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Abstract: Improved management and impermeability of refrigerants is a leading solution to reverse
global warming. Therefore, crank-driven reciprocating refrigerator compressors are gradually
replaced by more efficient, oil-free and hermetic linear compressors. However, the design and
operation of an electromagnetic actuator, fitted on the compression requirements of a reciprocating
linear compressor, received limited attention. Current research mainly focuses on the optimisation
of short stroke linear compressors, while long stroke compressors benefit from higher isentropic
and volumetric efficiencies. Moreover, designing such a system focuses mainly on the trade-off
between number of copper windings and the current required, due to the large computational cost
of performing a full geometric design optimisation based on a Finite Element Method. Therefore,
in this paper, a computationally-efficient, multi-objective design optimisation for six geometric design
parameters has been applied on a solenoid driven linear compressor with a stroke of 44.2 mm.
The proposed multi-fidelity optimisation approach takes advantage of established models for
actuator optimisation in mechatronic applications, combined with analytical equations established
for a solenoid actuator to increase the overall computational efficiency. This paper consists of the
multi-fidelity optimisation algorithm, the analytic model and Finite Element Method of a solenoid
and the optimised designs obtained for optimised power and copper volume, which dominates the
actuator cost. The optimisation results illustrate a trade-off between minimising the peak power
and minimising the volume of copper windings. Considering this trade-off, an intermediate design
is highlighted, which requires 33.3% less power, at the expense of an increased copper volume by
5.3% as opposed to the design achieving the minimum copper volume. Despite that the effect of
the number of windings on the input current remains a dominant design characteristic, adapting
the geometric parameters reduces the actuator power requirements significantly as well. Finally,
the multi-fidelity optimisation algorithm achieves a 74% reduction in computational cost as opposed
to an entire Finite Element Method optimisation. Future work focuses on a similar optimisation
approach for a permanent magnet linear actuator.
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1. Introduction

Project Drawdown, the world’s leading source of climate solutions, describes the management
and destruction of refrigerants in circulation and the avoidance of further leaks as a leading solution
to reverse global warming [1]. Therefore, crank-driven reciprocating refrigerator compressors are
being replaced by more efficient [2–4], oil-free, hermetic [5] linear compressors, as it increases energy
saving and ensures the adequate handling of the refrigerants. Given that in a conventional refrigerator
compressor, the rotary motion of the rotor is converted into a linear motion using a crank mechanism,
an oil-free hermetic solution is unfeasible. Instead, in linear compressors, a free piston is employed to
acquire a linear motion, which reduces the number of mechanical components in the system and allows
for a more compact and hermetic solution [6]. However, linear compressors suffer from a reduced
volumetric efficiency as opposed to crank-driven reciprocating compressors, where the kinematics
of the piston are fixed. Consequently, advanced (and expensive) control strategies are required to
improve volumetric efficiency and to avoid collision of the piston with the housing, while minimising
the clearance volumes [7,8]. The use of these advanced control strategies allows to adapt the operating
conditions, e.g., oscillation on the resonance frequency of the system, in order to further increase the
overall efficiency of the compressor [9–12]. To simplify these control algorithms (and the associated
hardware), components such as mechanical springs are implemented, which increase the piston
compressor complexity, (e.g., intensifying mechanical wear, increasing the acoustic noise, etc. [13,14]).

Recently, dedicated developments are reported in the area of linear motor technology contributing
to the evolution of linear compressors in the refrigeration world [15,16]. Linear motors are often
categorised in three different configurations: moving coil, moving magnet and moving iron. These
configurations have been investigated for compressor applications and compared for power efficiency
at different stroke positions [17]. Similar work has been conducted for the different linear compressor
types in which the effect of the compressed gas on the piston has been expressed by an equivalent
damping coefficient and a gas–spring stiffness [18–22]. Furthermore, Chen et al. studied the static
and dynamic performance of moving magnet linear compressors to identify the optimal points of
the linear compressor [23]. The analytical model of the electromagnetic force for the solenoid type
linear actuators, i.e., moving iron or reluctance type, allowed to initiate simulations including the
nonlinearity of both the electromagnetic force and gas force [24,25]. Previous concepts have been
expanded for high-frequency applications, where more complex electromagnetic actuation concepts
were investigated, consisting of specific permanent magnet configurations such as Halbach-arrays [26].

Clearly, both (thermo-)mechanical and electromagnetic aspects of the linear compressor have
to be considered as one complex system during the design process. This can be done iteratively by
investigating each system separately or as one system in a global optimisation process. To optimise
the design of such complex systems for multiple objectives, metaheuristic optimisation strategies are
favoured, such as Particle Swarm optimisation [27] and Nondominated Sorting Genetic Algorithm
(NSGA-II) [28–30]. Rao et al. performed a multi-objective optimisation via a genetic algorithm of
double-acting hybrid active magnetic thrust bearings, subject to geometric, electrical and control
constraints [31]. Lee et al. designed an electromagnetic engine valve in a combustion engine using
a genetic algorithm [32]. Finally, Leati et al. presented the design of an electromagnetically actuated
high-frequency oscillation pump in a multi-objective optimisation framework [33]. The NSGA-II
optimisation algorithm has been used in a multi-fidelity optimisation framework as well. Ciarella et al.
combine a high-fidelity Computational Fluid Dynamics model with a low-fidelity model for the
aeroelastic problem for the design optimisation of a morphing wing [34], while Reitenbach et al.
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optimise the compressor variable geometry settings by running a 2-dimensional flow calculation and a
0-dimensional performance evaluation [35].

Despite the recent increased interest, the design and operation of an electromagnetic linear
actuator fitted on the compression requirements of a reciprocating compressor requires further research
to avoid the use of oversized and expensive linear motors. Furthermore, current research mainly
focuses on the optimisation of small stroke linear compressors and pumps (<20 mm) [33,36,37],
while longer strokes provide significant benefits, such as enhanced heat dissipation and increased
isentropic and volumetric efficiency [38]. Poltschak detailed a finite-element-based design of a linear
permanent magnet synchronous motor for a 50 mm stroke reciprocating compressor [15]. Lazoglu et al.
presented the analytical modelling of an oil-free, solenoid-based linear compressor used in household
refrigerators for a stroke of 23 mm [25]. Generally, such solenoid actuators are designed based on
a trade-off between the number of windings and operating current, which can lead to sub-optimal
designs in terms of performance and cost. However, to refine the design process for both performance
and cost, considering additional geometric parameters becomes computationally intractable in a
Finite Element Method (FEM) framework. Therefore, we propose a multi-fidelity design optimisation
approach by merging the established design rules and models for actuator optimisation in mechatronic
applications [39] with an extension of the analytical equations established for a solenoid actuator [25].
This method enables the design optimisation of a (single coil) solenoid actuator with respect to the
compression requirements of an existing compressor with a stroke of 44.2 mm, subject to six geometrical
parameters, with the current and current peak position as design parameters. The importance of these
design parameters are analysed through the optimised designs, which represent the trade-off between
minimising cost and maximising performance. The optimisation procedure suggested in this paper
could furthermore be easily adapted for other domains where computationally expensive simulations
are required upon optimising.

This paper starts first by defining the configuration of a chosen test case, a reciprocating air
compressor kit. Afterwards, the focus shifts towards a brief description of the analytical and FEM-models
of a solenoid actuator, both validated experimentally, before presenting the different parameters
and thermodynamic and electromagnetic constraints of the optimisation process. To conclude, the
optimisation parameters and their corresponding ranges are provided as well as a detailed overview
of the multi-fidelity optimisation process and results. The focus lies thus on the optimisation of the
actuator with respect to the compression requirements in the design stage before taking the dynamics of
the multiple domains into account.

2. Compressor Design

In this section, the configuration of the reciprocating compressor kit is illustrated, followed by the
analytical and finite element models of the solenoid actuator as well as their experimental validation.
To conclude, an initial comparison between the electromagnetic force profiles and compression
requirements is provided.

2.1. Reciprocating Compressor Kit RCK-1 Configuration

For this research, the Bently Nevada Reciprocating Compressor Kit RCK-1 [40] will be used as a
reference and future test case. The RCK-1 is a crank-driven reciprocating air compressor kit, where
the slider-crank mechanism will be omitted and the piston/cylinder part will be adapted to provide a
rigid connection with an electromagnetic actuator for future practical tests. The specifications of the
educative kit are highlighted in Table 1. Although experimentally derived or adapted formulations
exist [41] for a more precise computation of the volumetric efficiency ηv, the theoretical value was
displayed for our results to be comparable with other state-of-the-art and literature:

ηv = 1 − Vc

Vs
((

Pout

Pin
)

1
γ − 1) (1)
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With Vs the swept volume and the heat capacity ratio γ =
Cp

Cv
= 1.4

Table 1. Specifications of the Reciprocating Compressor Kit RCK-1.

Specifications Reciprocating Compressor Kit

Stroke s (mm) 44.2
Length connecting rod l (mm) 127

Outlet pressure Pout (bar) 2.07
Inlet pressure Pin (bar) 0.85

Compression ratio 7.9:1
Diameter piston Dp (mm) 50.8
Clearance volume Vc (cc) 13.04
Nominal speed n (rpm) 100

Piston mass Mp (kg) 0.505
Volumetric efficiency ηv (%) 90

The focus of the reciprocating compressor kit lies upon delivering a larger flow, rather than a
high pressure, which explains the large compression ratio (7.9:1) for the limited pressure ratio (2.1:1).
Moreover, as the RCK-1 has not been thermodynamically optimised, leakage losses and viscous losses
in the vapour path from the suction line to the cylinder and from the cylinder to the discharge line are
limiting the output pressure in the reciprocating compressor [42].

To evaluate the possibilities and limitations of linear motor technology for piston compressor
applications, the current RCK-1 set-up will be adapted by an optimised linear motor actuation fitted
on the current compression requirements. The goal thereby is to have an idea of the cost, efficiency and
footprint of this emerging technology, which is translated into two objectives of the electromagnetic
actuator: minimal copper volume and power consumption. The conceptual configuration is illustrated
in Figure 1; where the electromagnetic actuator is rigidly connected to a piston in a cylinder with 1
compression chamber, i.e., single acting.

Linear Motor

Compression Chamber

Piston Discharge Valve

Suction Valve

BDC TDC

xp

Figure 1. Conceptual drawing of a linear compressor consisting of an electromagnetic actuator rigidly
connected to a piston where xp denotes the position of the piston from Bottom Dead Centre (BDC) to
Top Dead Centre (TDC).

The idea is thus to design an optimal electromagnetic actuator fitted on the compression
requirements of the RCK-1. The optimisation procedure detailed in this paper can be adopted for more
advanced linear motor topologies, but as a proof of concept, a reluctance type actuator was chosen,
which is sufficient to drive the compressor of the chosen test case. To guarantee the reciprocating
motion, a spring (and its associated spring force) should be included in the compression requirements.
However, in order to increase the overall efficiency of linear compressors, operating in resonance
conditions is often desired, resulting in a compensation of these spring forces. Current state-of-the-art
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proves the working principle of such solenoid driven linear compressors [25,43]. Therefore, the spring
and inertia forces are not considered in this design optimisation.

2.2. Electromagnetic Design

The basic electromagnetic actuator consists of an iron rotor pulled inside a stator yoke as illustrated
in Figure 2, i.e., solenoid or reluctance type or moving iron actuator. When an input current is applied
to the coil wrapped around the central axis, an electromagnetic force is generated to reduce the
reluctance of the flux path (indicated with a dashed line in Figure 2).

x

d

g

Din

Dout

a

h

Stator Yoke

Stator Coil

Rotor

N

Figure 2. Schematic illustration of a solenoid actuator.

2.2.1. Analytical Model

The key to understanding the force (F) generation principle of a reluctance-type actuator, is thus
the change in reluctance R with respect to the position x (Figure 2). Equation (2) (derived in [44] and
extended here by including several leakage flux paths) proves the quadratic relationship between the
force and input current and that in the vicinity of x = 0 mm the maximum force is expected as the
air gap (and its associated reluctance) suddenly decreases when entering the tooth. In other words,
pinpointing the main reluctances of a flux path as a function of the geometric parameters (Figure 2),
allows to characterise the force generation of an electromagnet:

F =
N2i2

2
d

dx

(
1

R(x, g, d, Din, Dout, a, N)

)
. (2)

Furthermore, the flux linkages λ and associated inductances L(x) can be computed for the
dynamical equations detailed in Section 3.1:

λ = L(x)i =
N2

R(x)
i (3)

Therefore, the main reluctances have been identified as a function of the geometrical parameters
and two separate configurations can be distinguished as illustrated in Figure 3:

• the left configuration corresponds to x < 0 and illustrates three main flux paths φ1, φ2 and φ3;
• the right configuration corresponds to x > 0 and simplifies to two main flux paths φ1 and φ3.



Actuators 2020, 9, 38 6 of 22

R1

R2

R3

R1

R2

R3

R4

ϕ1

ϕ2

ϕ3
ϕ3

ϕ1

Figure 3. Conceptual illustration of the main flux paths (and corresponding reluctances) in a solenoid
actuator where the left image corresponds to a configuration with x < 0 and the right figure to
a configuration for x > 0.

The precise mathematical calculation of the reluctance of flux paths through air is a practical
impossibility as flux usually does not confine itself to any particular path which has a simple
mathematical law. Therefore, the flux paths have been simplified by the ones illustrated in Figure 3 by
keeping in mind that the flux paths in air between any two surfaces will always arrange themselves
such that a maximum possible flux will be produced for a given magnetomotive force (as a result of a
current flowing through a coil or produced by a permanent magnet) [45].

Table 2. Specifications of the Solenoid Prototype.

Specifications Electromagnetic Prototype

Tooth length a (mm) 35
Diameter plunger d (mm) 65

Airgap g (mm) 1.5
Inner diameter yoke Din (mm) 100

Outer diameter yoke Dout (mm) 120
Distance between 2 teeth h (mm) 50
Number of windings N (turns) 780

Input current i (A) 1

The calculation of the reluctances, defined in Figure 3 and Equation (2), can be reduced to
straightforward mathematical formulations, as detailed in [45]. The idea is thus to evaluate an actuator
based on the power required to fit the electromagnetic force profiles on the gas forces of the RCK-1.
To illustrate its operation, the geometrical parameters of an existing solenoid prototype (Table 2), further
used to validate the analytical and FEM-models, are implemented in the model and verified against
a generic gas force profile representing the compression requirements of the RCK-1, as illustrated in
Figure 4. The idea is then to derive the required current-profile based on the intersections between
the electromagnetic force and gas force profiles. Based on Figure 4, a maximum current of 4 A seems
sufficient to drive the compression. The validation of the analytical model is discussed in detail in the
following section.
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0

1A

2A

3A

4A

gas force

Rotor position [mm]

Figure 4. Comparison of the analytical results of the solenoid actuator with geometry detailed in
Table 2 to the compression requirements of the RCK-1 for multiple input currents. A maximum current
between 3 A and 4 A seems sufficient to drive the compression.

2.2.2. Finite Element Method

The analytic derivation of the electromagnetic force provides the necessary insights regarding
the working principle of an electromagnetic actuator in the first step of the optimisation process.
Unfortunately, the strategy has its limits, as magnetic materials in general are nonlinear and the
magnetic permeability changes with the magnetisation H and the magnetic flux density B. Therefore,
a Finite Element Method (FEM), using Mentor MagNet, is adopted in a second step of the optimisation.
MagNet is a FEM simulation software used worldwide for the design of motors, sensors, transformers,
actuators, solenoids or any component with permanent magnets or coils. It allows to incorporate
different nonlinear effects, such as saturation, in the design of a linear electromagnetic compressor.
For this, a set of static simulations have been performed using a Matlab script governing the FEM
software for the different axial positions and currents. This allowed to parameterise the design and to
loop over the different parameters to optimise the actuator.

For the stator yoke and rotor, cold-rolled steel CR10 has been considered with a BH-curve,
as illustrated in blue in Figure 5. For the electric coil, N (one of the parameters to be optimised)
windings of copper have been selected. The cylinder symmetry of the design allows for the simulation
of the complete geometry in a 2D axis-symmetric space dimension surrounded by an air box.
A maximum element size of 1 mm has been selected for the different components and a local mesh
refinement up to an element size of one-tenth of the air gap thickness g has been implemented in
the small air gap between the stator and the rotor to minimise the discretisation error in the parts of
interest. This implementation allows to significantly increase the accuracy with a minimal increase in
computation time. The agreement between finite element and experimental results has been detailed
in the following section. An illustration of the meshed geometry is presented in Figure 6.
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Figure 5. BH curve of cold-rolled steel CR10 in the materials library of Mentor Magnet.

Stator Coil Stator YokeRotor

Axis of revolution

Air
Figure 6. Axis symmetrical geometry in Mentor Magnet.

2.2.3. Model Validation

An analytically designed electromagnetic actuator has been developed, including some
accessories, to validate the analytical and finite element model. The experimental set-up is highlighted
in Figure 7. The prototype itself consists of a plunger and stator yoke in cold-rolled steel CR10 and the
windings consist of enamelled copper (AWG 21) wound around a 3D-printed holder. The plunger itself
is supported by two bearing housings in aluminium to avoid any radial misalignment and to minimise
the friction forces in the actuator. The stepwise rotative motion of a stepper motor is converted into a
linear motion by a linear guideway allowing to accurately impose the axial position of the plunger
w.r.t. the stator. A force transducer (HBM U9C) is implemented between the plunger and the linear
guideway to measure the forces acting on the rotor, while the current is provided to the coil by a 0–60 V
range DC power supply. A Beckhoff-module is used to control the stepper motor and capture the
forces and axial position of the electromagnetic actuator, where a rotation of 1.8◦ of the stepper motor
is imposed per step, which results in a shift of 0.1 mm in the axial position. An acquisition time of
10 ms is chosen before performing another rotation to obtain a steady state configuration. This allows
us to ignore the dynamic effects associated to any flux changes in the system.
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Stepper motor Linear guideway Load cell Electromagnetic 

Bearing housings

actuator
Figure 7. Experimental set-up to measure the static force displacement profiles.

Figure 8 highlights the agreement between the analytical, finite element and experimental results
for a solenoid actuator with parameters highlighted in Table 2 (with a small input current of 1 A to
make sure no saturation effects occur). In Figure 9, the upper three curves demonstrate the quadratic
relationship between the applied current and electromagnetic force as previously explained with
Equation (2).

analytical

Finite Element Method

experimental

Rotor position [mm]

Figure 8. Comparison between the analytical, finite element and experimental results as a function of
the rotor position x for an input current of 1 A for a solenoid actuator with parameters highlighted in
Table 2.

However, the discrepancy between the analytical on the one hand and the finite element and
experimental results on the other hand for higher currents at rotor position x = 25 mm in Figure 9,
proves the limitations of the analytical formulations where saturation is not considered. This results in
a limitation of the output force at higher currents, justifying the finite element procedure followed in a
second step of the optimisation.
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−2
−2

−2

Figure 9. Comparison between the analytical, finite element and experimental results as a function of
the current for the axial positions x = −2 mm and x = 25 mm for a solenoid actuator with parameters
highlighted in Table 2.

3. Design Optimisation

Following the description of the actuator models in previous section, this section provides the
design parameters, constraints and objective functions, which define the design optimisation case.
To acquire the optimised designs, this section ends with the underlying optimisation algorithm and
the multi-fidelity optimisation approach.

3.1. Design Parameters

Based on the analytical model, the most dominant parameters (and their corresponding ranges) of
the electromagnetic actuator can be distinguished. The number of windings N and the current i both
have a quadratic relation with the force F (Equation (2)). However, increasing the number of windings
quadratically increases the back-electromotive force dλ

dt (back-emf) of the system and therefore lowers
the maximum available current (and thus force) of the system [44]:

V = Ri +
dλ

dx
dx
dt

, (4)

with V the voltage, R the static resistance, L the inductance and λ the flux-linkage of the system.
Therefore, the number of windings is limited to 1000 turns. A second way to optimise the force is by

maximising the change in reluctance
d

1
R(x)
dx

, which is mainly characterised by the air gap between the
stator and the rotor. Therefore, as saturation is considered, the geometry of rotor and stator is included
in the design process. To make sure the geometric constraints are complied with, the ranges of the air
gap, the plunger diameter, the diameter of the rotor and the inner diameter are defined relatively with
respect to each other:

g < d < Din < Dout. (5)

Finally, the tooth length a is incorporated to make sure the gas forces can be complied with during
the full stroke of the compressor. Conclusively, the design parameters (illustrated in Figure 2) and their
corresponding ranges considered in the optimisation algorithm are presented in Table 3.
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Table 3. Optimisation Parameters and Their Corresponding Ranges.

Specifications Electromagnetic Prototype

Number of windings N (turns) [300–1000]
Tooth length a (mm) [22.1–100]

Outer diameter yoke Dout (mm) [100–200]
Inner diameter yoke Din (mm) [60–85]% of Dout

Diameter plunger d (mm) [65–95]% of Din
Airgap g (mm) [2–10]% of d

For each design evaluation, two additional degrees of freedom are present. The first degree of
freedom is the operating current, which is evaluated incrementally between 0 A and 10 A. The lowest
current that satisfies the compression requirements is selected as operating current for a specific
design. The second degree of freedom relates to the piston position and relative rotor displacement.
The sudden reluctance change when the rotor enters the tooth can be placed adequately with respect
to the gas forces, to optimally benefit from its associated force peak (Figure 8). In other words, the
relationship between the piston position xp and relative displacement of the rotor x is selected for each
design evaluation:

xp = xpeak + x. (6)

Therefore, when evaluating a design with respect to the compressor requirements, different
values of xpeak are evaluated to find the optimal relationship between the piston position xp and
the position of the rotor x. The concept is illustrated in Figure 10, where the same electromagnetic
force-displacement profile (i.e., same input current) is shifted with respect to the gas forces. In the
particular case in Figure 10, the blue curve (piston position is 34 mm) illustrates the correct relative
position between piston and actuator to make sure the gas forces can be compensated with that
particular minimal current.

peak position: 25 28 31 34

gas force

Piston position [mm]
Figure 10. Illustration of the concept to find the relationship between the piston position xp and relative
position of the rotor x for a certain electromagnetic design.
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3.2. Constraints

Next to the degrees of freedom illustrated in the previous section, electrodynamic constraints
need to be complied with, in order to achieve a feasible design. An obvious constraint is that the design
needs to comply with the gas forces, which are modelled using an isentropic compression. Therefore,
a decrease in volume V in the compression chamber results in an increase in pressure P:

PVγ = constant, (7)

assuming a constant heat capacity ratio γ =
Cp

Cv
. The theoretical P-V diagram of the crank-driven

reciprocating compressor RCK-1 for a nominal outlet pressure of 2.07 bar [40] is converted into a
force–displacement relationship (Figure 10).

The flux change with respect to the coil results in a counteracting voltage in that coil. Therefore,
the movement of the rotor with respect to the stator results in a back-emf in the coils, which limits the
maximum available current (and thus force) of the electromagnetic actuator (Equation (4)). Considering
the flow requirements of the RCK-1 and the available voltage sources (TDK-Lambda: Z+600 Series)

in the lab, a maximum voltage of 60 V, a maximum current of 10 A and a maximum velocity
dx
dt

of 0.25 m/s are considered. To evaluate if the constraint on the voltage V is complied with,
dλ

dx
is

calculated analytically in case of the analytic model, or by numerical differentiation in case of the
FEM. Based on the maximum current available (to avoid future heat issues), an American Wire Gauge
18-cable is selected. As a result, the static resistance R is calculated based the length and cross section
of the copper wire required to obtain the number of windings, considering a fill factor of 0.7 [46].
An alternative could be to determine the winding window and determine the amount of windings for
a given voltage, from which the wire diameter can be calculated.

3.3. Objective Functions

To determine the performance of the evaluated designs, minimising the peak power requirement
and minimising the copper volume are selected as objectives. While the peak power requirement
correlates with the total power consumed of the system, the copper volume reflects the dominant
factor in the electromagnetic actuator price and is related to the overall dimensions, i.e., footprint, of
the actuator as well. The copper volume VCu is directly related to the number of windings:

VCu = Nπ2 (Din + d) D2
cable

8
. (8)

The peak power required is determined by the maximum current supplied during the stroke Imax

and the corresponding voltage Vmax:

Ppeak = (VI)max . (9)

Both objectives suggest an inversely proportional relation: When the number of windings (and
thus copper volume) increases, the required current (and thus power) reduces. However, increasing
the number of windings increases the back-emf, which induces an increase in voltage. Furthermore,
when evaluating Equation (2), the input current is an important parameter for the electromagnetic
force generation, determining the compliance of a design with respect to the constraints. Therefore,
determining the optimised designs is not straightforward, and therefore these objectives are selected
in the optimisation algorithm.
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3.4. Multi-Fidelity Optimisation Approach

To obtain the optimal electromagnetic performance, the design parameters need to be
characterised simultaneously. For this system, the system performance is determined by the minimal
peak power and copper volume required to overcome the gas forces. As a trade-off exists between
minimising the peak power and minimising the copper volume, a Pareto set of designs exists,
where each design dominates every other design in one objective. In this work, the Nondominated
Sorting Genetic Algorithm (NSGA-II) is applied to characterise this Pareto set of designs [29,47].
The optimisation algorithm starts with a population size of 60 design samples, based on a rule of thumb
of 10 samples per design parameter [48], and the algorithm is characterised with a crossover probability
of 0.9. The mutation probability is set at 0.1, which is higher than typical mutation probability
values [49], to avoid local minima in subsequent steps in the multi-fidelity optimisation approach.

During a design optimisation, the configuration of the next population requires information from
the fully evaluated previous population, which essentially limits the parallel processing of evaluations
up to the size of a single population. Therefore, a complete design optimisation is computationally
expensive. To improve the computational efficiency, we applied a 3-step multi-fidelity optimisation
approach, which characterises the design trends based on model evaluations with low CPU time (i.e.,
handful of seconds) and uses this information to construct an optimised design space for the FEM
design optimisation (Figure 11). In the first step, the design optimisation is performed on an analytical
model with low CPU time, with a current ranging from 0 A to 10 A, evaluated in fine steps of 0.25 A.
As this analytical model does not include saturation effects and tends to overestimate the force of an
actuator, the resulting peak power and volume are not achievable in reality and therefore too optimistic.
However, the provided minimum peak power (and thus current) illustrates that no fine evaluation
of the current is required below this minimum current, as the final optimised design will achieve a
current above this minimum current due to saturation. Moreover, the minimum volume illustrates
that any design generated in the next optimisation steps with a volume below this minimum volume
can be discarded. Both interventions (i.e., no evaluation of low current profiles and discarding designs
with low copper volume) lead to a significant increase in computational efficiency of the FEM design
optimisation, without losing potential optimised design configurations.

In the second step, the FEM is evaluated in the optimisation process, with a current ranging from
the minimum current (defined during the analytical optimisation) up to 10 A, evaluated in coarse
steps of 1 A. Following this coarse designs, the third step of the optimisation is performed on the
FEM, with a fine current evaluation in steps of 0.25 A in the resulting current range. Therefore, the fine
evaluation of the current is focused on the region where the optimised designs will occur, based on the
information from the analytical and coarse optimisation, while discarding small volumes before the
FEM to further improve the computational efficiency. Based on a sensitivity analysis of the analytical
model, 75 generations are considered for the FEM optimisation. This fixed computational budget
is allocated equally over the second and third optimisation step, which balances the importance of
design space exploration and design refinement. An imbalance in the allocation of the computational
budget might lead to different solutions, but similar trends in the design parameters are expected.
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analytic 
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Imin 10 A
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coarse 
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step 1

step 2

step 3
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Figure 11. The scheme of the 3-step optimisation approach illustrates the refinement of the current.
At the first step, the analytical model is optimised, resulting in an indication on the minimum current
achievable. Then, in the second step, a coarse optimisation is applied on the Finite Element Method
(FEM), by evaluating the currents starting from the previously indicated minimum current up to 10 A,
in steps of 1 A. This coarse optimisation indicates the current range that relates to the optimised designs
of interest. Finally, a fine optimisation is conducted by a fine evaluation of the current in the range
of interest.

4. Results

This section illustrates the results achieved during every step of the multi-fidelity optimisation
procedure. At the first step, the peak power and volume lower limit are defined, followed by the
initial coarse optimisation. Finally, the fine optimisation provides the characteristics of the set of
optimised designs.

4.1. First Step: Optimisation of Analytical Model

Despite the lack of saturation characteristics in the analytical model, applying the multi-objective
optimisation algorithm on this model reveals a Pareto set of optimised designs, which identifies the
trade-off between minimising the peak power and minimising the copper volume. While the optimised
peak power and volume on the analytic model are too optimistic, these minima also provide valuable
information to narrow down the computational cost for the next optimisation steps. In this first step,
a population of 60 designs is evaluated over 100 generations to achieve convergence. As the analytic
model is quickly evaluated (few seconds) and the evaluations can be performed in parallel over the
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number of available processors, the computational cost for this step is negligible compared to the next
optimisation steps.

The optimisation of the analytic model identifies a minimum achievable copper volume of
40.4 cm3 at a peak power of 285.9 W, whereas the minimum peak power of 199.2 W is achieved at
95.0 cm3 (Figure 12). The design that achieves the minimum peak power achieves the minimum
required current as well (i.e., 4.0 A). As the analytic model generates results that are too optimistic,
the optimised performance design, in reality, will perform at a current higher than 4.0 A, while the real
design with the smallest copper volume will attain a copper volume larger than 40.4 cm3, as nonlinear
effects such as saturation are not taken into account. This information is further used in the second
optimisation step to reduce the number of current evaluations and discard small copper volumes
before the computationally expensive FEM initiates.

unfeasible volume

unfeasible current

Pareto front

Figure 12. The optimised Pareto front of the analytic optimisation illustrates that designs with a copper
volume smaller than 40.4 cm3 and operating below 199.2 W will conflict with the operating constraints
in the optimisation of the Finite Element Method (FEM).

4.2. Second Step: Coarse Optimisation

In the second optimisation step, a coarse optimisation is performed on the FEM. For every model
evaluation, different current profiles are evaluated to determine the minimum required operating
current for that design. Based on the results of the analytic optimisation, the number of evaluated
currents can be reduced, without loss of viable solutions. The lowest current profile is set at 4 A,
as the analytic optimised results indicate that no feasible design can be constructed that achieves
a minimum current of 4.0 A or less. Therefore, for every model evaluation, seven current profiles
are evaluated (ranging between 4 A and 10 A), as opposed to 10 current profiles, which reduces the
computational cost by 30%. Moreover, initial design configurations with a copper volume <40.4 cm3

are discarded before the FEM initiates. A fixed computational budget of 3 days is allocated to this
second optimisation step, resulting in 50 generations for a population of 18 samples (i.e., ≈10 min
per model evaluation). The optimised designs illustrate again the trade-off between minimising
the peak power and copper volume, with a minimum required peak power of 295.5 W at a copper
volume of 131.8 cm3, while the minimum copper volume of 83.0 cm3 is achieved at a peak power of
493.2 W (Figure 13). The designs which require a relative high peak power (i.e., between 377.9 W and
493.2 W) operate with a current of 10 A, while the other designs (with lower power requirements)
operate between 6 A and 9 A. Hence, 58% of the resulting peak power range is determined by designs
operating at 10 A, while the corresponding copper volume range (i.e., between 83.0 cm3 and 89.6 cm3)
composes only 13% of the copper volume range of the optimised designs. Consequently, this set of
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designs illustrate that in their peak power and volume range, a large power increase is required to
gain a marginal decrease in copper volume. Moreover, as these designs operate at the current upper
limit, their feasibility is sensitive to uncertainty during design and operation. This allows to shift the
focus towards the lower current designs in the third step of the optimisation, where the current range
of interest will be more finely evaluated.

I = 10 A

I = [6,9] A

Figure 13. The Pareto front of the coarse optimisation illustrates that a significant part of the optimal
peak power range is characterised by designs operating at 10 A.

4.3. Third Step: Fine Optimisation

Based on the information from the two previous optimisation steps, the fine optimisation
procedure is configured to provide the final optimised designs. The fine optimisation considers
current profiles between 5.25 A and 9.0 A in steps of 0.25 A. Moreover, 10 A is evaluated as well to
cover the entire trade-off, while any volume <83.0 cm3 is discarded ahead of the expensive FEM. The
optimisation continues with the designs provided during the coarse optimisation, which improves
the computational efficiency of the method. When evaluating an additional 25 generations, the
computational cost of the entire method (i.e., seven current evaluations for a population of 18 over
50 generations in step 2, plus 17 current evaluations for a population of 18 over 25 generations in
step 3) is reduced by 74% as opposed to an entire fine optimisation procedure between 0 A and 10 A
(i.e., 40 current evaluations for a population of 18 over 75 generations). In the quantification of the
computational efficiency, the set-up time and the optimisation time of the analytical model is not
considered, due to modest complexity of the analytical model and the significantly lower evaluation
time (and ability to perform parallel processing) of the analytical model as opposed to the FEM, i.e.,
1 × 102 times lower, respectively.

The Pareto front illustrates the trade-off between minimising the peak power and minimising the
copper volume (Figure 14), as demonstrated by the coarse optimisation (Figure 13). Following the fine
evaluation of the current in the considered design region, a design with a lower minimum peak power
is determined during the fine optimisation (282.1 W at 5.5 A) as opposed to the minimum peak power
achieved during the coarse optimisation (295.5 W at 6 A). Moreover, due to the additional generations,
the minimum acquired copper volume is improved as well (from 83.0 cm3 in the coarse optimisation,
down to 80.0 cm3 in the fine optimisation). An intermediate alternative is highlighted, operating at
344.0 W with a copper volume of 84.2 cm3 (Table 4). When comparing with the design achieving the
minimum copper volume, on one hand, this intermediate alternative operates at 33.3% lower peak
power, while the copper volume is increased by only 5.3%. On the other hand, when comparing with
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the design achieving the minimum peak power, the intermediate alternative achieves a 39.1% copper
volume reduction, while the operating peak power is increased by 21.9%.

Figure 14. The Pareto front of the fine optimisation illustrates that an intermediate design (344.0 W and
84.2 cm3) operates at 33.3% lower peak power than the design achieving minimum copper volume,
while the copper volume is increased by only 5.3%.

Table 4. Design configurations of the design achieving minimum peak power, minimum copper
volume and the intermediate design.

Minimum Volume Intermediate Minimum Peak Power

volume copper VCu (cm3) 80.0 84.2 131.3
peak power Ppeak (W) 515.8 344.0 282.1

current I (A) 10.0 8.0 5.5
voltage V (V) 51.6 43.0 51.3

number of windings N 375 363 509
tooth length a (mm) 76.3 76.3 76.3

outer diameter Dout (mm) 134.4 133.4 147.9
inner diameter Din (mm) 98.4 97.6 108.5
plunger diameter d (mm) 66.4 81.7 90.7
air gap thickness g (mm) 1.9 2.4 2.6
peak position xpeak (mm) 25 23 22

4.4. Discussion

The Pareto front in Figure 14 will be detailed using the three designs highlighted in Table 4. When
evaluating the evolution of different optimisation parameters one by one, a few particular trends can
be noticed. To explain these, an extremely simplified analytical equation can be used, detailed in [44],
for the solenoid actuator (and its corresponding parameters):

F =
i2

2
µ0πa2dN2

g(a + x)2 (10)

When comparing the second and third design of Table 4, the trade-off between the amount of
windings N and the current i is clear: The increase in the amount of windings results in a smaller
current required to provide the same force (Equation (10)), which decreases the peak power of the
actuator. However, this advantage is constrained. The quadratic relationship between N and the
back-emf, as detailed in Section 3.1, limits the maximum available current with a certain voltage supply.



Actuators 2020, 9, 38 18 of 22

Furthermore, it results in an increase of the resistance of the coil, which further limits this maximum
available current.

The first geometric parameter is the tooth length a, which determines the width of the force

peak illustrated in Figure 8. When evaluating Equation (10), the ratio
a2

(a + x)2 influences the force

generation of the actuator. In other words, as x denotes the relative position of the rotor with respect
to the tooth, and as the range of x is fixed due to the stroke of the compressor, a larger a will result in
an increase of that particular ratio. Keeping x small compared to the tooth length means physically
staying in the region where the sudden change in reluctance takes place, making sure sufficient force
can be provided over the full stroke.

As mentioned in the Section 3.1, the inner and outer diameter (Din and Dout) of the actuator play a
small role in the force generation. Nevertheless, they were incorporated to cope with saturation issues
and to scale alongside the other parameters, in order to provide the required volume for the windings.

The last two geometric parameters, the rotor diameter d and the air gap thickness g, seem to go
hand in hand based on Equation (10). However, an increase of both parameters when comparing the
first two designs of Table 4, unexpectedly resulted in a lower current with a decrease of the number of
windings N. The decrease of the reluctance by increasing the diameter d, seems to be larger than the
increase of reluctance by increasing the air gap thickness g, resulting in a lower current required to
drive the compression.

Evaluating Table 4 (and Figure 14), keeping in mind both constraints, the first design is not desired
due to its extremely large peak power for a rather small reduction of the volume of copper as opposed
to the second design. In this case, the design with a lower peak power is preferred, as the thermal
aspect of the actuator is not considered in this design optimisation. Therefore, the optimal design
lies somewhere in the range of the breaking point, where a small decrease in copper volume does
not result in a large increase in required peak power. The selected optimal designs are plotted on
the compression requirements in Figure 15, indicated by their input current. The resulting control
strategy will thus consist of the intersections between the different electromagnetic force profiles and
the gas forces. When focusing on the force profiles of the three selected designs, the intermediate and
minimal power designs have a similar trend as the analytical profiles detailed in Figures 4 and 8, which
indicates that these designs operate in linear, non-saturated conditions. However, the minimal volume
design illustrates a large force peak, followed by a steep force drop, as saturation occurs due to the
minimal volume (resulting in smaller surfaces) and higher currents (resulting in an increased flux). For
the sake of completeness, the final geometries are drawn in the CAD-software Inventor in Figure 16.

minimum volume

gas force

intermediate

minimum 
peak power

Figure 15. The electromagnetic force profiles for the designs presented in Table 4 and the compression
requirements of the RCK-1.
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Figure 16. CAD-model in Inventor of the 3 design highlighted in Table 4 displaying the final values
of the geometric optimisation parameters to give a visual overview of the difference between the
3 designs.

5. Conclusions

This paper described the design optimisation and analysis of a solenoid actuator for a long stroke
linear compressor by means of a multi-objective, multi-fidelity optimisation algorithm, which takes
advantage of the speed and accuracy of the analytical model and Finite Element Method, respectively.
Both the analytical and finite element model were experimentally validated and showed a good
agreement (errors within 10%) with the experimental results. The computational cost of the proposed
optimisation approach was reduced by 74%, as opposed to an entire fine Finite Element Method
optimisation. The optimisation objective was to minimise the operating peak power and the copper
volume, subject to the constraint of fitting the electromagnetic force-profiles on the compression
requirements of a reciprocating air compressor. The results illustrate a clear trade-off between
minimising the peak power and volume, resulting in an optimal performance design which achieves
282.1 W and 131.3 cm3, while the smallest copper volume of 80.0 cm3 is achieved at a peak power
of 515.8 W. Taking into account this trade-off, an intermediate design is highlighted (peak power
of 344.0 W at a copper volume of 84.2 cm3). The trade-off between the number of windings N and
input current i remains a dominant design characteristic; nevertheless, the power requirements of the
actuator can be decreased drastically by cleverly adapting the geometric parameters. This analysis and
optimisation strategy allows investigating more complex linear electromagnetic actuator geometries
required for higher power application in future work, where permanent magnets will have to be
included to cope with the higher forces and velocities. The use of an optimised permanent magnet
design might furthermore remove the necessity of a spring to guarantee the reciprocating motion of
the linear compressor.
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