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Abstract: The objective of this paper is to pursue a wire rope control methodology for reducing the
tension difference between two wire ropes of a hoisting system. As we know, complicated distur-
bances exist in the complex electro-hydraulic hoisting system, notably, some of these disturbances are
coupled, such as high-speed airflow disturbances, structure vibrations and vibrations in flexible wire
ropes. Furthermore, there are model errors in force modeling due to the Coulomb friction between
two wire ropes and two moveable head sheaves in the real physical hoisting systems. To eliminate
disturbances, two types of disturbance observers (DOs) are employed: a traditional disturbance
observer (TDO) and a coupled disturbance observer (CDO), both of which are utilized to estimate
and compensate for the Coulomb friction and coupled disturbances online. As a result, a nonlinear
backstepping control scheme is presented with estimation values from the TDO and the CDO. The
experiment’s results demonstrate the effectiveness of the proposed control methodology.

Keywords: wire rope tension control; disturbance observer; backstepping

1. Introduction

Hoisting systems are common wire rope transmission systems that have been widely
used in a variety of applications, such as high-speed elevators [1], mine hoisting [2,3],
large-scale offshore platforms [4], crawler cranes [5] and so on. Wire ropes are the unique
transmission carrier in hoisting systems. It is critical to understand how to guarantee
load mass balance in order to reduce the wear and tear of wire ropes, which will prolong
the service life of the wire ropes. Both passive and active coordination systems (ACSs)
can balance the load mass [2] in wire ropes. To coordinate the wire ropes’ tension, most
hoisting systems employ passive devices such as a dancer arm, a hysteresis brake, or two
suspended hydraulic cylinders with a communication vessel [2,6]. However, as the hoisting
velocity increases, these passive devices are no longer adequate for quick response to multi-
wire ropes’ tensions [6,7]. The ACS, on the other hand, is faster and more efficient than
passive coordination systems [3]. Additionally, the ACS, combining some active control
methodologies, can ensure load balance among multi-wire ropes [8], thereby extending the
service life of wire ropes and reducing wire rope vibrations [9].

Without the ACS model, a proportional-integral (PI) controller can coordinate wire
rope tensions [10]. However, the PI controller’s performance is never satisfactory. For
instance, in Refs. [2,8], PI controllers are conducted on electro-hydraulic servo systems to
actively coordinate two wire rope tensions. However, tension differences between two
wire ropes are bigger than the model-based control schemes. Therefore, many model-based
controllers are meant to produce higher performance by developing the ACS model. Adap-
tive controllers [11–13], robust controllers [14–16], and sliding mode controllers [17–20] are
among the approaches developed. Adaptive controllers employ online parameter update
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approaches or neural network-based adaptive techniques to derive the projection mapping
between the adaptive law and some state variables. Robust controllers are designed using
MATLAB or other comparable software with linear matrix inequation tools to make them
robust to lumped system uncertainties, including disturbances and parameter uncertainties.
Sliding mode controllers can be created by employing different sliding mode surfaces to
achieve various control goals. All of these controllers are capable of coordinating wire rope
tensions. Backstepping controllers (BCs) can be developed by dividing a system state space
model into several subsystems, enabling virtual control laws and the real control law to be
derived if proper Lyapunov functions are defined according to control goals [21–24]. Since
backstepping techniques deeply analyze the system model, controllers based on backstep-
ping techniques exhibit better performance than the controllers mentioned previously.

However, hoisting systems are mostly employed in challenging environments, many
of which will provide complicated disturbances such as high-speed airflow disturbances,
structural vibrations, and vibrations in flexible wire ropes, all of which result in difficulties
for control performance. Disturbance observers (DOs) are effective tools for dealing with
disturbances [25,26], as evidenced by types of DOs such as extended DOs [27], high-gain
DOs [21], sliding mode DOs [28,29] and traditional disturbance observers (TDOs) [30–32].
What’s more, estimation values from these DOs can be employed in controllers including
sliding mode controllers [33–35] and backstepping controllers [24,36] to achieve better
performance. However, if a system in severe environments has n actuators (n ≥ 2), coupled
disturbances will be broadcast throughout a mechanical network of n actuators, which will
amplify the effect of coupled disturbances. DOs mentioned above are unsatisfactory to
cope with coupled disturbances. As a result, Guo [37] addressed the CDO for multi-electro-
hydraulic actuator systems and provided an excellent solution for coupled disturbance
suppression. Combining the estimation value of the CDO, backstepping controllers can be
derived.

Inspired by the above research, a new model and control approach is proposed for ten-
sion coordination of the ACS to achieve noncoupled and coupled disturbances suppression.
The main contributions of the paper can be summarized as:

(1) A differentiable tension model suited for nonlinear control is developed by taking the
force model errors into account. By considering coupled disturbances in two hydraulic
actuators, a differentiable speed model representing the transmission properties of
coupled disturbances is established. Finally, a novel model for the ACS is derived by
considering the noncoupled and coupled disturbances.

(2) To mitigate the detrimental impact of noncoupled and coupled disturbances, a TDO
and a CDO are proposed to estimate the nonlinear mapping element of the model and
compensate for nonlinear uncertainty, resulting in a smaller tension difference.

(3) To combine the TDO and the CDO with the backstepping controller, the tension
derivative is chosen as the ACS’s state variable to release the displacement term. To
demonstrate the stability of the proposed control method, proper Lyapunov functions
are developed.

(4) To verify the proposed control methodology, a series of experimental studies are
conducted on the experimental test rig. Comparative experimental results show that
the proposed controller exhibits a better performance than a CDO based BC, a TDO
based BC, a BC, or a conventional PI controller.

The remainder of the paper is structured as follows. Problem formulation and pre-
liminaries are addressed in Section 2. The MDOBC is presented in Section 3. Section 4
compares some experimental results. Section 5 summarizes the primary conclusion.

2. Problem Formulation and Preliminaries

As shown in Figure 1, 1 and 2 denote the corresponding active coordination mechanism
including the No. 1 hydraulic cylinder (N1HC), the No. 2 hydraulic cylinder (N2HC), and
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the No. i moveable head sheave, and the No. i wire rope. The force Fxi is the resultant force
of the tension from the vertical side (Fzi) and the tension from the catenary side (Ffi + Fzi).

Fxi = Fzi +
(

Fzi + Ff i

)
sin γi, i = 1, 2. (1)

where, γi is the angle between the catenary wire rope and the upper plane and γi ∈ [0, π/2]
and Fxi is the force of the No. i hydraulic cylinder. Fzi is the No. i wire rope tension.
According to Hooke’s law [38],

Fxi = k f xpi − k f xp f i (2)

where, kf is the stiffness, xpi is the displacement of the No. i hydraulic cylinder, xpfi is the
displacement of the No. i movable head sheave. The time derivative of Equation (1) yields

.
Fzi = k f

( .
xpi −

.
xp f i

)
/(1 + sin γi) + ∆i (3)

where, ∆i = −
.
F f i sin γi/(1 + sin γi). If one considers the force balance in two hydraulic

cylinders, one can derive the following equation.

ApPLi − Fzi(1 + sin γi) = mi
..
xpi + Bpi

.
xpi + midhi (4)

where, Ap is the effective area, PLi = pi1 − pi2 is the load pressure, mi is the load mass, Bpi is
the damping coefficient, dh1 = (Ff1sinγ1 + Fg1)/m1 + d12, dh2 = (Ff2sinγ2 + Fg2)/m2 + d21, dhi
is the total disturbance and d12 and d21 are the coupled disturbances. The load flow QLi
yields

QLi = Ap
.
xpi + Vti

.
PLi/4βe + CtliPLi (5)

where, Ctli is the total leakage coefficient and Vti is the total volume. Generally, the load
flow QLi = (Q1i + Q2i)/2 is controlled by the spool displacement xvi of the corresponding
servo valve; therefore,

QLi = Cdwxvi

√(
ps − sign(xvi)PLi

)
/ρo. (6)

where, Cd is the discharge coefficient, w is the throttle area gradient, ρo is the density of the
supply oil and ps is the supply pressure. According to Ref. [24], the control voltage for the
servo valve yields

uLi =
√

∆pr/
(

ps − sign(QLi)PLi
)
umaxQLi/Qr. (7)

where, uLi is the control voltage, Qr is the rated flow under the rated load pressure ∆pr

and umax is the max control voltage. Defining the state variable as xi = [xi1, xi2, xi3]
T =

[Fzi,
.
xpi, PLi]

T , the system state representation yields
.
xi1 = θixi2 − θi

.
xp f i + ∆i.

xi2 = θi1xi3 − θi2xi2 − θi3xi1 + dhi.
xi3 = −θi4xi2 − θi5xi3 + θi6QLi

. (8)

where, θi = kf/(1 + sinγi), θi1 = Ap/mi, θi2 = Bpi/mi, θi3 = 1/mi, θi4 = 4Apβe/Vti, θi5 =
4Ctliβe/Vti, θi6 = 4βe/Vti.
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Figure 1. Schematic diagram of the ACS. 
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are specially considered in the model. The noncoupled disturbances mainly exist in the differentia-
ble force model. 2) Coupled disturbances in the ACS are formulated in the differentiable speed model 
(4), which indicates that disturbances are delivered through vibrations in mechanical structures. 
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Assumption 1. Wire rope tensions Fzi and, its time derivatives
.
Fzi,

..
Fzi and

...
Fzi are all bounded.

Assumption 2. Disturbances ∆i, dhi and their first order time derivatives
.
∆i and

.
dhi are varying

slowly and bounded, i.e.,
.
∆i ≈ 0,

.
dhi ≈ 0, |∆i| ≤ ϑi, |dhi| ≤ ςi,

∣∣∣ .
∆i

∣∣∣ ≤ νi and
∣∣∣ .
dhi

∣∣∣ ≤ υi.

Remark 1. In this section, we describe a new model for the ACS of the hoisting system. (1) As
shown in Equation (3), a differentiable tension model is established by choosing the tension derivative
as one of the ACS’s state variables. Moreover, the Coulomb friction and coupled disturbances are
specially considered in the model. The noncoupled disturbances mainly exist in the differentiable
force model. (2) Coupled disturbances in the ACS are formulated in the differentiable speed model
(4), which indicates that disturbances are delivered through vibrations in mechanical structures.
With the state-space model of the ACS, the TDO, the CDO as well as the MDOBC will be developed
in the next section.

3. Controller Design
3.1. Development of the TDO

Consider the following disturbance observer{
∆̂i = ξi + p(xi1, xi2).
ξ i = − 1

λi
[ξi + p(xi1, xi2)] +

1
λi

(
−θixi2 + θix f pi

) (9)

where, p(xi1, xi2) is a function that needs to be designed, λi is the control gain, ξi is
an auxiliary variable. In order to make the TDO stable, the function p(xi1, xi2) and the
control gain λi should satisfy

.
xi1/λi =

.
p(xi1, xi2) [39,40]. Define the estimation error as

∆̃i = ∆̂i − ∆i. The estimation error dynamics yields

.
∆̃i =

.
∆̂i −

.
∆i =

.
ξ i +

.
p(xi1, xi2)−

.
∆i

= − 1
λi
[ξi + p(xi1, xi2)] +

1
λi

(
−θixi2 + θix f pi

)
+ 1

λi

.
xi1 − 0

= − 1
λi
[ξi + p(xi1, xi2)] +

1
λi

( .
xi1 − θixi2 + θix f pi

)
= − 1

λi
∆̂i +

1
λi

∆i = − 1
λi

∆̃i

. (10)

Therefore, the function p(xi1, xi2) can be designed as

p(xi1, xi2) =
1
λi

xi1, i = 1, 2. (11)
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With the result of Equation (11), the TDO for the ACS yields{
∆̂i = ξi +

1
λi

xi1
.
ξ i = − 1

λi

[
ξi +

1
λi

xi1

]
+ 1

λi

(
−θixi2 + θix f pi

) . (12)

The stability proof for the TDO is presented in Appendix A.

Remark 2. As is shown in Equations (3), (4) and (8), disturbances deriving from the Coulomb
friction mainly appear in the first-order and second-order equations of the state space model. The
section presents a TDO for estimating the disturbances in the first-order equation. The disturbances
in the second-order equation will be estimated by the CDO in the next section.

3.2. Development of the CDO

The CDO for the ACS can be presented as [37][
d̂h1 d̂h2

]T
= A

[
x12 − x̂12 x22 − x̂22

]T . (13)

where, d̂hi is the estimation value of dhi, x̂i2 is the estimation value of xi2, A is the control
gain matrix of the CDO, A = [kd11, kd12; kd21, kd22] and, kd12 and kd21 are decoupling terms.
Note that A is a Hurwitz matrix and that it is dominated by its diagonal elements. Actually,
x̂i2 are estimation values of xi2 with the compensation from the CDO.

[ .
x̂12.
x̂22

]
=

[
−θ13 θ11 −θ12 0 0 0

0 0 0 −θ23 θ21 −θ22

]


x11 0
x12 0
x13 0
0 x21
0 x22
0 x23

+

[
d̂h1
d̂h2

]
(14)

The dynamics of the estimation value d̂hi yield[ .
d̂h1

.
d̂h2

]T
= A

[
.
x12 −

.
x̂12

.
x22 −

.
x̂22

]T
. (15)

The estimation error dynamics of the CDO yield

.

d̃hi = −kdi1d̃h1 − · · · − kdii d̃hi +
.
dhi. (16)

The stability analysis of the CDO is presented in Appendix A.

Remark 3. It can be seen that the coupled disturbances mainly derive from the Coulomb friction
force and the external load force. By adjusting diagonal terms kd11 and kd22 in A, the noncoupled
disturbances in the differentiable speed model can be compensated. What’s more, the coupled
disturbances can be estimated simultaneously by the decoupling terms kd11 and kd22 in A. With the
estimation values from the CDO, both noncoupled and coupled disturbances can be compensated in
the following controller.

3.3. Development of the MDOBC

Based on the state representation, the system tracking error can be presented as

e = [ei1, ei2, ei3], ei1 = xi1 − xir, ei2 = xi2 − αi1, ei3 = xi3 − αi2, i = 1, 2. (17)



Actuators 2022, 11, 321 6 of 20

where, ei1 is the two-wire rope tension tracking errors, ei2 is the two displacement velocity
tracking errors, ei3 is the two load pressure tracking errors and αi1 and αi2, i = 1, 2. are the
virtual control laws.

Theorem. Considering the system state representation (8) and estimation values ∆̂i and d̂hi from
the TDO and the CDO, there exists the following control law (18), which will guarantee that the
system tracking error e enters into a bounded hypersphere ball Hr, ∀t > 0.

αi1 =
(
−ki1ei1 + θi

.
xp f i − ∆̂i +

.
xir

)
/θi

αi2 =
(
−ki2ei2 − θiei1 + θi2xi2 + θi3xi1 − d̂hi +

.
αi1

)
/θi1

QLi =
(
−ki3ei3 − θi1ei2 + θi4xi2 + θi5xi3 +

.
αi2
)
/θi6

, i = 1, 2. (18)

where the hypersphere ball Hr can be presented as

Hr = −
2
∑

i=1
ki1

(
ei1 −

1
2ki1

∆̃i

)2
−

2
∑

i=1

(
1
λi
− 1

4ki1

)
∆̃2

i

−
2
∑

i=1
ki3e2

i3 −
2
∑

i=1
ki2

(
ei2 +

1
2ki2

d̃hi

)2
−

2
∑

i=1
δi

[
d̃hi +

1
2δi

.
dhi

]2
+

2
∑

i=1

υ2
i

4δi

, i = 1, 2. (19)

where, δi = kdii − 1/4ki2. Therefore, if the control gains are properly selected as kij > 0
(i = 1, 2., j = 1, 2, 3.), kdii > 1/4ki2 and 1/λi > 1/4ki2, the system tracking error e will enter into
a bounded hypersphere ball Hr, ∀t > 0, and holds in Hr, ∀t > t0. The closed-loop is bounded stable.

Proof. The N1HC backstepping iteration. Step 1-1: If the force dynamics in (8) and
∆̃1 = ∆̂1 − ∆1 are substituted into

.
e11 =

.
x11 −

.
x1r, the derivative

.
e11 yields

.
e11 = θ1x12 − θ1

.
xp f 1 + ∆̂1 − ∆̃1 −

.
x1r. (20)

Define a Lyapunov function as χ11 = e2
11/2 + ∆̃2

1/2. With e12 = x12 − α11 in (17), one
can derive x12 = e12 + α11.The derivative

.
χ11 can be presented as

.
χ11 = e11

.
e11 + ∆̃1

.
∆̃1

= e11

(
θ1x12 − θ1

.
xp f 1 + ∆̂1 − ∆̃1 −

.
x1r

)
+ ∆̃1

.
∆̃1

= e11

(
θ1e12 + θ1α11 − θ1

.
xp f 1 + ∆̂1 − ∆̃1 −

.
x1r

)
+ ∆̃1

.
∆̃1

. (21)

If the virtual control law α11 in (18) is substituted into (20), one can derive the following
equation:

.
χ11 = −k11e2

11 + θ1e11e12 − e11∆̃1 − ∆̃2
1/λ1. (22)

Step 1-2: It can be seen that
.
χ11 (22) contains a cross-multiplying term θ1e11e12; there-

fore, in order to eliminate it, define a Lyapunov function as

χ12 = χ11 + e2
12/2 + d̃2

h1/2. (23)

If the speed dynamics in (8) and dh1 = d̂h1 − d̃h1 are substituted into
.
e12 =

.
x12 −

.
α11,

the derivative
.
e12 yields

.
e12 = θ11x13 − θ12x12 − θ13x11 + d̂h1 − d̃h1 −

.
α11. (24)

The time derivative of χ12 yields

.
χ12 =

.
χ11 + e12

.
e12 + d̃h1

.

d̃h1. (25)
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If e13 = x13 − α12 in (17),
.
χ11 in (22) and

.

d̃hi in (16) are substituted into (25),
.
χ12 can be

further presented as

.
χ12 = −k11e2

11 − ∆̃2
1/λ1 + θ1e11e12 + e11∆̃1

+e12

(
θ11α12 + θ11e13 − θ12x12 − θ13x11 + d̂h1 − d̃h1 −

.
α11

)
−kd11d̃2

h1 − kd12d̃h1d̃h2 + d̃h1

.
dh1

. (26)

If the virtual control law α12 in (17) is substituted into
.
χ12, one can derive the following

equation.
.
χ12 = −k11e2

11 − ∆̃2
1/λ1 + θ11e12e13 − k12e2

12 − e12d̃h1

+e11∆̃1 − kd11d̃2
h1 − kd12d̃h1d̃h2 − d̃h1

.
dh1

. (27)

Step 1-3: The cross-multiplying term θ11e12e13 in
.
χ12 (27) can be eliminated by defining

a Lyapunov function as
χ13 = χ12 + e2

13/2. (28)

With the load pressure dynamics in (8) and e13 = x13 − α12 in (17), the time derivative
of e13 can be presented as

.
e13 = −θ14x22 − θ15x23 + θ16QL1 −

.
α12. (29)

Therefore, the derivative
.
χ13 yields

.
χ13 =

.
χ12 + e13

.
e13

= −k11e2
11 − ∆̃2

1/λ1 + e11∆̃1 + θ11e12e13 − k12e2
12

−e12d̃h1 − kd11d̃2
h1 − kd12d̃h1d̃h2 − d̃h1

.
dh1 + e13

(
−θ14x22 − θ15x23 + θ16QL1 −

.
α12
) . (30)

With the real control law QL1 in (18),
.
χ13 can be rewritten as

.
χ13 = −k11e2

11 − ∆̃2
1/λ1 + e11∆̃1 − k12e2

12 − e12d̃h1 − kd11d̃2
h1 − k13e2

13 − kd12d̃h1d̃h2 + d̃h1

.
dh1

= −k11

(
e2

11 −
e11∆̃1

k11

)
− ∆̃2

1
λ1
− k12

(
e2

12 +
e12 d̃h1

k12

)
− kd11d̃2

h1 − d̃h1

.
dh1 − k13e2

13 − kd12d̃h1d̃h2

= −k11

(
e11 −

1
2k11

∆̃1

)2
− ∆̃2

1
λ1

+ 1
4k11

∆̃2
1 − k12

(
e12 +

d̃h1
2k12

)2

+
d̃2

h1
4k12
− kd11d̃2

h1 + d̃h1

.
dh1 − k13e2

13 − kd12d̃h1d̃h2

= −k11

(
e11 −

1
2k11

∆̃1

)2
−
(

1
λ1
− 1

4k11

)
∆̃2

1 − k12

(
e12 +

d̃h1
2k12

)2

−
(

kd11 − 1
4k12

)[
d̃h1 −

1
2
(

kd11− 1
4k12

) .
dh1

]2

+ 1
4
(

kd11− 1
4k12

) .
d

2
h1 − k13e2

13 − kd12d̃h1d̃h2

= −k11

(
e11 −

1
2k11

∆̃1

)2
−
(

1
λ1
− 1

4k11

)
∆̃2

1 − k13e2
13

−k12

(
e12 +

1
2k12

d̃h1

)2
− δ1

[
d̃h1 −

1
2δ1

.
dh1

]2
+

.
d

2
h1

4δ1
− kd12d̃h1d̃h2

. (31)

Remark 4. Note that the uncertain term kd12d̃h1d̃h2 contains a disturbance d̃h2 from the N2HC.
Therefore, one can eliminate it in the following N2HC backstepping iteration.

The N2HC backstepping iteration. Step 2-1: Define the following Lyapunov function as

χ21 = e2
21/2 + ∆̃2

2/2. (32)

If the force dynamics in (8) and ∆̃2 = ∆̂2 − ∆2 are substituted into
.
e21 =

.
x21 −

.
x2r, the

derivative
.
e21 yields

.
e21 = θ2x22 − θ2

.
xp f 2 + ∆̂2 − ∆̃2 −

.
x2r. (33)
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Therefore, the derivative
.
χ21 yields

.
χ21 = e21

.
e21 + ∆̃2

.
∆̃2

= e21

(
θ2e22 + θ2α21 − θ2

.
xp f 2 + ∆̂2 − ∆̃2 −

.
x2r

)
+ ∆̃2

.
∆̃2

. (34)

With the virtual control law α21 in (18), therefore,

.
χ21 = −k21e2

21 + θ2e21e22 − e21∆̃2 − ∆̃2
2/λ2. (35)

Step 2-2: It can be seen that
.
χ21 contains a cross-multiplying term θ2e21e22. Define a

Lyapunov function as
χ22 = χ21 + e2

22/2 + d̃2
h2/2. (36)

If the speed dynamics in (8) and dh2 = d̂h2 − d̃h2 are substituted into
.
e22 =

.
x22 −

.
α21,

one can derive
.
e22 yielding

.
e22 = θ21x23 − θ22x22 − θ23x21 + d̂h2 − d̃h2 −

.
α21. (37)

Further, the time derivative of χ22 yields

.
χ22 =

.
χ21 + e22

.
e22 + d̃h2

.

d̃h2

= −k21e2
21 − ∆̃2

h2/λ2 + θ2e21e22 + e21∆̃2 − kd22d̃2
h2 + d̃h2

.
dh2 − kd21d̃h1d̃h2

+e22

(
θ21α22 + θ21e23 − θ22x22 − θ23x21 + d̂h2 − d̃h2 −

.
α21

) . (38)

With the virtual control law α22 in (18),
.
χ22 yields

.
χ22 = −k21e2

21 − ∆̃2
2/λ2 + θ21e22e23 − e22d̃h2 + e21∆̃2 − kd21d̃h1d̃h2 − kd22d̃2

h2 + d̃h2

.
dh2. (39)

Step 2-3: It can be seen that
.
χ22 still contains θ21e22e23; therefore, define the following

Lyapunov function as
χ23 = χ22 + e2

23/2. (40)

If the load pressure dynamics in (8) are substituted into
.
e23 =

.
x23−

.
α22, one can derive

.
e23 yielding

.
e23 = −θ24x22 − θ25x23 + θ26QL2 −

.
α22 (41)

With Equation (41), the derivative
.
χ23 yields

.
χ23 =

.
χ22 + e23

.
e23

= −k21e2
21 −

1
λ2

∆̃2
2 + θ21e22e23 − e22d̃h2 + e21∆̃2 − kd21d̃h1d̃h2 − kd22d̃2

h2 + d̃h2

.
dh2 + e23

.
e23

= −k21e2
21 − ∆̃2

2/λ2 + e21∆̃2 + θ21e22e23 − k22e2
22 − e22d̃h2 − kd22d̃2

h2
−kd21d̃h1d̃h2 + d̃h2

.
dh2 + e23

[
−θ24x22 − θ25x23 + θ26QL2 −

.
α22
] . (42)

With the real control law QL2 in (18),
.
χ23 yields
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.
χ23 = −k21e2

21 − ∆̃2
2/λ2 + e21∆̃2 − k22e2

22 − e22d̃h2 − kd22d̃2
h2 − k23e2

23 − kd21d̃h1d̃h2 + d̃h2

.
dh2

= −k21

(
e21 −

1
2k21

∆̃2

)2
+

∆̃2
2

4k21
− ∆̃2

2
λ2
− k22

(
e22 +

1
2k22

d̃h2

)2
+ 1

4k22
d̃2

h2 − kd22d̃2
h2

+d̃h2

.
dh2 − k23e2

23 − kd21d̃h1d̃h2

= −k21

(
e21 −

1
2k21

∆̃2

)2
−
(

1
λ2
− 1

4k21

)
∆̃2

2 − k22

(
e22 +

1
2k22

d̃h2

)2
−
(

kd22 − 1
4k22

)
d̃2

h2

+d̃h2

.
dh2 − k23e2

23 − kd21d̃h1d̃h2

= −k21

(
e21 −

1
2k21

∆̃2

)2
−
(

1
λ2
− 1

4k21

)
∆̃2

2 − k22

(
e22 +

1
2k22

d̃h2

)2

−
(

kd22 − 1
4k22

)[
d̃h2 −

1(
kd22− 1

4k22

) .
dh2

]2

+ 1
4
(

kd22− 1
4k22

) .
d

2
h2 − k23e2

23 − kd21d̃h1d̃h2

= −k21

(
e21 −

1
2k21

∆̃2

)2
−
(

1
λ2
− 1

4k21

)
∆̃2

2 − k23e2
23

−k22

(
e22 +

1
2k22

d̃h2

)2
− δ2

[
d̃h2 −

1
2δ2

.
dh2

]2
+

.
d

2
h2

4δ2
− kd21d̃h1d̃h2

(43)

Note that the term kd21d̃h1d̃h2 in
.
χ23 is employed to eliminate the uncertain term

kd21d̃h1d̃h2 in
.
χ13. Since the matrix A is a Hurwitz matrix, kd12 = −kd21 and

kd21d̃h1d̃h2 + kd21d̃h1d̃h2 = 0. Therefore, if the derivative
.
χ13 (30) is substituted into

.
χ23 (43),

one can obtain the following formula.

.
χ23 = −

2
∑

i=1
ki1

(
ei1 −

1
2ki1

∆̃i

)2
−

2
∑

i=1

(
1
λi
− 1

4ki1

)
∆̃2

i −
2
∑

i=1
ki3e2

i3 −
2
∑

i=1
ki2

(
ei2 +

1
2ki2

d̃hi

)2

−
2
∑

i=1
δi

[
d̃hi −

1
2δi

.
dhi

]2
+

2
∑

i=1

.
d

2
hi

4δi
−kd21d̃h1d̃h2 − kd21d̃h1d̃h2︸ ︷︷ ︸

=0

. (44)

Since the disturbances are bounded,
∣∣∣ .
dhi

∣∣∣ ≤ υi, further,

.
χ23 ≤ −

2
∑

i=1
ki1

(
ei1 −

1
2ki1

∆̃i

)2
−

2
∑

i=1

(
1
λi
− 1

4ki1

)
∆̃2

i −
2
∑

i=1
ki3e2

i3

−
2
∑

i=1
ki2

(
ei2 +

1
2ki2

d̃hi

)2
−

2
∑

i=1
δi

[
d̃hi −

1
2δi

.
dhi

]2
+

2
∑

i=1

υ2
i

4δi

. (45)

There is only one positive definite term ∑ υ2
i /4δi, i = 1, 2. in

.
χ23, and other terms in

.
χ23

are all negative definite. Therefore, if sufficient control gains are properly chosen,
.
χ23 can

be guaranteed to be negative definite and the stability of the MDOBC can be guaranteed. �

Remark 5. The proof for the MDOBC is conducted on the N1HC and the N2HC separately through
the backstepping iteration technique. By employing the backstepping iteration with proposed virtual
control laws in (18), we eliminate the cross-multiplying terms in the corresponding time derivative
of a proper Lyapunov function for each subsystem; subsequently, we derive the final Lyapunov
functions for the N1HC and the N2HC, thus the stability of the closed loop is proven with proposed
real control laws in (18). Since the coupled disturbances exist in the ACS, the term kd12d̃h1d̃h2 in
.
χ13 should be eliminated by kd21d̃h1d̃h2 in

.
χ23. Therefore, we substitute

.
χ13 into

.
χ23 to complete

the stability proof for the MDOBC.

Remark 6. Since there are two Coulomb friction forces between two wire ropes and two moveable
head sheaves, and the coupled disturbances will degrade the performance of the ACS, a TDO and a
CDO are consequently designed to make online estimates of the disturbances and compensate for
them. With those estimation values, a MDOBC is designed to coordinate two wire rope tensions.
The coupled elements in the time derivative of

.
χ23 are eliminated since the CDO control gain matrix

A is a Hurwitz matrix.
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Remak 7. According to Assumption 2, disturbances dhi vary slowly. Therefore, υi should be a
bounded small value, which indicates that other negative terms can hold

.
χ23 ≤ 0. To summarize the

above statement, the MDOBC is stable.

4. Comparative Experimental Study
4.1. The Experimental Test Rig

Figure 2 presents the hoisting system’s experimental test rig. No. 1 and No. 2 denote
the No. 1 and the No. 2 wire ropes, as well as their corresponding movable head sheaves,
hydraulic cylinders, and winding drums. The mechanical construction is welded on the
lower platform. The conveyance with four ears will be hoisted or lowered through four
flexible guides, the two ends of which are fastened to the lower and the upper platforms,
respectively. Two drums are secured to the upper platform by several screw bolts. Two
hydraulic cylinders are positioned vertically so that they can push or pull two movable
head sheaves in two stiff guide rails up or down. As a result, the tensions of the two wire
ropes will be coordinated to reduce the tension difference. Two winding drums will hoist
or lower the conveyance in accordance with the reference six-stage hoisting velocity, which
forms a closed-loop with two corresponding encoders. Table 1 shows the key structural
parameters of the experimental test rig. The key hydraulic parameters are presented in
Table 2.

Actuators 2022, 11, x FOR PEER REVIEW 11 of 20 
 

 

structural parameters of the experimental test rig. The key hydraulic parameters are pre-
sented in Table 2. 

The pump station

The conveyance

The flexible 
guinds

Moveable head 
sheave

Hydraulic cylinder

The force sensor

The displacement 
sensor

The winding 
drum

The encoder

The proportional 
valve

The force sensor

Num. 1 Num. 2

The lower platform

The upper platform

ears

 
Figure 2. The experimental test rig. 

Table 1. Key structural parameters of the hoisting system. 

Parameters Values Parameters Values 
Hoisting height 4.5 m Width 3.4 m 
Whole height 7 m Length 4.4 m 

Diameter of head sheave 0.5 m Dimensions of the conveyance 0.375 × 0.375 × 0.125 m 
Hoisting weight 200 Kg Diameter of two winding drum 0.4 m 

Table 2. Key hydraulic parameters of the hoisting system. 

Parameters Values/Unit Parameters Values/Unit 
Ap 1.88 × 10−3/m2 Vti 0.38 × 10−3 m3 
mi 110/Kg umax 10 V 
ΔPr 21 MPa Ps 15 × 106 Pa 
Bpi 25,000 N/(m/s) Qr 30 L/min 
Ctli 6.9 × 10−13 m3/s/Pa βe 6.9 × 108 Pa 

Figure 3 presents the real control system. The basic hardware of the real control sys-
tem mainly consists of a host computer, a target computer, a signal conditioning system, 
and a sensor measurement system. Control algorithms written in Simulink will be con-
verted into Visual C language and then delivered to the target computer through the In-
ternet with the xPC Target fast prototyping technology. During the hoisting or the lower-
ing stage, the PCI-1716 board will acquire two tension signals, two displacement signals, 
and four load pressure signals, which will be optimized by the signal conditioning system 
from 4–20 mA to 2–10 V. Two control signals for two proportional valves and two electro-
hydraulic servo valves will be transformed from ±10 V to ±40 mA by the signal condition-
ing system and then conducted on two winding drums and two hydraulic cylinders. The 
sampling time of the real-time control system is 1 ms. 

Figure 2. The experimental test rig.
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Diameter of head sheave 0.5 m Dimensions of the conveyance 0.375 × 0.375 × 0.125 m
Hoisting weight 200 Kg Diameter of two winding drum 0.4 m
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Table 2. Key hydraulic parameters of the hoisting system.

Parameters Values/Unit Parameters Values/Unit

Ap 1.88 × 10−3/m2 Vti 0.38 × 10−3 m3

mi 110/Kg umax 10 V
∆Pr 21 MPa Ps 15 × 106 Pa
Bpi 25,000 N/(m/s) Qr 30 L/min
Ctli 6.9 × 10−13 m3/s/Pa βe 6.9 × 108 Pa

Figure 3 presents the real control system. The basic hardware of the real control system
mainly consists of a host computer, a target computer, a signal conditioning system, and
a sensor measurement system. Control algorithms written in Simulink will be converted
into Visual C language and then delivered to the target computer through the Internet with
the xPC Target fast prototyping technology. During the hoisting or the lowering stage, the
PCI-1716 board will acquire two tension signals, two displacement signals, and four load
pressure signals, which will be optimized by the signal conditioning system from 4–20 mA
to 2–10 V. Two control signals for two proportional valves and two electro-hydraulic servo
valves will be transformed from ±10 V to ±40 mA by the signal conditioning system and
then conducted on two winding drums and two hydraulic cylinders. The sampling time of
the real-time control system is 1 ms.
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4.2. Comparative Experimental Results

In the experimental study, a six-stage hoisting velocity signal in Figure 4 is employed
and a [m/s2] denotes the acceleration in the hoisting phase or the lowering phase. The
following six cases are considered. Note that all figures present two wire rope tensions
with the black line denoting the No. 1 wire rope tension and the red line denoting the
No. 2 wire rope tension.

i. No controller: Without any A controller, wire rope tensions are presented in Figure 5.
ii. The PI controller: The PI controller can be expressed as uLi = Kpi × e + KIiΣe. e

denotes the tension tracking error. Control gains are selected as Kpi = 0.012 and
KIi = 0.05. The experimental results are presented in Figure 6;

iii. The BC: With estimation values from the TDO and the CDO being defined as zero,
the BC controller is conducted on the ACS. Control gains are selected as ki1 = 3000,
ki2 = 1000, ki3 = 1200. The experimental results are presented in Figure 7;

iv. The TDO based BC: With estimation values from the CDO are defined as zeros,
the TDO based BC is conducted on the ACS. Control gains are selected as λi = 0.1,
ki1 = 3000, ki2 = 1000, ki3 = 1200. Figure 8 presents the experimental results;

v. The CDO based BC: With estimation values from the TDO are defined as zeros, the
CDO based BC is conducted on the ACS. Control gains are selected as kd11 = 20,



Actuators 2022, 11, 321 12 of 20

kd12 = 0.1, kd21 = 0.1, kd22 = 20, ki1 = 3000, ki2 = 1000, ki3 = 1200. The experimental
results are presented in Figure 9;

vi. The MDOBC: With the state representation, the MDOBC is designed and conducted
on the ACS. Control gains are selected as λi = 0.1, kd11 = 20, kd12 = 0.1, kd21 = 0.1,
kd22 = 20, ki1 = 3000, ki2 = 1000, ki3 = 1200. The corresponding experimental results
are presented in Figure 10.
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Figure 4. The six-stage velocity hoisting signal.

Actuators 2022, 11, x FOR PEER REVIEW 12 of 20 
 

 

The target computer
xPC target real-time 

control system

xPC Target
Fast protype

The host computer

Matlab/Simulink
program

Two driven signals

The ACS

 two displacement signals
Two tension signals
Two pulse signals

 Four pressure signals

Signal conditioning system

PCI-1716

-40~40mA

PCI

2~10V

4~20mA

ISA 
ACL-6126

-10~10V

PCI-1784
PCI 

Internet

 
Figure 3. The real control system of the hoisting system. 

4.2. Comparative Experimental Results 
In the experimental study, a six-stage hoisting velocity signal in Figure 4 is employed 

and a [m/s2] denotes the acceleration in the hoisting phase or the lowering phase. The 
following six cases are considered. Note that all figures present two wire rope tensions 
with the black line denoting the No. 1 wire rope tension and the red line denoting the No. 
2 wire rope tension. 
i. No controller: Without any A controller, wire rope tensions are presented in Figure 

5. 
ii. The PI controller: The PI controller can be expressed as uLi = Kpi×e + KIiΣe. e denotes 

the tension tracking error. Control gains are selected as Kpi = 0.012 and KIi = 0.05. The 
experimental results are presented in Figure 6; 

iii. The BC: With estimation values from the TDO and the CDO being defined as zero, 
the BC controller is conducted on the ACS. Control gains are selected as ki1 = 3000, ki2 
= 1000, ki3 = 1200. The experimental results are presented in Figure 7; 

iv. The TDO based BC: With estimation values from the CDO are defined as zeros, the 
TDO based BC is conducted on the ACS. Control gains are selected as λi = 0.1, ki1 = 
3000, ki2 = 1000, ki3 = 1200. Figure 8 presents the experimental results; 

v. The CDO based BC: With estimation values from the TDO are defined as zeros, the 
CDO based BC is conducted on the ACS. Control gains are selected as kd11 = 20, kd12 = 
0.1, kd21 = 0.1, kd22 = 20, ki1 = 3000, ki2 = 1000, ki3 = 1200. The experimental results are 
presented in Figure 9; 

 
Figure 4. The six-stage velocity hoisting signal. 

 
(a) 

0 0.5 1 1.5 2 2.5 3

x 10
4

-0.5

0

0.5

t / ms

vo
le

ci
ty

  /
 m

/s

a=0.5
a=0.25

a=-0.5
a=-0.5

a=-0.25 a=-0.5hoisting phase a=0.5
a=0.5

lowering phase

stopping phase

0.5 1 1.5 2 2.5

x 10
4

800
1000
1200

t / ms

 

 

Te
ns

io
n 

/ N

Actuators 2022, 11, x FOR PEER REVIEW 13 of 20 
 

 

 
(b) 

Figure 5. Two wire rope tensions without any A controller: (a) two wire rope tensions; (b) the ten-
sion difference. 

 
(a) 

 
(b) 

Figure 6. Two wire rope tensions with the PI controller: (a) two wire rope tensions; (b) the tension 
difference. 

 
(a) 

 
(b) 

Figure 7. Two wire rope tensions with the BC controller: (a) two wire rope tensions; (b) the tension 
difference. 

 
(a) 

0.5 1 1.5 2 2.5

x 10
4

-400
-200

0
200

t / ms

Te
ns

io
n

di
ff

er
en

ce
 / 

N

-417.9225 N

0.5 1 1.5 2 2.5

x 10
4

900
1000
1100

Te
ns

io
in

 / 
N

6000 7000 8000 9000 10000 11000
90010001100

2.1 2.2 2.3 2.4 2.5 2.6
900

1000

0.5 1 1.5 2 2.5

x 10
4

-200
0

200

t / ms

Te
ns

io
n

di
ff

er
en

ce
 / 

N

-252.2123 N

0.5 1 1.5 2 2.5

x 10
4

800
1000
1200

Te
ns

io
n 

/ N 5000 6000 7000 8000 9000 10000
95010001050

2 2.1 2.2 2.3 2.4 2.5
95010001050

0.5 1 1.5 2 2.5

x 10
4

-200

0

200

t / ms

Te
ns

io
n

di
ff

er
en

ce
 / 

N

240.6131 N

0.5 1 1.5 2 2.5

x 10
4

800

1000

Te
ns

io
n 

/ N 2000 3000 4000 5000 6000 7000 8000
9001000

1100

1.75 1.8 1.85 1.9 1.95 2 2.05 2.1 2.15 2.2 2.25
950

1000

Figure 5. Two wire rope tensions without any A controller: (a) two wire rope tensions; (b) the tension
difference.
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Figure 6. Two wire rope tensions with the PI controller: (a) two wire rope tensions; (b) the tension
difference.
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Figure 7. Two wire rope tensions with the BC controller: (a) two wire rope tensions; (b) the tension
difference.
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Figure 8. Two wire rope tensions with the TDO based BC controller: (a) two wire rope tensions;
(b) the tension difference; (c) the estimation values of ∆1; and (d) the estimation values of ∆2.
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Figure 9. Two wire rope tensions with the CDO based BC controller: (a) two wire rope tensions;
(b) the tension difference; (c) the estimation values of dh1; (d) the estimation values of dh2.

The root mean square error (RMSE), employed to illustrate the performance of six
controllers, yields

RMSE =

√
n

∑
i
(Rin,i − Rout,i)

2/n. (46)

where Rin,i denotes the reference signal, Rout,i denotes the feedback signal from the dis-
placement sensor, and n denotes the length of the signal. The RMSE results are presented
in Table 3.

Table 3. The peak error and the RMSE.

Controllers Peak Error/N RMSE/N

Without any A controller 417.9225 106.5372
The PI controller 252.2123 38.1489
The BC 240.6131 37.5700
The TDO based BC 219.3711 32.7556
The CDO based BC 208.1213 30.7174
The proposed controller 190.2951 28.2601
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Figure 10. Two wire rope tensions with the proposed controller: (a) two wire rope tensions; (b) the
tension difference; (c) the estimation values of ∆1; (d) the estimation values of ∆2; (e) the estimation
values of dh1; and (f) the estimation values of dh2.

As illustrated in Figure 5, without any A controller, the tension difference gradually
increases in the hoisting stage, then approaches a predetermined value in the stopping
stage, and then gradually decreases in the lowering stage. It is obvious that if no controller
is utilized, the tension difference is significant. According to Figure 6, when the PI controller
is employed, two wire rope tensions are essentially constant; nevertheless, its performance
can be improved. Figure 7 presents two tensions of the BC. The vibrations of two wire
ropes are decreased, and the performance is superior to that of the PI controller. Due to the
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complicated disturbances, two tensions are discordant during some time in the hoisting
stage or the lowering stage. It can be seen in Figures 8 and 9 that both the TDO based BC
and the CDO based BC improve the coordination of two wire ropes. Two tensions with
the MDOBC are presented in Figure 10. It can be concluded that the MDOBC can coordi-
nate two wire rope tensions, and the vibrations of two wire ropes are further decreased.
Table 3 shows the peak error and the RMSE. One can derive that without any a controller
(417.9225 N) > with the PI controller (252.2123 N) > with the BC (240.6131 N) > with the
TDO based BC (219.3711 N) > with the CDO based BC (208.1213 N) > with the MDOBC
(190.2951 N). The tension difference is reduced from 252.2123 N with the PI controller to
190.2951 N with the MDOBC. The load balance can be further guaranteed so that the wear
and tear of the wire ropes will be decreased. From the RMSE analysis, one can derive that
without any A controller (106.5372) > the PI controller (38.1489) > the BC (37.5700) > the
TDO based BC (32.7556) > the CDO based BC (30.7174) > the MDOBC (28.2601). The RMSE
of the tension difference is reduced from 37.5700 RMSE/N with the BC to 28.2601 RMSE/N
with the MDOBC, which indicates that both two wire rope tensions’ vibrations are reduced
and variations are more consistent. From the above, one can conclude that the performance
of the five controllers is as follows: the MDOBC > the CDO based BC > the TDO based
BC > the BC > the PI controller.

5. Conclusions

This study is primarily concerned with wire rope tension control methodology for
hoisting systems. Since Coulomb frictions between two wire ropes and two corresponding
moving head sheaves, as well as complicated coupled disturbances appear in the hoisting
system, a novel nonlinear model considering these disturbances is constructed. A TDO
and a CDO are designed to online estimate and compensate for them. As a result, a
MDOBC is designed to coordinate two wire rope tensions. Comparative experimental
results demonstrate that the proposed control methodology exhibits a better performance
than the TDO based BC, the CDO based BC, a BC, and a conventional PI controller.
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Nomenclature

γi, i = 1, 2. the angle between the catenary wire rope and the upper plane
Fxi, i = 1, 2. the force of the No. i hydraulic cylinder
Fzi, i = 1, 2. the No. i wire rope tension
kf the stiff of the force detector
xpi, i = 1, 2. the displacement of the No. i hydraulic cylinder
xpfi, i = 1, 2. the displacement of the No. i movable head sheave
∆i, i = 1, 2. the disturbance in the force dynamics
Ap the effective area of chamber
PLi, i = 1, 2. the load pressure
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mi, i = 1, 2. the load mass
Bpi, i = 1, 2. the damping coefficient
dhi, i = 1, 2. the total disturbance in the speed dynamics
d12, d21 the coupled disturbances
QLi, i = 1, 2. the load flow from the valve to the actuator chambers
Ctli, i = 1, 2. the total leakage coefficient
Vti, i = 1, 2. the total volume
xvi, i = 1, 2. the spool displacement of servo valves
Cd the discharge coefficient of servo valves
w the throttle area gradient of servo valves
ρo the density of the supply oil
ps the supply pressure
uLi the control voltage of servo valves
Qr the rated flow under the rated load pressure ∆pr
umax the maximum control voltage
xi = [xi1, xi2, xi3]

T , i = 1, 2. the state variables
θi, i = 1, 2. kf/(1 + sinγi)
θi1, i = 1, 2. Ap/mi
θi2, i = 1, 2. Bpi/mi
θi3, i = 1, 2. 1/mi
θi4, i = 1, 2. 4Apβe/Vti
θi5, i = 1, 2. 4Ctliβe/Vti
θi6, i = 1, 2. 4βe/Vti
ϑi, i = 1, 2. the maximum bounded value of |∆i|
ςi, i = 1, 2. the maximum bounded value of |dhi|
νi, i = 1, 2. the maximum bounded value of

∣∣∣ .
∆i

∣∣∣
υi, i = 1, 2. the maximum bounded value of

∣∣∣ .
dhi

∣∣∣
∆̂i, i = 1, 2. the estimation of ∆i
∆̃i, i = 1, 2. the estimation error
ξi, i = 1, 2. an auxiliary variable
p(xi1, xi2), i = 1, 2. a function that needs to be designed
λi, i = 1, 2. the control gain of the TDO
.
∆̃i, i = 1, 2. the estimation error dynamics
.
∆̂i, i = 1, 2. the estimation value dynamics
d̂hi, i = 1, 2. the estimation value of dhi
x̂i2, i = 1, 2. the estimation value of xi2
A = [kd11, kd12; kd21, kd22] the control gain matrix of the CDO
.
d̂hi, i = 1, 2. the dynamics of the estimation value of the CDO
.
d̃hi, i = 1, 2. the estimation error dynamics of the CDO
e = [ei1, ei2, ei3], i = 1, 2. the system tracking error matrix
ei1, i = 1, 2. two wire rope tension tracking errors
ei2, i = 1, 2. two displacement velocity tracking errors
ei3, i = 1, 2. two load pressure tracking errors
αi1, αi2, i = 1, 2. the virtual control laws
Hr a bounded hypersphere ball
δi kdii − 1/4ki2
χij, i = 1, 2; j = 1, 2, 3. the Lyapunov functions
.
χij, i = 1, 2; j = 1, 2, 3. the time derivative of the Lyapunov functions
Kpi, i = 1, 2. the control gains of the PI controller
KIi, i = 1, 2. the control gains of the PI controller
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Appendix A

The TDO Stability Proof. Define a Lyapunov function as

χT = ∆̃2
i /2. (A1)

and with results of Equation (10), its time derivative yields

.
χT = ∆̃i

.
∆̃i = −∆̃i∆̃i/λi = −∆̃2

i /λi. (A2)

Therefore, if the control gain λi are properly selected such that λi > 0,
.
χT ≤ 0 and then

the estimation error will converge to a bounded small value. The TDO is stable. �

The CDO Stability Proof. The estimation error dynamics of the CDO yields[ .

d̃h1

.

d̃h2

]T
= A

[
d̃h1 d̃h2

]T

︸ ︷︷ ︸
s1

−
[ .
dh1

.
dh2

]T

︸ ︷︷ ︸
s2

. (A3)

In Equation (A3), there are only two variables in the estimation error dynamics, i.e.,
.
dhi and d̃hi. Therefore, if Equation (A3) is considered as a system,

.
dhi is the input of the

system and d̃hi is the output. The time integral of Equation (A3) yields

d̃hi(t) = eAtd̃hi(0)︸ ︷︷ ︸
part 1

−
∫ t

0
eA(t−τ)

.
dhi(τ)dτ︸ ︷︷ ︸

part 2

. (A4)

where, the part 1 and the part 2 are the integral of the s1 and the s2, respectively. Since A is
a Hurwitz matrix, the part 1 is an exponential convergence term. If the initial estimation

error is defined as
∣∣∣d̃(0)∣∣∣ = √d̃2

h1(0) + d̃2
h2(0), thus,∣∣∣eAtd̃hi(0)

∣∣∣ ≤ 2σmin

(
A−1

)∣∣∣d̃(0)∣∣∣. (A5)

where, σmin(A−1) is the min value among σi(A−1). Since

0 < σmin

(
A−1

)
≤ σi

(
A−1

)
, (A6)

therefore, ∣∣∣eAtd̃hi(0)
∣∣∣ ≤ 2σi

(
A−1

)∣∣∣d̃(0)∣∣∣. (A7)

Let λhi(t) = −
∫ t

0 eA(t−τ)
.
dhi(t)dτ and define

.
dmax =

√
d2

h1max + d2
h2max; one can obtain

|λhi(t)| ≤
{∣∣∣[A−1

.
d(t)

]
i

∣∣∣+ ∣∣∣[A−1eAt
.
d(t)

]
i

∣∣∣}
≤

.
dmax

[
σi
(
A−1)+ σi

(
A−1)∣∣(eAt)

i

∣∣] ≤ .
dmax

[
σi
(
A−1)+ 2σ2

i
(
A−1)] . (A8)

Therefore, with the results of Equations (A7) and (A8),∣∣∣d̃hi(t)
∣∣∣ = ∣∣∣eAtd̃hi(0)

∣∣∣+ ∣∣∣∫ t
0 eA(t−τ)

.
dhi(t)dτ

∣∣∣
≤ 2σi

(
A−1)∣∣∣d̃(0)∣∣∣+ .

dmax
[
σi
(
A−1)+ 2σ2

i
(
A−1)]

= σi
(
A−1)[2∣∣∣d̃(0)∣∣∣+ .

dmax + 2
.
dmaxσi

(
A−1)] (A9)
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As long as the diagonal control gains kdii, i = 1, 2. In A are adjusted to be large enough
and A is dominated by its diagonal elements, singular values σi(A−1) will become small
gradually with enlarging control gains kdii, i = 1, 2. Therefore, the CDO is bounded stable. �
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