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Abstract: Understanding the process of earthquake preparation is of utmost importance in mitigating
the potential damage caused by seismic events. That is why the study of seismic precursors is
fundamental. However, the community studying non-seismic precursors relies on measurements,
methods, and theories that lack a causal relationship with the earthquakes they claim to predict,
generating skepticism among classical seismologists. Nonetheless, in recent years, a group has
emerged that seeks to bridge the gap between these communities by applying fundamental laws of
physics, such as the application of the second law of thermodynamics in multiscale systems. These
systems, characterized by describing irreversible processes, are described by a global parameter called
thermodynamic fractal dimension, denoted as D. A decrease in D indicates that the system starts
seeking to release excess energy on a macroscopic scale, increasing entropy. It has been found that
the decrease in D prior to major earthquakes is related to the increase in the size of microcracks and
the emission of electromagnetic signals in localized zones, as well as the decrease in the ratio of large
to small earthquakes known as the b-value. However, it is still necessary to elucidate how D, which
is also associated with the roughness of surfaces, relates to other rupture parameters such as residual
energy, magnitude, or fracture energy. Hence, this work establishes analytical relationships among
them. Particularly, it is found that larger magnitude earthquakes with higher residual energy are
associated with smoother faults. This indicates that the pre-seismic processes, which give rise to both
seismic and non-seismic precursor signals, must also be accompanied by changes in the geometric
properties of faults. Therefore, it can be concluded that all types of precursors (seismic or non-seismic),
changes in fault smoothness, and the occurrence of earthquakes are different manifestations of the
same multiscale dissipative system.

Keywords: b-value; electromagnetic signals; multiscale thermodynamics; earthquake precursor

1. Introduction

The study of pre-earthquake physics holds significant relevance in our efforts to safe-
guard lives and infrastructure from the destructive impact of seismic events. Extensive
research has been conducted, focusing on pre-earthquake measurements, such as ground-
water level variations, electromagnetic signals, ionospheric variations, seismic clustering,
radon liberation, other gas seeps emissions, or thermal radiation, that offer promising
indications of a potential link to impending earthquakes [1–25]. Particularly, these studies
highlight the presence of anomalous data during abnormal periods compared to normal
background conditions. Nevertheless, it is crucial to recognize that the majority of these
studies have primarily focused on establishing spatial and temporal correlations between
the observed anomalies and the occurrence of earthquakes.

Although there are studies linking measurements to earthquake magnitude [9,20,26–30],
the crucial question of actual causation, which represents the fundamental link between the
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measured signals and the underlying physics of earthquake rupture, is addressed by only a
limited number of researchers within the pre-earthquake signal community [31–36]. This
gap in our understanding has generated concerns and skepticism within the seismological
community, as the reliability and predictive capabilities of pre-earthquake measurements
are called into question [37,38]. This skepticism has made it challenging to overcome the
prevailing paradigm that denies the existence of pre-earthquake phenomena [39]. To bridge
this gap, considerable attention has been directed toward experiments conducted on rock
samples, offering valuable insights into the behavior of pre-failure physics [40–51]. These
studies have explored various phenomena, such as multiscale cracking, rock electrification,
changes in acoustic emissions, increases in internal damage, or alterations in strain and
stress [52–54]. It is thought that the knowledge gained from these rock sample experiments
could be extrapolated to understand large-scale lithospheric dynamics.

Significant progress has been achieved in the integration of pre-earthquake signals of
the lithosphere with seismic rupture parameters, employing the principles of multiscale
thermodynamics and entropy production of rocks [34,35]. A crucial parameter in this
framework is the thermodynamic fractal dimension, which accounts for the dissipation of
energy across different scales, and specifically characterizes the distribution of multiscale
cracking within materials. Notably, the generation of multiscale cracking indicates the dissi-
pation of energy preceding impending earthquakes, marking the culmination of the seismic
cycle [36]. This critical stage, which garners significant attention in pre-earthquake signal
research, allows for the interpretation of anomalous measurements as manifestations of
irreversible processes and impending earthquake occurrence. In this line, Venegas-Aravena
et al., 2022 [34] found a relation between the large-scale entropy change to the expected
earthquake magnitude. Additionally, Venegas-Aravena and Cordaro 2023 [36] suggested
that the multiscale properties of lithospheric dynamics such as the thermodynamic fractal
dimension could be linked to fault properties such as the b-value, which indicates the ratio
between the larger and smaller earthquakes in a given zone.

In that line, one notable consequence of large-scale entropy production is the emer-
gence of smoother fault surfaces [35,36]. This is relevant because seismological studies
describe the fault interface and the seismic source as heterogenous [55–57], implying that
friction coefficients depend on the roughness of the surface. For example, rougher surfaces
are related to higher friction coefficients as well as smooth surfaces host lower friction
coefficients [58]. That is why large slips are more related to smoother faults [59,60]. In that
sense, the smoothing of faults indicates the release of accumulated energy and a reduction
in resistance to energy storage in multiple seismic cycles [61–63]. To comprehensively
understand fault properties, including earthquake magnitude, it becomes essential to es-
tablish a connection between fault smoothing and the global parameters of the system.
Multiscale thermodynamics provides a suitable framework for analyzing fault behavior
and linking it to pre-earthquake signals. In line with these considerations, the present
work utilizes a multiscale thermodynamic approach to investigate the relationship between
pre-earthquake signals and fault properties. In that line, Section 2 of this study delves into
the intricacies of the principles of multiscale thermodynamics and its application to the un-
derstanding of the seismic background. Building upon this foundation, Section 3 explores
the relationship between two crucial aspects of fault properties: seismic magnitude and
fault geometry. Moving forward, Section 4 investigates the connection between multiscale
thermodynamics and fracture energy. The discussion section is in Section 5. Here, the focus
shifts to the relationship between fault properties, multiscale thermodynamics, and other
pre-seismic processes. Finally, Section 6 presents the conclusions drawn from the findings
of the study.

2. Multiscale Thermodynamics

In the context of multiscale cracking, the study of energy dissipation processes is
essential to understand the complex behavior of materials under stress. Cracks in rocks,
resulting from external loads, exhibit a multiscale nature as they propagate across different
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length scales [64,65]. These cracking processes are inherently dissipative, reflecting the
irreversible release of accumulated energy within the material [66]. To quantitatively
analyze and describe such dynamics, a thermodynamic framework is needed. Recent work
on multiscale thermodynamics provides this framework, offering insights into entropy
production and the thermodynamic fractal dimension as measures of energy dissipation
and complexity. One of the key equations in multiscale thermodynamics work relates the
thermodynamic fractal dimension (D) to the multiscale entropy production balance [35]:

D = −kV ln ΩV , (1)

where D represents the thermodynamic fractal dimension, which characterizes the com-
plexity of the cracking process. The constant kV is associated with the scaling factor r by
the relation kV = 1/ln(r/r0), reflecting the relationship between different length scales.
r0 is the size of the smallest components of the system and ΩV , the multiscale entropy
production balance, quantifies the interplay between macroscopic (dS) and microscopic
(dS0) entropy productions. It captures the relative contribution of entropy production at
different scales and provides a measure of the overall energy dissipation in the system.
According to Venegas-Aravena et al., 2022 [35], the parameter ΩV can be expressed as:

ΩV =
dS
dS0

× e(
1−DE

kV
)
, (2)

where DE is the Euclidean dimension. By merging Equation (2) into Equation (1), it can be
concluded that:

dS
dS0

=
1

ω0
e−D/kV , (3)

where ω0 = e(
1−DE

kV
)

which corresponds to the exponential term in Equation (2). The
equation enables an investigation into how the dominance of macroscopic or microscopic
entropy production impacts the thermodynamic fractal dimension. When the macroscopic
entropy production dominates (resulting in a larger value of ΩV), it implies a stronger
influence of the dissipation at larger scales, leading to a decrease in the thermodynamic
fractal dimension. Conversely, when the microscopic entropy production dominates, the
thermodynamic fractal dimension tends to increase, indicating a stronger influence of the
smaller scales in the energy dissipation process.

Cracking in materials, such as rocks or brittle solids, involves the propagation and
interaction of cracks at various scales. At the macroscopic level, the overall cracking be-
havior and energy dissipation can be captured by the macroscopic entropy production
(dS). On the other hand, the microscopic entropy production (dS0) represents the entropy
production at smaller scales, capturing the contributions from microcracks, grain bound-
aries, or other microscopic features. These microscale cracks and defects contribute to the
dissipation of energy through processes such as crack propagation, dislocation motion, and
local stress concentrations.

3. Seismic Moment and Thermodynamic Fractal Dimension

A relationship has been established between the magnitude of an earthquake (Mw)
and the rate of entropy change (dS/dt) [34]. This relationship is given by:

MW ∼ log10

[(
dS
dt

)p]
, (4)

where the exponent is p = 3/(5 − D). This relationship shows a connection between
the dissipative processes associated with entropy change and the generation of seismic
activity. That is, Equation (4) implies that as the rate of entropy change (dS/dt) increases,
the magnitude of the earthquake (MW) also tends to increase. Furthermore, the value of p
is influenced by the thermodynamic fractal dimension D. When D is smaller, closer to 5, p
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diverges, indicating a stronger relationship between the entropy change and earthquake
magnitude. On the other hand, as D increases, p tends to 0, suggesting a weaker coupling
between entropy change and earthquake magnitude. It is important to note that the global
entropy change, represented by dS/dt, provides insights into the overall energy release
and dissipation processes occurring within the system. This includes both the cracking
generation within the medium and the rupture process during an earthquake. This implies
that the entropy production is directly related to the rupture process of faults, including
the fault roughness. This can be seen after replacing Equation (3) into Equation (4) after
considering that dS/dt =

(
dS
dS0

)(
dS0
dt

)
:

MW ∼ log10 e−α(D), (5)

where α(D) = pD
kV

. As Equation (5) directly depends on the thermodynamic fractal di-
mension D, which describes the complexity of surfaces, it implies that Equation (5) links
the magnitude and the geometrical irregularities of faults. This implies that smoother
surfaces, characterized by lower D, may be associated with larger magnitude earthquakes.
Conversely, more complex, and rough surfaces, represented by higher fractal dimensions,
may result in smaller magnitude earthquakes (Figure 1a). In terms of rupture area, Venegas-
Aravena et al., 2022 [34] have also shown a relation between entropy change and ruptured
area A, expressed as follows:

A ∼
(

dS
dt

) 2p
3

. (6)

Just as Equation (5), Equation (6) can be formulated in relation to the thermodynamic
fractal dimension as follows:

A ∼ e−β(D), (7)

where β(D) = 2α/3. Equation (7) highlights the connection between the ruptured area
and the fault’s irregularities, where the thermodynamic fractal dimension (D) serves as a
measure of the system, encompassing the fault roughness within this context. Additionally,
Equation (7) states that smoother faults, resulting from reductions in microscopic stresses
or increases in macroscopic stresses, are associated with larger rupture areas (Figure 1b).
This equation implies that larger earthquakes are generated in areas characterized by
smoother surfaces. While Equations (4)–(7) emerge from the application of multiscale
thermodynamics, further exploration is necessary to provide a more comprehensive seis-
mological description of the rupture process and its relationship to fault surfaces. For
instance, Figure 1c offers a visual representation highlighting the relationship between
the thermodynamic fractal dimension and fault surface characteristics. In this schematic,
the yellow area represents the rupture zone, depicting that larger thermodynamic frac-
tal dimensions are associated with rough fault surfaces, smaller ruptured area, and in
consequence, smaller magnitude. In contrast, Figure 1d presents a schematic of a fault
with a smaller thermodynamic fractal dimension. The schematic representation of a fault
surface shown in this figure appears smoother, without the jagged features present in the
schematic representation shown in Figure 1c. A smaller fractal dimension corresponds to
smoother fault surfaces. Interestingly, faults with smoother surfaces and a smaller fractal
dimension exhibit larger rupture area. Consequently, they also tend to generate greater
seismic magnitudes, as indicated by the expanded yellow area in the diagram.
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Figure 1. Relationship between seismic magnitude, rupture area, and the thermodynamic fractal di-
mension. (a) demonstrates that smaller values of the thermodynamic fractal dimension are associated
with larger earthquake magnitudes, while (b) shows how smaller fractal dimensions correspond to
larger rupture areas. The thermodynamic fractal dimension also influences fault surface characteris-
tics, with larger values indicating rougher surfaces (c), whereas smaller fractal dimensions result in
smoother fault surfaces (d).

4. Fracture Energy

The fracture energy, denoted as GC, is a measure of the energy required to propa-
gate an earthquake rupture and extend it further within the medium. The value of GC
depends on various factors, including the material properties and the nature of the fracture
process [67]. In terms of material properties, different compositions and regimes, such
as brittle or ductile behavior, can significantly affect the fracture energy. Ductile mate-
rials are generally more resistant to fracture and require a larger amount of energy to
propagate the rupture [68]. In contrast, brittle materials exhibit lower fracture energy, as
they are more prone to sudden and catastrophic failure [69–71]. Interestingly, both brittle
and ductile regimes are characterized by relatively small fractal dimensions, resulting in
smoother surfaces [69,70]. Smoother surfaces indicate a lower degree of complexity or
roughness, as described by the fractal dimension [35]. This can be attributed to the nature
of the fracture process in these materials, which tends to generate relatively uniform and
well-defined fracture surfaces. On the other hand, composite materials, which consist of
a combination of different constituents, exhibit rougher surfaces and tend to have larger
fractal dimensions [67]. The presence of multiple materials with different properties in-
troduces heterogeneity and increases the complexity of the fracture surfaces. Figure 2a
provides a schematic representation that illustrates the variation of the fractal dimension
across different material types as shown by Williford (1988) [69]. Specifically, it shows
that brittle and ductile materials tend to exhibit smoother crack surfaces. On the other
hand, composite materials display a larger fractal dimension, indicating more irregular
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and complex crack surfaces. Figure 2b serves as a schematic representation that further
elucidates the relationship described in Figure 2a.
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Figure 2. The figure presents a comprehensive analysis of the dependence of the fractal dimension on
material composition and regime. (a) Schematic representation illustrating how the fractal dimension
varies according to different material types. Brittle and ductile materials exhibit smoother crack
surfaces, while composite materials have a larger fractal dimension; (b) Schematic representation of
the relationship described in (a); (c) Demonstrates the interplay between available energy (magenta
line) and fracture energy (blue line), both influenced by the thermodynamic fractal dimension;
(d) Analytic depiction of the residual energy, which is the difference between available energy and
fracture energy, as a function of the thermodynamic fractal dimension.

According to Ohnaka (2013) [71], there is a relationship between fracture energy and
the geometrical irregularities of fault interfaces. The geometrical irregularities on faults are
characterized by a parameter called λC. Ohnaka (2013) [72] suggests that materials with
smoother fault interfaces have smaller values of λC and, therefore, require less fracture
energy to propagate the rupture. In contrast, materials with rougher fault interfaces have
larger values of λC, resulting in a higher fracture energy requirement to spread the rupture.
This can be seen as:

GC = c0λC, (8)

where c0 is a proportional factor and represent a material-dependent constant. If c0 is
considerably larger for ductile materials compared to brittle materials, it implies that the
same amount of geometrical irregularity (λC) or roughness will result in a higher fracture
energy (GC) for ductile materials. This is consistent with the observation that ductile
materials can absorb more energy due to their ability to accommodate greater plastic
deformation and exhibit higher fracture energy, even with similar levels of smoothness
on fault interfaces. Thus, Equation (8) implies that the absence of significant roughness
reduces the resistance to rupture propagation, resulting in lower energy requirements.



Geosciences 2023, 13, 243 7 of 16

The fracture energy plays an important role in the generation of earthquakes. For
instance, according to Noda et al., 2021 [73], earthquakes are more likely to occur in
zones where the residual energy (Eres) is positive. This energy is defined as the difference
between the available energy ∆W0, which is partly produced by stress accumulation, and
the fracture energy:

Eres = ∆W0 − GC. (9)

Equation (9) does not directly address the concept of fault smoothing or roughness.
However, it can draw a connection based on the underlying mechanisms. For example,
the fractal dimension is proportional to the logarithm of the roughness: D ∼ log λC [74].
Equivalently, λC ∼ 10D. This in Equation (8) leads to GC being written in function of D as
∼ 10D. In that sense, the increase of geometrical roughness implies the increase of fractal
dimension and the increase of GC as shown Figure 2c (blue line). This into Equation (9)
leads to Equation:

Eres = ∆W0 − d010D, (10)

where d0 is a constant. Equation (10) means that when a fault surface is smoother, with
fewer geometric irregularities or asperities, it requires less energy to propagate the rupture
(i.e., lower fracture energy). This means that the energy released during an earthquake is
relatively higher compared to the energy needed for fault motion. As a result, the residual
energy tends to be positive. In contrast, if the fault surface has more irregularities or
roughness, it requires more energy to propagate the rupture (i.e., higher fracture energy).
This leads to a lower release of energy during the earthquake relative to the energy needed
for fault motion. In such cases, the residual energy may be negative or close to zero and
could result in no earthquake generation. Therefore, it can be inferred that smoother fault
surfaces, associated with lower fracture energy, are more likely to result in positive residual
energy, indicating a higher potential for seismic activity. On the other hand, rougher fault
surfaces, associated with higher fracture energy, may lead to lower residual energy and a
reduced likelihood of earthquakes.

Therefore, the reduction in fracture energy can lead to an increase in the area character-
ized by positive residual energy. In other words, more regions become capable of sustaining
earthquake propagation due to the lower energy threshold required for rupture. As a result,
the areas with reduced fracture energy can increase the areas of potential seismic rupture
compared to the pre-smoothing condition. This expansion of the area with positive residual
energy increases the overall potential for larger earthquakes to occur.

The available energy ∆W0 is dependent on a function that describes the initial stress
states S0(x) [73,75], which represents the macroscopic stress states (σ). By utilizing the
relationship between macroscopic (

.
σ) and microscopic (

.
σ0) stress change balance, expressed

as dS/dS0 = ω .
σ

.
σ

2/
.
σ

2
0, where ω .

σ [36], the macroscopic stress change can be written as
.
σ =

.
σ0γ0e−D/2kV , where γ0 =

(
ω .

σω0
)−1/2. Thus, after temporal integration, the available

energy can be described in terms of the thermodynamic fractal dimension as follows:

∆W0 ∼ e−D/2kV . (11)

This equation shows that the macroscopic available energy decreases as the faults are
rougher (magenta line in Figure 2c). Here, it is important to note that the rougher surfaces
imply greater degree of irregularity and complexity at the small scale. This implies that
the stress concentration phenomena are primarily localized and occur on the microscale,
resulting in the increase of small-scale available energy. In that sense, Equation (11) offers
a complement perspective such as the decrease of the large-scale available energy. By
combining Equations (10) and (11), the residual energy in terms of D is

Eres ∼ e−D/2kV − 10D. (12)

The relationship between the thermodynamic fractal dimension and residual energy
provides a valuable insight into the seismic activity of faults. Specifically, Equation (12)
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and Figure 2d indicate that smaller values of D are associated with larger residual energy
values, while larger values of D correspond to negative values of residual energy. The
implication of this relationship is that faults with smoother surfaces and smaller values of
D have the potential to host larger amounts of residual energy. Consequently, they may
have a higher likelihood of generating future earthquakes. In contrast, rough faults with
larger values of D are less likely to accumulate substantial residual energy, resulting in
negative values which indicates a fault that is less prone to rupture.

Equations (5), (7), and (12) demonstrate that smaller values of the thermodynamic
fractal dimension are correlated with larger areas, magnitudes, and residual energies.
Consistent with this, Figure 3a illustrates the relationship between residual energy and the
rupture area. Figure 3a confirms that as the residual energy increases, the area prone to
rupture also increases. This relationship is captured by the best-fit curve, which correlates
residual energy and the area prone to rupture through Equation (13).

A(D) ∼ (Eres(D))m. (13)
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Figure 3. (a) Relationship between the rupture area A and residual energy Eres. The segmented
line represents the best second-order power fit. The color bar indicates the thermodynamic fractal
dimension; (b) Schematic representation of the relationship depicted in (a) for times t1 and t2. The
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are characterized by rougher surfaces compared to the deeper sections. Subduction is considered a
fault-smoothing mechanism.

Equation (13) and Figure 3a indicate that rough fault surfaces have a lower capacity to
store residual energy, resulting in smaller areas prone to rupture. Conversely, smoother
fault surfaces allow for a larger portion of the fault to accommodate significant residual
energy. In Figure 3b, areas A1 and A2 represent cases for rougher and smoother fault
surfaces, respectively. These figures illustrate how smoother surfaces can store more
residual energy, leading to larger areas of potential rupture.
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5. Discussions

During an earthquake, the process of rupture involves the fracturing and sliding of rock
layers along the fault surface. This process necessitates overcoming resistance forces and
the release of accumulated stress energy. However, few studies manage to link processes
inside faults with non-seismic precursors. In recent decades, there have been numerous
efforts to explain earthquake precursor phenomena or anomalies [16,76,77]. These efforts
involve the deformation of lithospheric material, chemical reactions, or the migration of
fluids. In addition to not being able to physically link these effects to the earthquakes they
try to predict, there are two major additional challenges. Firstly, experiments demonstrate
that rock electrification can occur even in the absence of macroscopic stress changes [78].
Secondly, none of these explanations can be directly associated with the earthquakes they
are supposed to precede because they cannot be linked to basic rupture parameters within
faults [38]. In order to incorporate seismicity, numerous efforts have been focused on
describing pre-earthquake phenomena using more fundamental tools, such as the entropy
change of the lithosphere [34–36,79–81]. In that line, the framework proposed by [31,33–36]
suggests that fundamental parameters of seismology, such as magnitude, stress drop,
fault friction, or changes in b-value, can be linked to precursor measurements when
considering the multiscale crack propagation. These small-scale cracks act as pathways
for energy dissipation and contribute to the overall change in entropy [34]. The increase of
macroscopic entropy, as described by Equations (2) and (3), is associated with a reduction
in the thermodynamic fractal dimension (Equation (1)). This reduction in fractal dimension
implies smoother fault surfaces or less geometrical irregularities which are associated with
lower fracture energy (Equation (8)). As a consequence, the global features of the system,
such as the entropy production, the cracking process, and the physical and geometrical
faults are linked. Particularly, based on Equations (5), (7), (12) and (13), there exists
an analytical relationship among earthquake size, magnitude, residual energy, and the
geometric characteristics of faults. This connection suggests that smoother fault surfaces
are more likely to produce larger areas of positive residual energy, which, in turn, can give
rise to larger earthquakes.

The connection between smooth fault interfaces and large earthquakes finds support
in observations of subduction zones. Specifically, studies suggest that significant Chilean
earthquakes occurring in subduction zones, like the Valdivia 1960 Mw9.5 earthquake, may
be associated with smooth features within the subduction channels [82]. These smooth
features result from the extensive accumulation of sediments during the subduction process,
which creates fewer resistance barriers [83]. Furthermore, large-scale simulations demon-
strate that smoother surfaces have a greater propensity to generate larger ruptures [84].
On the contrary, Equation (8) suggests that rougher faults result in greater fracture energy,
which reduces the probability of obtaining positive residual energy. This interpretation of
Equations (8) and (12) indicates that rougher faults tend to generate smaller earthquakes,
as described by Equation (13). This finding aligns with studies on subduction zones, which
have revealed that geometrical irregularities act as barriers to seismic activity [85].

Studies have demonstrated that moderate-to-large earthquakes predominantly oc-
cur at deeper zones within subduction areas [86–88]. In contrast, the shallow sections
of subduction zones serve as reservoirs for stress accumulation, owing to their higher
frictional strength which enables the accumulation of larger stress levels in these shallow
regions [89,90]. Hence, deeper zones are more susceptible to earthquake rupture. As
illustrated in Figure 3a, this condition aligns with smoother fault surfaces. Consequently,
from a multiscale thermodynamic perspective, the shallow sections of the subduction
zone exhibit rougher surfaces, while the deeper sections display smoother surfaces. This
means that less energy is required to initiate and propagate fractures along these smooth
fault interfaces. When the fracture energy is lower, it means that a larger portion of the
available energy can be utilized to generate seismic activity (Equation (9)). This can lead
to an increase in the area of positive residual energy, as more energy is retained in the
system after subtracting the fracture energy. The increase in the area of positive residual
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energy suggests a greater potential for the occurrence of large earthquakes at deeper zones.
This scheme suggests that the subduction of the oceanic crust undergoes a smoothing
process as the tectonic plate subducts. Figure 3c provides a schematic representation of this
smoothing process, illustrating that the deeper interface sections are smoother compared to
the shallower sections. In alignment with this idea, Figure 4a–c indicates the process by
which stresses can fracture and smooth out jagged interfaces, resulting in the formation of
smoother faults. Figure 4a presents a schematic representation inspired by the experiments
conducted by Iquebal et al., 2019 [91], illustrating the polishing of rough surfaces (Figure 6
in Ref. [91]). Figure 4a consists of four surfaces. The first one (1) was created using the code
by Chen and Yang [92] to generate a random fractal surface. The other surfaces (2, 3, and 4)
were generated by progressively truncating the minimum values. In other words, values
smaller than a certain number are set to zero, and this minimum value increases progres-
sively, causing the surfaces to become increasingly gray. These numbered stages resemble
the progression of the repetitive sliding contacts shown by reference [91], with higher
numbers corresponding to more extensive sliding and consequently smoother surfaces.
In this context, Figure 4b,c provide a schematic illustration of how spatial irregularities
can store stresses, as demonstrated in Figure 2c (magenta line). In cases where the fractal
dimension D is 3, representing a rougher interface (Figure 4b), the storage of stresses is
limited due to the lower resistance offered by the geometry, resulting in the smoothing of
these irregularities. Conversely, Figure 4c depicts a smoother surface that offers greater
resistance. Consequently, smoother surfaces tend to be characterized by larger areas, such
as the one-dimensional distance L2 illustrated in this case. As residual energy is dependent
on stresses (Equation (9)), it follows that larger residual energy is associated with larger
areas, as shown in Figure 3a and described by Equation (13). This analysis suggests that the
deeper sections of subduction faults, characterized by multiple stages of slip or earthquakes,
may exhibit smoother surfaces. The smoothing process as a function of the slip discussed
above has significant implications for fault dynamics. For instance, as the fault roughness
decreases, there is a tendency for the fractal dimension of the slip distribution to also
decrease [93]. In addition, as noted by Morad et al., 2022 [94], fault surfaces that exhibit
exceptionally smooth characteristics experience minimal stress increases and sustained slip.
This particular behavior may contribute to the occurrence of slow slip events within the
deeper sections of megathrust faults, as reported by Ito et al., 2007 [95]. Consequently, the
presence of slow slip events suggests that the smoothing process, influenced by the cyclic
macroscopic loads described in Equation (1), has already taken place during the fault’s
precursor phase. Note that there is evidence supporting the slow slip events as a precursor
mechanism [96–99]. This implies that what is commonly referred to as a slow slip is likely
the phase in which the fault, aiming to increase entropy and decrease the thermodynamic
fractal dimension of the system, starts to slowly be smoothing the fault at the macroscopic
scale, thus becoming one of the final mechanisms for releasing the excess energy. Further-
more, the role of the polishing process can be associated with the “Mogi Doughnut” effect,
which describes the seismicity surrounding a large rough patch or asperity prior to its
eventual rupture or smoothing (representing a major earthquake) [100–102]. In this context,
the polishing process reveals the presence of smooth zones surrounding the rough patch,
as depicted in Figure 4a. Each rupture event acts as a polishing mechanism that reduces
the size of the asperity. Consequently, the immediate surrounding zones of a rough patch
are smoother and more prone to generating seismic activity. As the thermodynamic fractal
dimension (D) decreases, indicating smoother faults, more sections of the fault become
susceptible to ruptures in the zones surrounding the large asperity. Thus, the decrease in
the thermodynamic fractal dimension provides an explanation for the “Mogi Doughnut”
effect through the concept of the polishing process.

According to research conducted by Venegas-Aravena and Cordaro (2023) [36], Equa-
tion (1) not only relates to the geometric properties of faults such as the smothering of faults,
but also to other global parameters, such as the b-value. For example, it has been observed
that when studying systems that span multiple scales, the b-value is proportionate to the
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fractal dimension [36]. However, in certain cases, a complex positive correlation between
the b-value and fractal dimension is observed [36]. This discovery aligns with the positive
correlation observed between the b-value and fractal dimension in real natural faults [103].
Therefore, the b-value serves as a measure of the stress states within the lithosphere and
can indicate zones that are more prone to seismic activity [104]. Specifically, the b-value
has been found to exhibit a negative correlation with stress states [105,106]. This implies
that as the load on faults increases, the b-value and thermodynamic fractal dimension
decrease [35,36]. Consequently, this phenomenon contributes to the smothering of faults,
resulting in the accumulation of residual energy and an expansion of the area prone to
rupture. The increase in macroscopic entropy production within the system is also associ-
ated with the generation of electromagnetic signals prior to earthquakes or macroscopic
failure in rock samples [31,34]. In particular, the propagation of multiscale fractures and
the movement of charged particles within the newly formed cracks, as a response or dissi-
pation mechanism to the accumulation of external stress, can give rise to electromagnetic
emissions, as demonstrated by experiments conducted on rock samples [78,107–109].
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Figure 4. (a) Smoothing process. The number indicates the number of sliding stages. That is,
there are more sliding stages which generate smoother fault at deeper sections of fault. (b,c) shows
schematic representation illustrating the stress storage capacity in two cases. Case (b) exhibits a small
capacity to hold stresses due to the thin bulge compared to case (c); (c) Schematic representation
highlighting the stress storage capacity. In this case, the bulge is thicker, allowing for a larger capacity
to hold stresses; (d) Correlation between the thermodynamic fractal dimension and other quantities.
Positive correlation is represented by green, while negative correlation is represented by red. Here,
the thermodynamic fractal dimension serves as a global parameter controlling various aspects of
pre-earthquake physics within the lithosphere.
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Furthermore, as the fracture energy decreases, it facilitates the flow of fluids through
the fractures, permeating the surrounding rock matrix [110,111]. This migration of flu-
ids can have diverse implications, including the alteration of pore pressure distribution,
influencing the stability of the fault zone, and potentially triggering or affecting seismic
activity [112]. Consequently, it becomes apparent that the generation of electromagnetic
signals, the reduction of fracture energy, fluid migration, fault surface smoothing, increases
in the area of positive residual energy, and the occurrence of large earthquakes are intercon-
nected manifestations of the underlying entropy production processes within the Earth’s
crust. These processes can be analytically described in terms of the thermodynamic fractal
dimension, as summarized in Figure 4d, with the green and red colors indicating positive
and negative correlations with the thermodynamic fractal dimension.

Finally, adopting a multiscale perspective reveals that the reduction in thermodynamic
dimension signifies a diminished capacity of the lithosphere to release excessive energy
at a small scale, such as through minor cracks. Consequently, the system strives for
release on progressively larger scales. This phenomenon facilitates the development of
larger cracks, establishing additional pathways for fluid migration, thereby potentially
causing phenomena like heightened surface temperature or the liberation of trapped
gases. Furthermore, these enlarged cracks contribute to intensified levels of anomalous
electromagnetic signals. Concurrently, a decrease in the b-value and the smoothing of faults
can occur, potentially linked to the occurrence of slow slip events, resulting in an expanded
area of positive residual energy. When energy dissipation remains inefficient at this level,
the predominant mechanism shifts to macroscopic rupture, ultimately culminating in an
earthquake on a larger scale.

6. Conclusions

The main conclusions are listed below:

• The relationship between the magnitude of earthquakes and thermodynamic fractal
dimension was established.

• The increases of large-scale entropy production generate the reduction of geometrical
irregularities which leads to larger earthquake magnitudes.

• The large-scale entropy production reduces the fracture energy which increases the
probability of generating larger ruptures.

• Smoother surfaces found at the deeper sections of subduction faults are more prone to
generating heightened seismic activity.

• Subduction can be seen as a mechanism that contributes to the smoothing of faults
because it increases macroscopic entropy production.

• Non-seismic earthquake signals are also a manifestation of this entropy change in the
system. This means that the system attempts to release the excess energy through
the generation of cracks, which can serve as pathways for fluid migration. This can
result in changes in ground temperature or the release of gases trapped underground.
Additionally, the increase in entropy causes a decrease in b-value and thermodynamic
fractal dimension, while also smoothing the faults, thereby reducing the resistance to
earthquake generation. This can lead to precursor seismicity.

• Both the geometry of faults and the stored stresses are heterogeneous. Therefore,
future studies should focus on establishing how the smoothing process occurs in
faults, both in natural settings and laboratory experiments, while other precursor
signals are being produced.
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