-analytical model, which allows fast simulation of a steady-state solution
unlike dynamical models used previously, makes it possible to perform a scan over a
broad range of laser parameters. The obtained results may serve as a guide for designing
Tm-doped microlasers pumped by readily available pump sources at a telecommunication
wavelength. The model describing single-mode laser generation works well for not very
high excess of pump power over the threshold. To describe multi-mode laser generation in
different mode families, which is observed for high excess over the threshold, the model
can be modified.

4. Experimental Results and Discussion

An experimental microsphere was made of TeO2-ZnO-La2O3-Na2O glass doped with
thulium ions with concentration NTm = 5·1019 cm−3. This glass was similar in composition
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and method of preparation to the core of the fiber used for laser generation earlier [34].
The glass was prepared by melting the initial high-purity oxides and sodium carbonate
Na2CO3 in platinum crucible inside sealed a silica chamber in the atmosphere of purified
oxygen. After several hours melting at 800 ◦C, the melt was poured into a mold of silica
glass and annealed at a glass transition temperature. A glass sample was cut, ground, and
polished (see a photo in Figure 4a). The sample did not contain noticeable point scattering
defects and striae in the glass volume. A polished parallelepiped was examined in a red
laser beam to determine point defects. He-Ne laser beam scanning did not reveal bubbles
and scattering inclusions in the volume of the samples (see Figure 4b). A single-index fiber
was produced from the prepared glass (see Figure 4c). Next, we fabricated a microsphere
with diameter d = 320 µm by softening the tapered end of this tellurite single-index fiber
using a resistive micro-heater [36].
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Figure 4. (a) A photography of the polished thulium-doped tellurite glass parallelepiped with
dimensions of 8 × 8 × 44 mm. (b) A photography of He-Ne laser beam in this sample. (c) A
microphotography of single-index fiber produced from the synthesized glass. (d,e) The images of the
experimentally produced tellurite glass microsphere in perpendicular planes from two CCD cameras.
The coordinate axes in (d,e) correspond to the axes in Figure 1.

Coupling of the pump wave at 1.55 µm to the tellurite microsphere and outcoupling of
the generated laser wave at ~1.9 µm were realized with a silica fiber taper as schematically
shown in Figure 1. Despite the significant refractive index difference between silica and
tellurite glasses, it is possible to achieve large (critical and even overcritical) coupling in
the experiment. This is evident from the fact that at small distances between the taper and
the microsphere the measured fraction of absorbed power near the resonance can be more
than 0.5.

For an in-band pump and Q-factor measurements, we used a standard telecommuni-
cation C-band laser based on a micro-integrable tunable laser assembly (Pure Photonics,
PPCL550-180-60, line width 10 kHz, tuning range 190.3–197.9 THz). The measured Q-factor
at a wavelength of 1.52 µm was ~106. To measure the Q-factor, we chose the wavelength
shorter than the pump wavelength to mitigate the impact of ground state absorption
of thulium ions on effective Q-factor. Note that our value Q = 106 agrees well with the
Q-factors of tellurite microspheres reported previously by other researches [20,24].

The experiment was conducted in an acrylic glove box to protect the microsphere and
fiber taper against dust and airflows from the conditioning system [37]. The fiber taper was
made of a telecommunication fiber SMF28e [38]. Coarse adjustment of relative position
of the microsphere and fiber taper was done manually using two CCD cameras recording
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images in perpendicular planes. An example of images from CCD cameras is given in
Figure 4d,e, where one can also see near-IR light (“pink belt” in the equatorial plane)
that is explained by very weak (neglected in simulation) energy transfer up-conversion
processes in thulium ions (the pump light at 1.55 µm is invisible to our CCD cameras). Sub
0.1-µm adjustment of the relative position between the microsphere and the silica taper
was implemented with a 3-axis translation stage with precision piezo actuators (Thorlabs
MAX312D). The output spectrum of the transmitted pump light was recorded by Telecom
OSA (Optical Spectrum Analyzer) Yokogawa AQ6370D (600–1700 nm). To record the
spectrum of laser generation beyond the spectral boundary of Telecom OSA, we used a
scanning grating monochromator (MS2004i, SOL Instruments Ltd., Minsk, Belarus) and an
amplified PbSe detector (PDA20H, Thorlabs) integrated into the computer controlled setup.

Figure 5 demonstrates a composite spectrum of the transmitted pump wave (in dB
scale) and the generated laser wave (in linear scale). The pump power launched to the taper
is about 5 mW. The laser wavelength is about 1.9 µm, which agrees with the numerical
results shown in Figure 3b, where for NTm = 5·1019 cm−3 and Q-factor of the order of 106,
the expected laser wavelength is the same. We estimated the threshold power absorbed in
the resonator as 0.5 mW. The slope efficiency estimated by modulating the pump power
and measuring the response of the generated laser signal was about 10%, which also agrees
with theoretical predictions (see Figure 3c, where for NTm = 5·1019 cm−3 and Q factor of
106, the calculated value is 11%). Note that measurements of dependencies of the laser
output characteristics on the pump power are complicated because changes in the pump
power result in changes of the heat dissipated in the microresonator and the corresponding
shift of WGM resonance [36], thus changing the pump coupling conditions.
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Note, despite the fact that lasing in Tm-doped tellurite microspheres was achieved
in several works listed in Table 1, an in-band pump was used only in [20]. In [20], at a
Tm3+ concentration of 4.2 × 1020 cm−3 for a microsphere with a Q factor of 2 × 106, the
central lasing wavelength was 1975 mn, which agrees with the results of our theoretical
prediction. Therefore, we believe that our experimental and theoretical work can be useful
in the development of relatively simple Tm-doped in-band pumped microlasers.
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Table 1. Performance of Tm3+-doped tellurite glass microsphere lasers.

Thulium Ion Content Diameter of Microsphere, µm Pump Source; Wavelength, µm Laser Wavelength, µm Reference

5·1019 cm−3 320 Telecommunication laser, 1.55 ~1.9 Present study

4.2·1020 cm−3 (1mol% Tm2O3) 30 Tunable laser source, 1.504–1.629 Centered at ~1.975 [20]

0.15% Tm2O3 104 Ti: sapphire, 0.8 ~1.5&1.9 [39]

0.5wt% Tm2O3 Not reported Ti: sapphire, 0.793 ~1.5&1.9 [40]

5wt% 25 Ti: sapphire, 0.793 ~2.0 [19]

1mol% Tm2O3 ~60 Laser diode, 0.793 ~1.92&2.35; ~1.90 [21]

5. Conclusions

We have developed a simple theoretical model to describe thulium-doped glass
microlasers generating in the 1.9–2 µm range with in-band CW pump at 1.55 µm. We
have obtained an analytical expression for laser power assuming single-mode generation
and further performed exhaustive search for each WGM from the gain band and after
that chose the wavelength corresponding to a stable physically meaningful solution. This
model can be used for microspheres made of different glasses such as silica, tellurite,
fluorotellurite, fluoride, chalcogenide, and others. To describe the system, the following
parameters are required: emission and absorption cross sections for the 3F4 → 3H6 energy
transition, the lifetime of the 3F4 level, linear refractive index, Tm3+ ion concentration,
Q-factor, coupling coefficient, microsphere diameter, and pump power. We have performed
a theoretical analysis for tellurite glass microspheres promising for lasing in the two-micron
range. It has been shown that laser generation is possible if the Q-factor exceeds a certain
value depending on active ion concentration. The expected laser wavelength depends
on thulium ion concentration and Q-factor. The higher the concentration and Q-factor,
the longer the laser wavelength is. There is an optimal Q-factor to attain the maximum
slope efficiency for a certain thulium ion concentration. Additionally, we have fabricated
a 320-µm tellurite glass microsphere doped with thulium ions with a concentration of
5·1019cm−3. We have attained laser generation at 1.9 µm experimentally in the produced
sample with a Q-factor of 106 pumped by a C-band CW narrow line laser at 1.55 µm. The
observed laser wavelength and slope efficiency agree with the theoretical calculation for
the same Q-factor.
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Appendix A

Here, we show the equivalence of the two-level and quasi three-level models for our
system. Let us define in the three-level model: the ground state 3H6 as “1”, the upper
laser level as “2” and the pump level as “3”. Note that level 2 and level 3 belong to the
same 3F4 manifold. For glass matrices, intra-band transitions 3→2 are very rapid at a room
temperature (τ32 →0), so the population of level 3 is close to zero (n3 → 0). Therefore, the
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expression for three-level model n1 + n2 +n3 = 1 reduces to n1 + n2 = 1, which coincides
with Equation (1).
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Further, the stimulated absorption and emission rates for the three-level model (see
Figure A1) are

W∗12 =
Γ

hcSe f f
∑

l
λs,lσabs(λs,l)|As,l |2 (A1)

W∗21 =
Γ

hcSe f f
∑

l
λs,lσem(λs,l)|As,l |2, (A2)

W∗13 =
Γλpσabs(λp)

hcSe f f
|Ap|2 (A3)

W∗31 =
Γλpσem(λp)

hcSe f f
|Ap|2 = 0 (A4)

The rate equation for the ground state population for the three-level model:

dn1

dt
= −W ∗12 n1 −W ∗13 n1 +

(
W ∗21 +

1
τ21

)
n2 = −(W ∗12 +W∗13)n1 +

(
W ∗21 +

1
τ21

)
n2 (A5)

Recalling expressions for W12, W21 (Equations (3) and (4)), we obtain:

W12 =
Γλpσabs(λp)

hcSe f f
|Ap|2 +

Γ
hcSe f f

∑
l

λs,lσabs(λs,l)|As,l |2 = W ∗13 +W∗12 (A6)

W21 = W∗21 (A7)

and the rate Equation (A5) for the ground state population for the three-level model becomes

dn1

dt
= −W12n1 +

(
W21 +

1
τ21

)
n2 (A8)

Therefore, Equation (A8) coincides with Equation (2). The expressions for gp and gs,l for
the three-level model coincide with expressions (7) and (8). Therefore, the two-level and
quasi three-level models give the same results for in-band pumped Tm-doped tellurite
glass microlasers.
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