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Abstract: Nonlinear ultrasound has attracted more and more attention. In classical acoustic nonlinear
theory, the source of nonlinearity is the change of constitutive relation of materials. Structure response
that distorts after a single tone ultrasound wave is important to detect imperfection. This is rarely
found in current simulations. The current simulation always introduces defects which do not match
to the classical acoustic nonlinear theory. In this manuscript, the recurrence expressions of three
kinds of imperfect materials for subroutine are given. The verifying simulation model that is used
for verifying recurrence equations and wave propagation model that are used for analysing the
process of ultrasonic propagation are established. The results show that the two constitutive models
are effective in the verifying simulation and the hysteresis material has some special characteristics.
Finally, ultrasonic propagation in two types of materials produce the expected harmonics, which build
foundations for simulations of nonlinear ultrasound.

Keywords: classical acoustic nonlinearity; constitutive behavior; ultrasonic testing

1. Introduction

Under cyclic loads or harsh environments, no matter what materials, parts and complete structures
will undergo material properties degradation. Continuous degradation leads to predictable and
unpredictable problems, sometimes with serious consequences. Therefore, it is necessary to do health
testing for structures or materials in practical engineering [1–5].

The early degradation of the mechanical properties takes up most of the life of the structures.
Generally in metals, the damage first appears in the form of dislocation substructures such as veins and
persistent slip bands (PSBs), and these accumulate at grain boundaries to produce strain localization
and then further produce micro-cracks. This process accounts for 80–90% [6,7] of the life of the whole
structure when the metal material structure is bearing a cyclic load or harsh environment. When the
cracks show, the life the of material is almost over, so the testing of the early properties of the materials
is particularly important.

With the development of ultrasonic non-destructive testing technology, linear ultrasound cannot
satisfy the current testing needs, because linear ultrasound technology has no high sensitivity in the
early stage of deterioration of material mechanical properties [8]. Studies show that the dislocation
substructures and resulting microplastic deformation do not cause large changes in the macroscopic
properties such as elastic modulus, sound speed and attenuation of a material [9,10], thus the changes
in the linear ultrasonic quantities are not large enough to be accurately measured with conventional
linear ultrasound.

The testing method of nonlinear ultrasound has attracted considerable attention in recent
years [3,11–16]. Ultrasonic waves are highly sensitive to material damage, propagate in all directions,
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spread quickly and have high penetration into materials [17]. The nonlinear phenomenon manifests
itself with second, third and even more harmonic generation: when a sinusoidal ultrasonic wave of
finite amplitude at the f frequency crosses a nonlinear elastic material, harmonics at the 2 f ,3 f (et al.)
frequency are generated [18]. In refs [8–10], experimental results and physical models show that the
harmonic amplitude is directly related to material damage. Therefore, it can be expected that the
degree of material degradation can be evaluated by measuring the nonlinearity of the ultrasonic wave
propagated through the target material.

The sources of nonlinearity can be divided into classical acoustic nonlinearity and contact acoustic
nonlinearity (CAN). CAN manifests the phenomenon of nonlinearity by introducing a micrometer-
or even nanometer-level small crack, which has been done in many simulations [17,19–23] and
experiments [17,24–26]. However, it is known that when the material is under a load or in a severe
environment, not only a small area of the material is damaged (e.g., micro-cracks), but also every
under-service part of a structure is damaged to different degrees, which is rarely discovered in the
current simulation. It is difficult to decide where to set micro-cracks in simulation for the structure
under uniform load, but the material or structure must be damaged in service, so it is necessary to
study the degradation of the mechanical properties of the material or structure.

The work of this manuscript is based on classical acoustic nonlinearity. When the material is
undamaged, it complies with the linear constitutive relation. The wave propagation in the material is
linear. However, when the material is damaged, the mechanical constitutive behavior no longer obeys
the linear relation and the relation is complex and nonlinear [16,27,28]. As a result, the distortion of the
wave form appears and the harmonics are derived because the constitutive relation is no longer linear.

Different materials exhibit different constitutive behaviors when damaged. The coefficient of
material constitutive relation is also different for different damage degrees. In current simulation
research, no one has carefully studied the constitutive relationship of materials. In addition,
few researchers has verified the constitutive behavior of material in the simulation. Almost all
simulations show the nonlinear results directly, but it is not known whether the nonlinearity is caused
by the nonlinear constitutive relationship. In this manuscript, subroutines are written to defined three
constitutive relationships which are first and second order perturbation of classic nonlinearity and
nonlinear hysteresis respectively. Ref [28] compares linear wave propagation of a monofrequency
signal with the results for the various nonlinear and hysteretic contributions. The results of the
comparison are shown in Figure 1.

Figure 1. Schematic overview of the nonlinear contributions to the constitutive equation and its
implication for dynamic one-dimensional wave propagation of a finite-amplitude monofrequency signal.
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The remainder of this manuscript is organized as follows: Section 2 introduces not only the basic
theoretical background of nonlinear ultrasound and higher harmonics generation in theory but also
three constitutive behaviors which are written by a subroutine in simulations. In Section 3, a finite
element model of the propagation of nonlinear longitudinal waves is described in detail. finite element
method (FEM) simulation results are presented and discussed in Section 4, and conclusions are drawn
and future studies proposed in Section 5.

2. Classical Nonlinear Elasticity

In this section, the derivation of nonlinear wave equations in classical nonlinearity will be
reviewed, then we will introduce the constitutive relation of general materials. The general constitutive
relation can be decomposed to three basic constitutive relations.

In order to save computing resources, the stress is calculated by strain thorough recurrence
expression of the stress-strain relationship in simulations. Therefore, the recurrence relation of each
constitutive relation will be given in the follow subsection.

In order to unify the symbols in equations and make it easy for readers, the parameters involved
in this paper and their meanings are shown in Table 1.

Table 1. Main symbols used in the equation.

Free energy F
Lamé coefficients λ , µ

Strain tensor εik
Displacement component ui

Cartesian coordinate xi
Quadratic nonlinear perturbation coefficient β

Cubic nonlinear perturbation coefficient ε
Hysteresis α

Simplified first perturbation coefficient C1(= − 1
2 E0β)

Simplified second perturbation coefficient C2(= − 1
3 E0ε)

Simplified nonlinear hysteretic coefficient C3(=
1
2 E0α)

Young’s modulus E
Kronecker symbol δij

Strain rate ε̇ = dε/dt

2.1. Nonlinear Wave Equation

This subsection will begin with Hooke’s law and simply study the source of classical acoustic
nonlinearity through theoretical analysis.

This is the general expression for the free energy of a deformed isotropic body [27]:

F = F0 +
1
2

λε2
ii + µε2

ik (1)

where, εik is the strain tensor whose linear expression is [27]:

εik =
1
2
(

∂ui
∂xk

+
∂uk
∂xi

) (2)

When nonlinearity is considered, the strain tensor should be expanded [27]:

εik =
1
2
(

∂ui
∂xk

+
∂uk
∂xi

+
∂ul
∂xk

∂ul
∂xi

) (3)
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If only a one-dimensional situation is considered, the linear wave equation:

∂2u
∂t2 − c0

∂2u
∂x2 = 0 (4)

should be amended to:
∂2u
∂t2 − c0(1− β

∂u
∂x

+ ε(
∂u
∂x

)2)
∂2u
∂x2 = 0 (5)

There is another simpler theoretical explanation that when the material is undamaged,
the relationship between stress and strain is linear:

σ = Eε (6)

When the material is damaged, however, the relationship between stress and strain is no
longer linear:

σ = Eε(1 + βε + · · · ) (7)

Substituting this relation into the one-directional wave equation:

ρ
∂2u
∂t2 =

∂σ

∂x
(8)

Then the nonlinear wave equation is obtained:

ρ
∂2u
∂t2 = A

∂2u
∂x2 + B

∂u
∂x

∂2u
∂x2 + · · · (9)

Cantrell [7,29] et al. also established a similar second nonlinear ultrasonic wave equation:

ρ
∂2u
∂t2 = K2

∂2u
∂x2 + (3K2 + K3)

∂u
∂x

∂2u
∂x2 (10)

Therefore, it is found that when the material constitutive relation changes, the wave equation
is no longer linear. Based on this theory, when the material is damaged, the input of the system is
monochromatic, and the output must contain harmonics.

The derivation of wave equation above does not consider the nonlinear hysteresis for simplicity.

2.2. General Constitutive Relationship

To first approximation, the one-dimensional constitutive relation between the stress σ and the
strain ε used in simulations of the dynamic behavior of solids can be expressed as follows [28]:

σ =
∫

E(ε, ε̇)dε (11)

with E the nonlinear and hysteretic modulus given by [28]

E(ε, ε̇) = E0{1− βε− εε2 − α[∆ε + ε(t)sign(ε̇)] + · · · } (12)

where E0 is the linear modulus, ∆ε is the local strain amplitude over the previous period, sign(ε̇) = 1
if ε̇ > 0 and sign(ε̇) = −1 if ε̇ < 0.

In simulation, the component of constitutive relation is needed:

σij = λδijεkk + 2µεij (13)

where δij is the Kronecker Symbol, δij = 1 if i = j and δij = 0 if i 6= j.
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2.3. Nonlinear Classic: 1st Perturbation (β)

If only the first perturbation is considered, the nonlinear modulus will be simplified to:

E(ε, ε̇) = E0(1− βε) (14)

The one-dimensional constitutive relation between the stress σ and the strain ε should be:

σ =
∫

E(ε, ε̇)dε = E0ε− 1
2

βE0ε2 (15)

In the simulations, the code of the recursive constitutive equations are programmed as follows:

∆εm+1
ij = εm+1

ij − εm
ij

λm+1
ij = C1

εm+1
ij + εm

ij

2
+ λ0

µm+1
ij = C1

εm+1
ij + εm

ij

2
+ µ0

σm+1
ij = σm

ij + δij(λ
m+1
11 ∆εm+1

11 + λm+1
22 ∆εm+1

22 + λm+1
33 ∆εm+1

33 ) + 2µm+1
ij ∆εm+1

ij

(16)

where, λ0 and µ0 are Lamé coefficients when the material is linear.

2.4. Nonlinear Classic: 2nd Perturbation (ε)

If only the second perturbation is considered, the nonlinear modulus will be simplified to:

E(ε, ε̇) = E0(1− εε2) (17)

The one-dimensional constitutive relation between the stress σ and the strain ε should be:

σ =
∫

E(ε, ε̇)dε = E0ε− 1
3

εE0ε3 (18)

In the simulations, the code of the recursive constitutive equations are programmed as follows:

∆εm+1
ij = εm+1

ij − εm
ij

λm+1
ij = C2(

εm+1
ij + εm

ij

2
)2 + λ0

µm+1
ij = C2(

εm+1
ij + εm

ij

2
)2 + µ0

σm+1
ij = σm

ij + δij(λ
m+1
11 ∆εm+1

11 + λm+1
22 ∆εm+1

22 + λm+1
33 ∆εm+1

33 ) + 2µm+1
ij ∆εm+1

ij

(19)

2.5. Nonlinear Hysteretic (α)

If only the hysteresis of material is considered, the nonlinear modulus will be simplified to:

E(ε, ε̇) = E0{1− α[∆ε + ε(t)sign(ε̇)])} (20)

In simulations, increment step and mesh elements are both set very small. Therefore, eliminating
the ∆ε can be simple and satisfy the accuracy at the same time. The one-dimensional constitutive
relation between the stress σ and the strain ε should be:
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σ =
∫

E(ε, ε̇)dε =


E0ε− 1

2
E0αε2, ε̇ > 0

E0ε +
1
2

E0αε2, ε̇ < 0
(21)

In the simulations, the code of recursive constitutive equations are programmed as follows:

∆εm+1
ij = εm+1

ij − εm
ij

λm+1
ij = c′3C3

εm+1
ij + εm

ij

2
+ λ0 (c′3 = 1, i f ∆εm+1

ij < 0 and c′3 = −1, i f ∆εm+1
ij > 0)

µm+1
ij = c′3C3

εm+1
ij + εm

ij

2
+ µ0

σm+1
ij = σm

ij + δij(λ
m+1
11 ∆εm+1

11 + λm+1
22 ∆εm+1

22 + λm+1
33 ∆εm+1

33 ) + 2µm+1
ij ∆εm+1

ij

(22)

3. Numerical Simulation

Two two-dimensional (2D) finite element method (FEM) models were built with Abaqus/CAE
and dynamic simulations were conducted with Abaqus/Explicit software.

The Explicit solver of Abaqus specializes in solving complex problems. It does not solve the
coupled equation of systems or generate the total stiffness matrix in each increment step, but recurs the
result in a small increment step in the time domain. It only calculates the total energy in the simulation
to determine whether there is divergence in each increment step.

What is more, the solver provides an interface—VUMAT, which is used to define the mechanical
constitutive behavior of a material thorough FORTRAN language. Recursive expressions mentioned
in Section 2 are achieved by subroutine.

There are two 2D FEM models were build. The first model was built for verifying the correctness
of the codes. The propagation of the longitudinal wave was simulated in the second model.

3.1. Verifying the Model

In order to verify the reliability of the program, the following model was established.
The 2D verifying model was a square with 10 mm side length as shown in Figure 2. The boundary

condition set on the left side was encastré which means that the left edge could not move in the x and
y directions during the whole process. Displacement in the y direction of the top and bottom edges
was set to 0 so it could not move in the y direction. In the right side of the model, the displacement
boundary condition was used to produce deformation so as to analyze the relation between stress and
strain. The displacement signal in the right side of the verifying model was a triangular wave which is
shown in Figure 3. The amplitude of the boundary condition was set to 0.25 mm.

Figure 2. Geometry of the verifying model for simulations.
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Figure 3. Displacement signal for the right side boundary condition of the verifying model.

We chose steel as the simulation material because it is widely used. The material properties are
shown in Table 2. In this manuscript, all materials in the simulation were steel.

Table 2. Material properties in simulations.

Material Type Mass Density Young’s Modulus Poisson’s Ratio

Steel 7800 kg/m3 2× 11 Pa 0.3

Abaqus software contains a wealth of mesh elements libraries. We chose CPE4R (i.e., linear reduction
integral plane strain type) as the element type. It should be noted that the linear reduced integral refers
to the linear interpolation used by the mesh elements in the calculation, which has nothing to do with the
nonlinear source mentioned in this manuscript, but only for saving calculation resources and meeting
the algorithm of Abaqus/Explicit solver.

The most important consideration is that only one mesh element was formed in the verifying
model which means the whole model was an element. It can be clearly known that the constitutive
relation does change in simulations by observing the stress and strain of an element. The whole
simulation can only be correct when the constitutive behavior of one element is correct.

3.2. Wave Propagation Model

After the code written for the different constitutive behavior was verified, the wave propagation
in a solid was simulated to study different nonlinear phenomena from different materials whose
constitutive behavior was different.

The 2D model was 40 mm long and 20 mm thick as shown in Figure 4 The material properties are
in Table 2. The boundary conditions of four sides in the model were free boundary conditions which
means the stress on the boundary was zero.

Figure 4. The 2D wave propagation model and the place of excitation.
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The excitation was applied in the left edge of model within the width of 6 mm and the excitation
amplitude was 90 nm. The excitation signal was a five cycle tone-burst, as shown in Figure 5.
The window function was used to prevent spectrum leakage. The excitation signal adopted a frequency
of 3 × 106 Hz, and its expression was as follows:

y = sin(2π f t)(0.08 + 0.46(1− cos(2π f t/5))) (23)

0 0.5 1 1.5 2
Time (s) 10-6

-1

-0.5

0

0.5

1

y

(a)

0 2 4 6 8
Frequency (Hz) 106

0

0.1

0.2

0.3

A
m

pl
itu

de
(b)

Figure 5. (a) Temporal waveform of the excited tone burst signal. (b) Frequency spectrum of the excited
tone burst signal.

Mesh generation is important in FEM. The mesh element size should be much smaller than the
wavelength, otherwise there is no wave propagation phenomenon. The accuracy requires that the
smallest wavelength λmin must be correctly sampled to describe the propagating mode in the frequency
range for analysis. The denser the mesh, the more accurate the result. However, more density means
more computing resource usage. The mesh element size should balance the accuracy of results with
computing resources usage. Therefore, the spatial discretization of δx1 and δx2 of each element of the
mesh satisfies the condition [30]:

λmin
max(δx1, δx2)

> 10 (24)

Due to the need to measure harmonics, the max(δx1, δx2) of mesh elements was set to 0.05 mm.
The type of mesh element was CPE4R which specializes in plane strain problems.

Another stability condition is that the time step must be chosen so that no wave can propagate
across one mesh spacing in less than one time step. Typically, the time discretization must satisfy the
condition [30]:

∆t ≤ 0.7
min(δx1, δx2)

cl
(25)

where cl is the velocity of the longitudinal wave. Therefore, in order to be precise, the step time was
set as 1× 10−9 s, and the total simulation time was 8× 10−6 s.

4. Simulation Result and Discussion

This section firstly presents and discusses the simulation results generated from three group
verifying models. Simulation results from models of first and second order perturbation of classic
nonlinearity agreed with the nonlinear theory. However, the results of nonlinear hysteresis had
some differences from the ideal situation. Some analysis will be made based on the results. Finally,
two stable codes of classic nonlinearity were used in the simulation of wave propagation. The growth
of harmonics in different materials was obtained by multiple simulations.
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4.1. Verification Simulation

4.1.1. Nonlinear Classic: 1st Perturbation (β)

When the first order perturbation was added to the verifying model, three deformation results of
model are shown in Figure 6.

The solid line represents the deformation when the displacement was zero. The thick dotted line
and thin dotted line are deformation of maximum tension and compression respectively.

Figure 6. Deformation of verifying model.

From the deformation in Figure 6, it can be seen that verifying model only deformed in the x
direction. Owing to the whole model being just one element and none of the other three sides can
move, this element only produced strain in x direction, which was ε11.

In Figure 7, two groups of simulations show that the constitutive relation was changed by the
subroutine. Figure 7a,b is the change of strain in the simulation process. They were exactly the same
because of the boundary condition. The stress of the verifying model was very different as shown
in Figure 7c,d. We can see that stress-time curve did distort when C1 = −4× 106. It is obvious that
the upper part and the lower part of the stress were no longer symmetrical. Although it can be seen
that the stress changed obviously, it was not intuitive enough. Every point of stress and strain at every
moment can be found and connected, which is shown in Figure 7e,f. It is clear that the stress-strain
relationship was no longer linear. Therefore, it can be confirmed that the constitutive behavior of the
material was indeed changed to what we want.
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(a) Strain ε11 changes with time when C1 = 0.
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(b) Strain ε11 changes with time when C1 = −4,000,000.

(c) Stress σ11 changes with time when C1 = 0. (d) Stress σ11 changes with time when C1 = −4,000,000.

Figure 7. Cont.
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(e) Relation of stress and strain when C1 = 0. (f) Relation of stress and strain when C1 = −4,000,000.

Figure 7. Comparative analysis of strain and stress when C1 is equal to 0 and −4,000,000 respectively.

A series of stress-strain curves could be obtained by changing the value of C1 as shown in Figure 8.
It can be seen that the degree of stress-strain nonlinearity increased with the increase of the first-order
perturbation. In the following simulation, several values of perturbation were selected to simulate the
propagation of ultrasound.

Figure 8. Stress-strain curves under different first order perturbations.

Simulation results of Figures 7 and 8 were consistent with the theory of Ref [28], which confirms
the correctness of code of the subroutine.

4.1.2. Nonlinear Classic: 2nd Perturbation (ε)

When only adding the second order perturbation to the verifying model, three comparison results
of verifying model are shown in Figure 9 like the last subsection. In the same way, the comparison
between two groups of simulations verified the code of the second perturbation.

It is clear that the constitutive relationship changed by comparison in Figure 9. Figure 9a,b is
the change of strain in the simulation process. The stress of the verifying model was very different
as shown in Figure 9c,d when C2 was different. It is certain that stress-time curve distorted when
C2 = −3× 108, which led to the change of constitutive behavior as shown in Figure 9e,f.

In addition, lots of simulations were conducted and the curve of relation between strain and stress
were obtained as shown in Figure 10. Figure 10 shows that the constitutive relation became more and
more complicated with the change of the perturbation coefficient C2. Therefore, it can be confirmed
that the constitutive behavior of the material was indeed changed to meet the expected goal.
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(a) Strain ε11 changes with time when C2 = 0.
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(b) Strain ε11 changes with time when C2 = −3× 108.

(c) Stress σ11 changes with time when C2 = 0. (d) Stress σ11 changes with time when C2 = −3× 108.

(e) Relation of stress and strain when C2 = 0. (f) Relation of stress and strain when C2 = −3× 108.

Figure 9. Comparative analysis of strain and stress when C2 is equal to 0 and −3× 108 respectively.

Figure 10. Stress-strain curves under different second order perturbations.
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In Figure 9d, waveform distortion was more serious by comparison with Figure 7d. However,
the stress upper and lower waveform was symmetrical in this simulation. This phenomenon also
explains why the second order perturbation only produced odd harmonics which was exhibited in
Figure 1 of the Introduction section. This was the main difference between the first order perturbation
and the second order perturbation. It is a reminder that the properties of materials can be judged by a
stress curve. For example, in Ref [21], a strain curve is used to measure the damage of materials.

Figure 1 is the result of theory from Ref [20] which is consistent with the result of simulation as
shown in Figures 9 and 10, which confirmed the correctness of the code of the subroutine.

4.1.3. Nonlinear Hysteresis (α)

In th everifying model, the nonlinear hysteresis was only added to a constitutive relationship.
The modified constitutive relationship is Equation (18).

Figure 11a is the result of stress of verifying model when C3 = 1× 107. The distortion of stress
curve was more severe compared with the previous two results. It can be found that, in the process
of tension and compression, the stress curve showed an upward trend. Similarly, the whole curve
of stress-strain relationship rose in the process of deformation which is shown in Figure 11b. This is
because of the recursive equations and the curve must start at the origin point (0,0).

Simulations were conducted and the curves of relation between strain and stress are shown
in Figure 12.

(a) Stress ε11 changes with time. (b) Relation of stress and strain.

Figure 11. Simulation result of hysteretic material in the verifying model when C3 = 1× 107.

Figure 12. Stress-strain curves for different hysteresis.
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The result in Figures 11 and 12 also means that repeated tension and compression made the
materials reach the ideal hysteretic properties in the degradation process. In the simulation, if the
target is to study the constitutive relation of hysteretic materials, the best way is the look-up table
method. However, this method is limited because different damage degrees correspond to different
constitutive curves. The constitutive formula of hysteretic materials has been defined by Nazarov and
Ostrovsky [31] in 1988 but there are several coefficients involved in the formula. These coefficients
need to be measured by actual experiments. Therefore, it is difficult to involve several coefficients in
the simulation before conducting experiments.

4.2. Wave Propagation Simulation

4.2.1. Nonlinear Classic: 1st Perturbation (β)

The models were built as described in Section 3.2. A group of simulations were conducted by
changing the value of the simplified first perturbation coefficient C1. C1 was respectively set to 0,
−2000, −20,000, −200,000, and −2,000,000. When C1 equals 0, the material was not damaged.

The propagation of wave in simulation was exhibited by the stress nephogram which is more
intuitive as shown in Figure 13. From this figure, it can be seen that the excitation produced not only
longitudinal waves but also transverse waves, and the longitudinal wave beam spread in propagation.
As a result, some longitudinal waves reflected in the upper and lower surfaces. It was difficult to
find the difference from the stress nephogram after material constitutive relation changed. Therefore,
the stress nephogram was not used to compare the result.

The resulting signal is shown in Figure 14 when C1 = −2,000,000. The second and third
harmonics are shown very clearly. Due to the phenomenon of diffraction in the process of propagation,
however, the harmonic magnitude can be not directly compared because of diffraction in the process
of wave propagation.

In order to characterize the accumulation of harmonics better in the process of ultrasonic
propagation, the nonlinear parameter β′ was introduced as nonlinear ultrasonic detection coefficients.
The expression of β′ is as follows:

β′ =
A2

A2
1

(26)

where, Ai is the amplitude of the ith harmonic.

(a) t = 2.001×10−6 (s)

(b) t = 4.001×10−6 (s)

Figure 13. Cont.
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(c) t = 6.001×10−6 (s)

(d) t = 8×10−6 (s)

Figure 13. Stress nephogram at different times during ultrasonic propagation.
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Figure 14. Simulation result of the first order perturbation when C1 = −2,000,000: (a) Time domain
signal. (b) Spectrum of signal. (c) Harmonic of signal.

Figure 15a shows that, under different perturbation coefficients, the nonlinear ultrasonic detection
coefficient β′ changed with wave propagation distance. When the perturbation coefficient C1 was
larger than a certain value, the coefficient β′ increased with the propagation distance. Figure 15b is
the result of Ref [17] which also used the subroutine to define the material. However, it did not give a
definite value of C1. The correctness of simulation result was verified by contrast, which also verified
the code that is clearly described in Section 2.

(a) (b)

Figure 15. Coefficient β′ changes with propagation distance. (a) result of wave propagation model.
(b) result from Ref [17].
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4.2.2. Nonlinear Classic: 2nd Perturbation (ε)

A group of simulations in which the second perturbation coefficient C2 was different were
conducted by Abaqus software.

The resulting signal is shown in the Figure 16 when C2 = −3× 107. It can be obviously seen that
the third and fifth harmonics were generated by the second perturbation.
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Figure 16. Simulation result of second order perturbation when C2 = −3× 107: (a) Time domain signal.
(b) Spectrum of signal. (c) Harmonic of signal.

Current finite element simulation software requires that the deformation of mesh elements in
simulation should not be too large or it can not guarantee the correctness of result. Therefore, the mesh
elements should not be too small. On the other hand, if the objective is to measure the third or
fifth harmonics, mesh elements must be small enough as described in Equation (24). There is a
contradiction between the two theories, so there was no need to compare the amplitude of the third
and fifth harmonics in wave propagation.

5. Conclusions

In this manuscript, three types of constitutive relations are reviewed and their subroutines with
recursive expression are written. Two kinds of simulation models are established. One is to verify the
correctness of subroutines, and the other is to conduct ultrasonic simulation. From the result of the
verifying model, the subroutines of the first and second order perturbations satisfy the nonlinear theory.
Hysteretic material simulation shows the deterioration process of materials, but it cannot be directly
used to simulate the damaged materials and some analyses are made on it. Finally, the simulation
of the first and second order perturbation shows that the harmonics appear. Especially, nonlinear
coefficient β′ increases with propagation distance in first order perturbation simulations and odd
harmonics of the second order perturbation simulations are obvious. The work in this manuscript
provides a new idea for the simulation of nonlinear ultrasonic testing.

There is still some follow-up work to be studied. Firstly, although recurrence equations can
improve the calculation speed, it is not suitable to study the hysteresis material directly. Secondly,
the current FE simulation software cannot guarantee the accuracy when the mesh element deformation
is too large. Thirdly, the recurrence equations are not verified in three-dimensional simulation.
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