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Abstract: In the industrial automated production line, how to use the existing low-cost pneumatic
equipment to obtain the best positioning effect has become a significant engineering problem. In this
paper, a differential switching method is proposed in a pneumatic servo system consisting of four
low-cost on–off valves for more precise control and lower prices. All valves are simultaneously open
at the initial stage of each control period, and the differential closing time of the desired valves is
calculated through the theoretical models. A sliding mode controller is applied with the proposed
method, and the system stability is proven. The real-time control setup including three software
layers is proposed to implement the algorithm. Several experiments are performed on a real-time
embedded controller. Average 0.83% overshoot and 0.18 mm steady-state error are observed in the
step response experiment. The highest frequency of sine wave that can be tracked is 1 Hz, and the
average error is 1.68 mm. The maximum steady-state error is about 0.5 mm in the step response
under payloads of 5.25 kg. All the simulation and experimental results prove the effectiveness of the
control method.

Keywords: automated production line; pneumatic positioning system; on–off valve; sliding mode
control; real-time realization

1. Introduction

In the automated production line of a modern factory, it is more and more common to
use small pneumatic equipment to perform automated tasks, such as material feeding and
parts pushing [1–5]. The use of pneumatic equipment has the advantages that hydraulic
or electrical equipment is incomparable: clean energy, simple transmission loop, easy
maintenance, and so on. In traditional production lines, two types of pneumatic control
components are widely used [6,7], namely servo valves and on–off valves. Servo valves
are usually used on occasions that require high-precision positioning. Its most significant
feature is the high linearity of output flow, but the disadvantage is that it is quite expensive
and difficult to maintain. On some occasions with low positioning accuracy requirements,
on–off valves can be used as control components [8]. Although traditional on–off valves
have low price and simple structure advantages, their switching time is usually longer,
and the switching frequency is generally not higher than 200 Hz. In the past 10 years of
research and commercial products, there have been many examples of applying actuation
acceleration technology for the on–off valve. This technology dramatically reduces the
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opening and closing time of the valve by increasing the power consumption of the valve
during the opening and closing stages, thereby increasing the valve switching frequency up
to 1000 Hz, and it has appeared in some commercial products [9]. Such products generally
have acceleration circuits, or the acceleration circuits are integrated into the on–off valves.
The emergence of this high-speed on–off valve greatly increases the possibility of replacing
servo valves in industrial production line applications. The use of the high-speed on–off
valve will bring higher accuracy, but its price is actually very close to the servo valve.
Improving the control accuracy of the pneumatic position servo system while maintaining
using traditional on–off valves without the acceleration circuits is the goal of this article.

There are three aspects to improve the control accuracy of traditional on–off valves.
The first aspect is the valve modulation method. The Pulse Width Modulation (PWM) is the
most classic modulation method for on–off valves, and it has been used for more than 30
years [10,11]. The PWM method establishes an approximately linear relationship between
the duty cycle, frequency, and the average flow output of the on–off valve. However, due
to the existence of the dead zone, which represents the delayed flow output when the
on–off valve opens or closes, effective control cannot be carried out under a low duty cycle.
There are a lot of articles about improving the PWM method, including the improved
PWM method [12] and the modified differential PWM (MD-PWM) method [13], while the
fundamental problems still remain and need solving. Time Interlaced Modulation (TIM),
proposed in the author’s past research [14], is a pressure modulation method for a fixed
volume chamber. This method solves the dead zone problem to a certain extent, but it
has not been verified in the position servo system. This article will further propose a new
modulation method for position tracking applications. The second aspect is the control
algorithm, including Proportional-Integral-Derivative (PID) control, fuzzy logic control,
and sliding mode control. PID is the most common controller in industry applications [15],
and the disadvantage is that it can only be used in linear systems and has poor anti-
disturbance ability. The fuzzy logic controller requires a lot of expert knowledge or field
test results for controller design [16]. The sliding mode controller has the characteristic of
strong anti-disturbance and simple physical realization in nonlinear systems and is very
suitable for industrial pneumatic systems [17–19]. The switched controllers with three
and seven modes (SC3 and SC7) are proposed by S. Hodgson et al. in 2012 [17]. Then S.
Hodgson et al. improve SC3 and SC7 to the three-mode and seven-mode model based
controllers (MBC3 and MBC7) [18]. Among these controllers, MBC7 achieves the best
performance. The third aspect is the real-time implementation in both software design
and hardware setup. In past articles, there are many ways to realize real-time control
in the programmable logic controller (PLC) [20] or the field programmable gate array
(FPGA) [21,22] controller. The shortcomings of these articles are that there is no description
of the overall program design method and other details, including the cycle time, so it is
difficult to promote and apply in the industrial field.

For better application in industrial automated production lines, the above three aspects
are all redesigned. A new modulation method called the differential switching method is
proposed with the sliding mode controller. Three software layers are designed on an FPGA
controller to realize the real-time control. A prototype system for pneumatic positioning
of the automated production line is built and verified. The article is organized as follows:
after the introduction section, mathematical modeling of the major pneumatic components
is studied in Section 2. Then, the differential switching method and the sliding mode
controller are introduced in the next section. The simulation results are also included in
Section 3. Section 4 introduces the hardware setup and software design for the real-time
implementation. Experimental results and discussion are shown in Section 5. The final
section is the conclusion of the article.

2. Mathematical Modeling

Figure 1 shows the pneumatic positioning system on the production line. It is mainly
composed of the following components: four on–off valves which consist of the electromag-
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netic components, mechanical components, and fluid system, a double-acting single-rod
cylinder, and a sliding table with payloads. Each of the following subsections introduces
their modeling methods. The overall simulation framework is introduced at the end of
the section.
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Figure 1. Schematic diagram of the pneumatic positioning system on the production line.

2.1. Modeling of the N-MOSFET

5V/Transistor–Transistor Logic (TTL) control signals are commonly used in the embed-
ded systems which use ARM (Advanced RISC Machine) or DSP (Digital Signal Processing) as
the microcontroller unit. A power electronic converter is required to drive a high-power load
with the low voltage signal. DC SSR (Direct Current Solid State Relay), which consists of an
input circuit (TTL compatible), an optocoupler, and an output circuit using IGBT (Insulated
Gate Bipolar Transistor) or MOSFET (Metal-Oxide-Semiconductor Field-Effect Transistor), is
an efficient and reliable power electronic converter. The voltage and current relationship of
an N-MOSFET [23] is used to represent a DC SSR which uses an N-MOSFET as the output
component to simplify the model. The schematic diagram is shown in Figure 2a:

Ilo = ε

(
VDSATVDS −

1
2

V2
DS

)
(1)

where ε is the drivability factor of the MOSFET, Ilo is the load current (also the drain
current), VDS is the drain-source voltage, VDSAT = Vin −VT is the saturation drain-source
voltage, Vin is the input voltage (also the gate-source voltage), and VT is the threshold
voltage of the MOSFET.
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Figure 2. Block diagram of the major components in the on–off valve and its interaction with the N-MOSFET: (a) N-MOSFET;
(b) electromagnetic components; and (c) mechanical components and fluid system.

2.2. Modeling of the Electromagnetic Components in the On–Off Valve

The major electromagnetic components in the on–off valve are the fixed core, moving
core, and solenoid. The moving core is connected to the push pin and the spool whose
movement leads to the opening of the valve orifice. In the magnetic circuit shown in
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Figure 2b, La/2 and L f are the length of the magnetic circuit in the air gap and inside the
fixed core, respectively. If the fringing of the flux can be ignored, the total length of the
magnetic circuit Lt can be expressed as [24]:

Lt = L f + 2ν f a
La

2
= L f +

ν f

νa
La (2)

where ν f a, ν f , and νa are the relative permeability of the fixed core, the permeability of the
fixed core, and air. The following basic electromagnetic formulas should be used to obtain
the magnetic flux of the magnetic circuit:

NI = HL =
B
ν

L =
ϕL
Aν

(3)

where N is the number of the solenoid turns, I is the current through the solenoid, H
is the magnetic field intensity, L is the length of the magnetic circuit, B is the magnetic
flux density, ν is the permeability of the medium, ϕ is the magnetic flux, and A is the
cross-sectional area of the flux path. Then the magnetic flux of the magnetic circuit ϕs can
be stated as:

ϕs =
Arν f NI

Lt
=

Arνaν f NI
νaL f + ν f La

(4)

where Ar is the effective cross-sectional area of the flux path. Also, the current can be given as:

I =
L f ϕs

Arν f N
+

ν f La ϕs

Arνaν f N
(5)

In the electrical circuit, solenoid is regarded as the resistance r and inductance l. From
the basic electromagnetic equation Nϕ = l I, the magnetic flux ϕs can also be stated as:

ϕs =
l I
N

(6)

By substituting (6) into (4), the expression of the inductance l can be given by:

l =
Arνaν f N2

νaL f + ν f La
(7)

The input voltage (also the power supply output) VDSx can be rewritten by using
Kirchhoff Voltage Laws (KVL):

VDSx = rI + Vl = rI + N
.
ϕs = rI + l

.
I +

.
l I (8)

Substituting (4) and (7) into (8), the input voltage VDSx can be stated as:

VDSx = rI +
Arνaν f N2

.
I

νaL f + ν f La
−

Arνaν2
f N2

.
La I(

νaL f + ν f La

)2 (9)

2.3. Modeling of the Mechanical Components and Fluid System in the On–Off Valve

The main mechanical components are the push pin, spool, and spring. Assuming that
the moving distance of the spool is x, and the maximum moving distance is xmax. The
length of the magnetic circuit in the air gap can be rewritten as:

La

2
= xmax − x (10)
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From (9) and (10), the relationship between the current I and the moving distance of
the spool x can be derived:

.
I =

νaL f + 2ν f xmax − 2ν f x
Arνaν f N2 VDS −

(
rνaL f + 2rν f xmax − 2rν f x

Arνaν f N2 +
2ν f

.
x

νaL f + 2ν f xmax − 2ν f x

)
I (11)

Therefore, the expression of magnetic attraction force of the solenoid can be finally established:

Fm = 2
ϕ2

s
2Arva

=
Arνaν2

f N2 I2(
νaL f + 2ν f xmax − 2ν f x

)2 (12)

Another relationship between the magnetic attraction force and the moving distance
of the spool is obtained through force analysis of the mechanical components which is
shown in Figure 2c. In addition to the magnetic attraction force, the spool is also affected by
the spring force and the pressure force. The equation of motion can be stated by applying
Newton’s second law:

mj
..
x + Bjx = Fm + Fp − Fs (13)

where mj is the mass of the spool, Bj is the damping coefficient, and Fp is the force affected
by the input and output pressure of the valve. The expression of the pressure force can be
stated as:

Fp = Ad1Pin − Ad2Pout (14)

where Ad1 and Ad2 are the effective area differences of the input and output port, and Pin
and Pout are the input and output pressure of the valve. Ad2 is approximately 0 in this
study, so (14) can be written as Fp = Ad1Pin. Fs is the spring force, and its expression is
represented as:

Fs = ksx + q (15)

where ks is the spring coefficient, and q is the spring pre-tension. Substituting (14) and (15)
into (13), the equation of motion for the mechanical part can be stated as:

mj
..
x +

(
Bj + ks

)
x = Fm + Ad1Fi − q (16)

The fluid model is built by using the classic equation of the mass flow rate through an orifice:

.
m(Pin, Pout) =


CsρPin

√
T0
T , Pout

Pin
≤ Pcu

CsρPin

√√√√ T0
T −

T0
T

(
Pout
Pin
−Pcu

1−Pcu

)2

, Pout
Pin

> Pcu

(17)

where Cs is the sonic conductance, ρ is the density of air at 20 ◦C, T0 is the atmospheric
temperature, T is the air supply temperature, and Pcu is the pressure ratio which divides
the output and input pressure ratio into two areas. If the output and input pressure ra-
tio is smaller than Pcu, the flow is in the sonic regime, and the mass flow rate increases
linearly to the input pressure. When the pressure ratio is larger than Pcu, the relationship
between the mass flow rate and the pressure becomes nonlinear. This condition repre-
sents the subsonic flow. The product of Cs and ρ is called the mass flow rate constant
which is 3.4 × 10−9 kg/(Pa·s) according to P. Beater [25]. Pcu is 0.528 according to M.
Taghizadeh et al. [24].

2.4. Modeling of the Air Chambers in the Cylinder

As shown in Figure 1, valves 1 and 3 are used as the charging valves, and valves 2
and 4 are used as the discharging valves.

.
m(Ps, P1),

.
m(P1, Patm),

.
m(Ps, P2), and

.
m(P2, Patm)

represent the corresponding mass flow rate through the four valves. Vin1, Vin2, Vin3, and
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Vin4 (Vinx ∈ {0, 1} and x ∈ {1, 2, 3, 4}) are control signals of the four valves. The mass
flow rate for chambers 1 and 2 of the cylinder can be stated as:{ .

m1 = Vin1
.

m(Ps, P1)−Vin2
.

m(P1, Patm).
m2 = Vin3

.
m(Ps, P2)−Vin4

.
m(P2, Patm)

(18)

In this study, a double-acting single-rod-end cylinder is used, and the piston rod is
asymmetrical to the left and right chambers. The cylinder model consists of two parts:
air chambers and a piston. The air chamber model is built by using the ideal gas law, the
conservation of mass equation, and the energy equation [26]. In a chamber that has the
pressure Pi, volume Vi, mass mi, and temperature Ti, the ideal gas law can be stated as:

PiVi = miRiTi (19)

where i = 1 or 2 denotes indices of the left and right chambers. Three assumptions are
used: (a) the gas is perfect; (b) the gas flow process is adiabatic; and (c) the temperature
variations in two chambers and in the air supply are all negligible (T1 = T2 = T0 = T).
Substituting the energy equation and heat-transfer equation into (19), the time derivative
of pressure can be given by:

.
Pi = γ

RT
Vi

.
mi − γ

Pi
Vi

.
Vi (20)

where γ is the specific heat ratio, and R = 0.287 kJ/(kg·K) is the ideal gas constant. For
the adiabatic process, the value of γ is selected as 1.4 according to E. Richer and Y. Hur-
muzlu [26]. The origin of the piston movement is set in the middle of the cylinder. The
volume for two chambers can be represented considering the piston length 2Lp and the
piston displacement y:

Vi = Ai(Lp ± y) (21)

where Ai is the effective area of the left and right chambers. As the used cylinder is a
single-rod-end model, A1 and A2 is not equal. By incorporating (21) into (20), the time
derivative of the pressure in different chambers can be written as:

.
P1 = γRT

A1(Lp+y)

( .
m1 − A1P1

RT
.
y
)

.
P2 = γRT

A2(Lp−y)

( .
m2 +

A2P2
RT

.
y
) (22)

2.5. Modeling of the Piston in the Cylinder

Similar to (13), the system dynamics of the piston is described by applying Newton’s
second law:

mp
..
y + Bp

.
y = A1P1 − A2P2 − f + Fex (23)

where mp is the total mass of the piston and the payloads, Bp is the damping coefficient, f
is the stiction force, and Fex is the external force produced by the atmosphere acting on the
piston rod. Stiction force is ignored as an anti-stiction cylinder is used in the experiments.
The final piston model can be given by differentiating (23) and incorporating (22):

...
y = δ +

γRT
mp

( .
m1

Lp + y
−

.
m2

Lp − y

)
(24)

δ = −
Bp

mp

..
y− γ

mp

(
A1P1

Lp + y
+

A2P2

Lp − y

)
.
y (25)

2.6. Integrated Model

An integrated model is built in the MATLAB/Simulink simulation environment for
model verification and controller design. In Figure 3, the model is made up of four parts:
N-MOSFET, electromagnetic components of the on–off valve, mechanical components and
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fluid system of the on–off valve, and the cylinder. The equations used by each simulation
module are marked in Figure 3. These simulation modules are linked in the Simulink using
the MATLAB System-function (S-function). All the simulation environment setup and
system parameters are listed in Table 1.
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Table 1. System parameters.

Symbol System Parameters Value

/ Ode solver Ode-45 (Dormand–Prince)
/ Variable step 1 × 10−4 s to 2 × 10−4 s
Ps Air-supply pressure 3 × 105 Pa

Patm Atmosphere pressure 1 × 105 Pa
T Air-supply temperature 293.15 K
γ Specific heat ratio 1.4
R Ideal gas constant 0.287 kJ/(kg·K)

Cs · ρ Mass flow rate constant 3.4 × 10−9 kg/(Pa·s)
Pcu Pressure ratio 0.528
N Number of the solenoid turns 1.05 × 104

r Solenoid resistance 10 Ω
L f Length of the magnetic circuit inside the fixed core 0.1 m
v f a Relative permeability of the fixed core 110
Ar Effective cross-sectional area of the flux path 8.5 × 10−5 m2

xmax Maximum moving distance of the spool 3.2 × 10−4 m
Bj Damping coefficient of the spool 0.21 (N·s)/m
ks Spring coefficient in the valve 1 × 104 N/m
q Spring pre-tension in the valve 0.001 m

A1 and A2 Effective area of the left and right chambers 4.53 × 10−4 m2 and 4.03 × 10−4 m2

Bp Damping coefficient of the cylinder piston 46 (N·s)/m
Lp Half of the cylinder stroke 0.05 m

3. Controller Design for the Position Tracking System

For the system consisting of four on–off valves shown in Figure 1, the most commonly
used control method in previous studies is the combination of the PWM technique and
various types of controllers such as PID, fuzzy logic, and sliding mode. From the perspec-
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tive of the operating characteristics of the on–off valve, it actually has four states, namely,
half open, fully open, half closed, and fully closed. Under the action of the PWM pulse,
the valve can be fully opened as long as the PWM pulse width is greater than the opening
time of the valve. However, the valve will enter a half-open or half-closed state if the
pulse width is too small during the continuous control process. In these states, the valve
is actually out of control, and its output flow is difficult to calculate. In order to avoid
the half-open or half-closed state, there are two solutions. Firstly, the existing actuation
acceleration technology for the on–off valve which increases the driving voltage or current
during the switch can reduce the opening or closing time of the on–off valve to about
1 ms. Under such a low switching time, the half-open or half-closed state will basically
disappear. However, this type of valve has the problems of low-pressure range and high
price. Secondly, some restrictions can be set on the control pulses, such as reducing the
switching speed or limiting the minimum duty cycle. This method can effectively improve
the control accuracy, but it will decrease the control speed to a certain extent. This paper
presents a differential switching method that can be used on low-cost on–off valves with
long opening time. This new method uses the time difference between the charging air into
the cylinder and the discharging air from the cylinder to accurately control the position
servo system under the condition that each valve does not enter the half-open or half-closed
state. At the same time, a sliding mode controller is used to replace the traditional PID
controller to solve the problem of strong nonlinearity in pneumatic systems. In the end, the
simulation tests are carried out to verify the control performance.

3.1. Differential Switching Method

In the conventional PWM method, the control pulses are shown in Figure 4a. Valves 1
and 4 are open simultaneously, and the control effect is rapidly charging chamber 1 and
discharging chamber 2. In this state, the piston will move forward quickly. The duration of
the control pulse is Td, PWM period is Tt, and the PWM duty cycle is D = Td/Tt. Similarly,
valves 2 and 3 are open if the piston needs to move backward. The pulse form of the
traditional PWM method is relatively simple, and there are only these two types.

The basic pulse form of the differential switching method is also shown in Figure 4b.
In this method, the flow difference generated by the charging and discharging valve of
the single-sided chamber is used to create the pressure difference. The control pulses for
valves 1 and 2 are started simultaneously. After the synchronized opening time Ts valve 2
is closed, while valve 1 is still open. The differential opening time for valves 1 and 2 is Tr.
The differential opening time will increase the pressure of chamber 1. For valves 3 and 4,
a feasible strategy is to close them all. Under such a control pulse, as the pressure in
chamber 1 increases, the piston will move forward, and the volume of chamber 2 decreases.
So the pressure in chamber 2 also increases, which is not good for controlling the piston.
For this reason, this article innovatively designs the control pulses for valves 3 and 4 to
be fully open. From multiple test results, if a pair of charging and discharging valves
connected to a chamber with a fixed volume are simultaneously open, the pressure of
the chamber will quickly approach a stable value Pb. Similarly, simultaneous opening of
valves 3 and 4 will cause the pressure in chamber 2 to be close to the stable value.

Table 2 lists the major switching modes of the differential switching method. For four
valves, there are many other possible combinations. For example, valve 2 can be open
longer than valve 1, and the effect of this state is similar to the third column of the table.
Valve 4 can be open longer than valve 3, and the effect of this state is similar to the first
column of the table. Since the effects of these two combinations are similar to those in the
table, they are not adopted.
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Table 2. Switching modes of four valves.

Forward Stop Backward

Valve 1 Ts + Tr 0 Tt
Valve 2 Ts 0 Tt
Valve 3 Tt 0 Ts + Tr
Valve 4 Tt 0 Ts

3.2. Calculation Method of the Opening Time

The synchronized opening time Ts and the differential opening time Tr both need to
be calculated reasonably to get the best control effect. Firstly, the half-open and half-closed
states of the valve are not allowed, so there are the following inequality relationships:

To1 + To2 ≤ Tt
To1 + To2 ≤ Ts ≤ Tt

To1 + To2 ≤ Tr ≤ Tt − To1 − To2

(26)

where To1 and To2 are the minimum opening and closing times of the valve. In the choice
of PWM cycle, Tt is selected as 2.5 to 5 times of To1 + To2. Secondly, as the primary function
of the synchronized opening time is to stabilize the pressure in the compressed chamber of
the cylinder during the piston movement, Ts should be as short as possible and satisfy the
above inequality. So, the synchronized opening time can be chosen as:

Ts = To1 + To2 (27)

Thirdly, the differential opening time leads to the flow changes in the chambers,
which eventually generate the pressure difference. In order to simplify the calculation, it is
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considered that after the synchronized opening time, the double valves on the compressed
side no longer produce a flow difference. When calculating the pressure variation of each
PWM cycle, a fixed volume of the chamber is used for calculation. From (20), if the volume
is fixed, the derivative of pressure is represented as:

.
P = γ

RT
V

.
m (28)

It is assumed that at low pressure this equation can model the behaviour of compressed
air [25]. According to the definition of the derivative, the following approximate formula
can be obtained:

Tr =
|∆P|

.
P

(29)

where |∆P| is the absolute value of the total pressure variation of each PWM cycle. The
empirical formula for the differential opening time of the forward and backward movement
is proposed considering (28) and (29):

Tr =


|∆P|

γ RT
V
∫ t+Tr

t
.

m(Ps ,P1)dt
|∆P|

γ RT
V
∫ t+Tr

t
.

m(Ps ,P2)dt

(30)

3.3. Sliding Mode Controller Design

After designing the synchronized and differential opening times, a sliding mode
controller which is suitable for nonlinear systems with multi switching modes is designed
to apply the proposed differential switching method. The displacement error of the cylinder
piston is stated as:

e = y0 − y (31)

where y0 is the desired piston displacement, and y is the actual piston displacement
measured by the displacement sensor. The sliding function can be designed considering
the nonlinear system as a second-order system:

s =
.
e + σe (32)

where σ > 0. The exponential approach law [14] is applied here to guarantee the dynamic
quality of approaching movements:

.
s = −εsgns− ks (33)

where ε > 0 and k > 0 are the exponential approaching parameters. By taking the
derivative of (32),

.
s can also be stated as:

.
s =

..
e + σ

.
e (34)

where
.
e =

.
y0 −

.
y and

..
e =

..
y0 −

..
y. By substituting (34) into (33), we can get:

..
y =

..
y0 + σ

.
e + εsgns + ks = W(y) (35)

It can be assumed that during the period of charging chamber 1 the pressure change
of chamber 2 is negligible due to that the double valves of chamber 2 are open at the same
time. The system dynamics of this condition can be achieved as:

..
y =
−Bp

mp

.
y +

A1

mp
P1 −

A2

mp
P2 +

A1

mp
∆P (36)
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The same can be obtained that:

..
y =
−Bp

mp

.
y +

A1

mp
P1 −

A2

mp
P2 −

A2

mp
∆P (37)

The total pressure variation of each PWM cycle ∆P is set as the output u of the
controller. The sliding mode control output is achieved by simplifying the system into
three corresponding modes in Table 2: forward, stop, and backward. So, (36) and (37) can
also be stated as:

..
y =


Γ + g1u, u > 0

Γ, u = 0
Γ + g2u, u < 0

(38)

Γ =
−Bp

mp

.
y +

A1

mp
P1 −

A2

mp
P2 (39)

where g1 = A1/mp, g2 = A2/mp. A1, A2, and mp are all non-negative. The output of the
controller can also be achieved by substituting (35) into (38):

u+/−
eq =

W(y)− Γ
g+/− (40)

where

g+/− =

{
g1, u ≥ 0
g2, u < 0

(41)

If the sliding function is positive, the piston will move forward, and u is non-negative.
If the sliding function is negative, the piston will move backward, and u is negative.

The Lyapunov-like function is defined as:

V =
1
2

s2 (42)

and .
V = s

.
s (43)

Considering (32) and (33),
.

V can also be achieved as:

.
V ≤ −ε|s| − ks2 = − k

2
V − ε|s| ≤ − k

2
V (44)

From lemma [27,28], if V : [0, ∞) ∈ R, the solution of
.

V ≤ −θV + f , ∀t ≥ t0 ≥ 0 is

V(t) ≤ e−θ(t−t0)V(t0) +
∫ t

t0

e−θ(t−τ) f (τ)dτ (45)

Proof of the lemma: if ω(t) ,
.

V + θV − f , then ω(t) ≤ 0.
.

V = −θV + f + ω can be
solved as:

V(t) = e−θ(t−t0)V(t0) +
∫ t

t0

e−θ(t−τ) f (τ)dτ +
∫ t

t0

e−θ(t−τ)ω(τ)dτ (46)

As ω(t) < 0 and ∀t ≥ t0 ≥ 0, then

V(t) ≤ e−θ(t−t0)V(t0) +
∫ t

t0

e−θ(t−τ) f (τ)dτ (47)

If f = 0, the solution of
.

V ≤ −θV is

V(t) ≤ e−θ(t−t0)V(t0) (48)
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V(t) will converge to 0 in exponential form if θ is positive. If the parameters are
θ = k/2 and f = 0, then (44) can be described as:

V(t) ≤ e−
k
2 (t−t0)V(t0) (49)

V(t) can converge to 0 in exponential form. By applying the exponential approach law,
the sliding surface s = 0 can be reached within limited time. The exponential approaching
parameter ε is used for adjusting the converging speed while the system is near s = 0.
Another parameter k is used for changing the converging rate while the absolute value of s
is large.

The proposed control system block diagram is shown in Figure 5. The system error e
is the input of the sliding mode controller, and the controller output is ∆P. The duty cycle
is calculated with ∆P and system model. Then the duty cycle corresponding to the four
valves will be logically allocated. The pressure difference produced by the four valves
eventually causes the piston to move.
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3.4. Parameters Selection and Simulation Results

Two typical simulations are carried out to test the control performance of the proposed
method. The proposed sliding mode controller with differential switching method is writ-
ten as S-function and linked to the system model mentioned above in MATLAB/Simulink.
The first contrast simulation is against the traditional PID controller which is described as:

upid = kpe + ki

∫ t

0
edt + kd

.
e (50)

where upid is the PID control output, kp, ki, and kd are the proportional, integral, and
derivative parameters. The PID control output is used for deciding the duty cycle of the
conventional PWM method in Figure 4a. In detail, for forward movement valves 1 and 4
are open at the same time. For backward movement valves 2 and 3 are open simultaneously.
All valves are closed if the error is small enough. The total mass of the piston and payloads
is 1.2 kg. As shown in Figure 6a, the control performance for the proposed method is
relatively smooth, and no overshoots or chattering phenomena are observed. For the
proposed method, the rising time of the step response is 0.175 s. The PWM period Tt is set
to 20 ms, and the synchronized opening time Ts is set to 7 ms due to the standard solenoid
on–off valve with 24 V/DC control has a response time of 5 ms in opening and 2 ms in
closing. The parameters for the sliding mode controller are chosen as σ = 80, ε = 5, and
k = 50.
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In (32), σ is the weighting factor of the error, and σ = 80 means that the weight of
the error is 80 times the derivative of the error in the sliding function. This is because the
error is usually much smaller than the derivative of the error, and its proportion in the
sliding function needs to be increased. ε and k are decided by trial and error. Another
critical parameter is the absolute minimum error emin. We set the minimum error range in
the simulation program so that all the valves will rapidly stop actuating while the position
signal is in this range. emin = 0.001 is chosen here to ensure the control accuracy.

A significant overshoot is observed for the PID controller with the conventional PWM
method. It takes nearly 0.17 s for the position signal to be stable in the step response.
The settling time for both methods is very close. However, the PID controller has some
overshoots, and the control effect is worse. Another problem with the PID controller is
that the parameters are difficult to estimate accurately. Tt = 20, kp = 0.18, ki = 0.015, and
kd = 0.002 are chosen for the PID controller. It takes much time to adjust these parameters
and finally achieved the effect shown in Figure 6a. From the comparison of the two curves,
the main reason for the overshoot under the control of PID controller is that when the PID
controller outputs a tiny control quantity, the restriction of the minimum opening time of
the on–off valve results in a small PID control quantity that cannot be equated to a very
small flow rate, resulting in an overshoot in the end.

In the second simulation, the proposed algorithm is used for tracking a sinusoidal
signal with a frequency of 0.2 Hz. The simulation results are shown in Figure 7. During the
tracking process ranging from −0.03 m to 0.03 m, the maximum error is only 2.54 mm, and
the average error is 0.97 mm. Due to the frequency of the sinusoidal signal, it is necessary
to appropriately adjust the sliding function parameter σ to 150 to improve the response
speed of the system. Under the action of the proposed control algorithm, the position
signal can quickly follow the given signal.
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4. Experimental Setup

The control system setup is shown in Figure 8. In order to ensure the real-time
performance of the model calculation, the National Instruments Real-Time (NI RT) platform
is selected for real-time model calculation, and an FPGA platform is used for high-precision
valve control signal output.

4.1. Pneumatic and Mechanical Setup

The detailed models of the pneumatic and mechanical setup are listed below:

1. Air supplier. An Outstanding (model 2200X4-160L) air compressor generates the
compressed air. A 160 L high-pressure gas tank is integrated with the compressor.
This compressor can provide the maximum pressure of 1.2 × 106 Pa. In order to
reduce the moisture condensation, a set of filter, regulator, and lubricator (FRL) is set
up between the air compressor and the valves;

2. Pneumatic control components. Four Matrix (model MX 821.103C2XX) 2/2 on–off
valves are installed to control the cylinder. This kind of valve can be equipped with
the officially designed acceleration circuits (model HSDB 990.012), and its price (about
229 USD) is about four times that of the valve (about 54 USD) itself. Without using
the acceleration circuits, the valve opening time is about 5 ms and the closing time
is about 2 ms. The valves will have a response time of 1 ms in opening and 1 ms in
closing after using the acceleration circuits. The goal of the article is to achieve the
best control effect with minimizing costs, so the acceleration circuits are not adopted;

3. Pneumatic actuator. An Airpel double-acting single-rod cylinder (model M24D100U)
is used as the actuator. The cylinder consists of a graphite piston and a borosilicate
glass shell has extremely low friction. The stroke of the cylinder is 100 mm, bore
diameter is 24 mm, and the rod diameter is 6.35 mm. It can bear the pressure up to
7 × 105 Pa. It has the disadvantage of large air leakage across the piston which wastes
energy.

4. Mechanical setup. The piston rod of the cylinder is connected to a customized payload
platform used for carrying the payloads. A payload holding rod is placed in the center
of the payload platform to hold the payloads. The payload platform is installed on a
HIWIN (model MGW12C) sliding table and a HIWIN (model MGW12C300C) sliding
guide. The length of the sliding guide is 300 mm.
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4.2. Electrical Setup

The detailed models of the electrical components are listed below.

1. Industrial Controller. An NI CompactRIO (cRIO) (model 9074) is set as the major
controller. NI cRIO is a reconfigurable embedded measurement and control system.
It has a robust hardware architecture, including Input/Output (I/O) boards, a chassis
with a reconfigurable FPGA, and a real-time controller. The used model 9074 is a
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low-cost model with eight-slot chassis. A personal computer (PC) is connected to the
cRIO via ethernet;

2. I/O boards. An NI digital I/O board (model 9401) and an analog input board (model
9205) are selected to generate the 5V/TTL signals for the valves and acquire the
signals from the sensors. The acquisition configuration for NI 9205 is differential
input mode, and the resolution is 16 bit. The nominal input ranges are ±10 V, ±5 V,
±1 V, and ±0.2 V;

3. Sensors. Three MEACON (model MIK-P300) pressure sensors are used for acquiring
the pressures of air supply, chamber 1, and chamber 2. A MIRAN (model KTC-100)
position transmitter is set to measure the position of the piston. The resolutions for the
used sensors are both customized to 0.02 × 105 Pa and 1 × 10−5 m, respectively. The
output voltage range for the sensors are both 0 V to 5 V. The effective measurement
range for MIK-P300 is 0 Pa to 1 × 106 Pa and for KTC-100 is 50 mm to 150 mm;

4. Power supply and other circuits. A DC power supply is used for powering the
entire system. Power and sensor circuits are designed to connect various electronic
components. A SANWO DC SSR (model KYOTTO KF0604D) is installed to drive the
on–off valves. No acceleration circuits are used for the valves.

4.3. Software Platform and Real-Time Control Setup

In order to achieve the best effect of real-time control, the program is divided into
three layers, namely monitoring, calculation, and I/O. Since LabVIEW is a programming
language that regards the data flow as its core, the program of each module is represented
by loop in Figure 8.

1. Monitoring layer on PC. Since Microsoft Windows is not a real-time operating system,
the LabVIEW programs running on PC cannot achieve precise timing. Therefore, the
program on the PC is only for monitoring. The monitoring part is the top level of
the software system, consisting of the human machine interface (HMI) loop, com-
munication (comm) loop, logging loop, and monitoring loop. The HMI loop is only
responsible for the input and output of the user, and the cycle time for the loop is
100 ms. The comm loop carries out data exchange with cRIO through Transmission
Control Protocol/Internet Protocol (TCP/IP), and the cycle time can be set to the
fastest to ensure real-time data transmission. The logging loop saves the data to the
hard disk. Only some user operation data is saved, and sensor data is not saved
here. The monitoring loop displays the data on the screen, and the cycle time can be
set to 200 ms. The programming environment on PC is NI LabVIEW Professional
Development System 11.0;

2. Calculation layer on NI RT. By downloading the program into NI RT which is a
real-time operating system in Linux, the real-time performance of the program can be
guaranteed. The calculation part is the middle level of the software system, consisting
of the comm loop, trajectory generator loop, acquisition loop, logging loop, and
monitoring loop. The comm loop is used to send data to PC or receive data from PC
corresponding to the comm loop on PC, and the cycle time for the loop is set to the
fastest. The trajectory generator loop includes the calculation of the algorithm and
the model. This part is set to 20 ms. The setting of cycle time balances the computing
consumption and real-time requirements. The acquisition loop is set separately. After
receiving the command from the comm loop, this loop will use the RT First Input
First Output (FIFO) for data collection. The RT FIFO function is used to send and
receive data in a deterministic manner between VIs which represent subprograms in
LabVIEW. The deterministic data transfer of the RT FIFO function does not add jitter
to the cycle time of the loop. The cycle time of this loop is set to 1 ms. The logging
loop will record all the acquiring data to the hard disk on cRIO, and its cycle time is
1 ms, too. The monitoring loop is the display output of the cRIO itself. Since it does
not need to be used, it is disabled here. The programming environment on NI RT is
NI LabVIEW Real-Time Module 11.0;



Actuators 2021, 10, 260 17 of 25

3. I/O layer on FPGA. Using FPGA as the bottom layer of the program further ensures
real-time performance. I/O part consists of the NI 9205 board loop, data generation
loop, NI 9401 board loop, and monitoring loop. Among them, the NI 9205 board loop
is responsible for collecting the data, directly using FPGA I/O to transmit the data to
the acquisition loop on NI RT. The signal generates by the NI 9401 board is from the
data generation loop which works with the trajectory generator loop on NI RT. The
programming environment on FPGA is NI LabVIEW FPGA Module 11.0.

Through the above-mentioned three-layer program setting, the real-time signal acqui-
sition and output are ensured.

4.4. Overall Setup

Figure 9 shows the actual system which is connected based on Figure 8. A PC is
connected to the NI cRIO through ethernet. The digital output board on the cRIO controls
the on–off valves via DC SSR. The sensor signals are acquired by the analog input board
with the sensor circuits. The air compressor provides the air supply for the control system,
and the piston rod of the cylinder will move under the action of the valves.
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5. Experimental Results and Discussion

The experimental verification is divided into three parts. In the first part, the proposed
sliding mode controller with differential switching method (SMC+DS) is compared to three
other controllers: the PID controller with differential switching method (PID+DS), the PID
controller with PWM method (PID+PWM), and the seven-mode model based controller
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from S. Hodgson et al. (MBC7) [18]. In the second part, two experiments will show the
dynamic performance of the proposed controller. In the last part, a step response tracking
test will show the control performance under different payloads.

5.1. Comparative Experiments between Four Controllers

In the contrast experiment, four controllers (SMC+DS, PID+DS, PID+PWM, and SMC7)
are applied. The purpose of setting up the above four controllers is: (a) The control effect of
SMC+DS can be compared to that of PID+DS. It will show the advantage of SMC over PID.
(b) The control effect of PID+DS can be compared to that of PID+PWM. It can show the
advantage of DS over PWM. (c) The control effect of SMC+DS can be compared to that of
PID+PWM and MBC7. PID+PWM is the traditional method for pneumatic position control,
and MBC7 is the state-of-the-art controller in this field [18]. The superiority of the proposed
method can be demonstrated by the comparison. Figure 10 shows the experimental results
for the four controllers. Total payloads for the test are 1.2 kg (0.2 kg for the piston and 1 kg
for the payloads).
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Figure 10. Experimental results of the step response for the sliding mode controller with differential
switching method (SMC+DS), the PID controller with differential switching method (PID+DS), the
PID controller with PWM method (PID+PWM), and the seven-mode model based controller from
S. Hodgson et al. (MBC7): (a) position; (b) position error; (c) control pulse of the valve 1 from the
sliding mode controller with differential switching method; (d) control pulse of the valve 1 from
the PID controller with differential switching method; (e) control pulse of the valve 1 from the PID
controller with PWM method; and (f) control pulse of the valve 1 from the seven-mode model based
controller from S. Hodgson et al.
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Through 20 tests, the average rinsing time, overshoot, and steady-state error are
summarized in Table 3. For the proposed method, the parameters selected in the experiment
are Tt = 20, Ts = 7, σ = 35, ε = 5, k = 50, and emin = 0.001. Then in the PID controller,
parameters are Tt = 20, kp = 0.22, ki = 0.025, and kd = 0.001. PID parameters are chosen
by multiple tests and experience. The control effect is clear that SMC+DS is better than
PID+DS. Since they both based on the differential switching method, the control curves are
very similar. However, since PID is not a nonlinear controller, its control effect is not as
good as SMC.

Table 3. Main control performance comparison between the four controllers.

SMC+DS PID+DS PID+PWM MBC7

Rising time
(average) 0.31 s 0.35 s 0.36 s 0.33 s

Overshoot
(average) 0.83% 3.33% 5.57% 2.93%

Steady-state
error (average) 0.18 mm 0.25 mm 0.28 mm 0.21 mm

Since the proposed differential switching method in this paper and PWM method
are both modulation method for on–off valve, they cannot be used and tested alone. So
here PID is applied as the system controller to compare their output differences. The PID
parameters are same in PID+DS and PID+PWM. In the experimental results, they both
show some overshoots and steady-state errors. Rising time (average) for PID+DS is 0.35 s
and for PID+PWM is 0.36 s. Steady-state error (average) for PID+DS is 0.25 mm and for
PID+PWM is 0.28 mm. The PID-DS method mainly has a large advantage in average
overshoot, reducing that from 5.57% to 3.33%. The cause of the overshoots is consistent
with the simulation part. The minimal PID control output cannot be accurately converted
into tiny flow changes. The restriction of the minimum valve opening time results in an
inaccurate flow output. In the actual test, there may be multiple overshoots and oscillations.
The differential switching method can produce more accurate output control in the low
error segment because it takes into account the dead zone of the on–off valve.

Then the proposed method is compared to PID+PWM and MBC7 method. MBC7 is
a seven-mode model based controller from S. Hodgson et al. [18] which is an improved
switched controller with seven modes (SC7) [17]. The original MBC7 is applied with on–off
valves using acceleration circuits. The control effect of removing the acceleration circuits
is not clear. MBC7 is applied without the use of acceleration circuits in this study, so
the experimental results may be different from the original research. Most parameters of
MBC7 are consistent with the original research and the sliding mode parameters are set as
consistently as possible with the SMC we use. From Figure 10 and Table 3, the proposed
method achieves the lowest average rising time (0.31 s), overshoot (0.83%), and steady-state
error (0.18 mm), nearly no overshoots, and no oscillations. For MBC7, the average rising
time (0.33 s) and steady-state error (0.21 mm) are very close to SMC+DS. However, the
average overshoot (2.93%) is larger than the proposed method. Comparing Figure 10c–f,
more switching times are required for the proposed method, which is an unavoidable
defect of the method. The proposed method requires more switching of the four valves to
achieve high-precision flow control. Taken together, the method proposed in this paper is
superior to MBC7 and PID+PWM.

5.2. Dynamic Response Experiments

A random step response test is carried out to show the continuous position tracking
performance. In order to achieve a faster continuous response, the parameters have been
adjusted. σ = 28, ε = 4.5, k = 55, and emin = 0.002 are the selected parameters. While
tracking the step response ranging from −0.025 m to 0.035 m in Figure 11, the proposed
method achieves rising time between 0.28 s to 0.44 s, overshoot between 1.13% to 4.67%,
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and steady-state error between 0.2 mm to 0.9 mm. It can be seen that compared to the
first experiment, the rise time has been reduced, but overshoot has occurred, and the
steady-state error has also increased. In terms of tracking performance, it can quickly
respond to the given step signal.
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Figure 11. Experimental results of the random step response for the sliding mode controller with
differential switching method: (a) position; and (b) position error.

Then, the given signal is changed into a sinusoidal signal with variable frequency. The
former wave has a frequency of 0.2 Hz and the latter wave has a frequency of 1 Hz. For
a chamber with a fixed volume, if the charging valve and discharging valve connected
to it are continuously open, and the air supply pressure is 3 × 105 Pa, the final pressure
will stabilize to Pb = 2.431× 105 Pa. As shown in Figure 12b, most of the pressure also
fluctuates around this value. This is because the proposed method requires a synchronized
opening time for the four valves, which makes them open simultaneously. During this time,
the pressure will be close to this value. From the tracking effect of Figure 12a, the response
signal can closely follow the given signal, and no delay occurs. The average error is about
1.68 mm. The parameters of this experiment are consistent with the second experiment.
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5.3. Step Response Experiments under Different Payloads

As shown in Figure 13, the control effects under the condition of changing payloads
are compared. The rising time in the increasing period of the step response is 0.42 s, 0.69 s,
and 1.1 s for 1.25 kg, 3.25 kg, and 5.25 kg. The rising time in the decreasing period of the
step response is 0.43 s, 0.51 s, and 0.69 s for 1.25 kg, 3.25 kg, and 5.25 kg. No overshoots
are observed in the experiment. The biggest steady-state error is about 0.5 mm for all
conditions. This result shows that the proposed method can also achieve high-precision
positions under variable payload conditions.
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controller with differential switching method: (a) position; and (b) position error.

The experimental results indicate that the sliding mode controller with differential
switching method is effective in the position tracking system. Two main innovations ensure
high-performance position tracking:

1. Differential switching method. In the proposed method, the flow difference generated
by the charging and discharging valve of the single-sided chamber is used to create
the pressure difference. The opening time of the four valves is strictly regulated, and
calculation method of the opening time are given. The innovative method can replace
the traditional PWM method and be applied with the nonlinear controller.

2. Real-time control setup. The control program is reasonably divided into three layers
including monitoring layer on PC, calculation layer on NI RT, and I/O layer on FPGA.
Suggested values of the cycle time for all programs are given. Assigning different
cycle time to different tasks and using RT FIFO for important tasks ensure the timely
response of each program and the real-time of the overall program.

Overall, the experimental results demonstrate that the method of differential switching
method instead of the conventional PWM method is feasible in the pneumatic positioning
system with low-cost on–off valves.

6. Conclusions

In the pneumatic positioning system of the industrial automated production line,
a differential switching method is proposed to control a pneumatic cylinder with four
low-cost on–off valves. The purpose of the new method is to achieve the best performance
without using the acceleration circuits for the on–off valves to lower the costs of the whole
system. The proposed method is applied instead of the conventional PWM method, and the
calculation method of the opening time is given. The real-time control setup, including three
software layers, is proposed to implement the algorithm. Then, the differential switching
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method is combined with the sliding mode controller, and the system stability is proved.
Two simulations and four experiments are carried out to test the control performance of the
proposed method. The proposed method shows better results in the contrast experiment
than the PID controller with differential switching method, the PID controller with PWM
method, and the seven-mode model based controller from S. Hodgson et al. The proposed
method achieves the lowest average rising time (0.31 s), overshoot (0.83%), and steady-state
error (0.18 mm), nearly no overshoots, and no oscillations. In the experiments of tracking
the random step and sinusoidal response, the tracking performance is good enough, and
no delay occurs. While tracking the sine wave, the maximum frequency is 1 Hz, and the
average error is 1.68 mm. In the variable payload test, it can still have a better control
effect under the maximum load of 5.25 kg. Only 0.5 mm steady-state error is observed. All
simulation and experimental results show that the proposed method can ensure the control
effect only using the traditional on–off valve without the acceleration circuits.

1. The main limitations of the research and the future work are summarized as: The
embedded control system used in this research is NI cRIO-9074. It is an expensive
platform, and the price of the total platform and digital boards is about 4500 USD.
Compared with other components in the system, the price of the platform can be
further reduced, such as using some commercial products or developing an embedded
system ourselves. To reduce the costs, MangoTree AtomRIO controller which is based
on Intel Core CPU and Xilinx Spartan-LX75 FPGA is recommended for this system.
The price of this plan is about 1200 USD. Since the real-time operating system (RTOS)
and FPGA are needed, it is recommended to use ARM (Advanced RISC Machine)
and FPGA design on the hardware architecture. A typical design is to used XILINX
Zynq-7000 SoC (System on Chip). The hardware design and production costs will
be reduced to about 1000 USD. So, the next step for the research is to design an
embedded control system based on Zynq-7000 SoC to further reduce the costs.

2. The proposed control method is extremely dependent on the accuracy of the system
model. If it needs to be used in the real engineering project, it is necessary to solve
the problem that the parameters of the real system model are difficult to determine.
Therefore, in the next step, we will explore how to use field-collected data for model-
ing, such as neural networks or deep learning methods, to ensure the performance of
the controller.

3. In this research, the error value is just subtracting from the analog-to-digital converter
(ADC) reading and then getting a mean value. A better way to perform the measure-
ments is through a specialized device which is calibrated. A dial indicator is usually
used in this task with adequate resolution and range. In the next step, we will carry
out these measurements with a dial indicator and then trace the error curve where
the error behaviour over the measurement range can be seen.
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Nomenclature
Ilo Load current of the MOSFET (A)
ε Drivability factor of the MOSFET
VDS Drain-source voltage of the MOSFET (V)
VDSx Power supply output
VDSAT Saturation drain-source voltage of the MOSFET (V)
Vin Gate-source voltage of the MOSFET (V)
VT Threshold voltage of the MOSFET (V)
La Twice the length of the magnetic circuit in the air gap (m)
L f Length of the magnetic circuit inside the fixed core (m)
Lt Total length of the magnetic circuit (m)
v f a Relative permeability of the fixed core
ν f Permeability of the fixed core (H/m)
νa Permeability of the air (H/m)
N Number of the solenoid turns
I Current through the solenoid (A)
H Magnetic field intensity (A/m)
L Length of the magnetic circuit (m)
B Magnetic flux density (T)
ν Permeability of the medium (H/m)
ϕ Magnetic flux (Wb)
A Cross-sectional area of the flux path (m2)
ϕs Magnetic flux of the magnetic circuit (Wb)
Ar Effective cross-sectional area of the flux path (m2)
r Solenoid resistance (Ω)
l Solenoid inductance (H)
x Moving distance of the spool (m)
xmax Maximum moving distance of the spool (m)
Fm Magnetic attraction force of the solenoid (N)
mj Mass of the spool (kg)
Bj Damping coefficient of the spool ((N·s)/m)
Fp Force affected by the input and output pressure of the valve (N)
Ad1 and Ad2 Effective area differences of the input and output port in the valve (m2)
Pin and Pout Input and output pressure of the valve (Pa)
Fs Spring force in the valve (N)
ks Spring coefficient in the valve (N/m)
q Spring pre-tension in the valve (m)
Cs · ρ Mass flow rate constant(kg/(Pa·s))
T0 Atmospheric temperature (K)
T Air-supply temperature (K)
Pcu Pressure ratio
Ps Air-supply pressure (Pa)
Patm Atmosphere pressure (Pa)
γ Specific heat ratio
R Ideal gas constant (kJ/(kg·K))
.

m(Ps, P1),
.

m(P1, Patm), Mass flow rate through the four valves (kg/s)
.

m(Ps, P2), and
.

m(P2, Patm)

Vin1, Vin2, Vin3, and Vin4 Control signals of the four valves (V)
.

m1 and
.

m2 Mass flow rate for chambers 1 and 2 (kg/s)
P1 and P2 Pressure of the chamber (Pa)
V1 and V2 Volume of the chamber (m3)
m1 and m2 Mass of the gas in the chamber (kg)
T1 and T2 Temperature inside the chamber (K)
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Lp Half of the cylinder stroke (m)
y Piston displacement (m)
A1 and A2 Effective area of the left and right chambers (m2)
mp Total mass of the piston and the payloads (kg)
Bp Damping coefficient of the cylinder piston ((N·s)/m)
f Stiction force (N)
Fex External force produced by the atmosphere acted on the piston rod (N)
Td Duration of the control pulse (s)
Tt PWM period (s)
D PWM duty cycle
Ts Synchronized opening time (s)
Tr Differential opening time (s)
Pb Stable pressure of the chamber (Pa)
To1 and To2 Minimum opening and closing times of the valve (s)
∆P Total pressure variation of each PWM cycle (Pa)
e Displacement error of the cylinder piston (m)
y0 Desired piston displacement (m)
s Sliding function
σ Sliding function parameter
ε and k Exponential approaching parameters
u Output of the controller
V Lyapunov-like function
upid PID control output
kp, ki, and kd Proportional, integral, and derivative parameters
emin Minimum absolute error (m)
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