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Abstract: We study the plasmonic second-order topological modes in nanowire waveguides which
are covered by monolayer graphene. The waveguide arrays are arranged in the kagome lattice. In a
triangle-shaped lattice, the topological modes are localized at the corner of the triangle by tuning the
spatial spacing between the different waveguides. The corner modes also depend on the corner shape,
which only exist at one corner in a rhombic lattice. In addition to the corner modes, both structures
also support the topological edge mode. We show that the corner modes experience a smaller modal
wavelength, longer propagation distance, and smaller mode volume than the edge modes. The study
may be utilized to explore the topological bound modes at the nanoscale.

Keywords: plasmonics; graphene; corner modes

1. Introduction

Surface plasmon polaritons (SPPs) are evanescent surface waves that are strongly confined at
the interface between a metal and dielectric [1–6]. They are considered as a promising approach to
design a nanocircuit beyond the diffraction limit because the effective modal wavelength of SPPs can
be squeezed to be much smaller than that in free space [2,3]. SPPs are also able to enhance light–matter
interactions in aid of strong local field enhancement, which are widely utilized in sensing application
and nonlinear optics [1,6]. Recently, graphene, a single-layer carbon atom, has been a hot research topic
thanks to its unique band structure and optical properties [7–14]. In the visible spectrum, the optical
response of graphene is similar to that of dielectric and shows a constant absorption of 2.3% of normal
illumination [6]. In contrast, graphene behaves like a noble metal and is able to support SPPs in spectra
with a larger wavelength, almost covering THz and infrared frequencies [8]. Moreover, the SPPs of
graphene experience stronger field confinement compared with that in metal. The optical properties of
SPPs can be flexibly changed through the graphene chemical potential, which is not easily done in
traditional bulk metals [13]. In addition, graphene is widely utilized to incorporate with other photonic
devices in aid of its excellent mechanical robustness [7,13]. Plasmonic structures based on graphene
have been widely explored, such as absorber [15], metamaterial [16], sheet array [17], and nanowire
waveguides [3]. Graphene is also a promising nonlinear optical material in multiple nonlinear
plasmonics applications, such as optical bistability [18,19], electronic scattering [20], and nonlinear
generation of SPPs [21]. Graphene-covered nanowires are also utilized to design waveguide couplers
and explore optical discrete and vector soliton in aid of the strong field confinement and huge nonlinear
effects of graphene [3,22].

On the other hand, topological photonics provide a new possibility for the study of photonics and
have become one the most important research issues in recent years [23–32]. The topological bound
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modes emerge at the boundary that is one dimension lower than that of the bulk when the bulk topology
of the system is non-trivial. Such a picture is the first-order of topological insulators and obeys the
general bulk–edge correspondence [23]. The topological insulators based on graphene plasmonics are
investigated in various platforms [33–39]. The Su–Schriefer–Heeger (SSH) model is proposed in binary
graphene sheet arrays [36,37]. The Jackiw–Rebbi states are investigated in graphene sheets by changing
the chemical potential of graphene [38]. The infrared topological insulator and one-way edge state are
reported in periodically patterned monolayer graphene which exhibits quite a wide band gap and
strong interaction in THz spectra [39]. However, the previous study of SPPs in graphene are limited to
first-order topological bound modes without studying high-order topology. Higher-order topological
insulators are a newly predicted topological phase which follow a different topological bulk–boundary
correspondence [40–51]. The (d-n)-dimensional mode is found to be localized at the boundary of the
nth-order of a d-dimensional topological insulator. For instance, a second-order topological insulator in
a 2D system has topologically protected zero-dimensional corner states instead of 1D topological edge
states, which is the common case in standard 2D systems [44,45]. The corner states are also reported in
various 3D structures which are figured out to have a third-order topology. In addition to edge and
surface states, the modes that are located at corners can also remain quite robust, which enriches the
study of topological states. The corner modes that are revealed in quadrupole insulators are extremely
stable even when the boundary of the structure is tremendously reshaped [48]. Topological corner
modes are studied in many different platforms, such as electric circuits [41], microwave circuits [42,43],
acoustic metamaterials [44], photonic crystal [45,47], plasmon-polaritonic crystals [46], and photonic
ring resonators [48].

In this work, we explore the corner modes in a new platform that is constituted of graphene-coated
nanowire waveguides. The waveguides are arranged in a breathing kagome lattice, including the
triangle and rhombic nanowires. The topological aspect of the system and the related corner modes in
this kind of lattice are originally proposed in [49,50], using tight binding models, and have been very
recently experimentally realized in acoustic resonators [44] and laser written waveguide arrays [51].
The existence of corner modes is not caused by quadrupole polarization but as a consequence of
nonvanishing Wannier centers [49,50]. Here, we numerically calculated the effective mode index
and the related electric field distributions of corner modes in graphene-coated nanowire arrays.
The existence of corner states seriously relay on the relative value of the spatial spacing between the
different nanowires. The triangle waveguides have three equivalent corners and the corresponding
corner modes are with the degenerate mode index and tend to localize at all corners. In contrast,
even the rhombic waveguides have more corners, and there is only a single corner mode located at
one corner. We also compare the eigenvalues and mode distributions of the corner and edge modes.
The performance of the corner modes is better than the edge modes in the sense that the corner modes
encounter a smaller modal wavelength, longer propagation distance, and smaller mode volume than
the edge modes.

2. Triangle Lattice

We start by studying the corner modes in the triangle structure, which is illustrated in Figure 1.
The nanowire waveguide is placed in a triangle lattice and the SPP propagation direction is the z axis.
Each unit cell carries three nanowires and the diameter of the nanowire is denoted as 2a. Each nanowire
is coated by monolayer graphene, which can be realized by the CVD (chemical vapor deposition)
growth. The structure has two different spatial spacings, which are denoted by d1 and d2, respectively.
The relative permittivity of the background dielectric is represented by εb, which is assumed to be
air with εb = 1 in this study. The nanowire is made up of SiO2 with the permittivity being εd = 3.9
in the infrared frequency. As a 2D material, the optical material property of graphene depends on
surface conductivity σ. In contrast to bulk metal, the graphene surface conductivity can be adjusted
as desired. The surface conductivity σ(T, ω, µ, τ) is figured out according to the Kubo formula [6],
including inter- and intra-band transitions. The electronic band structures of graphene will be affected
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when graphene is rolled [52,53]. The geometric potential is introduced and the chemical potential
of the curved graphene monolayer can be expressed by µc’ = µc − h̄vF/a, where µc is the chemical
potential of monolayer graphene sheet, vF ≈ c/300 is the Fermi velocity, and a is the curvature radius.
The Kubo formula can be still used with a modified chemical potential. The chemical potential will
decrease when the bending is considered. The main conclusions of our manuscript are still valid except
that the effective refractive index of SPPs becomes larger.
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Figure 1. Geometry of the proposed triangular nanowire waveguide.

In this work, we calculate the effective mode index and modal distributions of supermodes using
the finite element method [6]. The current that applies in graphene is j = σE with E denoting the electric
field vector. Some simulating parameters are chosen as follows and remain unchanged, T = 300 K,
µ = 0.15 eV, τ = 0.5 ps, and λ = 12 µm, a = 40 nm. The parameters are tuned in advance such that
each graphene nanowire is a single mode waveguide of the SPPs. The effective mode index of the
SPP mode in isolated nanowire is almost neff ≈ 20. The coupled mode theory can be used to perform
the semi-empirical simulations. The effective refractive index of a single nanowire can be analytically
calculated. The coupling strength can be extracted from a double-nanowire coupler. Then, the effective
refractive index of the nanowire array can be calculated by the coupled mode theory. Here, we mainly
show the results obtained by a full wave simulation.

Topological bound modes depend on the bulk topology, which appears at the boundary of a
structure with a nontrivial bulk topology. The structure shown in Figure 1 is similar to the extended
Su–Schrieffer–Heeger (SSH) model in 2D arrays, whose topology is completely governed by the relative
value of the coupling strength between the different nanowires [42]. The system topology of the bulk
mode is trivial when the spacing d1 between the different waveguides in the same cell is smaller than
the spacing d2 between the different cells. In contrast, the bulk topology is nontrivial as d1 > d2. Figure 2
plots the effective mode index of all eigenmodes for trivial and nontrivial structures. The total number
of nanowire waveguides is N = 45, corresponding to five layers of a triangle lattice. The three corners of
the triangle lattice are identical. In the above two figures in Figure 2, we plot the complex effective mode
index for all supermodes as d1 < d2. The spatial spacing is d1 = 400 nm and d2 = 320 nm. The adjacent
waveguides are evanescently coupled and the coupling strength is exponentially decreased with the
increase in the spatial spacing. The relative coupling strength between adjacent waveguides in the
same cell exceeds that between the different cells as d1 < d2. As a result, the bulk topology of the
nanowires should be trivial and its edges and corners will not allow for topological modes. The results
show that there is a bandgap in the spectra of the complex effective mode index. However, no modes
are allowed in the bandgap. In the lower two figures in Figure 2, we reverse the relative values of d1

and d2 and the spatial spacing is d1 = 320 nm and d2 = 400 nm. The spatial spacing in the same cell
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now exceeds that in the different cells, that is, d1 > d2. The intra-layer coupling should be weaker than
the inter-layer coupling. The bulk topological property of the nanowire now comes to be nontrivial
and is able to sustain topological modes at its boundary. The complex spectra of the effective mode
index still possess a bandgap. Moreover, there are three degenerate corner modes denoted as red dots,
which are with almost the same effective mode index as neff = 19.5 + 0.25i. The effective wavelength
of SPPs is inversely proportional to Re(neff). This indicates the oscillating wavelength of the corner
states is approximately 1/20 of the incident wavelength. The subwavelength feature originates from
the confinement of graphene plasmonics. Along with the corner modes, nanowires also support
nine topological edge modes. Their eigenvalues, that is, the effective mode index, are also located
at the bandgap, plotted by the green dots in Figure 2c,d. Results show that Re(neff) of the corner
modes is larger than that of the edge modes, indicating the corner modes would experience a smaller
modal wavelength than the edge modes. In addition, the imaginary effective mode index of the three
corner modes is smaller that of the edge modes, reflecting that the corner modes experience smaller
propagation loss and that the propagation distance of the corner modes is longer than that of the
edge modes.
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Figure 2. The effective mode index in the triangle nanowires. In (a,b), the spatial spacing in the
nanowires is d1 = 400 nm and d2 = 320 nm. In (c,d), the spacing is reversed and d1 = 320 nm and
d2 = 400 nm. The green dots represent the edge mode while the red dots denote the corner mode.

Although both the edge and corner modes are located in the bandgap, they can be well
distinguished from their eigenmodes. Figure 3a–c illustrates the typical profiles of the eigenmodes (|E|) of
the topological corner mode, topological edge modes, and bulk modes, respectively. The corresponding
mode indexes are chosen as n = 18, 17, and 45. In Figure 3a, the field is mainly restricted to the three
corners of the triangle and rapidly declines away from the corners. The waveguides at the three corners
have the strongest field, the nearest adjacent two waveguides have a vanished field, and the next two
waveguides have small fields. This alternating field distribution is also a typical characteristic of the
topological mode and guarantees the mode is robust against some disorders. In Figure 3b, the energy is
located at the three edges of the triangle and there is almost no energy present in the bulk waveguides
nor the waveguides at the three corners. From the field distribution, one can see that the energy of the
corner modes is mainly confined at the three waveguides at the corner and field, and the edge modes
are extended into many waveguides that are located along the edge. Therefore, the corner modes have
a smaller mode volume than the edge modes. In Figure 3c, we plot one case of a bulk mode. The fields
almost expand into the entire structure.
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3. Rhombic Lattice

The topological corner modes are determined by the bulk property, which emerge in the structure
with a nontrivial bulk topology. Moreover, the corner modes also depend on the corner shape [49].
Some corners are not able to allow for zero modes even if the nanowire is of a nontrivial topology.
Such phenomenon is promptly revealed in the rhombic lattice. Figure 4a shows the structure of the
graphene-covered nanowires placed in a rhombic lattice. In Figure 4b,c, we plot the real and imaginary
part of the effective mode index. The whole number of nanowire waveguides is N = 40. The spectrum
of the effective mode index possesses a band gap. One can see the gap only supports a single corner
mode, denoted as a red dot. The effective mode index of the corner mode remains unchanged compared
with that in a triangle lattice, which is figured out by neff = 19.5 + 0.25i. Along with the corner modes,
the system also supports six topological edge modes. They are also located at the band gap, denoted
by the green dots. Just like the situation in the triangle lattice, the real effective mode index corner
mode is larger than that of the edge modes, while Im(neff) of the corner mode is smaller than the edge
mode. Therefore, the corner mode in the rhombic lattice also has a smaller modal wavelength and
longer propagation distance than that of the edge modes.

Appl. Sci. 2020, 10, x 5 of 9 

 

Figure 3. The typical modal profiles (|E|) for the different types of modes. (a) Corner mode, (b) edge 

mode, and (c) bulk mode. 

3. Rhombic Lattice 

The topological corner modes are determined by the bulk property, which emerge in the 

structure with a nontrivial bulk topology. Moreover, the corner modes also depend on the corner 

shape [49]. Some corners are not able to allow for zero modes even if the nanowire is of a nontrivial 

topology. Such phenomenon is promptly revealed in the rhombic lattice. Figure 4a shows the 

structure of the graphene-covered nanowires placed in a rhombic lattice. In Figure 4b,c, we plot the 

real and imaginary part of the effective mode index. The whole number of nanowire waveguides is 

N = 40. The spectrum of the effective mode index possesses a band gap. One can see the gap only 

supports a single corner mode, denoted as a red dot. The effective mode index of the corner mode 

remains unchanged compared with that in a triangle lattice, which is figured out by neff = 19.5 + 0.25i. 

Along with the corner modes, the system also supports six topological edge modes. They are also 

located at the band gap, denoted by the green dots. Just like the situation in the triangle lattice, the 

real effective mode index corner mode is larger than that of the edge modes, while Im(neff) of the 

corner mode is smaller than the edge mode. Therefore, the corner mode in the rhombic lattice also 

has a smaller modal wavelength and longer propagation distance than that of the edge modes. 

 

Figure 4. The topological corner mode in a rhombic array. (a) Geometry of a rhombic graphene-coated 

cylinder waveguide. (b,c) demonstrate the real and imaginary mode index for d1 = 400 nm and d2 = 

320 nm. 

The discussed triangular lattice has only one type of corner and can support three degenerate 

corner modes. In contrast, the rhombic lattice has three different types of corners, the lower acute-

angled corner, the up acute-angled corner, and two other obtuse-angled corners. The lower acute-

angled corner is similar to that in the triangle lattice with a nontrivial topology, while the upper acute-

Figure 4. The topological corner mode in a rhombic array. (a) Geometry of a rhombic graphene-coated
cylinder waveguide. (b,c) demonstrate the real and imaginary mode index for d1 = 400 nm and
d2 = 320 nm.

The discussed triangular lattice has only one type of corner and can support three degenerate
corner modes. In contrast, the rhombic lattice has three different types of corners, the lower acute-angled
corner, the up acute-angled corner, and two other obtuse-angled corners. The lower acute-angled
corner is similar to that in the triangle lattice with a nontrivial topology, while the upper acute-angled
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corner is similar to that in the triangle lattice with a trivial topology. Therefore, one may expect the
field will be confined at the lower acute-angled corner. Figure 5a,b exhibits the field distributions (|E|)
of one topological edge mode and the topological corner mode, respectively. The corresponding mode
indexes are n = 15 and 16. In Figure 5a, the fields of the edge mode are located at the left and lower
edges of the triangle. In Figure 5b, the energy is mainly confined at the lower acute-angled corner and
exponentially decreases away from the corners. There is no energy confined at the two obtuse-angled
corners nor the upper trivial acute-angled corner. From the field distribution, one can also see the
field of the edge mode is confined in several waveguides while the field of the corner modes mostly is
concentrated in the single waveguide at the corner. Therefore, the corner mode has a smaller mode
volume than the edge modes.
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Here, we try to explain the influences of some parameters on the corner mode. The effective
refractive index of the graphene-coated nanowire will increase with the decrease in the nanowire
radius. The corner mode will persist with different neff when the nanowire radius is altered. When the
total number of nanowires increases, the corner modes will sustain as well. However, the corner modes
may disappear if the number of nanowires is too small. This is because the corner mode is the result of
the bulk property. The porosity is mainly determined by the spatial spacing. When the spacing is too
large, the band gap will be decreased. The field confinement of the corner modes will become weaker.
For small spacing, the nanowires are strongly coupled. The three corner modes will not degenerate and
have a different effective refractive index. In [38], the authors discussed the influence of the magnetic
field on graphene plasmonics, where the bandgap increases with the increases in the magnetic field.
As in our case, we think two effects maybe appear, where the bandgap becomes larger and the three
corner modes will not degenerate anymore. The temperature mainly affects the loss of graphene.
Therefore, the electric field of distributions of the corner modes will not change. The propagation loss
of the corner modes will decrease with the decrease in temperature.

4. Conclusions

In summary, we have numerically explored the corner modes of SPPs in 2D arrays constituted of
graphene-covered nanowire waveguides. The waveguide arrays are sequenced in a breathing kagome
lattice, including the triangle and rhombic lattices. We show the triangle arrays are able to support
three corner modes while the rhombic array only supports a single corner mode. The numerical results
indicate the corner modes relate to the bulk topology and are determined by the corner shape as well.
In a triangle lattice, the structure has three identical corners and can support three degenerate corner
modes when the bulk topology is nontrivial. At the same time, the corner modes also depend on
the corner shape. In the rhombic waveguide arrays, the nanowire has four corners but the corner
modes only exist at one acute-angled corner. Moreover, the edge modes coexist with the corner modes
when the bulk topology is nontrivial. Comparing the spectra of the effective mode index and field
distributions, we show the corner modes experience a smaller modal wavelength, longer propagation
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distance, and smaller mode volume than the edge modes. Our study enriches the study of high-order
topologically protected modes and may be utilized to control light flows beyond the diffraction limit.
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