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Abstract: The Rubinstein alternating-offers bargaining game is reconsidered, where players show
fairness concerns and their fairness references are characterized by the Nash bargaining solution. The
objective of this paper is to explore the impact of fairness concerns in the alternating-offer bargaining
game. Alternating-offer bargaining with fairness concerns is developed. We construct a subgame
perfect equilibrium and show its uniqueness. Then, it is shown that players’ payoffs in the subgame
perfect equilibrium are positively related to their own fairness concern coefficient and bargaining
power and negatively to the opponents’ fairness concern coefficient. Moreover, it is shown that the
limited equilibrium partition depends on the ratio of discount rates of the two players when the
time lapse between two offers goes to zero. Finally, the proposed model is applied to the bilateral
monopoly market of professional basketball players, and some properties of equilibrium price are
shown. Our result provides the implication that players should carefully weigh their own fairness
concerns, bargaining power and fairness concerns of their opponents, and then make proposals,
rather than simply follow the suggestion that the proposal at the current stage is higher than that at
the past stages.

Keywords: Rubinstein alternating-offers bargaining game; subgame perfect equilibrium; fairness
concerns; Nash bargaining solution; bilateral monopoly

1. Introduction

Bargaining plays an important role in economics. This is partly since bargaining be-
tween and among firms and individuals has an effect on many aspects of economic activity
and partly because bargaining occupies a critical place in economic theory. Bargaining is
the case of economic interaction where the market only plays a role in setting the bounds
of discussion, and the bargaining outcomes are determined by the strategic interaction of
the players. In particular, sufficient information about bargaining, including the attributes
of the players and the structure of the bargaining problem faced by the players, allows the
range of indeterminacy to be narrowed or eliminated [1]. On the other hand, making offers
and counteroffers plays an important role in many real-life negotiations, that is, an attrac-
tive procedure of bargaining is that both players take turns to make proposals to each other
until an agreement is reached [2]. These views were illustrated by the alternating-offers
bargaining game proposed by Rubinstein [3], which embodies a detailed description of a
bargaining procedure. When players bargain over a pie, a basic source of the cost incurred
by a player comes from the following facts that bargaining is time-consuming and time is
valuable to the player. The Rubinstein bargaining model is a formal exploration of the role
of the players’ discount rates in a time-consuming, offer-counteroffer process.

Different from the Nash bargaining model (i.e., the axiomatic approach) that tries
to predict the equilibrium solution to the negotiation issue, Rubinstein’s bargaining, as a
strategic approach, exactly describes the negotiation process in detail [4]. In the strategic
approach, the bargaining procedure is explicitly characterized as a strategic game that is
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specified fully [5]. Rubinstein shows an agreement that arises from equilibria and predicts
the unique agreement, which adds a dimension to the bargaining theory [6]. Rubinstein’s
bargaining has a great deal of intuitive appeal because making offers and counteroffers
refers to the heart in numerous real-life bargaining situations [7].

Although Rubinstein’s bargaining is convenient analytically, the utility specification
in this model cannot explain fully the behavior preferences that are typically observed in
some real bargaining situations. Thus, numerous scholars consider Rubinstein’s bargaining
with behavior preferences, such as loss aversion [8-10], risk aversion [11,12], altruistic
and spiteful preferences [13,14] and reference-dependent preferences [15,16]. Abundant
experimental works show that a player often rejects an offer perceived as unfair, instead
of maximizing the monetary payoff [17-20]. In particular, Bolton shows that a party is
motivated by the absolute monetary payoff of himself or herself as well as the relative
size of this monetary payoff compared with the payoff of the others [21]. The approach
introduced by Bolton explains numerous experimental findings on the bargaining game,
but it cannot explain why players in some situations are willing to pay for fair treatment [21].
For example, in 2007, Langsha group, which is the largest sock manufacturer in China, gave
up cooperation with Wal-Mart, since the profit allocation for the Langsha group was unfair.
Another example is that in 2010, Xuzhou Wanji Trading of China terminated transactions
with P&G, since the latter grabbed profits too much. These imply that players’ fairness
preferences impact whether players cooperate. That is, players’ fairness preferences receive
attention in real bargaining situations. Thus, a natural extension to the classical Rubinstein
bargaining is to incorporate fairness preferences.

To avoid latent misunderstandings, it is stressed that fairness is not outright altruism.
An altruistic player may prefer to give away some payoff of himself or herself to another
one. It is not necessarily case for a player with fairness preferences. A player with fairness
preferences may in general be more prone to a higher payoff, even though this payoff
difference would be obtained by other players [19,22]. For instance, there is usually a
strict conflict of interest between players with fairness preferences in real bargaining.
Nevertheless, for a player with fairness preferences, the loss of a share below the fair
reference level creates a higher disutility than an equal-sized loss of a share above this fair
reference level, which is different from a standard utility specification [22].

Although different fairness models are proposed by researchers [18,19,21], the fairness
model introduced by Fehr and Schmidt [23], which is called the ‘F-S model’, incorporates
more general equity into the utility functions of players. In the F-S model, with two players,
the player’s payoff is regarded as the opponent’s fairness reference point. In some cases, this
assumption may be reasonable, while in others it has its limitations. For example, a player
with less bargaining power may not expect the fairness reference point. That is, there is a
major issue in the F-5 model that the exogenous fairness concern parameters cannot capture
power and contribution endogenously and affect the fairness perception. To address this
issue, we adopt the version of Du et al. that incorporates bargaining power to characterize
players’ fairness concerns [24]. In this version, the asymmetric Nash bargaining solution
is regarded as a fairness reference, since the axioms (i.e., Pareto optimality, invariance,
symmetry and independence of irrelevant alternatives) that are used to describe the Nash
bargaining solution define fairness [3,25,26]. The fairness reference requires that a player
has to consider the opponent’s payoff in pursuing payoffs. On the other hand, the gain
below the farness reference reduces the utility and the sensitivity of the gap between an
outcome and the fairness reference point is characterized by the fairness concern parameter.

However, the significance of fairness preferences has received relatively little attention
in the bargaining problem, with the exception of bargaining experiments [20-29]. For
example, Guha argued that an interior bargaining solution would occur for one-sided
inequality aversion when the discount factor tends to one [30]. Cao et al. examined
the impact of inequality aversion on bilateral ultimatum bargaining with incomplete
information [31]. Galeotti et al. explored how the bargaining outcome changes with changes
in the trade-off between efficiency and equality [32]. Ma et al. investigated the impact of
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dual fairness concerns on the sequential bargaining game [33]. The above literature cannot
provide a formal answer to the question “why players in some situations are willing to
pay for fair treatment?” [17,19]. To answer the above question, Ewerhart modified the F-S
model to stress fairness where a common agreement reached by the two players is regarded
as their own reference level and adopted this modification model to study the effect of
fairness on the Rubinstein bargaining game [34]. Kohler and Schlag adopted the F-S model
to study the impact of inequality aversion on the Rubinstein bargaining game under the
assumption that the fairness reference level of a player is identical to the payoff of the
opponent [35]. Nevertheless, the fairness reference points for the above two works may
not be expected by players with low bargaining power, since such reference points cannot
capture endogenously bargaining power. Different from the above-mentioned studies, our
work models the Rubinstein bargaining with fairness preferences under the assumption
that the Nash bargaining solution is regarded as the fairness reference of each player.

Without loss of generality, a player’s bargaining power is given exogenously. That
is, it is assumed that players settle with their relative positions given. For instance, the
bargaining power of the union can be determined by price-cost margins, wage premia,
level of employment and revenue of the Belgian industry [1]. In fact, bargaining power in
many applications is assumed to be exogenous [36-39]. On the other hand, the bargaining
power of the union is identified with its ability to influence the wage [40]. That is, in wage
bargaining, a firm can determine the union’s bargaining power by the ability to influence
the wage. In many real wage bargainings, many employment relationships are not spot
market transactions in which workers and firms interact only once, but long-term relations
that amplify the importance of fairness concerns. Thus, a strictly selfish individual has
incentive to mimic a fair-concerned worker in a long-term employment relationship and to
exert high-level effort when offered a lower wage, since it can guarantee a higher wage in
the future [41]. In contrast, shirking shows that a worker is egoistic. It is impossible that
firms pay higher wages to selfish individuals, once firms have proven that these workers
don’t reciprocate generous treatment with high effort [41]. In such situations, it is likely
that firms and workers report the real levels of their fairness concerns. Thus, in this paper,
it is assumed that the fairness concern coefficients are common knowledge.

In this paper, we adopt the fairness model introduced by Du et al. [24] to characterize
players’ fairness concerns and reconsider the Rubinstein alternating-offers bargaining game,
where players care about fairness and the Nash bargaining solution is regarded as the
fairness reference. For this bargaining game, we construct a subgame perfect equilibrium
(SPE) and show its uniqueness. Then, some properties of SPE with respect to fairness
concern coefficients and bargaining power are discussed. It is shown that higher fairness
concerns can lead to a higher equilibrium share. Another interesting result is that higher
bargaining power results in a higher equilibrium payoff. Finally, the proposed bargaining
model is applied to the bilateral monopoly market, and the variation of equilibrium price
with respect to fairness concern coefficients and the bargaining power is discussed.

Our work makes the following several contributions. Firstly, from the theoretical
perspective, the present study contributes to the alternating-offer bargaining game literature
by investigating players’ fairness preferences. This differs from Ewerhart [34] and Kohler
and Schlag [35] in which Rubinstein’s bargaining with fairness preferences focuses on the
reference level, regardless of a player’s bargaining power. In contrast, our work examines
how players’ fairness preference as well as bargaining power affects SPE by the Nash
bargaining fairness reference. This exploration enhances the understanding of the strategic
bargaining game model with fairness preferences. Secondly, our work contributes to the
Rubinstein bargaining game with reference-dependent preferences. Our study determines
player’s fairness reference level based on the Nash bargaining solution, which reflects the
impact of player’s bargaining power on the reference-dependent preferences. To the best of
our knowledge, the impacts of bargaining power on the reference-dependent preferences
have been not yet investigated in Rubinstein’s bargaining game.
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The rest of this paper is organized as follows. Section 2 introduces the bargaining
model with fairness concerns. The unique SPE is shown and some properties of the
equilibrium are analyzed in Section 3. Section 4 presents an extended model with individual
discount factors. In Section 5 an application to the bilateral monopoly market is given. In
Section 6 a discussion is shown. And Section 7 gives conclusions as well as limitations.

2. Preliminaries
2.1. The Rubinstein Bargaining Model

Two players, 1 and 2, bargain over one unit of a pie. The set of all feasible divisions is
denoted by
Z :={(z1,22)|z1 + 22 = 1,21,220 > 0}.

Proposals are made at times t € T: = {A, 2A, ... }, where A > 0. Player 1 makes an
offer z = (z1, z2) € Z to player 2 at time t € Toqq: = (A, 3A, ... }. If player 2 accepts this
offer (Y), then the bargaining ends and player i (i = 1, 2) obtains the share z;. If player 2
rejects this offer (N), then player 2 makes a counteroffer to player 1 at time t + 1 € Teven:
={2A, 44, ... }. If this offer is accepted, then the bargaining ends. If player 1 rejects this
offer (N), then player 1 makes another proposal to player 2 att +2 € Toqq: = {A, 3A, ... },
and so on. If the bargaining continues forever, then the share of each player is zero.

The objective of each player is to maximize the expected discounted payoff with a
discount factor 4 < 1. Following the prior works (e.g., [42,43]), let B > 0 be a positive rate of
time preference for a player, then § = exp(—pBA), where A is the length of time interval in
the units of B. Since players maybe have the willingness to deviate from their initial action
plan over time, the non-exponential discounting cannot ensure time consistency [44]. To
address the issue of time consistency for players, exponential discounting is adopted. Such
exponential discounting also extensively applies in economics [45].

Let it := (z!,2%,...,2") denote the history of the bargaining game at time ¢ € T, where
z° € Zforalls <t Let H = II'_,Z denote the set of all possible histories h' of the
bargaining game at time ¢t € T. Let F, which is the set of all sequences of functions of
f={f'},_,, denote the set of strategies of player 1, where for t =1: f €Z, for t >1and ¢
€ Toqa, f: H'™1'— Z and for t € Tepen, f: H'— {Y, N}. Similarly, let G denote the set of
strategies of player 2, in other words, G is the set of all sequences of functions of g ={g' };0:1'
where for t € Ty, ¢+ H* — {Y, N} and for t € Tepen, & H' ™1 — Z.

If an offer at time ¢ is accepted, then an agreement path is denoted by (1!, ), where
z° € Z for all s < t. The set of all time t agreement paths is denoted by A":={(h!, Y) | h' € H' }.
Let A: = UserAl, then it contains all agreement paths. Similarly, a disagreement path is
denoted by (h, N), which means that the bargaining ends in breakdown at time t. We define
D': = {(h!, N) it € H' } and D: = UscrD!. Finally, we define H®: = {(z!,22,... )Iz! € Z for
all t € T}, which implies that the element of D* is referred to as infinite paths.

Note that (f, g) can determine a play of the bargaining game. Specifically, if it leads to
an agreement on a proposal at time ¢, then the set of paths contains t—1 paths in D and one
path in A. If it leads to perpetual disagreement, then the set of paths only contains a single
path in H*.

We define a function 7;: A (or D) — [0, 1], which reflects the share of the pie player i ob-
tains in each finite path A (or D). Thus, for all i € H', we have 7; (i, Y)=z! and 7; (i, N) =0,
where z! is player i’s share at time ¢.

2.2. Fairness Model

A fairness model was first introduced by Rabin [18]. However, the F-S model has
received much attention, since this model successfully characterizes preferences for reci-
procity concerns in many experiments. For the F-S model with two players, it is assumed
that the payoff of the player is the fairness reference point of the other one. However, this
assumption has its limitations when it comes to bargainers with less bargaining power,
since the bargainer maybe not expect such a fairness reference point [24]. Thus, we adopt
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the fairness model introduced by Du et al. In this version, the Nash bargaining is just a
psychological game for fairness perception that maybe not really happen but lie in players’
mind. That is, both players form fairness reference in mind first, which is based on the
Nash bargaining game, and then play the alternating-offers bargaining game. Du et al.
argued that the fairness reference consists of absolute fairness reference (i.e., the payoffs
from the overall pie) and relative fairness reference (i.e., the payoffs from per unit pie). The
latter is more persuasive than the former, because of a fair proportion regardless of the size
of the pie. If the division of the pie is not realized by this rule, then unfairness occurred.
Gain below the farness reference reduces the utility and the fairness concern coefficient A;
(A; > 0) is used to characterize the sensitivity to this gap. Specifically, both players bargain
over a pie, whose size is 7t (in this paper, 7t = 1). For a fairness-concerned player i, the
utility is shown as follows.

w;i = i + Ai(m = ;) = (a; + Ai(a; — i),

where A; > 0 is the fairness concern coefficient of player i. 71; and g; are the realized
material payoff and the proportion to the overall pie of player i, respectively, while 7r; and
r; are player i’s absolute fairness reference and relative fairness references, respectively.
M 4mp=mnmT+7T=mna+a=1landr +1r =1.

Since the relative fairness reference implies a fair proportion regardless of the size of
the pie, we restrict ourselves to the relative fairness reference that is more persuasive. In this
fairness model, the fairness reference implies that a player would not pursue self-interest
without considering the opponent’s welfare. On the other hand, gain below the farness
reference reduces the utility and the sensitivity to this gap is characterized by the fairness
concern parameter A; (A; > 0). Thatis, Du et al. argued that the fairness concern parameter
A; captures the sensitivity to the gap between the gain and the fairness reference when the
gain is less than the fairness reference.

This fairness model characterizes fairness concerns. The player i’s inherent properties
can be characterized by the fairness concern coefficient A; that does not depend on player
i’s bargaining power. On the other hand, the fairness concern coefficient A; can be used to
characterize the fairness concern level of player i.

2.3. Fairness Reference Level

Since the relative fairness reference implies a fair proportion regardless of the size of
the pie, we restrict ourselves to the relative fairness reference.

Theorem 1. The relative fairness reference points of players 1 and 2 satisfy, respectively

_ a(1+}\1)
T+a(A —A2) + Az

(1 —DC)(l +/\2)
1+0¢(}\1 *)\2) +/\2’

r and rp, =

where w reflects the bargaining power of player 1 and 1 — w reflects the bargaining power of player 2.

Proof. To show relative fairness reference of player i, we focus on player i’s utility per unit
pie. By Nash’s axiomatic definition [5,24,25], the Nash bargaining solution (rq, 1) is the
partition (a1, ay) that satisfies the following model:

max§ = (ay + Ay (a1 — 1)) (a2 + Aalay —12)) ' °
ot am+a=1 (1)
Tl 0<a,a <1

where 0 < a < 1 reflects the player 1's bargaining power, while 1 — « is player 2s bargaining
power. a; + A; (a; — r;) is player i’s utility per unit pie.

For simplicity, model (1) can be transformed into as follows:

max h’llp = ocln(al + A (a1 — 1’1)) + (1 — 0() 11’1(1 — a1+ /\2(1’1 — 611)) 2)
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Differentiating with respect to a1, we have
diny)  a(l+A) — (1-a)(1+4s) 3)
day ap+M(ar—r)  1—ap+Ax(r —ap)
The second derivative of Equation (2) with respect to a; is shown as follows:
Any) e+ (1-9(0+A)°
day? (a1 4+ M(a =) (1= +Aa(n —m))
which implies that In 1 is strictly concave in a;.
Thus, let Equation (3) be equal to zero, i.e.,
Dé(1+)\1) (1—0&)(14—)\2) -0 (4)

o+ Mg —r)  1—ap+A(r — )

we can obtain a unique optimal solution.
On the other hand, if (a3, a7) is also the Nash bargaining solution of the model (1), then
we have a1 = r1. Thus, the Nash bargaining solution is given as follows:

a(1+ A1)

_ (1—a)(1+Ay)
S 1l4a(A—Ag) + Ay

Tra(A—A2) + Az

r andrzzl—rlz

These complete the proof of this theorem. [J

2.4. Utility Functions and a SPE

Let an agreement path be denoted by (i!, Y) and a disagreement path be denoted by
(h', N) at time t. Then, player i’s utility for agreement paths is defined as

wi(B',Y, Mg, ri) = wi(h', Ay, 1)
IX(1+)\1)

1+1X(/\1 7)\2 ) Jr)\z
Player i’s utility for disagreement paths is defined as

(1—a)(14+A,)

and ry = Tha(A—Az) Az

According to Theorem 1, we have ry =

ul-(ht, N, Ai/ 7’1') =0

If the agreement cannot be reached forever, then the utility of each player is zero.

Let U;: F x G — Rbe the expected utility function and the strategy profile (f, g) € F x G
be played from the moment ¢ € T, where t is the moment up until that the history is known.
Then (f | i, g I h') is played at moment t + 1 and U; (f | !, g | ') is defined as the expected
utility of player i at time t if (f, §) € F x G is played.

Definition 1. In the alternating-offers bargaining game with fairness concerns, the strategy profile
(f, ¢) is a SPE if for every t € T and h' € H',

u (f', g|n') > (ﬂh*, g|n') forall f € F

and
u, (f\ht, g]ht) > U (f |ht,§]ht) forallg € G.

3. SPE Analysis for Alternating-Offers Bargaining Games with Fairness Concern

To construct a SPE, we consider the following properties: (i) No delay. Whenever a
player makes a proposal, the equilibrium proposal made by the player is accepted by the
opponent. (ii) Stationarity. In equilibrium, whenever a player makes a proposal, the player
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makes the same proposal. Given property (ii), let x* = (x],x3) € Z denote the equilibrium
proposal made by player 1 at time t € Tyy4, and let y* = (y7,y5) € Z denote the equilibrium
proposal made by player 2 at time ¢ € Teyen. Consider an arbitrary odd time f at which player
1 makes a proposal to player 2. According to properties (i) and (ii), player 2’s equilibrium
payoff from rejecting any proposal satisfies 6 (y; + A2(y3 — r2)). This is because, by property
(ii), player 2 makes a proposal " after rejecting any proposal, which is accepted by player
1 by property (i). Perfection requires that player 2 accepts any proposal x = (x1, xp) €Z
made by player 1 such that xo + Ay (x2 —12) > 5(y5 + A2(y; — r2)) and rejects any proposal
x = (x1, X2) €Z made by player 1 such that x, + Ay (x2 — 12) < 3(y5 + A2(y5 — r2)). Further-
more, by property (i), x; + A2 (x5 —r2) > 6(y; + A2(y; —r2)). However, there does not
exist x" such that x3 + A»(x5 — r2) > 8(y5 + A2(y5 — r2)); otherwise, the payoff of player
1 could be improved by making a proposal x’ = (x],x5) such that xj + Ax (x5 —rp) >
xh 4+ Ap(xhy —r2) > 5(ys + A2(y5 —12)). Thus,

X3 +A2(x3 —12) = 6(y2 + A2(yz — 12)) ®)

Similarly, we have

yi+My =) = 6(x +M(xg =) ©)

attime t € Topen.
Combining Equations (5) and (6) with Theorem 1, we can obtain equilibrium proposals:

(L _ (1—0()/\2—(50()\1 0 + )
4o (14+0) (I+a(M —Az)+Az) " 140 0 (146)(1+a (A —Az)+47)
aAl—(l—k)5A2 1 0()\1—(1—0( oAy

(1—a)Ay—baAq

x* =
* )
V' = (15 T @) ratn ) 72) T~ {9 (Talh ) ia) -

Now, the strategy f for player 1 and the strategy ¢ for player 2 are defined based on
the proposals x*and y*, respectively. The definition of the strategy f is given as follows:
player 1 makes the offer x* at any odd time ¢, then player 1 accepts an offer y = (y1, y2) € Z
if and only if y; + A1 (y1 —r1) > 0(x] + A1(x] —rq)) at any even time ¢. Similarly, we
define the strategy ¢: Player 2 always makes the proposal y* at any even time ¢ and always
accepts a proposal x= (x1, x2) € Z made by player 1 at any odd time ¢, if and only if
X2+ Ap(xp —12) > 6(y5 + Aa(ys —12)) -

Theorem 2. The strategy profile (f,$) is a SPE in the alternating-offers bargaining game with
fairness concerns, then the equilibrium partition is

1 (1 — 0())\2 — 50()\1 1) (1 — 0()/\2 — 50()\1

= (1+5 B (1"‘5)(1"‘0(()\1—)&2)4'/\2)’14—5+ (1+5)(1+06(/\1—A2)+/\2)

).

Proof. Given player 2's strategy ¢, we show that the strategy f is optimal at any time.
Consider the case that t is odd. If player 1 plays f, then the share of the pie that player 1
obtains is x].Consider any strategy z for player 1 at time ¢, if z; = xJ, then player 1 follows
strategy f and player 2 accepts it. If z; < x], which implies that z; > x3, then this offer
is accepted by player 2. Since z; + A1(z; — 1) < x§ + Aq(x] — rq), it implies that z is not
optimal. If z; > xj, then z, < x7. Player 2 rejects this offer and makes an offer y* at time
t + 1. Then the utility of player 1 can obtain from this strategy is not more than

max{0(yi + A1 (i — 1), & (xf + M (xf = 1)) }

Thus, z is not optimal.
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If t is even, then player 1 has to respond to the proposal z made by player 2. As
mentioned above, it is optimal for player 1 to follow strategy f at time ¢ + 1. Therefore, it
follows that accepting z is optimal for player 1 if and only if

21+ A(zg —r1) > 6(xf + A (2] — 1))

Thus, we have proved that player 1 cannot improve the share of the pie by deviating
from strategy f at any single time ¢, given the strategy ¢ for player 2.

Similarly, we can prove that player 2 cannot improve the share of the pie by unilaterally
changing strategy ¢ at any single time t, given the strategy f for player 1. [J

Obviously, if A; = A, = 0, then the equilibrium partition is identical to the classical
Rubinstein proposals, i.e.,
(1/(1+496),6/(1+9))

If fairness concern parameters are equal and satisfyA = A1 = A, > 0, then the equilibrium
partition of the bargaining game is

= 0L
1+6 1+A 146 1+ A

= ).

An interesting observation is that player 1, who starts making an offer, has an ad-
vantage compared to the Rubinstein case if « > 1/(1 + ), where 1/(1 + 0) reflects the
bargaining power of player 1 in the classical Rubinstein bargaining game [3]. In this case, if
a>1/(1+9), then

1 (a—5)A .
1+6 1+A 149’

which implies that player 1 benefits from fairness concerns. Another observation is that
player 1 is hurt by fairness concerns if & <1/ (1 + ).

It is worthwhile noting that the equilibrium payoff is identical to the classical Rubin-
stein proposals when « is equal to 1/(1 + J), which means that players’ fairness concerns
have no effect on the outcome of the bargaining game.

To show the uniqueness of the strategy profile (f, ), the set of player i’s SPE payoffs
is denoted by A; in any subgame where player i first makes an offer. Let b = (b1, bp) be
denoted as a SPE partition in any subgame, where player i first makes an offer. Formally,
A; = {b;}. For any subgame where player i first makes an offer, M; denotes the supremum
of A; and m; denotes the infimum of A;.

Lemma 1. For the alternating-offers bargaining model with fairness concerns, my, my, My and M,
satisfy the following conditions:

m>1—6M, — [(1 — (5)/\2}’2]/(1 +Ay)andmy >1— My — [(1 — 5)/\11’1]/(1 + Aq).

Proof. In any SPE, player 2 accepts any offer x such that
X2+ Aa(x2 —72) > 6(My + Ap(My — 7))

(1—=x1) +22((1 = x1) —12) > 6(Ma + A2 (M —12)),

ie.,
1—06M, — [(1 - 5)/\27‘2]/(1 + )Lz) > X1.
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Thus, there does not exist by € Aq such that by < 1 — My — [(1 —8)Aara] /(1 + Az).
Otherwise, another proposal x = (x7, x,) is made such that

by <x;3 <1—6My—[(1—08)Aara]/(1+Ay)

to increase the payoff of player 1. Hence, for any by € A1, we have by > 1 — 6Mp—
[(1 —0)Aara]/ (14 Az), which implies that

my >1—06Mp — [(1 — 5))\21’2]/(1 + )\2).

Similarly, we can prove mp > 1—6My — [(1 —0)Ar1]/ (1 + Aq).
These complete the proof of Lemma 1. [J

Lemma 2. For the alternating-offers bargaining model with fairness concerns

(i) foranybyeNy, 1 —35by — [(1 = 6)Aara]/ (14 Ap) € Aq
(i1) fOT any bieA;,1—0by — [(1 — 5))\11’1]/(1 + )\1) e Ay.

Proof. Given any b,€A;, let the SPE ¢ support player 2’s share b,, then player 1’s payoff in
this equilibrium be denoted by b;. For any subgame where player 1 first makes an offer,
the following strategies are considered. Player 1 first makes the offer x = (x;, x,) such that

Xy 4 Aa(xy — 12) = 8(ba + Aa(by — 12)),
or, . A
L—x +A2((1 —x1) —r2) = (b2 + Az (b2 — 12))
X =1—208by — [(1—6)Aara]/(1+ Ap).

and player 2 accepts a proposal x = (x1, x7) if and only if x; + Ay (xp — 72) > xA2 + )\z(xAz —17).
If any proposal is rejected, then the bargaining game continues according to ¢. Thus,
this pair of strategies is a SPE. Since by + b, = 1,b; > 6by + [(1 —)Aqr1]/(1 4+ A1) and
by > 8by + [(1 — 6)Aara] /(14 Ap), we have

b+ [(1=8)Ar1]/(T4+ Aq) + by + [(1 — ) Aara] /(14 Ap) < 1.
Thus,
Oby + [(1 = 8)A1r1]/ (1 + A1) <1 —6by — [(1 = 0)Aara] /(1 + Ap) = x7.
Thus, we have ) )
X+ A (xq —11) > 8(by + A (b —11)).

That is, player 1 cannot benefit from an offer that player 1's payoff is greater than x;.
Thus, we have
x1=1- oby — [(1 — 5))\21’2]/(1 + /\2)6/\1.

Similarly, we can prove 1 — by — [(1 — 6)A1rq]/(1 4+ A1) € Ag.
These complete the proof of Lemma 2. [J

Lemma 3. For the alternating-offers bargaining model with fairness concerns, my, my, My and M,
satisfy the following conditions:

i m <1-—056M;— [(1 — 5))L21’2}/(1 + )\2) and My > 1 — 6my — [(1 — 5)/\21’2]/(1 + /\2),‘
(i) my <1—06M;— {(1 - 5))\171}/(1 + }\1) and Mp > 1 —émq — [(1 - 5))\17’1]/(1 + )\1)

Proof. If m; > 1— 6Mp — [(1 —8)Ayr2]/(1+ Ay), then there exists by € A, such that
my > 1—06by — [(1—6)Aarz]/ (14 Ap). This contradicts 1 — dby — [(1 — ) Aara] /(1 + Az)
€A,
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Similarly, if My < 1 —dmy — [(1 — 8)Aar2]/ (1 + Ay), then there exists by €A, such that

M; < 1—=238by — [(1—=6)Ar]/ (14 Ay), which contradicts 1 — 6bp, — [(1 — 8)Apra]/
(1 + Az) € Aq.

Similarly, we can prove Lemma 3 (ii).

These complete the proof of Lemma 3. [

Lemma 4. For the alternating-offers bargaining model with fairness concerns,

(i) M <1-—906mp— [(1 — 5))\2?2}/(1 + )&2),
(i) My, <1-—906mq— [(1 — 5)/\17’1}/(1 + )Ll).

Proof. Given any subgame, where player 1 first makes an offer, there exists the set of SPE
divided into the following two cases:

Case 1: in this equilibrium, the initial offer of player 1 x = (x1, x2) is accepted;

Case 2: in this equilibrium, the initial offer of player 1 x = (x1, x) is rejected.

Note that player 2 rejects any proposal that satisfies

X7 + )\2(.‘)62 — 7’2) < (5(71”!2 + /\2(7112 — 1’2)) or xp < dmy + [(1 — 5))&21’2]/(1 + )\2)

in any SPE.
Thus, for case 1, the most share that player 1 obtains is

1—0démy — [(1 — 5)/\2}’2]/(1 + /\2). (7)

For case 2, the agreement is delayed. The outcome in any SPE has present value to
player 1 no higher than

(5(1 —omy — [(1 — 5)/\2}’2]/(1 + /\2)) <1—06émy— [(l — (5))L21’2}/(1 + )\2) (8)

Thus, we have
My <1 —=6my —[(1=08)A2r2]/(1+ Az)

Similarly, the proof of Lemma 4 (ii) can be shown.
These complete the proof of Lemma 4. [

Theorem 3. For the alternating-offers bargaining model with fairness concerns, (f, §) is the unique
SPE strateqy profile, if it satisfies properties (i)—(ii).

Proof. It follows from Lemmas 1, 3 and 4 that

My =1—=6my —[(1—=08)A2ro]/(1+ Az) )
my =1—=0M, —[(1—=08)Aara]/(1+ Az) (10)
my =1—06My —[(1—0)Amn]/(1+ M) (11)
Mp =1—6my —[(1=8)Mn]/(1+ A1) (12)

Combining Equations (9)—(12) and Theorem 1, we have

M — e — 1 (1—a)Ay —dary

Vo T3 0400 +a(M —A2) + Ag)
and A SA
M, = m, 1 aAy — (1 —a)o)y

Tl A+0)(It+alr —A)+A)

Thus, player 1 always plays f and player 2 always plays §.
Therefore, the strategy profile (f, §) is the unique SPE strategy profile.
The proof of Theorem 3 is completed. U
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Here, we discuss the effect of fairness concern coefficients A and A, and player 1’s
bargaining power « on the SPE.
Recall that

- (1—a)Ay —daAq ) n (1—a)Ay —dary
146 (1+6)A+a(M—A2)+A2)" 146 (1+6)(1+a(A; —A2) +Az)

X =( )
Since what player 1 gains is exactly what player 2 loses, we restrict ourselves to player
1. Differentiating with respect to A1, Ay, respectively, we have

dxj b+ (1—a)(140)Ay) > 0and dxi  (1-a)(A+a(l+5)Ay)
AN (148)(1+a(A — Ag) + Ap)? A2 (146)(1+a(d — Ay) + Ap)?
It is easy to know that player 1 benefits from fairness concern coefficient A; and is hurt by
fairness concern coefficient A;.
Similarly, differentiating with respect to «, we have

dxi‘ o Ap 4+ oA + (1 + 5)}\1}\2

— 5 > 0.
da (140)(1+a(Ay — Ag) + A2)

It is shown that player 1 can benefit from &, which means that, for player 1, higher
bargaining power can lead to a higher equilibrium share.

4. Extended Model

To check the robustness of the developed model, the model is generalized to the
situation that both players have individual discount factors 51 and $2. Following the
prior works (e.g., [42,43]), let B; > 0 be a positive rate of time preference for player i, then
6; = exp(—B;A). Equations (5) and (6) generalize to

x5 +A2(x3 —12) = 02(y3 + A2y — 12))

and
yi+ Ay — 1) = 01(x] + A(xy —r1))

All prior results can also be applied to this more general model. A solution to the
above-mentioned two equalities is obtained from which a strategy profile is constructed.
The strategy profile is the unique SPE that satisfies properties (i)—(ii). The outcome is

1-010, (175152)(1+a()\17)\2)+)\2% 7 1-010o (1751(52)(14*0(()\17)\2)4*)\2)
* (51(1—&:2) 4 20=0)M—(A-0)5(1=0)Ap 16 _ “(1—51)?\1—(1—“)51(1—52)/\2)
1-615; (1-0102) (1+a(A1—A2)+Az) 7 1=0162 (1-0102) (1+a(A1—A2)+A2) /-

= (152 (1-a)(1-55)Ap—(1-d1)ay 5r(1—6y) (1*“)(1*52)/\2*52(1*51)“/\1)

y

Corollary 1. In the alternating-offers bargaining game with fairness concerns, if the time interval
between two consecutive offers tends to zero, i.e., A—0, the outcome of the game converges to

( B2 (1—a)Bory — Brad B1 (1 —a)Bars — Braky

Bi+B2  (B1+B2)(1+a(Ar —A2) +A2)" 1+ B2 * (B1+B2) (1 +a(A — A2) +Az) )
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Proof.
sk (T 1-6, (1-a)(1-6)Ar—0p(1—dy)ary\ 1:62(1-01) | (1—a)(1-02)Ar—dr(1—01)aly
fg})x = (ilg})(palaz T T T=8100) (I a (A —A2)+A2) )filﬁo( T, T (T=0:00) (l4a (s —Aa) +12) )
= (lim ( 1-exp(Bad) (1*“)(1*9XP(ﬁ2A))/\2*€XP(ﬁ2A)(Pexp(ﬂlA))Ml)
A0 1—exp(B1A+pa2A) (1—exp(B1A+pB28)) (1+a(A1—A2)+A2) ’
hm(exp(ﬁzﬁ)(l—exp(ﬁlﬁ)) + (1-a)(1—exp(B28))Ar—exp(Br8) (1—exp(B14))ar )
A0 1—exp(B1A+pB24) (I—exp(B1A+B28)) (1+a (A1 —A2)+A2)
:(lim( B2 (1—a)BaAAy + B1baA; )
AS0" (B1HB2)A  (B1+HB2)A(T+a(A—A2)+A2) 1 (Br+B2)A(1+a(A—Az)+A2) /7

hm( .B]A + (1*06)‘[32A)\2 . ﬁ]Aﬂé)\] ))
A—0 (‘Bl""ﬁZ)A (‘51+ﬁ2)A(1+06(/\1—)L2)+/\2) (,Bl+ﬁ2)A(1+(X()L1—/\2)+)L2)

Ba  _  (1—a)BaAr—Prar b1 (1—)Bas— By
(,Bl""zﬁZ (ﬁ1+ﬁ2)(1-|-2a(2)\1—1)\2)1-1-}\2)' ' p1+ B2+ ( Lo S

131+132)(1+“(/\1—A2)+/\2)) - iigby*'

These complete the proof of Corollary 1. [

Note that the equilibrium partition for A—0 is critically influenced by the players’
discount rates. The player’s equilibrium payoff depends on the ratio 31/B».

5. An Application to Bilateral Monopoly Market

The above sections refer to the alternating-offer bargaining model between two players.
From now on, we focus on the application of the proposed bargaining model in a market
with a single buyer and a single seller. To illustrate the validity of our bargaining model,
the professional basketball market in North America is considered. In the professional
basketball market, the National Basketball Association (NBA) monopolizes professional
basketball games in America, while the National Basketball Players Association (NBPA)
monopolizes the professional player market. Thus, the NBA can only employ professional
basketball players from the NBPA, that is, the professional basketball market can be re-
garded as a bilateral monopoly market with a single buyer (i.e., the NBA) and a single
seller (i.e., the NBPA). In this market, the NBA and the NBPA bargain over players’ salaries
and quantity. If an agreement cannot be reached, then the NBA seasons, including the NBA
regular season, the NBA preceding season, the NBA playoffs and the NBA finals, may be
delayed or canceled.

The NBA can employ g professional basketball players from the NBPA and benefit
from these professional basketball players by playing basketball in the NBA season. Let
R(g) denote by the revenue that is obtained by the NBA, and R(0) = 0, R'(g) > 0 and
R"(g) < 0. Let C(q) be the NBPA ’s cost of provide g professional basketball players, and
C(0)=0,C’'(g) > 0and C"(g) > 0. Let R'(0) > C'(0). If the NBA decides to employ g professional
basketball playersat a unit price p, then the NBA’s payoff function is

m(p,q) = R(q) — pg, (13)

and the NBPA ’s payoff function is

7ts(p,q) = pq — C(q)- (14)

Thus, the total surplus is
7(q) = R(q) — C(q)- (15)

The NBA and the NBPA bargain over the quantity g and the salary p according to
the alternating-offers procedure. The bargaining begins with an offer by the NBA. It is
assumed that the NBA and the NBPA pay attention to fairness. Let « be denoted by the
NBA'’s bargaining power, then 1—« reflects the NBPA’s bargaining power. The fairness
reference is the Nash bargaining solution. Let r, and r; denote by the fairness reference
points of the NBA and the NBPA, respectively. It follows from Theorem 1 that

06(1 + )\1)

o (1—)(1+1)
b T+a(A —A2) + Az

7(q) and rs = T+a(A —A2) + A2 .
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respectively. An offer is denoted by (p, q), where p > 0 and g > 0. If the two players reach
an agreement on (p, 4) at time ¢, then the NBA’s utility function is

n(p) = [0, ) + Mool ) = Ty O] xp(—A),  (16)

S

and the NBPA ’s utility function is

() = () 4 As(sl) = e ) exp(-p), (17

On the other hand, if the agreement cannot be reached forever, then the utility of each
player is zero.

5.1. SPE in Bargaining Game with the NBA and the NBPA

Let (pj, q;,) be the equilibrium offer that the NBA makes and (p;, 45) be the equilibrium
offer that the NBPA makes. According to the property, the NBPA ’s offer should make the
NBA indifferent between this offer and the NBA’s own offer in the next phase. Thus, we
have

up(ps,q:) = oup(py, 95)

ie.,
(P2, 43) + My (70 (P, 03) — Tt (42)) )
= olmy(py @3) + M7 (Pl 33) — T 7 (5))]

(p3, q%) of the NBPA maximizes the utility u;(ps, gs) subject to

uy(ps, 9s) = oup(py, 95 )-

It means that
95 = e, (19)

where g, is the unique solution to

7la) _rig) -l =0

Since 7, (p5, 45 ) + s(ps, 95) = 7(qe), where
7(ge) = R(qe) — C(qe)- (20)

Combining Equations (19) and (20), we have

7(9e) = 7s(pt 0e) + Ap(7(qe) = (Pt 9e) — T 7(qe)) o
= o[y (P, 45) + Ao (P 03) — Trape i ()]
Similarly, we have
us(pp, q,) = ous(ps, qs)
ie.,
- * (1—a)(1+As)
s (py,q5) + As(7ts(py, q;) — m (q3)) (22)

= o[7ts(p2, 92) + As (7s(pE,08) — Tepiyete 7 (q2)]
(py,q;) of the NBA maximizes his utility u;(py, g5) subject to

us(pp, qp) = Sus(ps, qs)-
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This means that
Ty = Ge- (23)
Since 7, (p;, q;) + 7s(py, 9;) = 7(ge), combining Equations (22) and (23), we have

7(e) = 7o (Py,2e) + As(7(0) = 7 (P 00) — T 7 (4e)

= o[7s(pt, 02) + Ao (7s(pt,08) — Toari e ()]
Combining Equations (20)—(24), we can obtain

oy 7(ge) (1 —a)As — dmAy
TP e) = T35 T T ) A+ alhy— As) T As) ") @)

and
_ nlge) adp — 6(1— )2,

T (Per) = T8 T T8 (1t alhy — Ag) F An) 1)
It follows from Equations (13), (15), (20) and (25) that a player’s salary is

(26)

« 0 (1—a)As — daA, R(qe) 1 (1—a)As — daA, C(ge)
pb_(1+5+(1+5)(1+a(Ah—As)+As)) Ge +(1+57(1+5)(1+a(Ah—AS)+As)) Ge

Similarly, it follows from Equations (14), (15), (19) and (26) that a player’s salary is

(27)

. 1 ary — (1 —a)As R(qe) 6 ary —8(1—a)As C(ge)
ps = ( - - t(5+ - )
145 (14+6)(1+a(Ay—As)+As) ge 146 (14+6)(1+a(Ay—As) +As)” ge
By straightforwardly adapting the proof of Theorem 2, it is shown that (p;, g.) is a SPE
strategy profile. We can also prove that (p;, g.) is the unique SPE in a bilateral monopoly
game by straightforwardly adapting agreements of Lemmas 1-4. That is, p; is the salary
that the NBA pays to a player.

(28)

5.2. Properties of the Unique SPE in Bargaining Games between the NBA and the NBPA

In this subsection, we analyze the equilibrium price with respect to the fairness concern
coefficients A1 and A, and the NBA’s bargaining power «.
Recall the unique SPE (pj;, g), where

« 0 (1—a)As — daA, R(qe) 1 (1—a)As — daAy, C(ge)
p”_(1+5+(1+5)(1+a(Ah—A5)+AS)) Ge +(1+5_(1+5)(1+a(Ab—As)+As) Ge

Since

dpy _ a0+ (A-a)A+0N) R(q) =Cge) _
Ay (1+6)(1+a(Ay — As) + As)? e

and
dpy . (A-0)A+al+0)A) R(q) ~Clge) _

dAs (14 0)(1+ a(Ap — Ag) + As)? e
The more the NBA concerns fairness, the lower the equilibrium price is. The more the
NBPA concerns fairness, the higher the equilibrium price is.
Differentiating with respect to « yields

7

dpz _ SApAs + Ay + ApAs + A5 R(ge) — C(qe) <0
da (1+46)(1+a(Ay — Ag) + Ag)? e

Therefore, a high bargaining power for the NBA leads to a low salary for NBA players.
Note that if A, = A; = 0, then the outcome collapses to that of Muthoo [2], i.e.,

x _ 6 R(ge) 1 C(ge)
PM =T g T 140 4 -
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5.3. Numerical Analysis

The NBA possesses 30 teams, each of which consists of 17 active players (https:
//china.nba.cn/playerindex/, accessed on 21 January 2023). That is, the NBA possesses
510 active players. Adam Silver, who is the NBA commissioner, reported that the total
revenue of the NBA is about $ 10 billion in the 2021-2022 season (https:/ /rmh.pdnews.cn/
Pc/ArtInfoApi/video?id=30010572, accessed on 18 July 2022). Consider the case that the
number of players (who play basketball) for each team is at most 15 in the NBA season. This
implies that the average revenue for active players is approximately equal to $ 27.8 million,
that is, R(q.)/q. = $ 27.8 million. It is worthwhile noting that the operation cost of each
team for the NBA is about $ 0.2 billion per year (http://www.guangdonglong.com/c/0G5
HA2HO022.html, accessed on 21 July 2022). This implies that the average operation cost for
each active player is $ 11.8 million, i.e., C(g¢)/ge = $ 11.8 million. Let § = 0.7, « = 0.3 and
As = 2, we examine the impact of fairness concern parameters A; on the salary, as shown in
Figure 1.

Salary |

Figure 1. Change of the salary with Ay,

From Figure 1, a high fairness concern coefficient for the NBA leads to a small salary
for each active player. That is, the NBA cares more about fairness, which causes it pays
less salary to an active player. On the other hand, compared with the salary p3, when the
NBA and the NBPA are rational, there exists a threshold for the fairness concern coefficient
for the NBA such that the salary p; for an active player satisfies p; > p}, if the fairness
concern coefficient for the NBA is smaller than this threshold and p;, < p}, otherwise. This
means that, compared with the case where the NBA and the NBPA are rational, an active
player can benefit from the fairness concerns for the NBA if the fairness concern coefficient
for the NBA is low and be hurt by it otherwise.

Let 9 =0.7, « = 0.3 and A = 2, we examine the impact of fairness concern parameters
As on the salary, as shown in Figure 2.

Salary

Figure 2. Change of the salary with As.
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From Figure 2, a high fairness concern coefficient for the NBA results in a high salary
for an active player. That is, the NBPA cares more about fairness, which causes the NBA
pays more salary to an active player. On the other hand, compared with the salary pj},
when the NBA and the NBPA are rational, there exists a threshold for the fairness concern
coefficient for the NBPA such that p;; < pj, if the fairness concern coefficient for the NBA
is smaller than this threshold and p; > pj, otherwise. It means that, compared with the
case where the NBA and the NBPA are rational, an active player is hurt by the fairness
concerns of the NBPA if the fairness concern coefficient for the NBA is low and benefits
from it otherwise.

Let 0 =0.7 A; =2 and A}, = 2, we examine the impact of the bargaining power for the
NBA « on the salary, as shown in Figure 3.

Salary 20

0 02 04 06 0.8 1
o

—n ——n
Figure 3. Change of the salary with «.

From Figure 3, a high bargaining power for the NBA leads to a low salary for an active
player. That is, the higher the bargaining power for the NBA is, the less the salary for an
active player is. In addition, compared with the salary p}, when the NBA and the NBPA are
rational, there exist a threshold for the bargaining power for the NBA such that p; > pj, if
the bargaining power for the NBA is smaller than this threshold and p; < p}, otherwise.
Therefore, compared with the case where the NBA and the NBPA are rational, an active
player is hurt by low bargaining power for the NBA, and benefits from high bargaining
power for the NBPA.

6. Discussion

From a theoretical perspective, the existing alternating-offer bargaining with fairness
concerns has explored “Why are players willing to pay for fair treatment in some situa-
tions?” [35,36]. These studies consider the exogenous fairness reference without bargaining
power, examining how players with inequality aversions split “a pie” equally. Such fair-
ness reference level cannot exactly characterize the endogenous power of players such
that inequality aversion perception is influenced. To address this issue, our work models
the Rubinstein bargaining with fairness preferences under the assumption that the Nash
bargaining solution is regarded as the fairness reference of each player. Compared to
the alternating-offers bargaining game with rational players, a player (who starts making
proposal) benefits from the fairness concerns if its bargaining power is high and it is hurt
by the fairness concerns otherwise.

Our results provide the following practical implications: (1) if a player cares more
fairness, this player should make a high proposal when it is his turn to make proposals.
(2) A player should make a low proposal if its opponent cares more about fairness. (3) A
player with strong bargaining power should make a high proposal. To summarize, players
should carefully weigh their own fairness concerns, bargaining power and fairness concerns
of their opponents, and then make proposals, rather than simply follow the suggestion that
the proposal at the current stage is higher than that at the past stages.
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7. Conclusions and Limitations

In this paper, the effect of fairness concerns on the Rubinstein (1982) alternating-offers
bargaining game is investigated. We construct a SPE in the alternating-offers bargaining
game with fairness concerns and show its uniqueness. A sensitivity analysis on the equilib-
rium partition with respect to fairness concern coefficients is performed, we further find
that the player’s equilibrium share of the pie is positively related to the fairness concerns of
this player and negatively to the opponent’s fairness concern. It is shown that the payoff
of each player depends on the ratio of discount rates of the two players if the time lapse
between two offers goes to zero. Finally, an application to bilateral monopoly is given and
the properties of equilibrium price are shown.

One limitation of this work is that players” preferences are time-independent in Rubin-
stein’s bargaining game with fairness concerns. In numerous situations, this assumption is
reasonable, while in others this assumption is often violated and players’ payoffs depend
on the process of bargaining. Thus, the objective of future study is to discuss the effect
of fairness concerns on the alternating-offers bargaining game with history-dependent
preferences. In addition, the SPE is unique that shares two properties (i.e., No delay and
Stationarity) with that of Rubinstein. It still is an open issue whether the uniqueness is also
held without the above-mentioned two properties.
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