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Abstract: The paper is devoted to a review of recent achievements in the field of dynamic analysis
of structures and structural elements, such as beams and plates, with embedded viscoelastic (VE)
dampers and/or layers. The general characteristics of VE materials, their rheological models, and
methods of parameters identification are discussed. New formulations of dynamic problems for sys-
tems with VE elements are also reviewed. The methods of determination of dynamic characteristics,
together with the methods of analysis of steady-state and transient vibrations of such systems, are
also discussed. Both linear and geometrically non-linear vibrations are considered. The paper ends
with a review of the methods of sensitivity and uncertainty analysis, and the methods of optimization,
for structures with VE elements.

Keywords: literature review; viscoelastic dampers and layers; systems with viscoelastic elements;
free; steady-state and transient vibrations; non-linear eigenvalue problems; numerical integration;
sensitivity and uncertainty analysis; optimization

1. Introduction

Vibrations are undesirable in structures due to the requirements of structural stability,
durability, particularly against fatigue, general performance, and noise reduction. Excessive
vibrations represent an important problem in many types of civil engineering structures,
aircraft, and machinery, as well as small electronic equipment and devices. They can be
reduced by increasing the damping capacity of the considered system and/or by increasing
its stiffness. Damping capacity can be changed using various types of vibration control
systems. All the structural control systems can be categorized into four main types: active,
semi-active, passive, and hybrid. The above-mentioned systems were discussed in earlier
reviews [1–4,4–10].

Passive control systems are among the most suitable types of control systems for
reducing structural vibrations because of their advantages: their lack of an external source
of energy required to activate them, simplicity of design, construction, and maintenance,
and ease of installation. The lower cost of such systems in comparison with the cost of
active and semi-active control systems is also a very important asset. There are many types
of passive control systems, for instance, tuned mass dampers [3], metallic dampers [8],
friction dampers [11], viscous dampers [3], and viscoelastic (VE) dampers [3,10]. The latter
are used very often and with great success. Recently, conventional damping control systems
have been complemented with a new type of device, called inerters [12,13].

For a few decades, viscous and VE dampers have been extensively used for the seismic
response control in buildings. Such devices are exploited with good results in newly erected
structures and also in retrofit projects, as described in recent publications and books [14–16].

VE dampers are able to dissipate energy at all deformation levels and can, therefore, be
used in structures exposed to both strong winds and earthquakes. Moreover, VE dampers
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are often used for retrofitting of structures. The buildings where VE dampers were installed
include Suqian Communication Building, Chaoshan Xinhe Building, Petrol Hotel Building
in Xi’an, and Suqian Transportation Building in Jiangsu [5,17] in China; US Steel Tower in
Pittsburgh [9], Columbia Center Building, and Two Union Square Building in Seattle in
the USA; YC Condominiums in Canada; and the Chientan railroad station roof in Taiwan,
where the VE coupling damper system was applied. Another important field of application
of VE dampers is in bridge engineering [18,19]. In a typical configuration of a VE damper,
the VE material is bonded between steel plates to dissipate oscillation energy. An advantage
of VE dampers is that they are able to dissipate energy at all levels of excitation forces. It is
therefore evident that VE dampers are among the most efficient vibration control devices
in strengthening of existing structures, and the design of new structures, against actions of
wind and earthquakes.

In recent decades, many studies have been presented concerning the reduction in
structural vibrations based on the use of passive damping control techniques by means of
surface treatments with VE materials. A survey of different subjects on the VE treatments
can be found in [20]. Another type of VE passive control system incorporates layered ele-
ments, such as beams, plates, and shells, consisting of VE layers embedded between elastic
layers [21]. Such elements are widely used in many fields of engineering, e.g., aerospace,
automobile, nuclear, and biomedical. Such elements have advantageous properties: high
load capacity, high stiffness, and lightness. The VE layers feature the property of dissipating
a large amount of energy, which is why they can significantly reduce vibrations and noise,
thereby avoiding fatigue failure. In this type of control system, a free damping layer and/or
a constrained damping layer are added to the structural system. In the case of the free
layer damping, the VE layer is glued onto a vibrating metallic base and the whole system
can be considered in the context of the flexural behavior of a two-layered element. In the
constrained layer damping case, the VE core subjected mainly to shear deformation is
embedded between two layers, usually elastic. Vibration energy is then dissipated mainly
due to the shear deformation of the VE layer. Constrained layer damping is the most
popular passive damping mechanism used in structural vibration control.

It should be noted that all the types of VE control devices reviewed in this paper
are typical and widely used in engineering. Among these, the beams, plates, and shells
with VE layers are used in numerous engineering fields, whereas the applications of the
VE dampers are mainly found in civil engineering. The basic concepts, research status
of theoretical description, and engineering applications of all those VE control systems
are summarized and their advantages and disadvantages are discussed. Thus, this paper
may serve as a reference source for applications and for new research. It should also be
emphasized that this survey paper places emphasis on theoretical achievements in the field
of VE control systems developed in the last few decades.

The aim of the paper is to present recent achievements in the field of dynamics of
structures which are partially built from VE materials. The rest of paper is organized
as follows. General characteristics of VE materials are presented in Section 2 together
with a discussion of newly introduced VE materials. Rheological models of VE materials
and dampers, together with recent methods for identification of models’ parameters, are
the subject of Section 3. In Section 4, the influence of temperature on parameters in the
VE models is discussed and recent papers devoted to this problem are briefly presented.
Discussion of existing formulations of dynamics problems for VE structural elements,
together with methods of solving equations of motion, mainly in the cases of free or steady-
state vibration, is contained in Section 5. The analysis of dynamic characteristics of VE
systems often leads to the non-linear eigenvalue problem. The existing methods of solving
such problems are reviewed in Section 6. In many cases, during the numerical integration
of equations of motion for systems with VE elements, the history of vibrations must be
taken into account. For this reason, special time-integration methods are needed. The
achievements in this field are briefly discussed in Section 7. Sensitivity and uncertainty
analysis in the dynamics of VE structures are relatively new problems. Recent achievements
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in this field are presented in Section 8. Section 9 presents some new results in the domain of
optimization of structures with VE dampers. Final conclusions are formulated in Section 10.

2. General Characteristics of VE Materials and New VE Materials Used in Dampers
and Layers

VE materials dissipate energy through forces related to the velocity of motion. More-
over, damping occurs for different levels of excitations. Fluid and solid VE materials are
applied in the passive control systems. Various highly viscous fluids, such as Polydimethyl-
siloxane (C2H6OSi) (see [22]), as well as magnetorheological and electrorheological fluids,
are used in the fluid dampers [1,3,15]. Typically, these dampers have the form of a cylinder
filled with a VE fluid and a perforated piston. Its movement causes the liquid to flow
through its orifices and thus the damping force is generated. In the case of magnetorheo-
logical or electrorheological fluids, the magnetic or electric field is applied when the fluid
flows through the orifices. However, magnetorheological dampers and beams or plates
with magnetorheological layers are components of semi-active or active control systems
because the magnetic field is applied to the VE layers in order to change their rheological
properties very quickly in time. The literature concerning mechanical problems for these
types of systems is very broad and is outside the scope of the present review. Interested
readers can consult the review papers [23,24] where an introduction to this problem and an
overview of the literature are presented.

Many types of polymeric materials, classified as solid VE, exhibit a damping behavior.
In [25], one can find a list of several categories of polymers available for manufacturing of
stable material damping systems. Polymers are materials composed of long, intertwined
and cross-linked molecular chains. Elastomers are an important class of polymers and
they are very often used in VE damping devices. Many types of rubbers represent an
important subclass. Elastomers exhibit the capability of reversible deformation under an
action of mechanical forces, while maintaining the structural continuity. When subjected to
loading, an elastomer can deform in a wide displacement range and can dissipate energy
through shear deformation, both axial and rotational [26]. Each solid VE material exhibits
two fundamental rheological phenomena, i.e., creep and stress relaxation [25,26]. Creep
is the tendency to undergo a slow increase in deformation under the action of a constant
mechanical stress. It occurs as a result of a long-term exposure to high levels of stress which
are still below the yield strength of the material. Relaxation is a phenomenon which is
characterized by decreasing the existing stress when the material is subjected to a constant
state of strain. In dynamics, the most important mechanical properties of solid VE materials
are the storage modulus, which characterizes the stiffness of the material, and the loss
modulus and the loss factor, which are the measures of damping properties. All these
parameters are dependent on the excitation frequency, temperature, and magnitude of
vibration amplitudes, if the amplitudes are large enough. A general trend is that the storage
modulus and the loss factor increase with increasing excitation frequencies. The impact of
ambient temperature on the properties of solid VE materials is a more complex problem.
At low ambient temperature conditions, called the glassy region, the polymer molecules
are frozen and the VE material has a high stiffness, a large storage modulus, and a small
loss factor. As the temperature increases some of the polymer molecules begin to wiggle
around. This range of temperature is called the transition region. In the transition region,
the storage modulus decreases with temperature but the loss factor reaches its maximum at
a certain value of temperature. With the further increase in temperature, the VE materials
enter the rubbery region. Now, both the storage modulus and the loss factor decrease with
temperature. These tendencies are schematically illustrated in Figure 1. The combination
of properties of VE materials in the transition region is most appropriate for the dissipation
of energy and is exploited in VE dampers and layers. Moreover, the temperature of VE
materials can increase due to self-heating, which was experimentally and numerically
studied, for example, in [27,28].
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Figure 1. Temperature dependence of the storage modulus and the loss factor.

In Figure 1, the curves of the storage modulus and the loss factor versus tempera-
ture are only shown schematically and do not represent any specific experimental data.
However, qualitatively similar experimental results can be found, for example, in the
papers [29,30].

VE materials used in dampers and layers must satisfy some specific requirements. First
of all, they must feature a large loss factor. They must also be characterized by high heat
dissipation and low heat generation properties. Another requirement is a stable working
performance in a wide range of temperatures. The VE material should also be durable, i.e.,
resistant to corrosion, oxidation, and fatigue. All these requirements are not easily satisfied
by real VE materials. For this reason, modified rubbers are often used in VE dampers.
Fillers, such as silica, silicate, clay, and carbon black, which is most popular, are used for im-
proving the properties of rubber. A high damping rubber with a high deformation capacity
produced in China was investigated by Chen et al. in [31]. Wu et al. [32] found that the addi-
tion of small organic molecules to rubber can greatly improve its loss factor. Several types of
VE materials with various types of matrices based on nitrile butadiene rubber and silicone
rubber were proposed for dampers in [33]. Experimental results showed that such VE
materials had a high energy dissipation capacity and featured stable performance. A high
damping acrylate-based VE material was described by Xu et al. in [34], who investigated
the dynamic properties of acrylate VE dampers at different temperatures, frequencies, and
amplitudes. Experimental results showed that these dampers had an excellent damping ca-
pacity. The feasibility of using a blended rubber matrix to enlarge the working temperature
range of VE materials was investigated in [35]. It was found that the loss factor was almost
doubled in comparison with a single rubber matrix. In the paper by Ge et al. [36], results of
an experimental study of nitrile-butadiene rubber with different damping modifiers were
presented. The obtained VE material was found to possess excellent damping properties.
Moreover, in [37], some other papers about the modification of rubbers were reviewed. The
influence of aging on some VE materials used in dampers was experimentally investigated
in [37]. Experimental results concerning the dynamic properties of the VE material were
also presented by Xu et al. [38]. Very recently, the feasibility of using a novel hyperelastic
and high-damping rubber material was experimentally investigated in [39] in order to
determine its damping ratio, compressibility, and elasticity behavior under axial dynamic
load. The results showed that the considered material could provide a high damping ratio
between 10% and 13%. An elastomer compound with a high damping capacity and a
relatively low stiffness was tested by He et al. [40]. The obtained results indicated that
the tested VE material had excellent deformability with a strain amplitude of over 500%
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combined with a high-stress strength. Moreover, the examined VE material featured a
superior energy dissipation capacity with a maximum viscous damping ratio of up to 30%.
Low frequency dependence under cyclic dynamic loading and a better energy dissipation
capacity at high loading frequency were also observed. Results from the dynamic testing of
a thermoplastic elastomer of the olefin-styrene series were presented in [41]. The considered
material exhibited a low temperature dependence. The mechanical properties of the VE
material and their dependence on the amplitude and frequency of excitation of the material,
as well as on its temperature, were determined.

3. Models of VE Materials and Identification of Theirs Parameters

Various studies on materials with rheological properties were conducted in the 19th
century by Ludwig Boltzmann, James Clark Maxwell, and Lord Kelvin [42]. The linear
theory of viscoelasticity is founded on the Boltzmann superposition principle, according
to which each load step makes an independent contribution to the final state [43]. This
principle is most often used to formulate the integral representation of linear viscoelasticity.
However, the more common way of describing linear viscoelasticity is the differential
approach, where the rheological properties are represented by an appropriate combination
of simple mechanical elements: springs and dashpots. The spring is a symbol of a purely
elastic solid obeying Hooke’s law, whereas the dashpot, as a damping element, symbolizes
the properties of an ideal Newtonian viscous fluid. A number of individual mechanical
elements and the way they can be connected are illustrated graphically in Figure 2.
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Figure 2. Basic classical mechanical models of VE materials: (a) Maxwell model, (b) Kelvin–Voigt
model, (c) standard three-parameter models.

The basic classical mechanical models of VE materials are composed of an elastic
spring and a viscous damping element connected in series for the Maxwell model (see
Figure 2a) or in parallel for the Kelvin–Voigt model (Figure 2b). In Figure 2, σ stands for
stress, Ei is the coefficient of elasticity, and ηi is the coefficient of viscous damping.

However, the basic models are insufficient to fully describe the dynamic behavior of
VE materials and they are only effective in a small frequency range. The Maxwell model
fails to reproduce the phenomenon of creep [43], whereas the Kelvin–Voigt model does not
describe the relaxation behavior well and represents the rheological properties poorly, even
for uncomplicated materials such as rubbers [44].

By connecting a spring in series with a Kelvin–Voigt element or in parallel with a
Maxwell element, the three-element elastic models [45], also called standard linear solid
models, are obtained; see Figure 2c. These models are also referred to as standard three-
parameter Voigt and Maxwell models [46] or standard linear Kelvin and Maxwell solid
models [47], respectively. They both exhibit the same mechanical behavior although their
structure is different. According to the principle of conversion, one model can be replaced
with another and they can be described by the same equation [47,48].
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In the classical approach to modeling of linear VE behavior, the stress–strain equation
can be represented in a general form by differential operators [49].

M

∑
m=0

am
dmσ(t)

dtm =
N

∑
n=0

bn
dnε(t)

dtn (1)

where σ(t) and ε(t) are the functions of stress and strain varying in time t, am and bn are the
model coefficients, and M and N are the corresponding numbers of the series components.

More complex four-parameter classical models are formed as a combination of basic
models. The Burgers model [50] is built from the Kelvin–Voigt model connected in series
with the Maxwell model. On the other hand, a parallel connection leads to the standard
model, also known as the Zener model [51]. These models more realistically represent
rheological properties of a VE material with a good trade-off between complexity and
accuracy [44]. The Burgers model is widely used in road construction engineering because it
best describes the creep and the relaxation characteristics of asphalt composite concrete [52].

Three- or four-element models can describe the dynamic behavior of VE materials
with a good approximation only for selected small ranges of temperature and vibration
frequencies. Representation of rheological properties of VE materials over a wider tempera-
ture or frequency range requires models with a large or even infinite number of mechanical
elements, i.e., springs and dashpots [43,53].

By combining a much larger number of basic models, generalized series/parallel
models are obtained, which have two forms: the generalized Maxwell-type models, useful
for the analysis of VE fluids and rubber-like materials, and the generalized Voigt-type
models, which should be used for VE solids [42]. If a spring is added in parallel to the
generalized Maxwell model, as in Figure 3, an extended model is obtained that is suitable
for solving problems in the dynamics of solids, including VE materials [46,54].
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Figure 3. The generalized Maxwell model with an additional spring.

A highly versatile and accurate model can be built by combining basic and general-
ized models in an arbitrary way. For any model composed of springs and dashpots, the
constitutive relation can be written in a form of a differential equation. The advantage
of the differential equations approach is that each model can be easily understood and
interpreted physically. The disadvantage is that more advanced models are described
by a higher-order differential equation, which complicates the calculations, and it is very
difficult or sometimes impossible to identify the parameters of the model adopted for the
real material [44,55].

A way to overcome the aforementioned problems is to use fractional calculus to
describe rheological phenomena [56,57]. Dashpots used in the classical rheological models
can be replaced with the so-called spring-pot elements, i.e., the Scott-Blair elements, for
which the constitutive equation includes a non-integer derivative [58,59]. At the turn of
the 20th century, many definitions of fractional derivatives appeared, given by Liouville,
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Riemann, Grunwald, and Letnikov. Currently, one of the most commonly used definitions
of the fractional derivative is the Caputo derivative [60]. It can be proved that fractional
models using a limited number of parameters make it possible to describe the behavior
of VE materials at various frequencies, excitation amplitudes, and temperatures with
acceptable accuracy [61,62]. The constitutive equation for such a model can be derived
from Equation (1) by adopting the appropriate orders of derivatives smaller than unity (i.e.,
0 < m < 1 or/and 0 < n < 1).

In the case of more complex models, it is also desirable to establish a relationship
between the mechanical performance and the micro-configurations of the VE material,
since changes in the rheological properties of the VE materials are attributed to a change in
the microstructure [26,63]. In [62] it was shown that the higher-order fractional derivative
model modified with the theory of internal variables and the principle of temperature–
frequency equivalence is sufficiently accurate in describing the dynamic behavior of VE
materials with varying frequencies and displacement amplitudes. Non-linear models are
created when it is assumed that the resistance force depends on the velocity and amplitude
of deformation [64].

The VE properties are exhibited by various polymeric materials, such as adhesives,
elastomers, and rubber. In order to accurately describe the dynamic behavior of a real
VE material, it is essential to select a proper rheological model and correctly identify its
parameters. Usually, the identification of model parameters requires a series of appropriate
and relevant experiments and then, via a proper mathematical description of the physical
behavior in the test, the results of the experiments are fitted to the mathematical model [65].
There are many methods for evaluating the performance of VE damping materials, which
can be grouped in different ways.

In the context of the type of experimental tests, we can distinguish uniaxial tests [66],
shear dynamic modulus tests [67], creep tests, stress relaxation tests [68,69], and beam
bending tests [70]. All these tests can be dynamic [71] or pseudo-static, and they typically
involve the measurement and acquisition of time histories of forces and displacements,
which are then processed numerically [72].

In the case of static experiments, creep data are usually only available and the iden-
tification scheme is used to determine the parameters of the retardation function from
the creep data [73]. The retardation function can then be transformed into a relaxation
function. The relaxation experiment can be simulated by forcing a strain in the material
and measuring the stress generated [69]. Studying the creep and the relaxation curves of
materials is an effective method for dynamic testing at low frequencies, as the material
needs time to respond to excitation [53].

In the vast majority of cases, experimental data are obtained by Dynamic Mechan-
ical Analysis (DMA) [66,67]. DMA involves forcing the material to oscillate at a certain
frequency and measuring its strain and stress beyond the resonant frequencies of the test
stand. By varying the frequency, a transfer function can be built between the stress and
strain over its wide range. This type of test is most suitable to acquire information on the
frequency-dependent behavior [53].

With more advanced measurement technologies such as Digital Image Correlation
(DIC) and Digital Volume Correlation (DVC), it is possible to obtain local information
contained in full-field displacement/deformation data [74]. The use of DIC measurements
in dynamic experimental tests can be subject to quality problems such as loss of grid points
during loading, inaccessible measurements close to the boundary, and non-Gaussian noise.

Depending on how the experimental data are processed, identification methods can
be divided into two categories—direct and inverse identification methods [75]. In the
direct methods, experimental dynamic data can be converted directly to dynamic stress–
strain data or, equivalently, to the dynamic modulus at a specified frequency or strain
rate [66]. The direct methods are not suitable for measuring dynamic mechanical properties
of adhesives at lap joints with adherents because it is very difficult to distinguish between
the elastic effects of the adherents and the adhesives [75].
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In the category of inverse methods for identifying properties of VE materials, an
inverse problem solving is used. For example, methods based on updating a FE model
can be used. A numerical model of a structure with VE material is created. Then the
parameters of the adopted material model are adjusted so that the response of the real
structure measured in the experiment coincides with the results obtained from the finite
element simulation [76]. Differences between measured and calculated values can be
minimized using a gradient-based optimization algorithm to estimate the true values of
the VE material model parameters [75,77].

The majority of identification cases are based on a cantilever beam specimen, where
only damping of the VE material is included in the analytical model, whereas damping
of the clamped specimen and air damping are usually ignored [78]. The results of some
analyses show that the loss factor of VE materials would be overestimated if only material
damping were included in the analysis model [79].

In the context of the fitting methods, stochastic techniques [80], evolution strategies [22,81],
and optimization procedures [73,76,82,83] can be considered. Although no gradient infor-
mation is needed in most of these methods, their performance is poor [65]. In addition,
the process of parameter identification is an inverse problem that is determined, and it
can be ill-conditioned due to noise present in the experimental data [22]. The choice of
testing and fitting method also depends on the number of parameters present in the model
that must be identified. Direct identification from time-domain or frequency-domain data
is generally a difficult task, especially when more sophisticated models are required to
achieve sufficient accuracy in relatively broad domains [84]. Some approaches to overcome
these problems, illustrated by four identification methods, are described in [73].

When the number of model parameters is small, such as in the classical Kelvin or
Maxwell models, appropriate algebraic operations can lead to formulae that determine the
model parameters directly from the experiment results [85].

The hysteretic model allows the definition of a stress–strain or a load–displacement
relationship using a closed-form expression that does not require any iterative algorithm
to fully characterize the response [86]. The constitutive parameters represent physical
properties that can be directly related to quantities deduced from experimental data [83].

Stochastic identification techniques have an advantage over deterministic methods in
their ability to account for uncertainty associated with established models, which can be
caused by varying material properties, as well as their spatial distribution, measurement or
modeling errors, and insufficient information available [80].

The Ant Colony Optimization algorithm can be used to solve the inverse problem of
identifying unknown constitutive parameters in homogeneous/regionally inhomogeneous
fractional VE fields [81].

Very recently, a computational homogenization framework for VE composites within
the framework of non-ordinary state-based peridynamic theory was presented in [87].
The proposed framework was used to calculate the effective properties in both time and
frequency domains of two VE matrix-inclusion composite systems—one with an elastic
inclusion and VE matrix, and the other one with VE inclusion and an elastic matrix.

4. Influence of Temperature on VE Parameters and Behavior of VE Systems

The influence of temperature on the material behavior in the structures with VE
elements is a very interesting problem. The temperature changes may occur due to the
changing ambient temperature and due to the self-heating resulting from conversion of the
dynamic energy into heat during damping of vibrations. The temperature rise in the VE
material leads to substantial changes in its mechanical properties.

The problem of self-heating was considered in the papers [88–90], where formulae for
the calculation of the temperature rise in fluid dampers were derived for different forcing
functions. The temperature-rise formulae for small-amplitude motion induced by wind
loads were presented in [89], and those for large-amplitude motion due to seismic loading
were presented in [88]. Those theoretical considerations were supported by experimental
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studies [91]. The results of theoretical and experimental studies on the effect of self-heating
on the mechanical characteristics of VE materials were presented in [28]. The paper [92] was
dedicated to a stochastic finite element analysis of a three-layer sandwich plate containing a
VE layer. The dependence of the behavior of the VE materials on frequency and temperature
was taken into account. The paper [93] contains a description of the modeling methodology
of structural systems supported by VE mounts or joints based on the frequency response
function coupling technique.

The majority of contributions in the field of ambient temperature influence rely on
the assumption of the so-called rheologically simple material for which the frequency–
temperature superposition rule [94,95] can be used. The dependence of the VE behavior
on frequency and temperature is considered by using the complex modulus approach
and the concept of reduced frequency and shift factor; see Figure 4. Among several
proposals aiming at the computation of the shift factors, the Williams–Landel–Ferry (WLF)
formula [94] is most frequently applied to compute the horizontal shift aT (see Figure 4),
whereas the vertical shift bT is usually neglected.

log10aT =
−c1(T − T0)

c2 + T − T0
(2)
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In (2), T is the current temperature, T0 is the reference temperature, and c1, c2 are the
material parameters, which should be obtained from experiments.

The analysis of sensitivity of complex frequency response functions to geometrical
characteristics and temperature developed for plates with passive constrained damping
layers was presented in [96]. The paper [97] described an extended VE model, based on
isothermal models, where the temperature–frequency superposition effect was directly
considered. The model was used for experimental data analysis in order to identify a set
of global parameters which were able to represent the effect of frequency and varying
temperatures. The paper [98] was devoted to experimental studies on the sensitivity of
the cyclic behavior of elastomeric isolators to ambient temperature variations. The results
of experimental investigation, which was intended to study the temperature effect on
frequencies, mode shapes, and damping ratios of VE layered beams, were presented in [99].

The influence of temperature on damping properties of VE materials was widely
investigated. This problem for slab-column structures with VE dampers was examined
in [100,101]. The papers [102,103] reported results of research concerning plates with VE



Buildings 2023, 13, 2223 10 of 42

damping layers and the temperature effect on parameters of a VE material model was
taken into account.

In the paper [104], Diani et al. presented the experimental study of torsion-loaded
elements. They took into account the phenomenon of shape memory of polymer networks.
The temperature influence was considered using the frequency–temperature superposition
and the shift was computed using the WLF formula. The frequency range considered was
from 0.01 to 63 Hz. The VE properties of the material were modeled using the 12-parameter
generalized Maxwell model.

Arikoglu in [105] carried out the analysis of VE material behavior with the use of
the nested Zener fractional model. The parameters of the model were obtained from the
Wicket plot using the genetic algorithm method and the relaxation time followed from
the experiments. The temperature influence was included using frequency–temperature
superposition. Interestingly, two methods of shift computation were compared—the
notorious WLF formula and the modified Kaelble approach, which also allows analysis of
the temperatures below the glass transition limit.

In a series of papers, Xu et al. [38,106,107] analyzed the behavior of a VE damper. The
damper was tested experimentally and it was successfully modeled using the equivalent
fractional Kelvin, fractional Maxwell, and Prony series material models. The frequency–
temperature superposition was used and the shift coefficients were obtained using the WLF
formula with the coefficients proposed by Lakes in [108].

Later, the same group of researchers analyzed the VE plate with the temperature-
dependent properties under the action of a moving heat source [109]. The thermodynamic
analysis was performed for the material, including non-local effects. In the recent pa-
per [110], those authors tested the VE material in the form of nitrile rubber with small
molecule additives under the varying temperature conditions. The modified fractional
Kelvin model was used to describe the VE properties, wherein the supramolecular interac-
tion was considered. The temperature shift in the frequency–temperature superposition
was introduced using the WLF formula.

The problem of flutter suppression in the supersonic flow for VE layered plates was
analyzed by Cunha-Filho et al. in [103]. The effect of temperature was introduced directly
into expressions for the complex dynamic modulus using the frequency–temperature
superposition rule. The shift factor was computed using the Drake–Soovere [111] proposal,
which is more complex than the WLF formula because it also contains the terms depending
on the square of temperature difference. This approach can be used for temperatures within
the range of 210–360 K, which is of practical importance in aeronautics.

The problem of wave propagation in the thermo-VE material subjected to thermal
loading was considered by Sheoran et al. in [112]. That work was related to the thermo-
visco-elasticity theory and included the thermal variation of the model parameters, as well
as the self-heating.

In [113], Wei et al. considered the dynamics of rail pads made from three different
VE materials. The data from experiments carried out in temperatures from the range of
−45 to +20 ◦C were fitted using the fractional Kelvin VE material model combined with
the frequency–temperature superposition, and the shift factor was computed using the
WLF formula.

Pettermann and De Simone [114] considered the anisotropic thermo-VE material
subjected to elastic relaxation and thermal expansion creep. The constitutive law was
based on the relaxation tensor introduced in the form of Prony series expansion. The
frequency–temperature superposition rule was applied and the shift factor was computed
using the WLF formula. The formulation for plane states and the 3D case was presented
and implemented in the finite element method.

The non-linear time-history response of multi-degree of freedom structures with VE
dampers under the action of seismic loading was considered in [115]. The VE properties
of the damper were described using the recursive-parameter material model in the form
of an extension of the Nakamura proposal [116]. The extension to model the temperature
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dependence embedded in the formulation was based on the WLF formula. The proposed
approach was found to be more reliable than that employing the standard Kelvin–Voigt
material model.

Li et al. [117] proposed a combined thermo-VE model based on the fractional VE
constitutive law merged with the frequency–temperature superposition rule and the WLF
formula used to compute the shift parameter. The model was verified experimentally in
the tensile test and DMA. It was found that the model remained valid for a wide range of
frequencies spanning 10 orders of magnitude.

The analysis of plates made of VE materials was performed in [118,119]. The free
vibrations in the geometrically linear case and geometrically non-linear harmonic vibrations
were considered. The VE material was described using the fractional Zener model. The
temperature influence was introduced using the frequency–temperature superposition rule
and the shift factor was computed using the WLF formula. Based on the results from [61],
the shift was applied only to the relaxation time value.

Dai et al. [120] analyzed a 10-story frame with VE dampers under the action of seis-
mic loading based on the record of historical earthquakes. The material of damper was
described by the fractional Zener model. The influence of ambient temperature was in-
troduced using the frequency–temperature superposition rule and the shift factor was
computed from the WLF formula. In the numerical simulations, optimum ranges of tem-
perature were found from the point of view of vibration reduction. The same authors
continued the analysis of seismically loaded structures with dampers in [121]. They pro-
posed the rational polynomial form of the VE constitutive law, which is the generalization
of all the popular VE material models including various variants of Kelvin, Maxwell, and
Zener models. The temperature influence was included in the WLF shift factor.

The influence of temperature on dynamic characteristic, i.e., natural frequencies,
damping ratios, and modes of vibration, for frames with VE dampers, was investigated
in [122]. The frequency–temperature correspondence principle was used and the resulting
non-linear eigenvalue problem was solved via the homotopy method and the incremental-
iterative procedure.

In [123], Zhang et al. proposed a simple fractional temperature spectrum model to
describe the behavior of the VE material in various temperature conditions. The model
was based on the five-parameter fractional viscoelasticity combined with the frequency–
temperature superposition, including both horizontal and vertical shifting of complex
modulus function vs. the frequency logarithm. The model was successfully verified and
calibrated to match the experimental data obtained from testing of two rubber materials.

5. Formulation of Equations of Motion and Their Solution for Beams and Frames with
VE Elements
5.1. Linear Vibrations

The dynamics of structural elements, such as beams, plates, or shells, including geo-
metric non-linearity, made from or incorporating fragments of VE materials, is an important
research topic due to the practical importance of these elements in many fields of engineer-
ing. For over the past 20 years, this subject has gained importance and, consequently, there
are many research reports related to it.

Equations of free vibrations for three-layered plates with a VE core were derived
in [124] using the principle of virtual work. The resulting eigenvalue problem was numeri-
cally solved for the complex eigenvalues to yield the dynamic characteristics. The authors
considered the general case and several simplified scenarios.

The finite element formulation of the free vibration of damped sandwich beams was
considered in [125]. The authors formulated the equation of motion in the discretized form
using the Galerkin finite element, which included the VE material treated as an elastic
material with the substituted complex shear modulus and featuring the constant shear
stress distribution. The non-linear eigenvalue problem was solved using the developed
iterative method to yield the frequencies and loss factors.
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The eigenfrequency problem of laminated beams and plates with a VE material was
solved in [126]. The finite element method was used to formulate the discrete non-linear
equations of motion and the high-order Newton–Raphson method combined with the
homotopy procedure was used in the solution process.

A four-node facet-type quadrangular shell finite element, based on a layer-wise theory,
developed for static and dynamic modeling of laminated structures with VE damping
layers in the linear range, was derived in [127]. The sandwich structure was divided into
layers treated individually as thick plates. The equations of free vibrations were formulated
using the Hamilton principle. The solutions of the standard eigenvalue problem were
presented for the plates and shells with elastic orthotropic layers.

A VE sandwich beam modeled with the Zener material and a fractional derivative
was analyzed in [128]. The governing equation of motion for the linear transient vibrations
was formulated directly in the finite element discretized version and solved using a direct
time-integration method based on the implicit Newmark scheme.

Free vibrations of a three-layered sandwich beam were analyzed in [129]. The beam
was considered to be a combination of Rayleigh beam theory for the elastic faces and a Tim-
oshenko beam for the core. The equations of motion were derived from the Hamilton princi-
ple. They were solved analytically using the extensive symbolic algebra operations. The nat-
ural frequencies and vibration modes were obtained from the Wittrick–Williams algorithm.

In [130], Cortés et al. presented a homogenized finite element formulation for the
transient dynamic analysis of beams with asymmetric and symmetric unconstrained layer
damping. The VE material was characterized by a five-parameter fractional derivative
model. The derivation of a fractional matrix equation of motion was based on the Galerkin
weighted residual method. The application of the Grünwald–Letnikov definition of the
fractional derivatives allowed the fractional equation to be solved numerically using two
different implicit formulations.

The vibrations of sandwich composite beams were considered in [131]. The problem
was described by the approximated simplified fourth-order beam theory and the equation
of motion was formulated using the Hamilton principle. A higher-order sandwich beam
model was employed to obtain the estimates of the frequency-dependent bending stiff-
ness and shear modulus of the equivalent Bernoulli–Euler and Timoshenko models. The
predicted eigenfrequencies and transfer accellerance functions resulting from the analyti-
cal solution were compared to the data obtained from the higher-order model and from
experimental measurements.

A finite element model for the analysis of the linear vibrations of sandwich VE beams
was developed in [132]. The model was formed by elastic frame elements, one VE plate
element, and four rigid connectors. Assessment of a time-domain formulation for nu-
merical modeling of VE materials was conducted using the Golla–Hughes method based
on a second-order time-domain realization of Laplace-domain motion equations. The
parameters used in the model of the VE material were obtained experimentally.

In the paper [133], an overview of the kinematic theories to model the three-layered
composite beam with a VE core was presented. The authors considered the classical
laminate theories, first- and higher-order shear deformation theories, and zig-zag theories,
and proposed one universal formulation. Based on the numerous static and dynamic
analyses in the linear range, it was concluded that the models based on the zig-zag theories
yielded more accurate results, especially in the cases featuring a high ratio of stiffness
values between the core and the faces.

Another overview of zig-zag theories used to analyze the laminate structures, includ-
ing plates and shells was given by Carrera in [134]. The same author recently developed
a unified formulation called Carrera Unified Formulation (CUF). The advantage of CUF
is that it represents a generalized framework from which virtually every theory of struc-
tures can be obtained as a degenerated case of an arbitrary expansion of the generalized
unknown. CUF was successfully employed, among other applications, to analyze a beam
that contains layers or inclusions made of a VE material described with the Maxwell and
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standard linear solid models, in [135]. The viscoelasticity was modeled using the integral
form of the constitutive law. The Hamilton principle was used to formulate the equations
of motion. The solution in the frequency domain after the Laplace transformation was then
inverted to the time domain using the numerical inversion methods.

CUF has also been generalized to allow for different expansion orders and descriptions
for individual displacement components, leading to the Generalized Unified Formulation
(GUF), as well as to groups of plies, i.e., the sublaminates, to yield the Sublaminate Gener-
alized Unified Formulation (SGUF). The latter was used in [136] to analyze free and forced
vibrations of sandwich beams and plates including an arbitrary number of damping cores.
The equations of motion were derived using the Hamilton principle. They were solved by
the computationally efficient Ritz method, which allowed any type of boundary conditions
to be taken into account.

Damped free vibrations of thick composite and sandwich composite plates were con-
sidered in [137]. The third-order shear deformation theory was applied and the equations
of motion were derived using the Hamilton principle. The modal damping was assumed
and the dynamic characteristics followed from the solution of the eigenvalue problem.

Alvelid [138] analyzed the free and harmonically forced linear vibrations of the sand-
wich cantilever beam. The VE core was modeled using the fractional linear solid mate-
rial. The governing equations were formulated for the Timoshenko beam theory and the
resulting sixth-order differential equation was solved analytically to obtain the natural
frequencies and the amplitude–frequency response curves.

Free and forced vibrations of symmetric sandwich structures with a VE core were
analyzed in [139]. A damped beam finite element for three-layered symmetric straight
damped sandwich structures was derived using the Hamilton principle. The damping
was assumed to be proportional to mass and stiffness matrices, and the resulting complex-
valued linear eigenvalue problem was solved to obtain the dynamic characteristics. The
response curves were determined classically from the corresponding complex-valued
ordinary set of equations.

Wang et al. [140] considered vibrations of a five-layer composite beam made of elastic,
piezoelectric, and VE materials, where the latter were described using the Golla–Hughes–
McTavish model. The layers’ kinematics were defined using the Euler–Bernoulli assump-
tions and the VE layer had an additional enhancement in the form of the shear angle
associated with transverse shear. The Hamilton principle was used to formulate the equa-
tions of motion. The use of the second-order Anelastic Displacement Fields approach with
three fields to implement the VE material model enabled the straightforward development
of time-domain and frequency-domain finite elements.

Free vibrations of orthotropic multilayer sandwich structures with a VE core leading
to high damping were studied in [141]. The aim was to establish numerical tools for the
design of multilayer composite structures with high damping. The equations of motion
were formulated using the principle of virtual work. A finite element model to solve
the problem was derived from the classical zig-zag model with shear deformation in the
VE layer.

Geometrically linear free vibrations of VE Mindlin plates with ambient temperature
influence were considered in [118]. The governing equations were derived in the Laplace
domain and, after the finite element discretization, the non-linear eigenvalue problem was
obtained using the principle of virtual work. It was solved for the dynamic characteristics
via a novel approach which simplified the procedure, reducing it to a combination of one
linear eigenvalue problem and one simple algebraic non-linear equation with one unknown.

Free vibrations of laminated VE composite plates on Pasternak VE medium with
simply supported edge conditions were investigated in [142]. The plate was made of linear
VE polymeric matrix reinforced by transversely isotropic elastic fibers. The Boltzmann
superposition principle was used to describe the time-dependent stiffness coefficients
of laminates. The coupled integro-PDEs of motions were derived based on the third-
order shear deformation theory, the Laplace transformation, and the Hamilton principle.
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Complex frequencies and closed-form solutions for transient response were computed by
the weighted residual method, an iterative numerical algorithm, and the Fourier transform.

Vibration characteristics of laminated composite beams with magnetorheological
layers were investigated using layer-wise theory in [143]. In the three-layered beam,
each layer was considered to be a thick Reissner–Mindlin plate strip divided into several
layers. Each of these was described using the first-order shear theory. The Hamilton
principle was used to formulate the equations of motion. The natural frequencies were
calculated via frequency sweeping with the stiffness matrix of the beam recalculated at
each frequency value.

Dynamic behavior of free layer damping plates with thick unconstrained VE layer
was analyzed in [144]. The Kirchhoff–Love thin plate formulation was adapted to take
the shear stiffness into account by using a substitute equivalent frequency-dependent
flexural stiffness. The results of free and forced vibrations analyses were obtained using
the symbolic algebra program MATLAB. This approach was then extended to the cases of
constrained VE layers in [145].

Linear free vibration analysis of asymmetric VE annular and circular plates was
considered in [146]. The first-order shear deformation theory was used and the VE behavior
in shear was assumed in the form of the standard linear solid model. The Hamilton principle
was employed to formulate the governing equations, which were solved analytically using
the perturbation technique and the Fourier series.

Free vibrations of a three-layer composite sandwich plate with a frequency-dependent
VE core modeled using the Biot material were considered in [147]. The equations of
motion in the finite element discretized form were obtained using the Hamilton principle.
They were decoupled and transformed from the second-order differential type to the first-
order state equation. The resulting non-linear eigenvalue problem was solved using the
MATLAB program.

In the paper [148], the displacement-based refined zig-zag theory (RZT) was used for
the first time to determine the dynamic characteristics of composite sandwich plates made
from elastic and VE layers. This was a development of the approach proposed in [149] by
the same authors, and was devised to analyze the layered beams. The use of RZT allowed
the introduction of an efficient and simple description of the layered structures’ kinematics.
Its accuracy was ensured by the properties of the zig-zag function introduced in [150,151].
It was assumed that its distribution was piecewise linear with gradient discontinuities at
the layers’ interfaces and vanishing at the upper and lower plate surface. The graphical
illustration of this function, denoted by φ

(k)
i (z) for a plate with thickness h, consisting of N

layers, is presented in Figure 5. For the k-th layer it has the following form:

φ
(k)
i (z) =

1
2
(1 − ξk)φ̃i

(k−1) +
1
2
(1 + ξk)φ̃i

(k) (3)

where the quantities with a tilda φ̃i indicate the values of the zig-zag function at the layers’
interfaces (see Figure 5), and the local co-ordinate

ξk =
2
hk

(
z − z(k)u

)
+ 1 (4)

is introduced with the help of the layer thickness hk and z co-ordinate zu
(k) of the upper limit

of the k-th layer. When compared to the single-layer theories, the introduction of only one
additional degree of freedom for beams, or two additional degrees of freedom for plates, at
each finite element node yielded a very low computational cost. The equations of motion
were derived using the principle of virtual work. The resulting non-linear eigenvalue
problem was solved using the continuation method.
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A finite element formulation for vibration and damping analysis of sandwich plates
with a moderately thick VE core was proposed in [152]. The mixed layer-wise theory was
applied where the VE core was modeled using a general high-order deformation theory.
The viscoelasticity was described as a quasi-three-dimensional solid. Quadrilateral finite
elements were developed and dynamic equations were formulated using the Hamilton
principle in the variational form. An iterative procedure was introduced to solve the
non-linear eigenvalue problem.

Free and forced vibrations of VE plates were considered in [153]. The governing equa-
tions of the Kirchhoff plate with Kelvin–Voigt viscoelasticity were derived and solved analytically.

Dang et al. [154] used a variable fractional derivative model to describe the vibra-
tions of the circular plate with varying thickness. The method was used to formulate
a ternary variable fractional differential equation of the plate. The shifted-Chebyshev-
polynomials algorithm was introduced to numerically solve the complex equation directly
in the time domain.

Linear vibration analysis of adaptive sandwich plates resting on a VE medium was
presented in [155]. The sandwich plates with a fiber-reinforced layer, two magnetostrictive
actuators, and VE faces were considered. The Kelvin–Voigt model was used. Based on the
unified plate theory, the governing equation of motion for the system was formulated using
the Hamilton principle. The solution was obtained analytically using the Navier method.

The natural frequencies of functionally graded composite VE plate on the visco-
Pasternak foundation were examined in [156]. The higher-order shear deformation theory
was used. The Kelvin–Voigt viscoelasticity model was employed. The equations of motion
were formulated using the Hamilton principle. The analytical solution was obtained using
the Navier method and a semi-analytical method founded on the generalized differential
quadrature method.

5.2. Geometrically Non-Linear Vibrations

Xia and Łukasiewicz [157] analyzed non-linear forced vibrations of sandwich panels
with the core modeled as the Kelvin–Voigt VE material. The equations of motion were
formulated using the principle of virtual work and solved using the harmonic balance
method with one harmonic assumed.

Kim and Kim [158] used the hereditary model of VE material within the solution
of non-linear free vibrations of laminated plates. The equations of motion were derived
using the Hamilton principle. The discretized problem was solved using the multiple
scales method. It was shown that, for small non-linearities, the non-linear analysis and VE
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analysis can be carried out separately by considering decaying amplitude obtained from
the linear VE analysis within the conventional elastic non-linear analysis.

The non-linear vibrations of VE sandwich beams were considered in [159]. In the
kinematic model, it was assumed that two elastic layers remained parallel and that the
shear strain was constant across the VE core, which was modeled using a general linear VE
constitutive law. The amplitude equation was obtained from the principle of virtual work. It
was solved via coupling the harmonic balance method with the one-mode Galerkin analysis.

Non-linear natural frequencies for vibrations of beams made from the Kelvin–Voigt
VE material were analyzed in [160]. The Hamilton principle was used to formulate the
equations of motion. They were solved analytically using the combination of the perturba-
tion and Galerkin methods. The used multiple scale approach was found to be restricted to
small non-linearities.

Jacques et al. [161] used the principle of virtual work to formulate the equations of
motion for the non-linear vibrations of sandwich beams, where VE material was modeled
with hereditary integrals. The solution was obtained via the harmonic balance method with
one harmonic term and the exponential representation of the solution. The finite element
method was used to discretize the problem. The similar approach was used by Bilasse
et al. [162,163] to analyze the linear and non-linear vibrations of sandwich beams with
various frequency-dependent models of viscoelasticity.

VE plates with high-order shear deformation theory were considered in [164]. The
equations of motion were formulated as the integro-partial differential equations. They
were converted to an explicit matrix form in the spatial domain using the matrix formulae of
the differential quadrature method, the special matrix product, and the domain decoupled
technique. This approach allowed the investigation of numerous non-linear phenomena
including a transition to chaos.

Non-linear vibrations of Kelvin–Voigt VE beams with additional non-linear spring
support during axial movement were analyzed in [165,166]. The equations of motion were
derived using Newton’s law of motion and they were solved analytically using the multiple
scale perturbation approach.

Active damping of non-linear vibrations by piezoelectric composites in laminate
plates with viscoelasticity modeled using the Golla–Hughes–McTavish (GHM) material
was analyzed in [167,168]. The first-order shear deformation theory was applied. The
principle of virtual work was used to formulate the equations of motion, which were
discretized using the finite element method and solved in the time domain. The similar
approach was used in [169] to solve the problem of geometrically linear vibrations of thin
laminated plates with a three-dimensional fractional derivative model of viscoelasticity.
Based on similar tools, in [170,171] the same group of authors further considered the
transient non-linear vibrations of skew laminated composite plates and non-linear thin
panels with piezoelectric active constrained layer damping patches or layers. Finally, the
functionally graded and smart plates with piezoelectric layers for active constraining were
considered in [172,173].

Non-linear forced vibrations of symmetric laminated beams with a VE core were
the subject of the paper [174]. The principle of virtual work and the harmonic balance
method coupled with the one-mode Galerkin approach were used to formulate and solve
the problem analytically.

An interesting version of the harmonic balance method combined with the residue
homotopy continuation was applied to solve the non-linear vibrations of arches by Leung
et al. in [175]. The governing differential equations were derived for the primary resonance
and the Galerkin method was used to discretize the problem.

In [176], Mahmoudkhani et al. analyzed the non-linear free and forced vibrations of
sandwich plates where the VE core was made from a Green–Rivlin material. The obtained
results were compared with those for various other non-linear models. The equations
of motion were formulated using the Hamilton principle. They were solved using the
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fifth-order multiple-scales method, and the resulting differential equations were in turn
solved by the method of eigenfunction expansion.

Free vibrations of composite beams containing elastic and VE layers were considered
in [177]. The four-parameter rheological model with a fractional derivative was applied to
describe the mechanical properties of VE layers. The principle of virtual work and the finite
element method together with the Laplace transform were used to formulate the equation
of motion in the frequency domain. The dynamic characteristics were computed as the
solution to a non-linear eigenvalue problem obtained using the continuation method.

Non-linear vibrations of simply supported plates with geometric imperfections, made
from a Kelvin–Voigt VE material, were considered in [178]. The equations of motion were
formulated based on the expressions for potential and kinematic energy. Their discretized
version was solved using the arc-length continuation and collocation methods.

The problem of harmonic vibrations of VE plates was analyzed in [179,180]. The
VE material was described by the classical and fractional Zener models. The equations
of motion were formulated for the geometrically non-linear plate kinematics using the
principle of virtual work. The harmonic balance method was used to solve the problem,
where the orders of the approximation of the solution were varied from 1 to 2 for different
parts of the kinematic description to match the kinematic relations of the Mindlin plates.
The resulting non-linear amplitude equations were discretized using the finite element
method and solved by the arc-length curve following approach.

The flutter of a sandwich circular cylindrical shell with the fractional order Zener
constitutive relationship was considered in [181]. The formulation of the sandwich cylinder
was obtained basing on the Donnell–Mushtari theory for facing layers and the first-order
shear deformation theory for the VE layer. The Lagrange method and the Rayleigh–Ritz
method were implemented to derive and solve the governing equations. The obtained
set of ordinary differential equations was solved to determine the stability margin of the
three-layered cylinder.

Shafei et al. [182] proposed an efficient iso-geometric formulation for non-linear vi-
brations of VE plates. The generalized multi-axial Maxwell model was used to express
the VE constitutive equations. The plate formulation was based on a higher-order shear
deformation theory. The governing equations of motion were derived using the Hamilton
principle. The solution in the time domain was obtained by the use of the Newmark
constant average acceleration method.

5.3. Structural Elements on Viscoelastic Foundations

Viscoelastic foundations are another means of reducing undesired vibrations of struc-
tures and their elements. The topic is especially important in the case of micro- and
nanoscale objects which, in addition to their uses at the nanoscale, are also often used
in the manufacture of larger-scale elements with an intricate internal structure having a
functionally graded (FG) type, or as layered composites. Consequently, recent years have
seen an enormous scientific effort and numerous contributions to the general knowledge
and understanding of the behavior of beams, plates, and shells at various scales resting on
substrates with time-dependent materials.

The task of discussing and presenting all of these is certainly beyond the scope of this
paper. This topic itself would deserve a separate dedicated review paper. Actually, an
excellent overview of the subject of viscoelastic foundations, together with an extensive
review of papers devoted to it, was presented by Younessian et al. [183]. This compilation
includes a thorough description of the existing theoretical models describing the behavior of
time-dependent substrates. A separate chapter is devoted to modeling of various structural
elements resting on VE foundation. The possible methods of solutions are also discussed
and the problems are illustrated by selected practical applications. That review summarizes
the state of the art in this subject until 2019. Thus, it was decided to focus the attention in
this paper on the research results published after that time.
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The vast majority of those recent contributions are devoted to the analysis of free
vibrations and parametric analyses of the dependence of dynamic characteristics in systems
on various details of the model, see e.g., [184–213]. The second large group of papers
concerns the harmonic forced vibrations, both linear [155,214–216] and geometrically non-
linear [217–229]. The other group of contributions focuses on the vibrations forced by a
moving load or a moving mass, e.g., [193,230–232].

A large variety of types of structural elements is considered, including beams [187,194,
195,206,213,228,232], plates [193,202,203,214,218,220,227], shells [204], composite beams [186,
198,201,207,211,215,224,225], composite plates [155,185,191,199,200,210,212,222,223,226],
composite shells [190,216,219,221], nanobeams [184,189,196], FG nanoplates [192,197,208,
229–231], and FG nanoshells/nanopanels [188,209,217].

The overview of the literature indicates that the majority of recent contributions deal
with structural elements resting on the Pasternak foundation with VE properties modeled
using the Kelvin–Voigt description. This is the case in [155,184,185,189–192,194,196–201,
204–207,209,210,212,217,225,226,231], where a classical linear version of the model was
applied. In the paper [208], the VE foundation was represented using the variable Kelvin–
Voigt description. The version of the Kelvin–Voigt description with non-linear elastic
properties was considered in [210,219,222,223,228]. It is known that the use of fractional
derivatives significantly improves the properties of VE models. Following this knowledge,
this type of mathematical description of Kelvin–Voigt material was introduced in several
papers [203,227].

The possibility of applying a simpler foundation model, i.e., the Winkler model with a
Kelvin–Voigt viscoelastic component, is also commonly investigated, as in [187,188,215,230,231]
using the linear description, or in [213,218,224] with the non-linear elastic element. The
fractional derivative within this model was considered in [193,214].

There are also attempts to model the foundation in the Pasternak configuration com-
bined with standard linear solid viscoelasticity in its fractional variant [195,202,227,232].

Finally, research has also reported on more elaborate foundation types, such as the
Kerr foundation with a double VE layer, including in the papers [186,211], whereas, in [221],
the influence of the foundation with the Hetenyi shear layer was analyzed.

6. Determination of Dynamic Characteristics of Systems with VE Elements

Dynamic characteristics, i.e., the natural frequencies, the non-dimensional damping
ratios, and the modes of vibrations, are extremely important parameters as they enable one
to understand the dynamic response of structures. Information about their values is crucial
in the process of designing and optimizing systems, as well as for understanding their
behavior under dynamic influences. Mathematical models of systems with VE materials
or containing VE elements must take into account the fact that dissipative forces depend
on the time history. The equation describing the eigenvalue problem for systems with VE
damping can be formulated in a general form [233] as follows:

M
..
q(t) +

∫ t

0
G̃(t − τ)

.
q(τ)dτ + Kq(t) = 0 (5)

where M and K represent the mass matrix and the stiffness matrix of the system, respec-
tively. q(t) is the displacement vector and G̃(t − τ) denotes the damping kernel functions
matrix. Mathematically, any function can be assumed for G̃(t) provided the energy dissipa-
tion functional is non-negative. Examples of these functions for the classical VE models
can be found in [54,233], whereas for the fractional models, they can be found in [234]. In
the Laplace domain, (5) reads as follows:

D(s)q(s) = 0 (6)
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where s is the Laplace variable, q(s) is the Laplace transform of q(t), and D(s) is referred to
as the dynamic stiffness matrix

D(s) = s2M + G(s) + K (7)

and G(s) is the matrix of damping kernel functions in the Laplace domain.
To find the dynamic characteristics of the considered system, it is necessary to solve

the non-linear eigenvalue problem formulated in the matrix form (6). The number of
solutions depends on the adopted VE model. It is well known, that for a linear eigenvalue
problem, the number of solutions is n, where n is the dimension of matrices involved in
the non-linear eigenvalue problem. However, when the viscous or the simple classical or
fractional Kelvin model is used and the system is sub-critically damped, the number of
solutions to the eigenproblem (6) is 2n and they have the complex conjugate format. If the
system is super-critically damped, then multiple real solutions may appear. In other words,
when a more complex model is applied, the number of solutions is 2n + p with additional p
real solutions. The 2n conjugate complex eigenvalues are referred to as the elastic modes,
whereas the p eigenvalues are called the damping modes. This is a fundamental difference
between VE and elastic systems, where only n solutions exist.

Many methods can be found in the literature that can be applied to solve the non-
linear eigenvalue problem describing systems with multiple degrees of freedom. A review
of the methods applicable to solving eigenproblems also occurring in systems with VE
damping can be found in, among others, [235,236]. In many papers, relatively simple
systems with one or just a few degrees of freedom are considered that include damping
elements described in a general way, so that the formulations can also be applied to VE
elements. In [126,237], a method based on asymptotic perturbation theory was presented.
The papers [238,239] demonstrated how a system with multiple degrees of freedom can
be transformed into a linear system which can be solved using a state-space approach.
The Biot model was considered in these works. In [240], a system with VE dampers was
also considered, where a simplified model consisting of a mass, a stiffness corresponding
to the structural stiffness, and stiffness and damping coefficients of the dampers was
adopted. Analytical solutions were presented for both the deterministic and stochastic
formulations of the eigenproblem. Furthermore, in [241], a proposal was made to replace a
VE continuous system with a system composed of a spring, a damper, and a mass. Single-
degree-of-freedom systems with fractional derivative damping were also investigated
in [242,243]. In the latter paper, the system was additionally connected to an inerter.

The papers [233,244] presented a solution to the eigenvalue problem based on the first-
and second-order Taylor series expansion of the modal damping function. The solutions
included both complex and real eigenvalues. In [245,246], a recursive numerical procedure
based on the fixed-point theorem was presented. The method involved a formulation of
recursive functions that allow for the iterative determination of eigenvalues and eigen-
vectors. The eigenvalues were the fixed points of these functions. In the papers [247,248],
an iterative procedure was described, which started with solving the eigenvalue problem
for the undamped system and then approximated the eigenvalues and eigenvectors using
finite increments, utilizing the derivatives of the eigenvector and the Rayleigh quotient.
In [249], an iterative method was presented, which allowed for simultaneous estimation
of eigenvalues and left and right eigenvectors. The application of the proposed method
to discrete and continuous systems with VE elements was demonstrated. Another itera-
tive method was proposed in [250] for systems in which damping was described by the
Biot model. A closed-form analytical solution for determining complex eigenvalues of
non-proportionally damped systems was presented in [251]. An expression was derived
in order to illustrate how the eigenvalues depended on the damping parameters, which
required solving only the eigenvalue problem for the undamped system.

The above-mentioned iterative and analytical methods were presented for relatively
simple systems with VE elements, but they are not limited to them. In the literature, one
can also find numerous studies that involve modifications of the previously described
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methods or entirely new approaches, which are applied to realistic structural systems with
VE materials or VE elements, such as layers or dampers.

In the first group of papers, studies related to linear VE systems are reported. Among
the early works, one can find [252,253], which also considered the non-linear eigen-
value problem. Linear VE systems were also discussed in the previously mentioned
papers [234,240]. Considerations of linear VE systems were included in [118,254,255]. They
were dedicated to determining the dynamic characteristics of frames and plates made of
VE materials, described using both classical and fractional rheological models. By utilizing
proportional damping, the solution of the non-linear eigenvalue problem arising in such
structures could be reduced to solving an eigenvalue problem for the elastic system, fol-
lowed by solving a single non-linear algebraic equation with one unknown. The influence
of temperature was also taken into account in [118,255]. In [146], an analytical solution
for VE circular and annular plates was presented, whereas the solution for non-linear
vibrations was presented in [256] for a VE plate with material properties described by
fractional derivatives.

In the second group of papers, methods for solving non-linear eigenproblems oc-
curring in the dynamics of systems with VE elements were described. A system of two
buildings connected by a VE damper was analyzed in [257]. An analytical solution was
derived assuming that the buildings were treated as homogeneous beams.

In the papers [61,258], a method was presented for analyzing frames with dampers,
whose behavior was described using fractional derivatives. A recursive numerical method
was applied based on an artificial perturbation parameter governing damping. In the
work [61], the influence of temperature on the dynamic characteristics was also included
using the temperature–frequency superposition principle.

The application of the continuation method, also known as the homotopy method,
yielded very good results in calculation of the dynamic characteristics of systems with VE
elements described by both classical and fractional rheological models. In [259], dynamic
characteristics of frames with built-in VE dampers were determined, and in [122], the
influence of temperature was additionally taken into account. In the papers [149,177],
beams with VE layers were analyzed; [260] reported the results for plates with VE layers,
and in [261], reticulated domes built from composite elastic/VE rods were studied. In the
continuation method, the initial solution is known and derived from solving the eigenvalue
problem for the undamped system. Then, by introducing a homotopy parameter, a solution
trajectory is constructed by gradually modifying this parameter in an iterative-incremental
procedure. Graphical interpretation of the continuation method in the case of one degree of
freedom system is presented in Figure 6. Here, f is a sought quantity and p is the homotopy
parameter. The continuation method is used to simultaneously determine the eigenvalue
and eigenvector for the selected mode.

The application of the subspace iteration method to systems with VE elements was
presented in [262,263]. This method allowed for the simultaneous determination of several
initial eigenvalues and their corresponding eigenvectors. It was particularly useful for
systems with multiple degrees of freedom, where solving the entire non-linear eigenvalue
problem would require significant computational effort or was practically impossible. In
the former paper, classical models of damping elements were considered and an additional
reduced eigenproblem was solved using the state space formulation. In the latter, fractional
models were also considered and the reduced eigenvalue problem was solved using the
continuation method.

Due to the wide application of structures with VE layers in civil engineering, aerospace
and aviation, automotive, and energy industries, several studies emerged in recent years
where methods for determining the dynamic characteristics of such structures were devel-
oped. Besides the previously mentioned layered beams, they were analyzed in [264], where
the order-reduction iteration method was applied to find a solution to the non-linear eigen-
value problem. In [136], the Ritz method was used to determine the dynamic characteristics
of a sandwich beam. In [144], an iterative method was proposed to solve the non-linear
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eigenproblem for a sandwich plate, involving updating the complex stiffness matrix at each
step. The paper [143] presented an approximate solution for a VE composite plate resting
on a visco-Pasternak foundation using the Galerkin method. The Rayleigh–Ritz method
was employed for a sandwich cylindrical shell in [265]. Non-linear vibrations in sandwich
beams and plates were analyzed using the harmonic balance method in the papers [162,163].
In [164], four numerical procedures were compared: real eigenmodes, improved real eigen-
modes, approached complex eigenmodes, and exact complex eigenmodes, whereas in [163]
dynamic characteristics were found using the asymptotic numerical method in conjunction
with automatic differentiation techniques. The method proposed in [266] allowed for the
calculation of dynamic characteristics of beams and frames with VE layers described by
a fractional model. A plate with a VE layer was also analyzed in [267]. The authors pro-
posed a method to solve the non-linear eigenvalue problem, which depended not only on
frequency but also on a selected design parameter. A continuous solution was obtained as
a function of the parameter describing the orientation of the fibers in the orthotropic layers
of the sandwich plate, but it was also possible to study the influence of other parameters,
such as layer thickness or temperature.
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In recent years, an increasing number of studies have been carried out that analyze VE
structures modeled using the nonlocal theory. This was useful for describing nanostructures
because it took into account that the behavior at a particular point was not only influenced
by its immediate neighborhood. In the papers [268–270], the nonlocal theory was applied
to analyze a VE Euler–Bernoulli beam using the finite element method. The main difference
with respect to the previous considerations was that nodes far from the considered element
affected the energy expression and, consequently, the damping matrix. Those papers
presented solutions to the resulting eigenvalue problem. Two solutions to the eigenvalue
problem were proposed for the considered VE Timoshenko beam in [271]. The first solution
was a semi-analytical method in which the Galerkin method was used in the first step,
followed by solving the differential equations using a direct numerical procedure. The
second solution was a numerical method, whose accuracy was verified by a comparison
with the first method. In the paper [272], a solution was presented for a VE beam using the
Galerkin method in combination with the state-space formulation. The natural vibrations
of a VE beam described by a generalized Maxwell model were analyzed in [273], whereas
the papers [274,275] presented a solution for a fractional model. Solutions to the eigenvalue
problem for VE plates described by the Maxwell and Zener models, respectively, were
demonstrated in [276,277].

Dynamic characteristics of systems with VE damping can also be determined ap-
proximately using the modal strain energy method. This approach enables an efficient
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estimation, which can be particularly useful for complex geometries or large systems.
In the paper [278], systems with VE layers were analyzed and solutions were presented
for beams, plates, and rings. The study [279] considered frames with VE dampers. It
was demonstrated that the damping coefficients calculated using the modal strain energy
method were approximately equal to the actual values if they were not greater than 20% of
the critical damping value. A similar conclusion was presented in the work [280], where
the authors also analyzed frames with VE dampers and investigated, among other factors,
the influence of neglecting the effect of imaginary mode shapes. A modification of the
classical modal strain energy method was proposed to eliminate assumptions that lead
to the overestimation of damping coefficients for systems with damping above 20% of
the critical damping value. The frame with dampers was also analyzed in [281], where
three methods were compared: complex mode superposition, direct integration, and the
modal strain energy method. An analysis was also conducted to examine how the matrix
condensation method affected the accuracy of the obtained results and the computation
time. The modal strain energy method was applied in the paper [282] to a rectangular plate
with VE boundary supports. In the study [283], laminated beams with VE layers were
analyzed for which the dynamic characteristics were determined using the modal strain
energy method at various temperatures. The modal strain energy method was applied in
the analysis of cylindrical shells with a VE layer in [284,285]. In [286], the authors proposed
a modification of this method for the analysis of structures with a VE layer by introducing
a coefficient that varied with the amplitude of the modal loss factor.

7. Methods of Numerical Integration of Motion Equations of Systems with
VE Elements

In the previous sections it was shown that the time-domain equations of motion of
structures with VE dampers and/or layers treated as the discrete systems can be written
in the form of differential equations or differential-integral equation. They can include
ordinary or fractional derivatives. Earlier in this paper, solutions to the equations of motion
for systems executing free or steady state vibration were reviewed. Here, solutions to the
equations of motion for arbitrary transient loads are discussed.

If the classical rheological models, such as the Kelvin, Maxwell, or Zener models, are
used to describe VE dampers or layers, the equations of motion have the form of ordinary
differential equations. The well-known time-integration methods can be used to solve
them. The Newmark method was used in [287–289]. The state-space formulation which
transforms the equations of motion from the second-order differential equations to the
first-order differential equation, together with the direct time-domain integration method,
was used in [290]. In particular, as in [288], the exponential damping model was considered.
The modal approach and the original numerical procedure were presented in [291,292] and
used for the analysis of transient vibration of buildings equipped with VE dampers. In
the paper [293], the dynamic response analysis method for non-viscously damped systems
was derived basing on the Newmark assumption of acceleration. In the proposed direct
time-integration method, the convolution integral term was calculated directly using the
trapezoidal rule. The semi-analytical methods and implicit Runge–Kutta methods were
adopted and compared in [294], where they were used to integrate equations with Prony
series describing the linear viscoelasticity problems. The central difference method was
used in [295] to determine the dynamic response of non-viscously damped structures
using the explicit methods. Patlashenko et al. [296] developed the time-stepping schemes
for the linear Volterra-type systems of integro-differential equations, which may arise in
the semi-discrete finite element model of dynamic viscoelasticity. The modal reduction
method, together with the method similar to the so-called precise integration method, was
presented in [297,298] for the analysis of transient vibrations of VE systems with multiple
damping models. The Laplace method was used in [299] to analyze transient vibration
of VE composite beams, where the Biot model was used to describe the properties of a
VE layer.
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In the case of the equations of motion with the fractional derivatives, their non-local
character must be taken into account. For this reason, special methods are needed to
numerically integrate the equations of motion. Very often the numerical approximation
of fractional derivatives is employed via the Grünwald–Letnikov approximation. In con-
nection with the Newmark method, this approach was first used by Padovan in [300] and
later also in the papers [128,130,301–309]. Due to their non-local character, the numerical
evaluation of fractional derivatives requires a high number of computations. In this case,
all the fractional derivatives need to be evaluated at any instant of time. In doing so,
the whole time history of system variables must be taken into consideration. In the case
of a multiple-degrees-of-freedom system described by the in-time fractional differential
equations that are solved numerically by time integration, the numerical effort and the
storage requirements are huge. Therefore, new methods for the numerical calculation of
fractional derivatives were developed with the aim of considerably reducing the numerical
effort. Following the suggestion presented in [310], the reduction in numerical effort can
be achieved by adopting a certain temporal resolution. The idea was motivated by the
fact that, as the time integration proceeds, previous values of variables had a decreasing
influence on the current value of the fractional derivative. An efficient numerical method
to integrate the constitutive response of fractional order viscoelasticity was developed
in [311]. The method could be used for variable time steps. To overcome the problem of
the increasing amount of data that had to be stored and used in each time step, the sparse
quadrature was introduced.

A time-marching procedure based on a composite explicit method was proposed
in [312] for non-viscous damping systems. In that method, an improved integral approx-
imation scheme applicable to any causal kernel function was developed to enhance the
convolution solution accuracy. The papers [295,313,314] described an explicit computa-
tional method of dynamic response for non-viscously damped structure systems. The
explicit formula was derived using the differential property of convolution and the central
difference formula of acceleration. Moreover, a time-integration method based on the
weak-form Galerkin method was proposed in [315] for non-viscous damping systems with
a convolution damping model.

8. Methods of Sensitivity and Uncertainty Analysis of Structures with
Viscoelastic Elements

The concept of sensitivity and uncertainty analysis is depicted in Figure 7. Uncertain-
ties in the input parameters (p1, . . .pi, . . ., pn) of the considered model result in the presence
of uncertainty in the response function of the structure. Uncertainty analysis enables the
determination of the uncertainty in the response function, as indicated by the shading in
the figure, while sensitivity analysis helps identify the parameters that have the greatest
influence on the structural response.

Sensitivity analysis is one of the most important tools that allows for the evaluation
of the influence of design parameters on the dynamic response of a structure. It is useful
during project optimization, parameter identification, structural health monitoring, model
updating, and damage detection. The methods of sensitivity analysis of eigenvalues and
corresponding eigenvectors can be divided into three groups. The first is the modal method,
which requires the determination of all or almost all the modes, and is therefore inefficient.
For systems where damping can be described as viscoelastic, this approach was applied
in [316]. The second method, introduced by Nelson, is more efficient as it requires only the
determination of the eigenvalue and its corresponding eigenvector, for which sensitivity is
to be determined. It was developed in [317] and applied to non-viscously damped systems.
In the third group of methods, algebraic approaches are included, among which the direct
differentiation method (DDM) and adjoint variables method (AVM) can be distinguished.
DDM was presented in [318,319], where it was applied to systems with non-viscous damp-
ing. This involved solving a system of algebraic equations, where the unknowns were the
sensitivities of eigenvalues and their corresponding eigenvectors. The system of equations
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consisted of a differentiated equation describing the eigenvalue problem and a differ-
entiated normalization condition. In [320], extended analysis was carried out for the
second-order sensitivity. In [321], a method was presented for determining sensitivities of
repeated eigenvalues and their corresponding eigenvectors, whereas in [322], both distinct
and repeated eigenvalues were considered. AVM is more advantageous than DDM in
some cases, especially when the number of design parameters is large and the number of
constraints is small. AVM involves adopting an objective function in terms of eigenvalue,
eigenvector, and design parameters. Then, the augmented function formulated using the
eigenvalue problem and the normalization condition is differentiated. This method was
applied in [323] to systems where damping was described by fractional derivatives.

Buildings 2023, 13, x FOR PEER REVIEW  25  of  44 
 

DDM was applied to calculate the sensitivity of eigenvalues and eigenvectors in compo-

site beams with VE layers described by fractional derivatives. The sensitivity of dynamic 

characteristics of composite systems with VE layers was also analyzed in [326,327]. The 

paper [328] was devoted to the determination of the sensitivity of eigenvalues for beams 

supported by VE supports. In the paper [329], frames and beams with VE elements were 

analyzed. The second-order sensitivity analysis using DDM, AVM, and a hybrid method 

were presented and the effectiveness of those methods was compared. 

Both DDM and AVM can also be applied to calculate the sensitivity of transient-re-

sponse and frequency-response functions. The sensitivity analysis of transient response 

for non-viscously damped systems was presented in [330]. The authors used AVM for this 

purpose. AVM was also applied in [331] to compute the sensitivity of transient response. 

Two  solution  schemes were discussed and  compared: discretize-then-differentiate  and 

differentiate-then-discretize. In [332], a new and more efficient state-space-based discre-

tize-then-differentiate method was proposed for calculating the sensitivity of transient re-

sponse. In the study [333], the application of DDM to the sensitivity of the first and second 

order was discussed. In [334], a method based on model order reduction techniques was 

proposed for sensitivity analysis of transient response. First- and second-order sensitivi-

ties were determined and  it was demonstrated  that good  results can be achieved with 

reduced computation time. 

 
Figure 7. Concept of sensitivity and uncertainty analysis. 

Both DDM and AVM were used in [335] to calculate the sensitivity of the frequency 

response function (FRF). The sensitivity of eigenvalue solutions was also considered. In 

[336], the sensitivity of FRF and amplitudes of steady-state vibrations were analyzed using 

DDM. The authors examined a frame with VE dampers described by fractional deriva-

tives. The sensitivity of FRF was also analyzed in [96,337] for structures with VE layers. 

The analysis was performed using DDM due to changes in structural parameters and tem-

perature variations. In [338], a method for calculating higher-order eigenvalues was pre-

sented to find the harmonic response of a structure. 

Sensitivity analysis is widely used in studies dedicated to topology optimization. In 

the context of systems with VE elements, sensitivity calculated with respect to a change in 

design parameters using the adjoint variable approach was applied in [339–342]. Practical 

application of sensitivity analysis can also be found in [343,344], where it was used to solve 

the inverse problems. 

In design and analysis of systems subjected to dynamic loads, considering the uncer-

tainties of design parameters is also a crucial aspect. Uncertainties arise from modeling 

inaccuracies, measurement errors, manufacturing errors, and other  factors. One of  the 

early works on modeling uncertainties in VE systems was [345]. It provided an overview 

…
 

…
 

Input 
Uncertaint

y analysis 

Sensitivity 

analysis 
Model 

p1 

pi 

pn 

pi p1  pn …  … 

Figure 7. Concept of sensitivity and uncertainty analysis.

Both DDM and AVM were applied in [324] to determine the sensitivity of eigenvalues
and eigenvectors for frames with VE dampers described by classical and fractional rheo-
logical models. DDM was also extended to the second-order sensitivity analysis. In [325],
DDM was applied to calculate the sensitivity of eigenvalues and eigenvectors in composite
beams with VE layers described by fractional derivatives. The sensitivity of dynamic
characteristics of composite systems with VE layers was also analyzed in [326,327]. The
paper [328] was devoted to the determination of the sensitivity of eigenvalues for beams
supported by VE supports. In the paper [329], frames and beams with VE elements were
analyzed. The second-order sensitivity analysis using DDM, AVM, and a hybrid method
were presented and the effectiveness of those methods was compared.

Both DDM and AVM can also be applied to calculate the sensitivity of transient-
response and frequency-response functions. The sensitivity analysis of transient response
for non-viscously damped systems was presented in [330]. The authors used AVM for this
purpose. AVM was also applied in [331] to compute the sensitivity of transient response.
Two solution schemes were discussed and compared: discretize-then-differentiate and
differentiate-then-discretize. In [332], a new and more efficient state-space-based discretize-
then-differentiate method was proposed for calculating the sensitivity of transient response.
In the study [333], the application of DDM to the sensitivity of the first and second order
was discussed. In [334], a method based on model order reduction techniques was proposed
for sensitivity analysis of transient response. First- and second-order sensitivities were
determined and it was demonstrated that good results can be achieved with reduced
computation time.

Both DDM and AVM were used in [335] to calculate the sensitivity of the frequency re-
sponse function (FRF). The sensitivity of eigenvalue solutions was also considered. In [336],
the sensitivity of FRF and amplitudes of steady-state vibrations were analyzed using DDM.
The authors examined a frame with VE dampers described by fractional derivatives. The
sensitivity of FRF was also analyzed in [96,337] for structures with VE layers. The analysis
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was performed using DDM due to changes in structural parameters and temperature
variations. In [338], a method for calculating higher-order eigenvalues was presented to
find the harmonic response of a structure.

Sensitivity analysis is widely used in studies dedicated to topology optimization. In
the context of systems with VE elements, sensitivity calculated with respect to a change in
design parameters using the adjoint variable approach was applied in [339–342]. Practical
application of sensitivity analysis can also be found in [343,344], where it was used to solve
the inverse problems.

In design and analysis of systems subjected to dynamic loads, considering the uncer-
tainties of design parameters is also a crucial aspect. Uncertainties arise from modeling
inaccuracies, measurement errors, manufacturing errors, and other factors. One of the
early works on modeling uncertainties in VE systems was [345]. It provided an overview
of methods and presented the question of parameter uncertainties as a convex optimiza-
tion problem.

The methods where uncertainties of design variables are considered can be categorized
into three groups. The first group includes probabilistic methods, where parameters are
treated as random variables and their distributions are approximated based on available
data. The second group consists of methods based on the fuzzy theory, which is particularly
useful when there is lack of sufficient data regarding parameter variability. The next group
comprises methods where parameters are modeled as intervals with values allowed to vary
within the specified bounds. It should be noted that hybrid methods can also be devised,
which combine the three basic approaches.

Numerous papers were dedicated to solving dynamic problems with design param-
eters modeled as random variables. In [346], a stochastic finite element approach was
presented for modeling a sandwich beam with a VE layer. Random parameters were
represented using the Karhunen–Loève expansion and free vibration was approximated
using generalized polynomial chaos expansion. Both geometric and material parameters
were considered to be uncertain. Similar uncertainties were investigated in [347], where
the calculations were performed using Monte Carlo simulations. In [348], the authors
analyzed the dynamic characteristics of a three-layered structure with a VE layer described
by a fractional model. In the study [349], an iterative method was proposed to reduce
the non-linear eigenvalue problem that arose after considering uncertainties, aiming to
approximate complex eigenmodes. The authors studied a sandwich beam with a VE
layer. In [350], sandwich plates and cylindrical structures were analyzed using a stochastic
collocation method.

The probabilistic approach is also widely used for computing frequency response
functions. In [351], two approaches were proposed—one based on an ensemble of equiv-
alent damping functions and the other based on random matrix theory. The frequency
response function for a sandwich structure with a VE layer was calculated in [92] using
the stochastic finite element method. Random parameters were discretized using the
Karhunen–Loève expansion. In [352,353], the adaptive sparse grid collocation method
was applied to analyze the frequency response function of structures with a VE layer. It
was demonstrated that the proposed method accurately predicted the response variability
while improving computational efficiency. In the papers [354–357], non-parametric proba-
bilistic approaches and random matrix theory were applied for stochastic analysis, where
parameter uncertainties were introduced. Reliability analysis for layered systems with
randomly described uncertain parameters was presented in [358], and for systems with
dampers in [359]. The paper [360], focused on the study of dynamic damage in layered
systems with uncertain parameters.

The second group of methods is based on the fuzzy theory. In papers such as [361,362],
frames with VE dampers were analyzed and a stochastic model of the dampers was presented.

The third approach employing interval representation of uncertain parameters was
proposed for VE systems in [363]. The authors applied non-probabilistic convex modeling
to analyze forced vibrations of VE beams. In [364], interval analysis and Taylor series
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expansion were used for analyzing frames with VE dampers. Similarly, an algorithm based
on Taylor series expansion was proposed to determine critical combinations of uncertain
design parameters for structures with VE dampers in [365], and for a sandwich beam
with VE layers in [366]. The paper [367] focused on the reliability analysis of structures
with dampers, where the parameters were described by interval numbers. The dampers
in [365,367] were modeled using fractional derivatives. In [368], interval analysis was
applied to solve the identification problem of parameters described as fuzzy.

9. Optimization of Structures with VE Elements

Devices used in passive damping systems, including VE dampers, have to be tuned,
i.e., their parameters need to be properly designed. The second important factor that
determines their effectiveness is the proper configuration, i.e., their arrangement in the
structure. Usually, the chosen combination of parameters and location for VE dampers
is considered optimal when the effectiveness in mitigating earthquake- or wind-induced
vibrations is best. However, the parameters that define this effectiveness can vary and,
depending on the type of structure, one can use displacement values, inter-story drifts,
internal force values or accelerations [369]. Consequently, different optimization strategies
and different objective functions are adopted [370]: maximum inter-story drifts, the sum
of inter-story drifts [371–373], absolute acceleration [374], displacement [374,375], base
shear [374], an energy-based damage index [376], and base moments [377], as well as the
combinations of some structural performance functions; see Figure 8.
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Various methods can be used to determine the optimal location of dampers in a
structure. They can be divided into three main groups: evolutionary methods, analytical
methods, and heuristic methods [16].

Typically, in evolutionary approaches, such as the genetic algorithm (GA) [378–380],
the artificial bee colony algorithm (ABCA) [376], or particle swarm optimization (PSO) [71,381],
different starting points are selected and then the best solution is searched for sequentially.
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Such a search without calculating the gradient can lead to local optima, especially when
there is little variation in the value of the cost function in the domain of design variables.
Evolutionary methods are regarded as simple, practical, and highly effective [375], but
there is no confirmation that the solution found represents the global optimum.

The following examples of methods belonging to the second group of analytical
approaches [369] can be considered: gradient-based algorithm (GBA) [370,382], inverse
problem approach (IPA) [372], steepest direction search algorithm (SDSA) [383], and fully
stressed design algorithm (FSDA) [384].

In the approaches using a gradient-based algorithm (GBA), the optimization is usu-
ally of the first-order type. The constraints on the various normalized responses of the
structure with dampers are condensed to a single constraint on their maximum value
and the required gradient is effectively derived analytically using the adjoint analytical
method. Therefore, a computational effort at the order of a single additional analysis
is required, regardless of the number of design variables considered or the responses to
be constrained [370,384]. A possible weakness of GBA is that its objective is achieved
by minimizing the sum of the performance index instead of the peak value, which is
commonly considered to be a better damage indicator. The gradient-based evolutionary
optimization technique developed using the Lagrange multiplier optimization technique
made it possible to satisfy the optimality criterion for the distribution of VE dampers and
the limitation of the supporting member forces [382].

In the approach involving an incremental formulation of the inverse problem (IPA),
the amplitude of the transfer function expressed as the sum of inter-story drifts at the
fundamental natural frequency can be minimized with a reduction in the total amount of
damping [370,372]. The advantage of this approach is that the algorithm is simple and the
result obtained is independent of the input ground motions [383]. The approach using IPA
is not as simple as the direct one; this method requires a considerable effort to develop the
needed programming script.

The performance indicator of FSDA is the inter-story drift, which is the main limitation
of this method. The advantage is that it takes into account the variability of earthquake
data [369].

The third group consists of heuristic methods, among which one can list the following:
sequential search algorithm (SSA) [385], pattern search algorithm (PSA) [380], uniform
distribution (UD) [386], proportional story shear distribution (SSPD) algorithm [387], story
shear strain energy distribution procedure (SSSE, SSSEES), first-story damping system
(FSDS), and proportional stiffness distribution (SPD).

The SSA method is assigned to the group of repetitive methodologies because of its
reasonable physical significance and simplicity, as dampers are added one by one to achieve
the performance goal. In addition, the SSA method is suitable for controlling the inter-story
drift, but it is not effective in reducing the floor acceleration, especially in buildings with
non-uniform floor stiffness [388].

The UD method for frame structures where one damper per floor is assumed was
typically used for comparison with other approaches that yield a more optimal damper
placement [380,386].

The SSPD method was based on the fact that inter-story velocities on upper floors
tend to be lower than on lower floors and, therefore, dampers can be distributed according
to story shear stiffness [387]. However, this relatively simple approach is not cost-effective
for practical applications.

The basic idea of the PSA method is to use steps of a certain magnitude to sample
variables and reduce their size when the variation of the function value is stopped [380].
This method is suitable for problems in which the function cannot be differentiated or is
not continuous. The PSA method can handle a large number of variables without involving
significant computational resources, but it can converge to local minima and various initial
values lead to different optimization results.
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In some cases, more desirable results for optimizing damping systems in structures
may result from including damage cost as an optimization objective [389]. However, a
separate issue then requiring analysis is the determination of the damage measure [390].

It is worth mentioning that it is possible, and sometimes even necessary, to use a
multi-objective optimization strategy, in which there are several objectives. For example, in
papers [378,391], a genetic algorithm approach was developed to allow the evaluation of a
Pareto front, in which inter-story drifts and total accelerations served as objectives.

10. Concluding Remarks

The presented extensive literature review proves significant progress in development
of theories describing dynamic behavior of systems with embedded VE elements. Based on
it, the following conclusions can be drawn:

(i) Significant progress has been gained in the field of designing of rubber-like materials
with high damping properties; some new materials have the maximum damping ratio
of up to 30% (see [36]);

(ii) Advanced rheological models (both classical and fractional) are now adopted to
characterize dynamic properties of VE elements and sophisticated identification
procedures are developed to determine the parameters of those models;

(iii) The identification procedures are quite complicated and need further improvements
in the future; a nonlinear model of dampers which takes into account the influence of
vibration amplitude in dampers is very much desired;

(iv) Currently, the influence of ambient temperature on parameters of VE elements and
overall dynamic behavior of systems with these elements is taken into account
only for the case of rheologically simple materials, usually adopting the frequency–
temperature superposition principle and the shifting techniques; studies concerning
the influence of ambient temperature on parameters of rheologically complex materi-
als are required;

(v) Non-linear dynamic analysis of beams and plates with VE layers became a highly
popular research subject due to its practical importance; in particular, very recently, the
refined zig-zag theory was successfully applied to the analysis of free and steady-state
vibrations; see also the very recent papers [392,393];

(vi) Solution of an eigenvalue problem, in many cases a non-linear one, is required to
determine dynamic characteristics of systems with VE elements; there are several
methods available to solve this problem efficiently;

(vii) Numerical integration methods for solving the equation of motion of systems with
VE elements must take into account a complete history of the considered dynamic
process, which significantly complicates the numerical procedure and for which
further improvements aiming at the reduction in the total time of integration of
equations of motion are very much desired;

(viii) Recent achievements in sensitivity analysis and uncertainty quantification of design
parameters involve the refinement of advanced methods to assess the influence of
the parameter variability on the dynamic response of systems with VE elements; in
the case of uncertain parameters, it is crucial to develop efficient methods because
the recently proposed methods are computationally complex and involve multiple
analyses to obtain reliable results;

(ix) Heuristic methods are often used in optimization problems because of their reasonable
physical relevance and simplicity, as dampers are added one by one with an even
distribution or according to a certain pattern; however, their effectiveness is lower for
asymmetrical structures or those featuring varying stiffness.
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