
Citation: Liu, H.; Ren, X.; Li, J.; Luo,

L.; Li, H. Probabilistic Modeling for

Cementitious Materials Based on

Data of Nanoindentation. Buildings

2023, 13, 416. https://doi.org/

10.3390/buildings13020416

Academic Editor: Łukasz Sadowski

Received: 15 August 2022

Revised: 28 September 2022

Accepted: 28 November 2022

Published: 2 February 2023

Copyright: © 2023 by the authors.

Licensee MDPI, Basel, Switzerland.

This article is an open access article

distributed under the terms and

conditions of the Creative Commons

Attribution (CC BY) license (https://

creativecommons.org/licenses/by/

4.0/).

buildings

Article

Probabilistic Modeling for Cementitious Materials Based on
Data of Nanoindentation
Hankun Liu 1, Xiaodan Ren 2,*, Jie Li 2, Linglong Luo 3 and Hongbing Li 1

1 Sichuan Institute of Building Research, Chengdu 610081, China
2 School of Civil Engineering, Tongji University, Shanghai 200092, China
3 Sichuan Huashi Group Co., Ltd., Chengdu 610081, China
* Correspondence: rxdtj@tongji.edu.cn; Tel.: +86-158-2152-5391

Abstract: By introducing probabilistic modeling approaches, the interface transition zone (ITZ)
and the bulk paste (BP) of concrete are investigated on the basis of the nanoindentation results,
especially with respect to the relationship between the microstructure and mechanical properties of
cementitious materials. The investigation of the probability density function (PDF) of the random
field for nanoindentation properties revealed that the same properties of the ITZ and the BP usually
yield the same PDF, which was elaborated from different points of view. Specifically, a log-normal
distribution was best for nanoindentation hardness, whereas the Weibull distribution and gamma
distribution were much more suitable for the nanoindentation modulus of both the ITZ and the BP.
According to the comparative study of the correlation structure, both the ITZ and BP obeyed the
exponential correlation structure associated with a first-order autoregressive process, and basically
exhibited a similar scale of fluctuation. Furthermore, the scales of fluctuation were found to be
directly related to the clinker size and the distance between clinkers. Our work provides a new
approach to stochastically modeling cementitious materials, where the content of hydration products
controls the mean values of nano-properties, the indentation property dominates the PDF, and the
nano-topological structure governs the correlation structure.

Keywords: ITZ; cementitious materials; nanoindentation; probabilistic modeling

1. Introduction

Concrete, a uniquely complex engineering material consisting of a mixture of cement,
water, sand, and aggregate, has been used widely due to its economic feasibility and dura-
bility. After hydration, concrete becomes a cementitious material in which the hardened
cement paste bonds the sand and the aggregate together. Between the inclusions and the
cement paste, there is a particular zone named the ITZ, which influences the mechanical
properties, as well as the failure of concrete [1–3]. Along with the usage history of concrete,
the ITZ has consistently attracted the attention of engineers and researchers.

Considerable effort has been made to investigate the microstructure and mechanical
properties as a function of the microhardness [4], microindentation [5], and nanoinden-
tation [6,7], using image analyses including the X-ray technique [8,9], scanning electron
microscopy (SEM) [7–13], backscattered electrons (BSEs) [10,11], and atomic force mi-
croscopy (AFM) [6,7]. Regarding the mechanical properties, four different microhardness
profiles of the ITZ have been reported [4], whereby the microhardness of the ITZ is higher
than, equal to, lower than, or much lower than that of the bulk paste due to perfect, mean,
poor, or very poor bonding, respectively, between the ITZ and the inclusion. Thus, the ITZ
is a highly heterogeneous zone affected by many factors, including the inclusion geochem-
istry [9], water–cement ratio [8,13], and physical properties of inclusion [14]. However, an
increasing trend of properties was reported with increasing distance from the inclusions
using nanoindentation [6]; nevertheless, this was not observed in other cases using microin-
dentation [5]. In addition, with the variation of the aggregate type, the average modulus
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of the ITZ was observed to be 70–85% of that of the paste matrix [6,7]. Concerning the
microstructure of the ITZ, previous research has shown that the morphology, chemical and
mineral composition (i.e., the hydration products), and density (always characterized by
voids, pores, or cracks), were significantly different from those of the bulk paste [7–13]. Ac-
cording to the literature, it can be confidently hypothesized that the ITZ, a peculiar contact
zone, differs from the bulk paste. However, with the development of nanoindentation and
recent research on random field modeling for concrete materials [15,16], we specifically
address this research question.

In previous studies [15,16], systematic indentation tests were performed by the authors
for each constituent of concrete at the nano- and microscales. The focus was on concrete
reconstruction as the random medium [15–17], evaluating the relationship between both
scales, although the scale of fluctuation and the PDF were briefly discussed. In the current
study, the differences and similarities between the ITZ and the bulk paste are thoroughly
investigated using probabilistic and statistical methods applied to the nanoindentation
results, including the statistical characteristics, correlation function, and the accepted and
rejected PDF. Furthermore, the link between the scale of fluctuation and the topological
structure of cementitious materials is studied.

2. Materials and Methods
2.1. Concrete Mixes Used and Sample Preparation

The material investigated in the present study was regular concrete, with a water/cement/
sand/aggregate ratio of 0.4:1:2:5. Prisms with dimensions of 0.1 m× 0.1 m× 0.3 m were cast
into steel molds, which were de-molded after 24 h, cured at room temperature with a humidity
of 95%, and kept under water for three months. After grinding, polishing, and cleaning, the
samples were prepared for nanoindentation. The samples prepared for nanoindentation are
illustrated in Figure 1, and more details of the sample preparation were reported in [15,16].
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Figure 1. Samples for testing in nanoindenter [15,16]: (a) specimen 1; (b) specimen 2; and
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2.2. Nanoindentation

The experiments were performed based on the NanoTest Vantage system (see Figure 2),
with Berkovich tip for indentation tests. According to Oliver and Pharr’s method, the indenta-
tion hardness and modulus could be calculated by using the following equations [18,19]:

H = Pmax/Ac (1)

M =
√
πS/

(
2
√

Ac

)
(2)

where Pmax is the maximum load; Ac is the contact area; S = (dP/dh)|h=hmax
is the initial

slope of the unloading branch from P-h (load and depth) curve.
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To perform the indentation test, we consider the indentation depth to be 300 nm, the
unloading rate to be 0.2 mN/s, and the holding time to be 25 s. As shown in Figure 3, the
indentation test is organized in patches. For each patch, the indent lattice of 25 × 20 is
chosen for the bulk pasts as well as the ITZ.
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2.3. Random Field Modeling

To model the results of the indentation test, the random field model is considered. In
the present work, we define a 1-D homogeneous random field for which the mean value
mX
(
tj
)

and the covariance RX
(
tj, tj + τ

)
keep constant, and can be expressed as follows:

mX
(
tj
)
= E

[
X
(
tj
)]

(3)
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RX
(
tj, tj + τ

)
= E

[
X
(
tj
)
X
(
tj + τ

)]
(4)

where E
[
X
(
tj
)]

is the expectation operator, X
(
tj
)

is the observed sample series with respect
to tj. Here, we consider three types of correlation functions commonly used in engineering
materials to model the correlation structure of the bulk paste as well as the ITZ:

ρ(τ) = e−τ/a (5)

ρ(τ) = (1 + τ/b)e−τ/a (6)

ρ(τ) = e−(τ/c)2
(7)

where Equation (5) is the exponential correlation function associated with a first-order
autoregressive process (correlation function 1); Equation (6) is the correlation function asso-
ciated with a second-order autoregressive process (correlation function 2); and Equation (7)
is the Gaussian correlation function (correlation function 3); a, b and c are the parameters
in the correlation function. Based on the derivations mentioned in Ref. [20], the scale of
fluctuation θ can be expressed [20] as follows:

θ = 2
∫ ∞

0
ρ(τ)dτ = 2/a (8)

Based on Equation (8), the scale of fluctuation relates directly to the so -called “correlation
length”, which reflects the intrinsic characteristic of random materials.

2.4. Statistical Modeling

To investigate the statistical properties of the random field, Kolmogorov–Smirnov test
(referred to as the K-S test) is adopted to acquire the PDF at each point of the obtained
random series.

To execute the K-S test, the main procedure is outlined as follows:
(1) Choose a sample Xi from the population X and rearrange sample values xi in

increasing order of magnitude.
(2) Compute the observed cumulative distribution function (CDF) Fn(xi) at each

ordinal sample value.
(3) Estimate the parameters of the hypothesized distribution from the observed data,

and determine the theoretical CDF F(xi) at the same sample value above using the hypoth-
esized distribution.

(4) Form the differences |Fn(xi)− F(xi) |, and calculate the statistics:

D = max
1 ≤ i ≤ n

{|Fn(xi)− F(xi)|} (9)

(5) Select a value of α and determine the critical value Dα.
(6) Accept or reject the testing hypothesis H by comparing D and Dα.
In this study, the hypothesized PDFs are considered to be normal distribution, log-

normal distribution, Weibull distributionand gamma distribution, which are commonly
used in engineering. Then, the estimated PDF could be acquired by executing the K-S
testing. According to Refs. [15,16], the PDF with the mean estimated parameters of 6 points
is used and also referred as the best estimate.

3. Results and Discussion

For the purpose of stochastic and statistical modeling, one sample series with
20 observations was divided into four small random series with six observations (see
Figure 3). Thus, 25 sample series in a patch could be divided into 100 small random series.

The probabilistic analysis is applied to the small random series obtained above. The
sample results, the mean value, and the standard deviation (SD) of nanoindentation prop-
erties for concrete components have been shown in the previous research [15]. The samples
of the nanoindentation properties exhibit randomness; however, the mean and the SD re-
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markably keep constant with respect to the location. In the meanwhile, the auto-correlation
functions almost remain constant. That is to say, the correlation results only depend on the
relative distance instead of the absolute distance. The aforementioned characteristics indi-
cate that the random field of indentation properties could be identified to be homogeneous.

3.1. Mean and SD

The calculated mean value, standard variation, and correlation function are displayed
together in Figure 4 for ITZ and the bulk paste, respectively. It is evident that the mean
value for indentation properties of the ITZ is 60-70% of that for the bulk paste, while the
relative SD for the bulk paste and the ITZ appear almost the same. From the findings of
Jennings [21], the C-S-H is made up of two components, i.e., the low-density (LD) C-S-H
and the high-density (HD) C-S-H. The LD C-S-H contains imperfect, closely packed, with a
porosity of 28%, and the HD C-S-H is squashed together and closely packed with a porosity
of 13. The LD C–S–H controls the hardened cement paste of high w/c mass ratios; and the
HD C–S–H and UHD C–S–H dominate the micro-structure of low w/c ratio materials [22].
Therefore, more LD C-S-H should be formed in the ITZ due to a higher w/c ratio [1,23,24],
compared with the bulk paste. That is why the properties of the ITZ are lower than the
bulk paste in most cases [4–7]. Obviously, the results of this study show the same trend.
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3.2. Probabilistic Distribution

With regard to the PDF and the relevant parameters (i.e., location, shape, and scale
parameters) of nanoindentation properties for the ITZ and the bulk paste, estimates are
obtained by the K-S test and shown in Tables 1–4. Usually, the greater p-value indicates a
better estimate of PDF. The histogram and the estimated PDF are displayed in Figures 5–8.
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Table 1. Pointwise parameters estimation for the nano-hardness of the bulk paste.

Probability
Distribution

Parameters and
p-Value

p-Values for 6 Sections of 1D Random Field

1 2 3 4 5 6 Mean
Value

normal distribution
Location parameter 3.365 3.400 3.664 3.690 3.837 3.598 3.592

Scale parameter 2.576 2.307 2.831 2.758 2.936 2.586 2.666
p-value 0.002 0.011 0.023 0.007 0.002 0.010 0.009

log-normal
distribution

Location parameter 0.970 1.013 0.996 1.040 1.074 1.055 1.025
Scale parameter 0.707 0.653 0.862 0.778 0.746 0.678 0.737

p-value 0.964 0.766 0.570 0.336 0.748 0.846 0.705

Weibull distribution
Location parameter 3.746 3.824 4.027 4.094 4.251 4.028 3.995

Scale parameter 1.457 1.602 1.379 1.446 1.417 1.529 1.472
p-value 0.183 0.289 0.446 0.174 0.128 0.346 0.261

gamma distribution
Shape parameter 2.205 2.526 1.803 2.034 1.996 2.369 2.155
Scale parameter 1.526 1.346 2.033 1.814 1.923 1.519 1.693

p-value 0.365 0.428 0.424 0.165 0.181 0.353 0.319

Table 2. Pointwise parameters estimation for the nano-hardness of the ITZ.

Probability
Distribution

Parameters and
p-Value

p-Values for 6 Sections of 1D Random Field

1 2 3 4 5 6 Mean
Value

normal distribution
Location parameter 2.133 2.103 2.157 2.150 2.342 2.105 2.165

Scale parameter 1.253 1.374 1.576 1.751 1.905 1.252 1.519
p-value 0.058 0.049 0.009 0.001 0.000 0.044 0.027

log-normal
distribution

Location parameter 0.569 0.528 0.537 0.524 0.594 0.577 0.555
Scale parameter 0.701 0.700 0.700 0.698 0.724 0.598 0.687

p-value 0.307 0.682 0.687 0.296 0.336 0.864 0.529

Weibull distribution
Location parameter 2.400 2.361 2.409 2.387 2.593 2.380 2.421

Scale parameter 1.791 1.634 1.508 1.420 1.399 1.809 1.593
p-value 0.660 0.607 0.413 0.057 0.075 0.477 0.381

gamma distribution
Shape parameter 2.814 2.472 2.312 2.226 2.099 3.140 2.510
Scale parameter 0.758 0.851 0.933 0.966 1.116 0.670 0.882

p-value 0.947 0.827 0.618 0.189 0.119 0.904 0.601

Table 3. Pointwise parameters estimation for the nano-modulus of the bulk paste.

Probability
Distribution

Parameters and
p-Value

p-Values for 6 Sections of 1D Random Field

1 2 3 4 5 6 Mean
Value

normal distribution
Location parameter 58.436 61.355 59.839 60.289 62.147 58.225 60.049

Scale parameter 23.253 25.074 26.990 26.055 27.963 23.352 25.447
p-value 0.639 0.368 0.557 0.067 0.322 0.518 0.412

log-normal
distribution

Location parameter 3.983 4.034 3.970 3.989 4.028 3.983 3.998
Scale parameter 0.432 0.413 0.560 0.548 0.464 0.415 0.472

p-value 0.283 0.965 0.167 0.276 0.917 0.967 0.596

Weibull distribution
Location parameter 65.781 69.215 67.419 67.851 70.270 65.599 67.689

Scale parameter 2.712 2.627 2.334 2.432 2.370 2.674 2.525
p-value 0.760 0.541 0.601 0.248 0.763 0.814 0.621

gamma distribution
Shape parameter 6.021 6.229 4.278 4.684 5.098 6.286 5.433
Scale parameter 9.706 9.850 13.989 12.871 12.190 9.263 11.312

p-value 0.696 0.936 0.551 0.726 0.956 1.000 0.811
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Table 4. Pointwise parameters estimation for the nano-modulus of the ITZ.

Probability
Distribution

Parameters and
p-Value

p-Values for 6 Sections of 1D Random Field

1 2 3 4 5 6 Mean
Value

normal distribution
Location parameter 44.100 43.399 42.465 42.096 43.523 43.268 43.142

Scale parameter 21.413 23.660 21.295 21.171 20.236 21.668 21.574
p-value 0.169 0.304 0.612 0.153 0.199 0.192 0.272

log-normal
distribution

Location parameter 3.645 3.604 3.605 3.596 3.633 3.628 3.618
Scale parameter 0.610 0.626 0.579 0.594 0.606 0.569 0.597

p-value 0.089 0.224 0.120 0.230 0.075 0.390 0.188

Weibull distribution
Location parameter 49.677 48.998 48.007 47.506 49.032 48.907 48.687

Scale parameter 2.146 1.934 2.115 2.088 2.268 2.114 2.111
p-value 0.457 0.879 0.924 0.746 0.723 0.685 0.735

gamma distribution
Shape parameter 3.691 3.155 3.635 3.627 3.722 3.736 3.594
Scale parameter 11.948 13.756 11.684 11.607 11.693 11.582 12.045

p-value 0.452 0.733 0.555 0.788 0.398 0.758 0.614
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Figure 5. Frequency plots for indentation hardness of the bulk paste: (a) histogram of one point out
of six and 4 theoretical PDF curves; (b) frequency plots of 6 points and the theoretical PDF curve with
best estimates.
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Figure 6. Frequency plots for indentation hardness of the ITZ: (a) histogram of one point out of six
and 4 theoretical PDF curves; (b) frequency plots of 6 points and the theoretical PDF curve with
best estimates.
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Figure 7. Frequency plots for indentation modulus of the bulk paste: (a) histogram of one point out
of six and 4 theoretical PDF curves; (b) frequency plots of 6 points and the theoretical PDF curve with
best estimates.
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Figure 8. Frequency plots for indentation modulus of the ITZ: (a) histogram of one point out of six
and 4 theoretical PDF curves; (b) frequency plots of 6 points and the theoretical PDF curve with
best estimates.

About the parametric and non-parametric estimations for the nanoindentation hard-
ness shown in Tables 1 and 2, it is observed that normal distribution is rejected for both
the ITZ and the bulk paste; meanwhile, log-normal distribution could be regarded as the
best estimate for both the ITZ and the bulk paste. However, Weibull distribution and
gamma distribution could also be acceptable for cementitious materials-. Accordingly, the
frequency plots for nanoindentation hardness related to Tables 1 and 2 have been shown in
Figures 5 and 6, including the histogram of one point out of six in the 1-D random field
compared with four theoretical PDFs, as well as the six frequency plots compared with the
theoretical PDF with the best estimates.

Regarding the estimation for nanoindentation modulus presented in Tables 3 and 4,
Weibull distribution and gamma distribution are much better than normal distribution
and log-normal distribution for the ITZ and the bulk paste. These four distributions
are all acceptable for the nanoindentation modulus of cementitious materials from the
perspective of the p-value. However, normal distribution and log-normal distribution seem
substantially worse for the ITZ. Figures 5 and 6 illustrate the histogram (one out of six
points) and four theoretical PDFs, as well as the six frequency plots and the theoretical PDF
with the best estimates.
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Notably, the ITZ and bulk paste usually follow the same probability distribution for
the same properties. It is also interesting to see that the different properties of the same
material usually yield different probability distributions. As for the bulk paste, log-normal
distribution and gamma distribution are the best estimates for nano-hardness and nano-
modulus, respectively. While for the ITZ, gamma distribution and Weibull distribution
are easily found to be the best ones for hardness and modulus, respectively. Addition-
ally, log-normal distribution and gamma distribution are generally more acceptable for
the ITZ and the bulk paste with regard to both nanoindentation hardness and modulus.
Moreover, the comparison between the histogram and the frequency diagram could also
be displayed clearly in Figures 5–8. It is revealed that the best-estimated PDF is consistent
with the relevant observed histogram; nevertheless, the worst -estimated one disagrees
with the histogram.

It is worth pointing out that the estimated PDF for cementitious materials may be
varied with different w/c ratio; however, it at least reveals something new in the view of
probability. In addition, to solve the problems in engineering applications, the 1-D PDF of
the random field is commonly needed. The modeling of the 1-D PDF for the random field
is also an important task for the probabilistic analysis. It is worth mentioning that in this
study, we focus on the probability characteristics of the global feature for the cementitious
materials instead of the local feature, although they are calculated based on the local prop-
erties, i.e., nanoindentation hardness and modulus. Moreover, the current study does not
in any way contradict the previous research results, which reported that there are various
proportions of HD C-S-H, LD C-S-H, and CH in the ITZ and the bulk paste [25]. Precisely,
the present work provides probabilistic knowledge from a comparatively macroscopic view,
while the previous research paid more attention to the detailed constituents of cementitious
materials from a comparatively microscopic perspective.

3.3. Correlation Function

The correlation structure could be modelled for the homogeneous random field.
Figure 9a shows that three correlation functions are fitted via the test results with re-
gard to the nanoindentation modulus of the ITZ. Accordingly, the values of the squared
2-norm of the residual for each indentation property of the ITZ and the bulk paste are indi-
cated in Table 5. Remarkably, correlation function 1 is the best form for all the properties of
cementitious materials. On the other side, correlation function 3 is in poor agreement with
the test results. For correlation function 2, it seems to be acceptable for the nanoindentation
properties of the bulk paste, especially for nanoindentation hardness. It is worth mention-
ing that the nanoindentation properties yield an exponential correlation function associated
with a first-order autoregressive process for cementitious materials at the nanoscale. With
the perfectly fitted correlation function 1, the scales of fluctuation of the ITZ and the bulk
paste could be calculated following Equation (8), with the results in Table 5.

Table 5. The values of the squared 2-norm of the residual.

Phase Indentation
Properties

Correlation
Function 1

Correlation
Function 2

Correlation
Function 3

Bulk paste H 0.0185 0.0235 0.0533
M 0.0214 0.0729 0.1406

ITZ
H 0.0055 0.0456 0.1054
M 0.0083 0.0569 0.1198

As shown in Figure 9b, the best-fitted model are plotted against the test results for
nanoindentation properties of the ITZ and the bulk paste. It could be observed that the
best-fitted correlation functions seem to be very similar to each other for the ITZ and the
bulk paste. In other words, the aforementioned scales of fluctuation exhibit no obvious
difference, although the average values and the SD between the ITZ and the bulk paste
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differ from each other. In this sense, the cementitious materials, including the ITZ and the
bulk paste, possess the same correlative structure at the nanoscale.
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Figure 9. Model results and test results of correlation structure: (a) for nanoindentation modulus of
ITZ; (b) for nanoindentation properties of the ITZ and the bulk paste.

3.4. Scale of Fluctuation and Topology Nanostructure

From a statistical point of view, the scale of fluctuation could be regarded as a length
within which the properties of materials are of close correlation. As shown from the random
series in Figure 10a, the fluctuation could be simply observed, which is attributed to the
clinker domain (the light zone in Figure 10b) and the C-S-H domain (the dark zone in
Figure 10b). When a series of nanoindentation are conducted on the materials, the clinker
exhibits larger values than the C-S-H in terms of mean valuesshown in Figure 10c. Hence,
a reasonable assumption could be made that the scale of fluctuation may be related to the
nanostructure, including the clinker and the relative distribution, which could be expressed
as a function of the particle (i.e., the clinker) size and the net distance between the particles
as follows:

θ =
λ

m + n

(
∑m

i = 1 ai + ∑n
i = 1 bi

)
(10)

where ai denotes the size of the clinker, bi denotes the net distance between the parti-
cles or the C-S-H size on the random series as shown in Figure 10c, and λ denotes the
ratio of the scale of fluctuation θ to the mean value of the clinker size and C-S-H size
(∑m

i = 1 ai + ∑n
i = 1 bi)/(m + n). The values for θ, λ, (∑m

i = 1 ai + ∑n
i = 1 bi)/(m + n), ai, bi in

Equation (10) are displayed in Table 6.

Table 6. The values of factors in Equation (10).

Phase
Indentation
Properties θ (µm)

(
m
∑

i = 1
ai+

n
∑

i = 1
bi

)
/(m+n)

(µm)
λ ai, bi (µm)

Bulk paste H 19.99 20.05 0.997

10–35
M 19.71 18.80 1.048

ITZ
H 17.88 16.32 1.096
M 23.79 17.35 1.371
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Figure 10. The scale of fluctuation and the nanostructure of cementitious materials: (a) random series
(samples); (b) image picture; (c) the clinker- C-S-H system.

As shown in Table 6, the scale of fluctuation of the ITZ and the bulk paste could be
calculated with the value around 20 µm, which matches well with the mean size of the
clinker size and the C-S-H size. Then, from the image of the testing zones (see Figure 10b),
the clinker size and C-S-H size (the distance between the clinkers) are within the range of
10–35 µm. Additionally, the scale of fluctuation and the mean size of clinker and C-S-H
size both fall in the range of 10–35 µm. Accordingly, the scale of fluctuation to the mean
size ratio almost keep constant (around 1.000), as indicated in Table 6. It is noteworthy
that the scale of fluctuation could be directly related to the nanoscale structure, including
the particle size and C-S-H size. In other words, the topological structure, to some extent,
controls the correlation structures of the cementitious materials. To further figure out this
relation, the scales of fluctuation for the ITZ and bulk paste are investigated with the results
of 15 and 10 µm, respectively, when the pure C-S-H is concerned. It is likely attributed to
the characterized size of LD C-S-H and HD C-S-H in cementitious materials, which merits
to be explored.

4. Conclusions

Probabilistic and statistical analyses on cementitious materials have been comprehen-
sively studied based on random field modeling as well as parametric and nonparametric
estimation and verification. In this paper, a comparative study has been conducted be-
tween the ITZ and the bulk paste using the samples of a single mix design. The following
conclusions could be drawn from the results and discussions introduced above.

(1) For the specific mix in this paper, the mean nanoindentation properties of the ITZ
are around 80% of that of the bulk paste due to higher w/cratio in the ITZ, while the SD of
the ITZ is 70–80% of that of the bulk paste probably.

(2) For the nanoindentation hardness, the normal distribution is rejected for both
the bulk paste and ITZ; meanwhile, the log-normal distribution could be regarded as the
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best estimate for both the bulk paste and ITZ. For the nanoindentation modulus, Weibull
distribution and gamma distribution are much more suitable for both the bulk paste
and ITZ. Notably, the same properties of the bulk paste and ITZ usually yield the same
probability distribution; however, the different properties of the same material may fail to
obey the identical distributions.

(3) The ITZ and bulk paste both obey the exponential correlation structure associated
with a first-order autoregressive process, other than the correlation function with a second-
order autoregressive process and the Gaussian correlation function. Meanwhile, the scales
of fluctuation for both the ITZ and bulk paste are around 20 µm, which coincides with the
mean size of the clinker size and C-S-H size and falls within the range of the clinker size
and C-S-H size for the cementitious materials.

(4) It is interesting to note that the content of hydration products (e.g., LD C-S-H, HD
C–S–H, UHD C–S–H and CH) governs the mean values of nanoindentation properties, the
indentation property (i.e., indentation hardness or indentation modulus) dominates the
PDF type, while the nanoscale topological structure governs the correlation structure of
cementitious materials.

Some interesting results have been displayed from probabilistic and statistical stand-
points.. The work in the present paper could be applied in stochastically modeling for
cementitious materials; in addition, it lays the basis of stochastic analysis and reliability
analysis in the field of structural engineering.
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