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Abstract: This paper presents a novel approach for analyzing and optimizing motion coupling in
the coordinated operation tasks of flexible space multi-arm robots (FMSRs). The method integrates
motion coupling between multiple arms and system stiffness to improve the motion and force
accuracy of FMSRs by optimizing the configuration. First, a comprehensive model of an FMSR is
established using the hypothetical modal method. Then, the motion coupling relationship among
multiple arms is analyzed, and a motion coupling degree evaluation index is developed. Furthermore,
the constraint relationship of coordinated operation is analyzed, and an equivalent stiffness model for
the coordinated operation of the FMSR is formulated along with a stiffness evaluation index. Based
on these analyses, the motion trajectory of the FMSR is optimized by comprehensively considering
both the motion coupling degree and the equivalent stiffness factors. Finally, numerical simulation
experiments are conducted to validate the proposed method, and the results show that the accuracy
of the FMSR can be improved by 40% using this approach.

Keywords: flexible manipulators; multi-arm robots; motion coupling; equivalent stiffness; trajectory
optimization

1. Introduction

The coordinated operation of flexible space multi-arm robots (FMSRs) has become
increasingly important in the field of robotics due to its wide range of applications [1].
However, the inevitable flexibility of the robot’s links can cause vibrations during motion,
resulting in low motion accuracy. In addition, the complex coupling relationship in the
motion of FMSRs further reduces the motion accuracy. These problems can lead to changes
in the force of the arms and further lead to force unbalance between the arms, causing
instability in the FMSR’s control system when performing coordinated tasks. The different
ways of improving the motion accuracy of dual/multi-arm robots with rigid links are no
longer applicable [2]. Therefore, it is imperative to develop a method that can improve mo-
tion accuracy by reducing the vibration amplitude and coupling degree, thereby ensuring
successful task execution.

Existing research has mainly focused on developing control strategies and trajectory
optimization methods to suppress vibration and improve motion accuracy in manipula-
tors [3]. However, for FMSRs with high coupling and non-linear characteristics, active
vibration control parameters are difficult to optimize optimally. In addition, most active
vibration control methods require the use of external sensors, and the controller structure
is complex and costly. In contrast, the trajectory optimization method determines the
objective function by building a dynamic model of the flexible linkage mechanism and then
uses a heuristic algorithm to optimize the trajectory that can achieve the lowest vibration
and coupling during motion [4,5]. At present, there are three main methods for improving
the accuracy of flexible robots through trajectory optimization: reducing the degree of
motion coupling, improving stiffness, and energy-based methods.
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Liu [6] designed a minimum disturbance controller based on energy conservation
to optimize the disturbances generated by the vibration of a dual-arm space robot and
improved the tracking accuracy. Cui [5] et al. established an optimal objective function to
minimize the residual vibration of a flexible manipulator using joint acceleration constraints
and boundary conditions and performed joint trajectory optimization using a conventional
PSO algorithm. Zhang [7] established an optimization model for residual vibration and
energy consumption considering constraints such as joint stiffness. However, the methods
based on energy cannot guarantee the accuracy of the external force while improving the
positional accuracy. The accuracy of the force is very important in coordinated operations;
otherwise, the controller may become unstable, and its equipment may become damaged.

Numerous researchers have sought ways to improve the stability and accuracy of
robots through the stiffness matrix. In one study [8], a multi-objective optimization method
based on maneuverability and equivalent stiffness was proposed to obtain optimized oper-
ating postures with better equivalent stiffness while avoiding singular conformations and
staying away from joint rotation limits. Lin [9] established a spatial distribution mapping
of the dexterity performance index, the equivalent stiffness index, and deformation for
the end of industrial robots in the whole working space, respectively, and selected the
robot end position by equivalent stiffness mapping. Qu [10] used the half-axis length of the
equivalent stiffness ellipsoid as an adaptation function and performed pose optimization
of a seven-axis redundant manipulator based on a genetic algorithm. Cai [11] obtained an
empirical formula for the displacement prediction of vibration intensity by the equivalent
stiffness matrix and optimized the attitude based on this empirical formula to obtain a
vibration-stabilized machining posture. ABB [12] used the equivalent stiffness model for
the real-time compensation of machining deformation. In another study [13], the motion
accuracy of the manipulator was improved by establishing and optimizing the stiffness
index of the task direction. The authors of [14] sought to find a way to improve the stability
and accuracy of the robot system through the force–deformation relationship described by
the stiffness matrix. Although the above studies improve the accuracy and stability of the
robot, they do not consider the motion coupling characteristics of the system. For FMSRs
with strong coupling properties, optimizing only the equivalent stiffness may enhance
the degree of motion coupling in certain configurations, particularly the degree of motion
coupling between the arms. Thus, such methods suffer from the same problems as the
energy-based methods. In addition, these stiffness-based methods are mostly specific
to a single manipulator and are not directly applicable to FMSRs, which have complex
constraint relationships.

To address the coupling relationship between the manipulator and the base, Yan [15]
optimized the motion trajectory of the manipulator by considering the complex factors
involved in coupling. Qing [16] et al. proposed a trajectory planning method for a dual-arm
space robot that minimizes the disturbance of the base pose caused by motion coupling.
In [17], a rigid–flexible hybrid dual-arm coordinated path planning method based on
maneuverability optimization was proposed. Several studies [15–17] concern the problem
of accuracy caused by motion coupling between robots and the base or the operated object.
Numerous researchers have investigated the motion coupling of manipulators. Shum [18]
described the magnitude of the perturbation caused by the manipulator’s motion to the
base and introduced the concept of the coupling factor to investigate the velocity coupling
between the manipulator and the base. Xu [19] developed a new dynamic coupling model
for free-floating space manipulators, which overcame the challenge of measuring the
coupling characteristics. According to the conservation of momentum equation, Zhou [20]
obtained a speed relationship matrix between the space manipulator base and the joint
or capture target and proposed the dynamic coupling coefficient and coupling ellipse to
measure the degree of coupling. In other studies in the literature [18–20], the kinematic
coupling between the base and joint end of a space manipulator has been investigated, and
evaluation metrics such as coupling factors and coupling coefficients have been developed.
Deshan [21,22] established a coupling model between a flexible base and a manipulator
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and defined a metric to quantify the degree of motion coupling between the flexible base
and the manipulator. Xu [23] constructed a vibration minimum objective function based
on the relationship between joint motion and the vibration of the flexible body. Du [24]
derived a dynamic coupling matrix for a flexible space manipulator and used a multi-pulse
robust input shaper to suppress the vibration of the flexible structure. The above studies
have only analyzed the motion coupling of a single manipulator, but the motion coupling
between multiple arms caused by vibrations is not yet clear. Therefore, these results cannot
be directly applied to the coordinated operation of FMSRs.

Considering the advantages of the above three methods, we decided to use motion
coupling combined with the stiffness method to improve the motion accuracy of FMSRs.
However, the above studies also have the following problems: 1© The methods based on
energy or stiffness cannot guarantee the accuracy of the external force while improving
the positional accuracy, which is very limited in coordinated operations. 2© The motion
coupling between multiple arms caused by vibrations is not yet clear. 3© Due to the
complicated constraints involved in the coordinated operation of FMSRs, the existing
research on rigid–flexible motion coupling and the stiffness analysis of manipulators
cannot be directly applied to FMSRs.

This paper proposes a novel method for analyzing and optimizing motion coupling
in the coordinated operation of FMSRs. In Section 2, we construct an FMSR model. In
Section 3, we analyze the inter-arm motion coupling relationship and design an evaluation
index for the coupling degree. In Section 4, we develop an equivalent stiffness model for
the FMSR and analyze the constraint relationship involved in its coordinated operation and
then design a stiffness evaluation index. In Section 5, by integrating the motion coupling
degree and equivalent stiffness, we optimize the motion trajectory of the FMSR. In the
last section, a simulation test demonstrates the effectiveness of our method in significantly
improving the motion accuracy of the coordinated operation of FMSRs.

2. FMSR Modeling

Let an FMSR have N arms (N ≥ 3), where the joint degree of freedom of the i arm
(i = a, b, c, · · · ) is ni. A three-arm robot is shown in Figure 1.

The symbols in Figure 1 are defined as follows:
ΣI The inertial coordinate frame;
Σ0 The centroid coordinate frame of the base;
Σe

i The end coordinate frame of arm i (i = a, b, c, · · · , N);
Σk

i The coordinate frame of link k of arm i (k = 1, 2, · · · , ni);
ni The degrees of freedom of arm i;
Ck

i The centroid of link k of arm i;
Jk
i The joint between links k− 1 and k of arm i;

lk
i The length of link k of arm i;

ak
i The vector connecting Jk

i to Ck
i ;

bk
i The vector connecting Ck

i to Jk+1
i ;

b0
i The vector from the centroid of the base to the first joint of arm i;

r0 The position vector of the base centroid;
re

i The end position vector of arm i;
rk

i The position vector of Jk
i ;

rkc
i The position vector of link k’s centroid of arm i.
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Figure 1. Schematic diagram of a three-arm robot.

2.1. Coordinate Transformation of Flexible Link

A flexible link is considered a continuous elastic structure. The floating frame of
reference formulation is used to describe the deformation of the flexible link in this paper.
We use the link k − 1 of arm i, shown in Figure 1, as an example for specific analysis
and establish its coordinate frame according to the modified Denavit–Hartenberg (MDH)
method, as shown in Figure 2. Σk−1

i and Σk
i are the first and last coordinate frames of link

k− 1, respectively. Let there be two coordinate frames, ∑k−1
i

′ and ∑k
i
′, at the end of the link

to describe the posture before and after the link deformation. For a rigid link, the attitude
of both coordinate frames coincides with Σk−1

i .
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For defining the transformation that transforms the vectors defined in Σk
i to their

description in Σk−1
i , the transformation matrix can be written as

k−1
k T i = Trans(X, lk−1

i )(k−1
k A i)Rot(X, αk−1

i )Rot(Z, θk
i )Trans(Z, dk

i ) (1)

where Trans(X, lk−1
i ) denotes the transformation matrix that translates lk−1

i along the
X-axis, Rot(X, αk−1

i ) denotes the transformation matrix that rotates αk−1
i around the X-axis,

and so on [25]. lk−1
i , αk−1

i , θk
i , and dk

i denote the parameters of MDH. k−1
k A i denotes

the transformation matrix of the flexible deformation, and its expression is given in the
literature [26].

k−1
k A i =


1 −φk−1

i_Z (lk−1
i ) φk−1

i_Y (lk−1
i ) εk−1

i_X (lk−1
i )

φk−1
i_Z (lk−1

i ) 1 −φk−1
i_X (lk−1

i ) εk−1
i_Y (lk−1

i )

−φk−1
i_Y (lk−1

i ) φk−1
i_X (lk−1

i ) 1 εk−1
i_Z (lk−1

i )

0 0 0 1

 (2)


εk−1

i_Y (x) =
nk−1

i
∑

j=1
Wk−1

i_j (x)ξk−1
j_Y , εk−1

i_Z (x) =
nk−1

i
∑

j=1
Wk−1

i_j (x)ξk−1
j_Z

φk−1
i_Y (x) =

nk−1
i
∑

j=1

.
W

k−1
i_j (x)ξk−1

j_Z , φk−1
i_Z (x) =

nk−1
i
∑

j=1

.
W

k−1
i_j (x)ξk−1

j_Y

(3)

where εk−1
i_Y (x) denotes the sum of the first nk−1

i orders of vibrations of arm i’s link k− 1,
Wk−1

i_j (x) is the j-th order vibration modal function of arm i’s link k− 1, ξk−1
j_Y is the com-

ponent of the j-th order modal coordinate of link k− 1 along the Y-axis, and so on. Since
the longitudinal and torsional vibrations of the flexible link are generally neglected, it is
known that εk−1

i_X (lk−1
i ) = 0, φk−1

i_X (lk−1
i ) = 0.

2.2. Kinematic Model

Considering the flexibility factor, we extend the mathematical model in [27] to FMSRs.
Let I

0T denote the transformation matrix of the base coordinate frame Σ0 with respect to the
inertial frame ΣI . According to Equation (1), the link transformations can be multiplied
together to find the single transformation that relates frame Σe

i to frame ΣI :

I
eTi =

I
0T0

1Ti
1
2Ti · · ·

ni−1
ni Ti

ni
e Ti (4)

The angular velocity of the k-th link’s centroid and the angular velocity of the end
under the inertia frame ΣI are as follows:

wkc
i = w0 +

k

∑
j=1

(
zj

i

.
θ j

i

)
+

k−1

∑
j=1

(
I
j Ri

jω
j
i*

)
+ I

kRi
kωkc

i* (5)

we
i = w0 +

ni

∑
k=1

(
zk

i

.
θ k

i

)
+

ni

∑
k=1

(
I
kRi

kωk
i*

)
(6)

where w0 denotes the attitude angular velocity of the base spacecraft. zk
i is the unit vector

along the frame Σk
i Z-axis described in ΣI . I

kRi is the rotation matrix that relates frame Σk
i to

frame ΣI , and its expression can be obtained from Equation (4). kωkc
i* is the angular velocity

of link k’s centroid relative to the Σk
i frame, k−1ωk−1

i* is the angular velocity of the end of
link k− 1 relative to the Σk−1

i frame, specified as follows:

kωkc
i* = R(·)

[
0

.
φk

i_Y(ak
i )

.
φk

i_Z(ak
i )
]T

,
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k−1ωk−1
i* = R(·)

[
0

.
φk−1

i_Y (lk−1
i )

.
φk−1

i_Z (lk−1
i )

]T
.

where R(·) is a function of the Euler angles, which represents the mapping matrix from the
Euler angles’ speed to the angular velocity. Since the vibration characteristics of the flexible
link in this paper exhibit low amplitude and high frequency, R(·) can be considered as the
identity matrix. In this paper, symbols are defined in the coordinate frame indicated by
their left superscript, and symbols without a left superscript indicate the description in the
inertial frame.

The centroid linear velocity of link k and the linear velocity of the end under the inertia
frame ΣI are expressed as follows:

vkc
i = v0 + w0 × rk0

i +
k

∑
j=1

((
zj

i

.
θ j

i

)
×
(

rkc
i − r j

i

))
+

k

∑
j=1

(
I
j−1Ri

j−1ω
j−1
i* ×

(
rkc

i − rj
i

))
+

k−1

∑
j=1

I
j Ri

(
jυ

j
i*

)
+ I

kRi
kυkc

i* (7)

ve
i = v0 + w0 × re0

i +
ni

∑
k=1

(
zk

i

.
θ

k
i ×

(
re

i − rk
i

))
+

ni

∑
k=1

I
kRi

kυk
i* +

ni

∑
k=1

(
I
k−1Ri

k−1ωk−1
i* ×

(
re

i − rk
i

))
(8)

where v0 denotes the linear velocity of the base spacecraft centroid, rk0
i = rkc

i − r0, and
re0

i = re
i − r0. kυkc

i* is the linear velocity of link k’s centroid relative to the Σk
i frame; specifi-

cally,
kυkc

i* =
[
0

.
ε

k
i_Y(ak

i )
.
ε

k
i_Z(ak

i )
]T

,

k−1υk−1
i* =

[
0

.
ε

k−1
i_Y (lk−1

i )
.
ε

k−1
i_Z (lk−1

i )
]T

.

Using Equations (6) and (8), a new equation is derived as follows:

.
xe

i =

[
ve

i
we

i

]
= Jb

i
.
xb + Jθ

i

.
θi + Jξ

i

.
ξi (9)

where
.
xb =

[
v0

T w0
T]T denotes the differential vector of the base pose;θi =

[
θ1

i , θ2
i , · · · , θk

i
]T

denotes the joint angle of arm i;ξi =
[
ξT

Yi ξT
Zi
]T

,ξYi =
[

ξ1
Yi_1 ξ1

Yi_2 . . . ξk
Yi_j . . . ξ

ni
Yi_nni

i

]T
,

and ξZi =
[

ξ1
Zi_1 ξ1

Zi_2 . . . ξk
Zi_j . . . ξ

ni
Zi_nni

i

]T
. ξk

Yi_j is the Y-axis component of the j-th or-

der modal coordinates of arm i’s link k. Jb
i denotes the base-arm Jacobi; Jθ

i denotes the joint-arm
Jacobi; and Jξ

i denotes the modal-arm Jacobi.
The mapping relationship between the end velocity of the flexible three-arm space

robots and the base velocity, the joint angular velocity, and the modal velocity can be
obtained as follows:

.
xe = Jb

.
xb + Jθ

.
θ + Jξ

.
ξ =

[
Jb Jθ Jξ

]
.
xb.
θ
.
ξ

 (10)

where
.
xe =

[ .
xeT

a
.
xeT

b
.
xeT

c
]T,

.
θ =

[ .
θa

T
.
θb

T
.
θc

T
]T

,
.
ξ =

[ .
ξa

T
.
ξb

T
.
ξc

T
]T

,

Jb =
[
JbT

a JbT
b JbT

c
]T, Jθ =

Jθ
a

Jθ
b

Jθ
c

, Jξ =

Jξ
a

Jξ
b

Jξ
c

.
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3. Motion Coupling Analysis of the FMSR
3.1. Kinematic Decoupling

In the case where the position and attitude of the base of the FMSR are free, it is
necessary to decouple the kinematic equations using the momentum conservation law. In
this section, the momentum equations of the FMSR are derived.

The linear momentum of the FMSR can be expressed as the sum of the linear momen-
tum of each link.

P = m0v0 +
N

∑
i=1

( ni

∑
k=1

mk
i vkc

i

)
(11)

where m0 is the mass of the base, and mk
i is the mass of arm i’s link k. N is the number of

arms.
The angular momentum of the FMSR can be expressed as follows:

L = L0 + r0 × P (12)

where L0 denotes the angular momentum of the FMSR with respect to the base centroid,
written as

L0 = I0w0 +
N

∑
i=1

( ni

∑
k=1

(
Ik

i wkc
i + mk

i rk0
i × vkc

i

))
(13)

where I0 and Ik
i denotes the base inertia and link inertia, respectively.

By combining the linear and angular momentum given in Equations (11) and (12),
respectively, the momentum equation for the FMSR can be derived as follows:[

P
L

]
= Hb

.
xb +

N

∑
i=1

(
Hθ

i

.
θi

)
+

N

∑
i=1

(
Hξ

i

.
ξi

)
(14)

where Hb, Hθ
i , and Hξ

i is given in Appendix A.
When the position and attitude of the base are free, the linear and angular momentums

of the FMSR are both equal to zero, denoted as L = P = 0. Based on this, the momentum
conservation equation of the FMSR in the floating base mode can be derived as follows:[

P
L

]
=
[
Hb Hθ

][ .
xb.
θ

]
+ Hξ

.
ξ = 0 (15)

where Hθ =
[

Hθ
a Hθ

b · · · Hθ
i · · · Hθ

N
]

and Hξ =
[

Hξ
a Hξ

b · · · Hξ
i · · · Hξ

N

]
.

Since the initial momentum of the FMSR in the floating base mode is zero, we can obtain
the velocity mapping relationship between the modal coordinates and the base, and the
velocity mapping relationship between the modal coordinates and joint angles.[ .

xb.
θ

]
=

[
Jbξ

Jθξ

]
.
ξ (16)

where Jbξ and Jθξ are functions of Hb, Hθ, and Hξ .

Substituting Equation (16) into Equation (10), we obtain the mapping relationship
between

.
ξ and

.
xe, which can be expressed as follows:

.
xe =

([
Jb Jθ

][ Jbξ

Jθξ

]
+ Jξ

)
.
ξ = Jeξ

.
ξ (17)
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where Jeξ is the Jacobi matrix of the modal coordinates and the end velocity. Jeξ is denoted
in chunks as follows:

Jeξ =

Jaa Jba Jca
Jab Jbb Jcb
Jac Jbc Jcc

 (18)

3.2. Degree of Motion Coupling

The diagonal elements in Equation (18) represent the mapping relationship between
the modal velocity of each robotic arm and its corresponding end velocity. The off-diagonal
elements of the matrix represent the mapping relationship between the modal velocity of
an arm through the base to the end velocity of another arm, which is referred to as the
inter-arm modal motion coupling relationship.

To characterize the influence of modal velocity on the end velocity of the FMSR, metrics
for the degree of modal velocity coupling must be defined. Various mathematical metrics
have been proposed by scholars to quantitatively evaluate the degree of the singularity

of Jacobi matrices. In this paper, the operability degree w =
√

det(JJT) is chosen as the
comprehensive index to evaluate the degree of modal velocity coupling, which can reflect
the overall influence of modal coordinates on the velocity of the FMSR. The operability
values wca of Jca, wcb of Jcb, and wba of Jba are used to evaluate the degree of two-by-two
coupling of the three-arm end velocity caused by the modal velocity.

wca =
√

det
(
JcaJT

ca
)
, wcb =

√
det
(
JcbJT

cb
)
, wba =

√
det
(
JbaJT

ba
)

(19)

4. Equivalent Stiffness Analysis of Coordinated Operating System for the FMSR

Figure 3 illustrates the coordinated operation system of an FMSR with a rigid body,
which is subject to the following assumptions:

â The end gripper of each robot arm and the rigid body are in a state of no relative
displacement;

â The entire coordinated operating system of the FMSR is in static equilibrium;
â The positional deformation generated in the system satisfies the small deformation

condition.
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The rigid body coordinate frame Σo is established with the centroid of the rigid body as
the origin. The grasping coordinate frame Σe

i (i = a, b, c · · ·) is established with the grasping
point at the end of the arm as the origin. It is assumed that the rigid body has infinite
stiffness and does not deform under the action of the output force at the end of the robot
arm and the external environmental force. To establish the virtual grasping coordinate
frame Σoi, frame Σe

i is translated to the origin of Σo as the virtual grasping point.
The solution of the stiffness matrix of the flexible manipulator is given in the litera-

ture [13]. The total deformation at frame Σe
i is the sum of the deformation generated by

joint flexibility, linkage flexibility, and the servo.

∆xei = CeiFei (20)

where the flexibility matrix Cei of the manipulator represents the linear relationship between
the external force Fei applied to the end and the resulting deformation ∆xei caused by the
force. The equivalent stiffness matrix Kei of the manipulator end can be represented by the
inverse matrix Cei

−1 of the flexibility matrix Cei.

4.1. Motion Constraint Relationship

In the inertia frame ΣI , the frame Σo, the frame Σe
i , and the frame Σoi can be mathe-

matically represented as follows:

xo =

[
ro
ϕo

]
, xei =

[
re

i
ϕe

i

]
, xoi =

[
roi
ϕe

i

]
(21)

where the position vector is represented by ro,re
i , and roi respectively. Since the axes’

orientation of the frame Σoi coincides with that of Σe
i , the attitude angle is represented by

ϕo and ϕe
i , respectively.

Assuming a sufficiently large stiffness of the body and negligible deformation under
external forces, the origin of frames Σo and Σoi will always coincide. Therefore, the pose
constraints between the body and the virtual grasping point can be expressed as follows:

ro = roi (22)

4.2. Force Constraint Relationship

In the Σoi frame, the output force of the FMSR can be represented as follows:

Foi =

[
foi
noi

]
=

[
fei

poi × fei + nei

]
= JT

oiFei (23)

where fei and nei are the output force and torque at the end of each arm, poi is the position

vector from the centroid of the rigid body to the end of each arm, Joi =

[
E3 poi

×

03 E3

]
is the

grasping matrix of the arm, and poi
× denotes the antisymmetric matrix of poi.

The total external forces acting on the body can be expressed as follows:

Fo =

[
fo
no

]
=

[
∑ foi
∑ noi

]
= JT

oFe (24)

where Jo =
[
JT

oa JT
ob JT

oc
]T is the grasping matrix of the FMSR, and Fe =

[
FT

ea FT
eb FT

ec
]T

denotes the end output force of the FMSR.

4.3. Coordinated Operating System Equivalent Stiffness Model

Applying the principle of virtual work, the total work performed by the Fo force can
be expressed as follows:

FT
o ∆xo = ∑ FT

oi∆xoi = ∑ FT
ei∆xei (25)
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Fo and ∆xo satisfy Hooke’s law.

CoFo = ∆xo = ∑ ∆xoi (26)

where ∆xo denotes the positional deformation produced by the Fo force; Co denotes
the equivalent flexibility matrix of the multi-arm robot system at the origin Σo; and
∆xoi = CoiFoi, Coi denotes the flexibility matrix of each robot arm in frame Σoi.

Rectifying Equations (23), (25) and (26) yields

Co = ∑ Coi, Coi = J−1
oi CeiJ

T−1
oi (27)

Then, the equivalent stiffness matrix of the coordinated operating system of the FMSR
can be expressed as follows:

Ko = ∑ Koi = ∑ JT
oiKeiJoi (28)

Equation (28) characterizes the stiffness performance of the coordinated operating
system at the frame Σo. Ko is a 6 × 6 matrix, where each element represents the linear
relationship between force and position deformation, as well as moment and angular
deformation, resulting in different dimensions. Therefore, to facilitate the analysis, the Ko
matrix is divided into four 3 × 3 submatrices.

Ko =

[
K f f Kτ f
K f τ Kττ

]
(29)

where K f f denotes position stiffness; Kττ denotes attitude stiffness; and Kτ f and K f τ denote
position–attitude coupling stiffness.

4.4. Equivalent Stiffness Evaluation Index

Assume that the output of the unit force f by the coordination operating system
satisfies Equation (30).

fTf = 1 (30)

Applying the definition of stiffness, Equation (30) can be reformulated as an expression
for the stiffness matrix in terms of deformation, given by

dTK f f
TK f f d = 1 (31)

Due to the symmetry and positive definiteness of the stiffness matrix, K f f can be de-
composed into K f f = UVUT using singular value decomposition yields, where
U =

[
u1 u2 u3

]
is a matrix composed of eigenvectors, and V is a diagonal matrix

composed of singular values λ1, λ2, and λ3. Thus, Equation (31) can be expanded as
follows:

dTU

λ1
2

λ2
2

λ3
2

UTd = 1 (32)

Assuming that m = u1
Td, n = u2

Td, and k = u3
Td are substituted and expanded in

Equation (32), the following ellipsoidal equation can be obtained:

m2

λ1
−2 +

n2

λ2−2 +
k2

λ3−2 = 1 (33)

Equation (33) represents the equivalent flexibility ellipsoid equation, where the half-
axis lengths of the three principal axes are the reciprocal of the singular values of the stiffness
matrix K f f , and the principal axis direction coincides with the corresponding eigenvectors
of the stiffness matrix, respectively. The rok vector pointing from the origin of the ellipsoid



Actuators 2023, 12, 198 11 of 23

to any point on the surface of the ellipsoid satisfies Equation (30), which represents the
flexibility of the coordinated operating system along rok. The larger the modulus of rok,
the weaker the ability to output force in that direction, and vice versa. Therefore, the
shortest half-axis of the flexibility ellipsoid indicates the best stiffness performance of the
coordinated operating system.

When operating in interaction with the environment, the FMSR establishes a constraint
coordinate frame with the contact point as the origin, and the Z-axis of the constraint
coordinate frame is aligned with the normal direction of the constraint surface. In this
context, the stiffness model of the system is established at the constraint coordinate frame,
and let rm,n,k ∈ R3×1 be the vector along the Z-axis of the constraint coordinate frame that
satisfies Equation (30). This vector is defined as the task direction flexibility, which is the
deformation produced by the output unit force in the task direction. A smaller value of kc
indicates a better stiffness of the FMSR operating system in the task direction.

kc = ‖rm,n,k‖2 (34)

5. Motion Accuracy Optimization Method for Coordinated Tasks
5.1. Modeling Multi-Objective Optimization Problems

• Decision variables

The objective of this paper is to optimize the degree of motion coupling and the end
equivalent stiffness of the FMSR to achieve optimal performance within its workspace.
For a multi-arm robot with three seven-degree-of-freedom redundant manipulators, the
decision variables to be optimized are as follows:

θ =
[
θa

T θb
T θc

T
]T
∈ Rn×1(n = 21) (35)

• Objective function

In this study, the coordination operation task is used as an example of optimization
analysis, and the objective function can be formulated as follows:

min f (Θ) = [wca, wcb, wba, kc]
T (36)

Although the multi-objective particle swarm optimization method can obtain the
optimal Pareto solution for the multi-objective problem expressed in Equation (36), selecting
a suitable solution that meets the task requirements from multiple non-inferior solutions
is a new issue. One approach to solving this problem is to obtain the weight coefficients,
which can reflect the weight relationship among the indicators by using the covariance
matrix. By transforming the multi-objective problem into a single-objective problem using
these weight coefficients, the task requirements can be satisfied.

First, it should be noted that the metrics used in the study are dimensionless. Specifi-
cally, for the path planning task of the FMSR, a set of indicator values {wca}s, {wcb}s, {wba}s,
{kc}s can be obtained for each control cycle during task execution, corresponding to each
of the indicators wca, wcb, wba, and kc. The mean value of each set can then be calculated as
follows:

wca =

s
∑

i=1
wca_i

s
, wcb =

s
∑

i=1
wcb_i

s
, wba =

s
∑

i=1
wba_i

s
, kc =

s
∑

i=1
kc_i

s
(37)

Then, the covariance of the two indicators wca and wcb can be expressed as follows:

Cov(wca, wcb) =

s
∑

i=1
(wca_i − wca)(wcb_i − wcb)

s− 1
(38)
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where the denominator uses s− 1 instead of s, which is known as an unbiased estimation.
This approach allows for a better estimation of the covariance with a smaller sample. This
method can be used to calculate the covariance between any two indicators. The resulting
covariance matrix of multiple indicators can be expressed as follows:

C =


Cov(wca, wca) Cov(wca, wcb) Cov(wca, wba) Cov(wca, kc)
Cov(wcb, wca) Cov(wcb, wcb) Cov(wcb, wba) Cov(wcb, kc)
Cov(wba, wca) Cov(wba, wcb) Cov(wba, wba) Cov(wba, kc)
Cov(kc, wca) Cov(kc, wcb) Cov(kc, wba) Cov(kc, kc)

 (39)

The diagonalization of the covariance matrix presented in Equation (39) allows for the
decoupling of the coupling relationship between the indicators. Since the covariance matrix
is symmetric, there exists an orthogonal matrix U that satisfies the relation UTCU = Λ,
where Λ is the diagonalized matrix, and U represents the eigenvector matrix of the co-
variance matrix C. The eigenvector matrix can be used to transform the multi-objective
optimization problem into a single-objective optimization problem.

f (Θ) =
∣∣∣U · [wca, wcb, wba, kc]

T
∣∣∣ (40)

Up to now, in solving the covariance matrix of each indicator of the robot, the dimen-
sionless nature of each indicator has been realized. By diagonalizing the covariance matrix,
the eigenvector matrix of the covariance matrix can be obtained, which enables the decou-
pling of each indicator and transforms the multi-objective problem into a single-objective
problem.

• Binding conditions

Since the kinematic constraints of the robot were duly considered in the path planning
stage, and the motion trajectory of the rigid body was obtained, we now consider the
optimization problem using only boundary constraints. These boundary constraints include
limits on the velocity and angle that the robot must maintain.

5.2. Solution of Particle Swarm Optimization Algorithm Based on Stochastic Inertia Factor

In this study, the optimization problem presented in Equation (40) is solved using a
particle swarm algorithm. Let us denote the position and velocity of the i-th particle at
step j as xj

i and vj
i respectively. Similarly, let pj

i and pj
s represent the individual historical

optimal solution and the population historical optimal solution of the i-th particle at step j.
The velocity and position update equations can be obtained as follows:

vtemp
i = ωvj

i + c1λ
(

pj
i − xj

i

)
+ c2η

(
pj

s − xj
i

)
(41)

where ω refers to the inertia factor, controls the dependence of the particle on its initial
velocity, and affects its ability to explore the global solution space. The cognitive factor c1
and the random number λ, which is distributed on the interval [0, 1], together determine
the degree of dependence of the particle on its individual historical optimal solution. The
social factor c2 and the random number η, also distributed on the interval [0, 1], together
determine the degree of dependence of the particle on the population’s optimal solution.

In this study, a random inertia factor satisfying the normal distribution is used for the
PSO algorithm, which tends to oscillate near the global optimal solution in the late stage of
the algorithm. The expression for the random inertia factor is as follows:

ω = sg · N(0, 1) + µmin + (µmax − µmin) · rand(0, 1) (42)

where µmax and µmin represent the maximum and minimum values of the mean of the
random inertia factor, respectively. sg represents the variance of the random inertia factor.
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Random number N(0, 1) obeys standard normal distribution, and rand(0, 1) is a random
number between 0 and 1.

In this study, the optimization of the robot configuration is performed in the zero
space of each arm. Specifically, the vector vtemp

i is mapped to the null space of the arm,
and based on this, the velocity and position update equations of the particle swarm are
obtained as follows: {

vj+1
i = (E− Jθ

+Jθ)v
temp
i

xj+1
i = xj

i + ζvj+1
i

(43)

where E denotes the identity matrix, and ζ is a constraint factor characterizing the degree
of particle succession to the speed of the current step update. The values of the above
parameters can be adjusted according to the specific requirements of the optimization
problem.

The optimization process in this paper involves continuously updating the particle
velocity and position using Equation (43). The algorithm terminates when the velocity
of each particle becomes 0, and the position no longer changes, or when the maximum
number of iterations is reached.

6. Test and Discussion
6.1. Subject

We carried out simulation experiments using a three-arm robot. The three modular
arms are named a, b, c, all of which were configured with a “shoulder3-elbow1-wrist3”
structure and had seven degrees of freedom. The shoulder and wrist joints were symmetri-
cal with respect to the elbow joint. The material of the links was aluminum alloy, with an
elasticity modulus of 70 GPa. The diameters of link 3 and link 4 were 96 mm and 70 mm,
respectively, and the wall thickness was 5 mm. The frame of the arm was established using
the MDH method, as shown in Figure 4. The kinematic and dynamic parameters are shown
in Tables 1 and 2, respectively. The initial poses of the three arms in the base frame Σ0 were
[0.5, 0.3, 0, 0, 0, 0], [−0.5, 0.3, 0, 0, 0, 0], and [0, −0.6, 0, 0, 0, 0], respectively. The base mass
and inertia were m0 = 102 kg and I0 = diag[11 kg ·m2, 11 kg ·m2, 21 kg ·m2], respectively.
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Table 1. Kinematic parameters.

k αk−1
i (◦) lk−1

i (mm) θk
i (◦) dk−1

i (mm)

1 0 0 0 166.8
2 −90 0 −90 183.1
3 90 0 0 −52
4 0 544.9 90 0
5 0 500.9 −90 0
6 90 0 −90 −121.1
7 −90 0 0 0

Table 2. Dynamics parameters.

k
Center of Mass

Mass (kg)
x (m) y (m) z (m)

1 0 −0.00754 0.00864 8.5

2 0 0.00754 0.00864 8.5

3 −0.45495 0 0.24168 10.8

4 −0.5013 0.00475 0.32914 6.3

5 0 0.11454 0.00521 2.13

6 −0.00451 −0.12413 0 2.3

7 0 −0.00354 −0.00771 1.9

6.2. Model Validation

Following the second and third sections, we built a simulation model of the FMSR
on a computer using MATLAB and Robotics Toolbox (Peter Corke Release 10), as shown
in Figure 5a. ODE45 (Runge–Kutta fourth and fifth order) was used to solve the kinetic
differential equations. Although the vibration modes of each link had many orders, the
higher order mode had less influence on the amplitude. We intercepted the first three
modes to improve computational efficiency. Since the motion of joints 3 and 4 contributed
the most to the trajectory error, we set the angular velocity of joints 3 and 4 to 1◦/s to obtain
the end trajectory. Additionally, we compared it with the trajectory of a rigid arm under the
same conditions. The configuration of each arm at the beginning of the model validation
experiment was θini1 =

[
0
◦ − 90

◦
0
◦

90
◦ − 90

◦ − 90
◦

0
◦]T. The position error is shown

in Figure 6a. Due to the consistent parameters and configurations of each arm, only the
position error of arm a is given here. Figure 7 shows the position and time relationship of
arm a during the experiment. As there was no motion or vibration along the X-axis, only
the Y-axis and Z-axis results are shown here. It can be seen that the robot continues to
vibrate slightly along these two axes, which affects the precision of the trajectory.

To verify the correctness of the results, a co-simulation environment with MSC/ADAMS
and MATLAB/SIMULINK was generated; the 3D model of the FMSR was established in
ADAMS, and all control algorithms were generated in SIMULINK. The communication
interval between ADAMS and SIMULINK was 0.01, and the simulation mode was set to
discrete. To obtain the dynamic response of the flexible links, each link was preprocessed
using ABQUS, including mesh partitioning, creating analysis steps (intercepting the first
15th mode), setting boundary conditions, etc., to finally obtain the mnf (modal neutral file).
The mnf was then used to replace the rigid links in ADAMS, as shown in Figure 5b–d.
Similarly, joints 3 and 4 of each arm were moved at an angular velocity of 1◦/s to obtain the
position error of the flexible arm and the rigid arm, as shown in Figure 6b. As the arterial
angular velocity was relatively small, and the simulation lasted 1 s, the configuration shown
in Figure 5b–d does not change significantly. However, the changes in the color of the links
show that the joints were constantly moving.
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Comparing Figure 6a,b, it can be seen that the model established in this paper and the
simulation results using MATLAB are basically consistent with the results of ADAMS in
terms of vibration frequency and amplitude, which indicates that the model established
in this paper is accurate and effective. However, we were unable to obtain the responses
of each vibration mode from ADAMS, and there were also difficulties in simulating over-
constrained models, such as coordinated tasks. Therefore, in subsequent analysis, we only
used MATLAB for simulation.

6.3. Optimization and Analysis

The robot’s rigid body had a mass of 5 kg, and its cross-sectional shape was a waist
triangle with a side length of 0.67 m, 0.67 m, and 0.6 m. The three arms of the FMSR hold
the three vertexes of the rigid body and move it from the initial pose Pe1 to the final pose
Pe2 along the straight-line path, where Pe1 = [0, 0, 0.6, 0, 0, 0] and Pe2 = [0.1, 0.1, 0.8, 0, 0, 0].
Let the desired external force Fei of the FMSR be a zero vector. The desired trajectory of the
rigid body is obtained using trapezoidal interpolation with the parabolic transition. The
motion trajectory of the three arms is derived from the motion constraint relationship. The
motion trajectory of each joint is obtained using inverse kinematics.

1. Experiment 1

We considered the four points that divided the straight-line path into five equal parts,
together with the two endpoints of the path, for a total of six points. We then plotted the
configuration diagram separately at these six points to display the changing process of the
configuration on the path, as shown in Figure 8a–f. The initial configuration, shown in
Figure 8a, was θini_a = [114.5◦, 11.7◦, −78.5◦, 56.3◦, −63.5◦, 160◦, −12.5◦ ], θini_b = [−136.8◦,
−20.0◦, −83.2◦, 53.7◦, −61.0◦, 178.4◦, −70◦], and θini_c = [180◦, 0◦, −143.0◦, 55.4◦, −2.4◦,
0◦, 90◦].

The joint angle was substituted into the model developed in Section 2 to obtain the
pose of the FMSR, and the actual trajectory of the rigid body was solved according to
the motion and force constraints and compared with the desired trajectory. The position
error is shown in Figure 9a, with a maximum value of approximately 2.5 mm. The actual
external force of the three arms was obtained according to Equation (20) and compared
with the desired external force. The force error is shown in Figure 9b, with a maximum
value of approximately 10 N. It can be seen that the position errors due to vibration in
coordinated operation and the interaction of the three arms with the rigid body lead to
external force errors. Excessive force errors in coordinated operations are dangerous and
can easily lead to controller instability. Equation (19) was used to calculate the inter-arm
modal motion coupling metrics, as shown in Figure 10. It can be seen that there is motion
coupling between the different arms, which means that the movements of the arms affect
each other. Equation (34) was used to calculate the task directional stiffness, as shown in
Figure 11. It can be seen that when the coupling degree and the directional stiffness are
large, the force error is also larger. Therefore, in this study, the accuracy of the FMSR was
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optimized by establishing the objective function of the coupling degree and the directional
stiffness.
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Figure 8. Configuration of FMSR before optimization: (a–f) configuration at 6 points in sequence.
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Figure 9. (a) Position error before optimization; (b) force error before optimization.
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Figure 11. Task directional stiffness kc before optimization.

2. Experiment 2

We sought to use the method proposed in this paper to reduce the position error.
Using the method developed in Section 5, a model of optimization problems was generated
using MATLAB. The number of the particle population was 50, and the maximum iteration
was 100 times. The inertia factor was ω = 0.8, c1 = c2 = 0.5, and the constraint factor
ζ = 1. Equations (41)–(43) were used to optimize each configuration on the expected
path. The results of the configuration optimization are shown in Figure 12. The opti-
mized initial configuration was θ†

ini_a = [62◦, −13.2◦, −62.7◦, 52.9◦, −116.7◦, 111.4◦, 38.5◦],
θ†

ini_b = [−216.4◦, −21.9◦, −92.3◦, 38◦, −103.6◦, 113.4◦, −20.5◦], and θ†
ini_c = [85.4◦, −36.9◦,

−159.8◦, 26.5◦, −54.4◦, −53.1◦, 186.1◦].
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The inter-arm modal motion coupling indices after optimization using the proposed
method are shown in Figure 13. Compared with Figure 10, it can be observed that the
inter-arm modal motion coupling indices caused by the modal motion were reduced by
15~30% after the optimization. This means that the amplitude of the vibration was reduced,
and the degree of motion coupling between the three arms was reduced by up to 30%. The
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directional flexibility after optimization is shown in Figure 14. A comparison with Figure 11
indicates that the system flexibility in the direction of motion was reduced by 32%.
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Figure 14. Task directional stiffness kc after optimization.

Figure 15a shows the position error between the actual path of the rigid body and
the desired path. The results show that the maximum position error before optimization
was 2.5 mm (as shown in Figure 9), while the maximum error after optimization was
1.5 mm. The force error is shown in Figure 15b, with a maximum value of approximately
6 N, Comparing Experiments 1 and 2, it can be inferred that the method proposed in this
paper could effectively improve the motion accuracy of the FMSR by 40% and improve the
accuracy of the external force of the arms.
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A comparison between the experiments without and with the method proposed in
this paper is shown in Table 3. It can be seen that the method proposed in this paper could
effectively reduce the position error and force error by 40%. The results of the simulation
experiment show that the method of this paper is effective in improving the accuracy of
the FMSR.

Table 3. The comparison between the experiments.

Experiment 1 Experiment 2

Position error The maximum value was 2.5 mm The maximum value was 1.5 mm
Force error The maximum value was 10 N The maximum value was 6 N

lower than Experiment 1 / 40%

7. Conclusions

This paper presents a motion coupling analysis and optimization method to improve
motion accuracy in the coordinated operation tasks of FMSRs. The contributions of this
study are significant in several aspects. First, a general model of an FMSR was established
using the hypothetical modal method. Second, we investigated the rigid–flexible motion
coupling law of the FMSR and designed an evaluation index of the coupling degree. Third,
the stiffness model of the flexible manipulator was extended to the FMSR by analyzing the
constraint relationship in coordinated operation tasks. Finally, we considered the rigid–
flexible motion coupling between multiple arms and the stiffness index when optimizing
the motion trajectory. This optimization effectively improves the robot’s motion accuracy
and force accuracy. Future research will focus on exploring the motion coupling character-
istics of the flexible base and the robot during on-orbit assembly tasks and studying the
coordination control method under the coupled vibration of the FMSR.
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Appendix A

Substituting Equation (7) into Equation (11) yields

P =
[
ME −Mrg0×

i

][ v0
w0

]
+

N

∑
i=1

(
Jθ

Ti

.
θi

)
+

N

∑
i=1

(
Jξ

YTi

.
ξYi

)
+

N

∑
i=1

(
Jξ

ZTi

.
ξZi

)
(A1)

where M is the total mass of the system. E denotes identity matrix. rg0
i = rg

i − r0, rg
i

is the vector of the system centroid. rg0×
i denotes the antisymmetric matrix of rg0

i .Jθ
Ti =

ni
∑

k=1

(
mk

i JLik

)
, Jξ

YTi =
ni
∑

k=1

(
mk

i Jξ
YLik

)
, Jξ

ZTi =
ni
∑

k=1

(
mk

i Jξ
ZLik

)
. The expression for JLik, Jξ

YLik, and

Jξ
ZLik is given in Appendix B.
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Substituting Equations (5) and (7) into Equation (13) yields

L0 =
[
Mrg0×

i Iw

][v0
w0

]
+

N

∑
i=1

(
Iθ

i

.
θi

)
+

N

∑
i=1

(
Iξ

Yi

.
ξYi

)
+

N

∑
i=1

(
Iξ

Zi

.
ξZi

)
(A2)

where Iw = I0 +
N
∑

i=1

( ni
∑

k=1

(
Ik

i −mk
i rk0×

i rk0×
i

))
, Iθ

i =
ni
∑

k=1

(
Ik

i JAik + mk
i rk0×

i JLik

)
,

Iξ
Yi =

ni
∑

k=1

(
Ik

i Jξ
YAik + mk

i rk0×
i Jξ

YLik

)
, and Iξ

Zi =
ni
∑

k=1

(
Ik

i Jξ
ZAik + mk

i rk0×
i Jξ

ZLik

)
.JAik, Jξ

YAik, and

Jξ
ZAik is given in Appendix B.

By substituting Equation (A2) into Equation (12) and combining it with Equation (A1),
the expression of Hb, Hθ

i , and Hξ
i are obtained.

Hb =

[
ME −Mrg0

i
×

Mr0
× −Mrg0

i
× −Mr0

×rg0
i
× + Iw

]
∈ R6×6,

Hθ
i =

[
Jθ

Ti
r0
×Jθ

Ti + Iθ
i

]
∈ R6×ni ,

Hξ
i =

[
Jξ

YTi Jξ
ZTi

r0
×Jξ

YTi + Iξ
Yi r0

×Jξ
ZTi + Iξ

Zi

]
.

Appendix B

JLik = [z1
i × (rkc

i − r1
i ), z2

i × (rkc
i − r2

i ), · · · , zk
i × (rkc

i − rk
i ), 0, · · · , 0] ∈ R3×ni

JAik = [z1
i , z2

i , · · · , zk
i , 0, · · · , 0] ∈ R3×ni

The j +
t

∑
s=1

ns−1
i (1 ≤ t ≤ k− 1)-th columns of the four Jacobi matrix Jξ

YLik, Jξ
YAik, Jξ

ZLik,

and Jξ
ZAik are yt

iW
t
i_j −

(
rkc

i − rt+1
i

)×
zt

i

.
W

t
i_j, zt

i

.
W

t
i_j,zt

iW
t
i_j +

(
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i

)×
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i

.
W

t
i_j, −yt

i

.
W

t
i_j;

columns j +
k
∑

s=1
ns−1

i are yk
i Wk

i_j, zk
i

.
W

k
i_j, zk

i Wk
i_j, −yk

i

.
W

k
i_j; columns

k
∑

s=1
ns

i + 1 to
ni
∑

s=1
ns

i are all

0. Both y and z are unit vectors along the frame axes.
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