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Abstract: Based on CT experiments of the mechanical behavior of a certain sandstone, the safety
zone, the damaging zone, and the fracture zone of geotechnical materials were defined, and the CT
threshold standard of this zone was discussed and empirically selected. Mathematical morphological
image measurement technology was used to analyze the CT information of each section, and the
variation law of the sandstone CT number with the loading process and the conditions of the
damaging zone was studied. According to the statistical results of the CT number of the safety
zone, the damaging zone, and the fracture zone obtained at each loading stage, a statistical-damage
variable based on the CT number was defined, and the equation of the damage evolution pertinent to
this damage variable was established. On the basis of all these data, a constitutive model that can
reflect the divisional damage-fracture of sandstone was constructed. The theoretical stress–strain
curve and the measured curve were well fitted, demonstrating that the improved constitutive model
could accurately reflect the failure of sandstone partitions. A qualitative analysis of CT scans and a
quantitative analysis of the constitutive model were combined in this experiment, which has a certain
reference value for the development of geotechnical engineering experiments.

Keywords: CT experiments; the safety zone; the damaging zone; the fracture zone; constitutive model

1. Introduction

Computed tomography (CT) technology is a widely used radiographic imaging tech-
nique that provides high-resolution digital images [1]. As a nondestructive testing technol-
ogy, CT technology has the advantages of the dynamic, quantitative, and nondestructive
measurement of the internal structural changes of geotechnical materials during the stress
process. This provides the possibility for the mesoscopic study of rock and soil masses [2,3].

For a long time, people have been using CT technology for related geotechnical
studies [4–8]. Sun et al. [4] applied CT technology to the field of geotechnical engineering
to study the progressive fracture of a soil–rock mixture under uniaxial compression. It was
observed that small cracks gradually accumulated during the elastic-deformation stage,
and eventually formed visible cracks during the plastic-deformation stage. Mcbeck et al. [5]
used CT techniques to analyze and study the propagating fractures and permeability-force
chains in porous granular rocks, and they predicted how porosity controls the persistence
of stress fields. Zaima and Katayama [6] used CT technology to analyze the evolution of the
elastic-wave velocity and amplitude during the triaxial deformation of granite, and they
established a systematic relationship between the elastic-wave velocity, amplitude, fracture
development, and fluid saturation. Zhang et al. [7] used CT technology to study the damage
process of concrete and observed the formation process of cracks. Yang [8] used micro-CT-
scanning technology to observe the fracturing mechanism and failure characteristics of
compressed hollow sandstone under different pressures. These people have recognized the
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inadequacies brought about by the homogenization of local problems, and the experiments
were more qualitative than quantitative [9–17].

In geomechanics, different constitutive models are established according to the phys-
ical properties of different materials [18–22]. Wang et al. [18] established a constitutive
model for cohesive soil research considering soil–structure interactions. By analyzing the
dynamic hysteretic constitutive model of cohesive soil, the fitting equation of the dynamic
shear modulus and the damping ratio of soil were proposed. Hirai et al. [19] established an
elastic–plastic constitutive model based on the characteristics of expansion-buffer material
for research. It was concluded that, in the case of compacted bentonite materials, the
nonlinear behavior in the consolidation test was more pronounced than that of ordinary
clay materials. Nikolinakou and Whittle [20] established a constitutive model to study
the structural changes and dilatation behavior of old alluvial. It provided a framework
to explain how the engineering properties of old-alluvial-soil profiles varied vertically
with the weathering state. Deng et al. [21] developed a constitutive model to study the
tissue behavior of uniaxial cyclic tension hybrid fiber-reinforced concrete. It was concluded
that adding an appropriate volume content of polypropylene fibers could improve the
deformation and energy consumption of the matrix. Guo et al. [22] also established a
constitutive model to study the plastic-flow behavior of GCr15 steel. It was concluded
that the maximum stress decreased with increasing temperature, and it increased with
an increasing strain rate. These people established the constitutive models required for
quantitative analysis based on experimental samples, but these have rarely been combined
with CT experiments [9,12–15,23–30].

Based on the combination of CT and a constitutive model, a CT test was carried out
on the mechanical properties of a sandstone, and the test results were obtained [31,32].
According to the theory of partition description, the safety zone, the damaging zone, and
the fracture zone of geotechnical materials were defined, and a quantitative-description
system of measurement and statistical modeling was proposed to realize the partition
description of the test results under the same standard. The CT-number information
attached to the partition results was detected and statistically analyzed. According to the
defined statistical-damage variables, the damage-evolution equation and CT-number-based
constitutive equation were established, and on this basis, the constitutive model reflecting
the damage in the sandstone area was established [33].

2. Subarea Description Theory

The traditional global-statistical-analysis method will make the locally weakened
information evenly distributed to the overall level, which is not conducive to exploring the
essence of the problem from a mesoscopic perspective [2,4–7,34–36]. In order to discuss the
problem from a microscopic point of view, subarea description theory, based on CT-number
information within a certain range, was proposed. It was necessary to define the ROI
(region of interest). The collection of CT numbers on the cracks in the CT-scan image was
used as the region of interest (ROI).

According to the degree of the deterioration of the material properties, the loading
process could be divided into three stages: the elastic-deformation stage (including com-
paction stage), the inelastic-deformation stage, in which cracks were generated and stably
propagated, and the crack-penetration-failure stage. When the sample failed, every point in
the material (especially the CT cell) went through the entire loading phase. The degree of
damage could be divided into three types of damage: no irrecoverable damage, completely
irreversible damage, and irreversible damage. Points with similar properties were divided
into three point sets: the safe area, damaging area, and fracture area. The collections were
defined as follows:

When H > He, (Equation (1)), it was determined that the material at this point was in
a safe state, and the set of all points in a safe state was called the safe zone.
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When Hd < H ≤ He, it was determined that the material damage at this point
was in progress, and the set of all points in the damage-progressing state was called the
damaging zone.

When H ≤ Hd (Equation (2)), it was determined that the material at this point had
been damaged, and the set of all points in the damaged state was called the fracture zone.

In the formula, the CT number thresholds He and Hd used for the ensemble segmen-
tation were material constants. In practical applications, because the change in the CT
number at a certain point was disturbed too much by uncertain factors and it was difficult
to track, it was necessary to include points with similar properties into the same set for
the partition description. The subarea thresholds used in the article were the transition
thresholds from the safe zone to the damaging zone, and from the damaging zone to the
fracture zone. Here, the subarea standards He and Hd were defined as follows:

Hei = Hσi − ξ1 (1)

Hdi = Hσi − ξ2 (2)

In the formula, Hei is the partition threshold of the safety zone in a certain loading
stage, Hσi is the average value of CT numbers in the ROI of the cross-section under a certain
loading stage, and ξ1 and ξ1 are experimental constants.

Due to the initial damage to the rock, it was difficult to track the CT number of a
single point and the acquisition error was large, and so the partition operation based on
the absolute CT number of a single point was difficult to achieve. The CT image of the
selected five sections in each loading stage, and its initial scan, were subjected to an image-
difference calculation to reflect the change in the CT number before and after loading and
its spatial distribution.

3. Experiment Introduction

The sample sand19 was collected from Shuangcha River, Yaoxian County, Shaanxi
Province. After many comparative tests in the early stage, it was found that the samples
collected here were Permian feldspar fine sandstones with cemented properties, which
were suitable for this test. The bulk density was 26.36 KN/m3, and the water content was
0.25%. The samples were first cleaned and dematerialized, and they were then processed
by a rock-sample drilling machine. The sample-processing specifications were 50 mm
in diameter and 100 mm in height. After the sample was shortened by 10 mm up and
down, a scanning section was selected every 20 mm, and a total of five scanning sections
were selected.

The spatial resolution of the CT machine in this experiment was 0.35 mm × 0.35 mm.
The minimum identifiable volume was 0.12 mm3 (layer thickness of 1 mm). The density-
contrast resolution was 0.3% (2.5 Hu). The scanning voltage of the CT machine was 137 KV.
The sweep current was 220 mA. The scan time was 2 s. The layer thickness was 2 mm. The
magnification factor was 6.0.

The rock samples were first loaded into the triaxial pressure chamber and sent to the
scanning space by the CT bed without confining pressure. The first scan was performed
when the specimen was unstressed, and then the axial compression was gradually applied,
loaded in stages. The average loading rate was 7.29 × 10−3 MPa/s. During each scan, the
axial pressure was fixed, and the scan was divided into 5 layers with an interval of 2 cm.
The test was stopped when the rock sample was damaged. The test result was a grayscale
image stored in 8 digits, the image matrix size was 512 × 512, the image resolution size was
0.15 mm, and each pixel was accompanied by a CT number stored in 12 digits. Laboratory
CT-Scan samples and equipment are shown in Figure 1 below.
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Figure 1. Laboratory CT-scan samples and equipment: (a) laboratory CT scanning machine; (b) labo-
ratory CT-scan control computer; (c) laboratory CT-scan sample; (d) cross-sectional stratification of
laboratory CT-scan specimens.

4. Test Results

There were five scanning sections in the sample. The stress–strain relationship of
sandstone under uniaxial compression was obtained by scanning each section 12 times
at different loading stages. A total of 60 CT scans were performed. For each scan, three
samples were prepared for testing. The relationship between the specific loading process
and scanning is shown in Figure 2 below.
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Digital images of 12 loading stages for 3 of the 5 scan sections are shown in the article.
CT images of the first scan section are shown in Figure 3.
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It can be seen from Figure 3 of the CT-scan images of the first scanning section at each
stage that cracks appeared in the scan images when σ = 18.85 MPa, and no cracks were
found in the scan results of the previous stages. When σ = 19.09 MPa~25.88 MPa, the cracks
grew steadily, and they finally penetrated in each scanning stage.

It can be seen from the CT scanning images of the third scanning section in Figure 4 that
the cracks only appeared when σ = 18.85 MPa, and then the time for the cracks to propagate
to the final penetration was short and very sudden. When σ = 23.05 MPa~25.88 MPa, there
were secondary cracks. This section lagged behind the cracks of the first two sections by
two loading stages, indicating that the cracks gradually expanded from top to bottom.
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It can be seen from the CT-scan images of the fifth scanning section at each stage in
Figure 5 that the crack appeared at σ = 19.93 MPa, and then the crack gradually expanded
and finally penetrated. Compared with the cracks in the first scanning section, the appear-
ance of the cracks was delayed by 2~3 loading stages, indicating that the cracks gradually
expanded from top to bottom. The crack propagation of this section was stable and typical,
and this section was specially selected for subsequent analysis and research work.
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In addition, the variation in the CT number and the variance with stress in the ROI
were also studied, as shown in Figure 6.
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Figure 6. Statistical curve of CT number in ROI with loading process: (a) variation curve of CT
number in ROI with stress; (b) variation curve of the variance in CT numbers in ROI with stress.
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By analyzing the variation curve of the CT number and the variance of CT numbers
with stress in the ROI, it could be seen that when σ = 18.85 MPa or so, the variance curve
of the CT number and the variance in the CT numbers of each section began to show
an inflection point, but the change was slow. This showed that there were cracks in the
section at this time, but the cracks developed slowly. When σ = 25.88 MPa or so, the
variance curve of the CT number and the variance in the CT numbers of each section
began to change drastically. This showed that the cracks in the section rapidly expanded
until they penetrated. The curve-analysis results were roughly consistent with the CT-
image observations.

5. Test Analysis
5.1. Threshold Selection

According to the experimental results, the thresholds ξ1 and ξ2 could be determined.
Moreover, ξ1 and ξ2 were experimental constants, and their accurate selection depended
on the development of quantitative CT, a large number of material experiments, and
a statistical analysis of the experimental data. Here, empirical values were used [4–8].
The statistical domain used was the ROI, including 86,549 pixels. The relationship curve
between the maximum and minimum CT numbers and the stress is presented in Figure 7.
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Figure 7. The curves of the maximum CT numbers of the five cross-sections with the loading process:
(a) the curves of the maximum values of CT number changing with stress in ROI; (b) the curves of
the minimum values of CT number with stress in ROI.

Relatively speaking, the region with the largest CT number represents the better part
of the sample, while the region with the minimum value represents the relatively weak
part. The relevant data are listed in Table 1.
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Table 1. The maximum CT numbers in the ROI.

Section Maximum CT Number Maximum Amplitude

1 2826–2849 23
2 2827–2857 30
3 2826–2845 19
4 2808–2832 24
5 2808–2825 17

Because CT numbers are generally stored in 12-bit format, the Hounsfield scale has a
total of 4096 levels. The density-contrast resolution of the CT machine used this time was
0.3%, and so the density-contrast error in the range of 4096 was 12.288 Hu. Within this error
range, the maximum value fluctuates randomly up and down, there was no monotonic
trend, and its properties could be considered unchanged. It could be seen from the above
analysis that the maximum value of the CT number did not change much in the whole
loading stage, the average amplitude was 22.6, which was a random change, and there was
no monotonic trend. It also showed that, regardless of the overall damage of the sample,
the sample contained nondestructive or irrecoverable damaged parts.

It can be seen from Table 2 that the overall fluctuation in the minimum value in the
stress stage was not large, and the amplitude did not exceed 50, but there was no monotonic
trend. Only the third segment changed from the other segments, with damage and rupture
appearing earlier.

Table 2. The minimum CT numbers in the ROI.

Section Minimum CT Number Minimum Amplitude

1 2603–2649 46
2 2605–2651 46
3 2476–2645 169
4 2644–2651 7
5 2638–2651 13

Because the minimum and maximum values did not have a monotonic trend, it could
be considered that the microdamage was not enough to change the overall properties of
the material and could be used as the segmentation threshold of the safe area. The average
amplitude of the maximum value was 22.6, and the amplitude of the minimum value did
not exceed 50. When the minimum value changed to a hundredth level, the minimum
value showed a monotonous trend, indicating that the occurrence of cracks and stable
growth could be used as the threshold for the damage-progress zone, and the segmentation
threshold of the damaged zone, which was ξ1 = 50, ξ2 = 100, was selected.

5.2. Application and Analysis of Fractal Dimension

In order to quantitatively describe the degree of “irregularity” in the CT number, it
was expanded from integers to fractions for analysis [10,12–16,37]. Under the five loading
stages (σ = 19.93 MPa, σ = 20.59 MPa, σ = 21.45 MPa, σ = 23.05 MPa, and σ = 25.88 MPa),
the crack images of the third scan section were selected to calculate the fractal dimension
using the yardstick logarithmic method, the island method, the box-counting method, and
the sandbox method, respectively. The results are shown in Figure 8.

The evolution law of crack fractal dimension could reflect the evolution law of ma-
terial damage. The development and evolution of the cracks showed good statistical
self-similarity and satisfied the scale invariance, which fully indicated that the mesoscopic
cracks had fractal characteristics at different loading stages.
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It can be seen from Table 3 that the evolution process of the cracks showed a trend of
increasing dimension on the whole, but there were increases and disappearances in the middle.

Table 3. Computing results of fractal dimension under each loading-step condition.

Stress/MPa The Yardstick
Logarithmic Method The Island Method The Box-Counting Method The Sandbox Method

20.59 1.07 1.98 1.87 1.99
21.45 1.04 2.08 1.88 1.60
23.05 1.03 1.99 1.86 1.49
25.88 1.02 2.00 1.86 1.46
31.03 1.07 2.27 1.88 1.65

In the island method, the fractal dimension was F = 1.99 at the beginning, then
increased to 2.08, followed by a decrease to F = 1.99, and then monotonically increased to
2.27. In the box-counting method, the fractal dimension was F = 1.87 at the beginning, then
increased to 1.88, then decreased to F = 1.86, and finally increased to 1.88. This showed that
the fractal dimension revealed by these two methods had a similar law, which was crack
propagation. Moreover, there was a small adjustment, which was opening and closing,
and this process was accompanied by the rise and fall of energy. If the energy continued
to accumulate, then it would drive the development of the secondary crack again, which
could be confirmed from the image. The opening and penetration of the main crack was
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accompanied by the closure of the secondary crack, and so there was a reduction in the
fractal dimension. The fractal dimension of the sandbox method was the largest at the
initial stage, and then gradually decreased and then increased, which was related to the
processes of energy release and re-accumulation release during the crack-propagation
process. The degree of the irregularity of cracks was the highest in the initial stage of
expansion (because small cracks accumulated, overlapped, and expanded in the initial
stage), and became relatively regular after expansion and penetration in the later stage
(small cracks no longer expanded and were in a closed state). This was followed by a
process of secondary-crack development, and the geometry of the rock sample became
increasingly fragmented. Although these three methods were different locally, the overall
trend was the same.

The evolution process of the fractal dimension of the crack length, measured by the
yardstick logarithmic method, was an overall process of first dimension reduction, and
then dimension increase. This was related to the growth-and-decline relationship between
the main crack and the secondary crack during the failure process of the rock sample,
which was that one consumed more strain energy in a certain stage of the failure process.
Finally, due to the penetration failure of the crack, the energy release was completed, and
the remaining energy was not enough to drive the expansion of the crack again. As a result,
the small cracks that were too late to penetrate and overlap were reclosed, and so the fractal
dimension of the crack length showed an overall decreasing trend.

6. Zonal-Damage Constitutive Model of Rock Mass
6.1. Relationship between CT Number and Damage Evolution
6.1.1. Defined Statistical-Damage Variables

After the above qualitative description of the data, in order to obtain some quantitative
descriptions, the following damage-mechanics analysis was performed. Because both the
damaging zone and fracture zone contain different degrees of damage information, these
two zones were considered together when establishing the damage variables. The CT
numbers on each zone were extracted and counted. The numerical properties of the results
provided by the CT experiments were combined. Based on the knowledge of set theory and
measure theory [38], the idea of mesostatistical-damage mechanics was introduced [39]. On
the basis of the above, a statistical-damage variable that could better reflect the localization
of damage was redefined, as shown in Formula (3):

D = 1 −

1
n

n
∑

i=1
Hi

1
m

m
∑

j=1
Hj0

= 1 − Hrmi
Hrm0

(3)

In the formula, m is the number of CT units in the safe zone during the initial scan,
and n is the sum of the CT units in the damaging zone and fracture zone. Hi is the number
of the CT number on a CT unit in the damaging zone or fracture zone of the CT unit
under the action of a certain level of load, and Hj0 is the CT number of the CT unit in the
nondestructive state.

The mean value of the CT number was obtained by combining the CT-number infor-
mation of the damaged and fractured regions for each loading stage. We substituted it
into Formula (3) to calculate the damage-variable value, and the obtained damage-variable
result and the stress were drawn as a relationship curve, as shown in Figure 9.
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It can be seen from Figure 9 that there was basically no major damage on any section
before σ = 20 MPa. There was also a small strengthening phase, which was caused by
the CT-number-defining damage variable with density features, indicating that this phase
accompanies the compaction process. After this stress, there was an almost vertical sharp
rise, indicating a sharp expansion of the damaged area. The third segment was the largest,
followed by the second and fourth segments, and the first and fifth segments were the
smallest; the crack growth rate of each segment could be seen. This conclusion could be
echoed in the image-analysis section.

6.1.2. Damage-Evolution Ratio

From Formula (3), the following damage-evolution ratio (Formula (4)) could be derived:

∗
D =

dD
dσ

=
Di+1 − Di
σi+1 − σi

=
(1 − Hrm(i+1)

Hrm0
)− (1 − Hrmi

Hrm0
)

σi+1 − σi
=

Hrmi − Hrm(i+1)

Hrm0(σi+1 − σi)
(4)

We substituted the damage-variable values of each segment in each loading stage
into Formula (4). The damage-evolution ratio that corresponded to each section at each
loading stage could be calculated, and the relationship between the drawn stress and
damage-evolution ratio is shown in Figure 10 below.
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It can be seen from Figure 10 that when σ = 0.00 MPa~19.93 MPa, the damage-evolution
ratio of each section had a negative process close to zero. This indicates a compression
and strengthening phase, which is a process in which the amount of damage does not
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increase but decreases. There was a pulse peak at σ = 20.59 MPa. This showed that there
was a damage-acceleration stage and the existence of a damage threshold. After that,
the damage-evolution rate gradually decreased in the σ = 21.45 MPa~23.05 MPa stage,
and it increased slightly in the σ = 23.05 MPa~25.88 MPa stage. The small increase or
decrease in the damage-evolution ratio at this stage indicated that the crack was slowly
expanding. Section 3 had the largest pulse amplitude, as confirmed by the sudden and rapid
appearance of a through crack in the CT image. The second and fourth segments followed,
the fifth-segment pulse peak was lower, and the first segment was the smallest. These
phenomena, and the fractures in Segment 3 described in the previous mesoscopic analysis,
emerged, and their propagation and penetration times were faster and more complete than
in Segments 1 and 5. In contrast, Paragraphs 1 and 5 were slow in subsequent expansion
and penetration. The appearance of cracks was consistent with the conclusion that the
end-restraint condition was related to the uniaxial-compression condition, which justifies
the conclusion. The pulse point of the damage-evolution ratio could be used as the reference
point of the damage threshold, and the corresponding stress value was about 21.00 MPa,
accounting for about 65.8% of the peak stress of 31.91 MPa.

6.1.3. Relationship between CT Number and Volume Strain

The deformation and failure process of rock is that a microcrack occurs, then accumu-
lation and nucleation, and then gradual overlapping and connecting to form macrocracks.
This fracture process was accompanied by volumetric compression and expansion, and
this deformation was essentially due to the aforementioned damage. In the CT experiment,
this damage could be reflected by the CT number, and the volume deformation of the rock
could be regarded as the change in density.

Considering the experimental scan-layer thickness of 2 mm, the axial displacement at
failure was only 1.2 mm, and the axial displacement averaged to the scan-layer thickness
along the axis was only 0.02 mm. It could be considered that the same layer of material was
scanned during the whole loading process, Hrm0 is the global average CT number in the
initial state of the rock, and Hrmi is the global average CT number in a certain stress stage.
Substitute this into the following relationship between the volume strain and CT number,
as shown in Formula (5) [40,41]:

εv =
Hrm0 − Hrmi
Hrmi + 1000

(5)

The volume strain was obtained by substituting the mean value of the CT number on
the entire scanning plane of each section in each stress stage (including the initial scan),
according to the statistics on the ROI, and substituting it into Formula (5). Draw the
relationship curve between the stress and volume strain at each loading stage, as shown in
Figure 11 below.
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It can be seen from Figure 11 that the minimum volume strain of Section 1 was −0.00081
when σ = 16.71 MPa. The stage when the whole volume strain is negative is the volume-
compression process, and the subsequent stage, when the volume strain is positive, is the
volume-expansion process. At σ = 19.93 MPa, the volume strain became 0.00009, and then the
volume expanded until it finally failed. The minimum volumetric strain of
Section 3 at σ = 18.85 MPa was –0.00076. After that, the volume expansion changed to 0.01008
when σ = 20.59 MPa, and the transition range was larger and faster. This indicated that
the crack propagated rapidly. When σ = 18.85 MPa, the volumetric strain of the fifth seg-
ment reached a minimum value of −0.001 09. The volume then expanded to 0.00314 at
σ = 20.59 MPa.

The surge in the final phase indicated complete disruption, with a significant expansion in
the transaction volume. The stage when the volumetric strain is negative is the compression
process, and the curve was concave. The microcracks at this stage were mostly closed cracks.
The subsequent positive phase was a process of overall expansion, manifested by the bottoming
and rising on the curve. This is a process by which cracks open, connect, and develop into
macroscopic cracks. As can be seen from the maximum volume shrinkage, Section 1 is −0.00081,
Section 3 is −0.00076, and Section 5 is −0.00105. It can be seen that the volume reduction at
both ends of the sample is greater than in the middle.

From the maximum value of the bulk strain of each section in the final failure stage, it
could be seen that Section 3 was the largest, and Sections 5 and 1 were the smallest. The
results showed that the process of volume expansion was opposite to the process of volume
reduction; that is, the middle big end was small, which was related to the loading mode
of uniaxial compression. The damage value corresponding to the stress stage with zero
volumetric strain could be used as a reference point for the damage threshold, and the
corresponding stress value was about 20.00 MPa, accounting for 62.7% of the stress peak
value of 31.91 MPa. This stress could be used as the maximum design value. If this is
greater than this stress, the sandstone may crack and fail.

6.2. Establishment of Damage-Evolution Equation

The damage-variable formula defined in this paper was replaced by the geometric and
physical information (CT number) obtained from the partition description. The damage
variable used here was the average value of the five-section damage variables at each stress
stage. According to the relationship curve between the damage variable and the stress,
the Boltzmann function of the form Polynomial (3) was used to fit the damage-evolution
equation when σ = 0.00 MPa~21.45 MPa. Use Polynomial (4) to fit the damage-evolution
equation at the stage of σ = 21.45 MPa~31.03 MPa.

D =
A1 − A2

1 + e
σ−σ0

dσ

+ A2 (6)

D = B2σ2 + B1σ + B0 (7)

In Formula (6), σ is the stress, and A1, A2, σ0, and dσ are experimental constants; in
Formula (7), σ is the stress, and B0, B1, and B2 are constants. The data used in the calculation
and the fitting results are listed in Table 4.

Substituting the constants obtained by fitting into the formula, the segmented expres-
sion of the damage-evolution equation is shown in the following formulas:

When σ = 0.00 MPa~21.45 Mpa:

D =
−0.06183

1 + e
σ−20.32704

0.11894
+ 0.06871 (8)

When σ = 21.45 MPa~25.88 MPa:

D = 0.0004σ2 − 0.0172σ + 0.2411 (9)
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Table 4. List of fitting parameters and results of damage-evolution equation.

σ
(MPa) ε (10−3) Section 1-D Section 2-D Section 3-D Section 4-D Section 5-D D Mean Fitting Parameters

0.00 0.00 0.0078 0.0105 0.0103 0.0087 0.0068 0.0088

A1 = 0.00688
A2 = 0.06871
σ0 = 20.32704
dσ = 0.11894

8.14 3.94 0.0065 0.0087 0.0088 0.0075 0.0049 0.0073
10.30 4.98 0.0055 0.0056 0.0054 0.0053 0.0052 0.0054
14.02 6.95 0.0062 0.0070 0.0064 0.0061 0.0048 0.0061
16.71 8.29 0.0061 0.0058 0.0054 0.0050 0.0047 0.0054
18.85 9.33 0.0077 0.0068 0.0063 0.0057 0.0047 0.0062
19.09 9.51 0.0110 0.0100 0.0096 0.0080 0.0064 0.0090
19.93 10.05 0.0135 0.0136 0.0070 0.0058 0.0049 0.0090
20.59 10.76 0.0455 0.0833 0.0824 0.0616 0.0400 0.0626
21.45 11.17 0.0510 0.0901 0.0894 0.0667 0.0464 0.0687 B0 = 0.2411

B1 = −0.0172
B2 = 0.0004

23.05 11.86 0.0533 0.0942 0.0948 0.0708 0.0517 0.0730
25.88 13.08 0.0567 0.1010 0.1079 0.0836 0.0619 0.0822

6.3. Partition-Damage Statistical Model

Based on the uniaxial-compression CT experiment on a certain sandstone, the rock
samples were described in different areas (safety area, failure area, fracture area). On
the basis of the obtained binary map of the evolution of the damaging zone and fracture
zone, the address information of the damaging zone and fracture zone of each section at
σ = 25.88 MPa was selected, and the CT information was used for statistical analysis. Then,
the statistical-damage variable defined in this paper was calculated, and the mathematical
expression of the damage-evolution equation was obtained by fitting. On this basis, the
corresponding constitutive relationship between the safe area and damaged area could be
obtained [42–44].

6.3.1. Constitutive Relation of the Safety Zone

According to the strain-coordination characteristics, the assumption of strain equiv-
alence, and the principle of the effective stress of damage, because the deformation of
the material safety zone in each stress stage is recoverable deformation, no irrecoverable
damage is produced. Therefore, the linear elastic constitutive relationship in the form of
Formula (10) is adopted:

σ = Eε (10)

In the formula, the modulus is the elastic modulus in the nondestructive state, and
its value is the modulus of the experimentally obtained elastic-stage material compressed
to the densest state divided by 1−Di. Di is the damage-variable value of the stress stage
corresponding to this state, and the calculated elastic modulus is 2.08 MPa.

6.3.2. Constitutive Relationship between the Damaging Zone and Fracture Zone

For the damaged zone and fractured zone of the material, because they are composed
of CT units with different damage degrees, the damage constitutive relation is represented
by a combination, as shown in the following formula:

σ = (1 − D)Eε (11)

When σ = 0.00 MPa~21.45 MPa:

σ = [1 − (0.06871 − 0.06183

1 + e
σ−20.32704

0.11894
)]Eε (12)

When σ = 21.45 MPa~25.88 MPa:

σ =
[
1 −

(
0.005σ2 − 0.02134σ + 0.29792

)]
Eε (13)
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The above formula is the constitutive relationship between the damaging zone and
fracture zone at each loading stage. This formula, and the linear elastic constitutive rela-
tionship of the safe zone, constitute the constitutive relation of the material zone damage.

In order to test the rationality of the established damage-evolution equation and
constitutive equation, 12 stress points were substituted into the above formula to compare
the experimental value and theoretical-calculation value. The results are shown in Figure 12.
The theoretical values in the figure refer to the results calculated by Formulas (12) and (13).
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As can be seen from Figure 12, the calculated and experimental values of the damage
variables fit well overall. Both the calculated and experimental values of the predamage
stress were less than the threshold. Because the overall performance of the material had
not changed much at this stage, the calculated values were in good agreement with the
experimental values. In the final stage of damage, it could be seen that both errors were
relatively large, and this was because the crack-penetration time was very fast at this stage,
and it was suddenly too late to encrypt the scan. The data obtained by fitting were too
small. In practice, other routine macroscopic experimental methods could be used to make
up for this deficiency. The fusion of the two experimental methods could be carried out by
means of stress–strain-process curves.
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7. Conclusions

The following conclusions are based on a sandstone uniaxial-compression CT experi-
mental study.

1. In this paper, the idea of partition description was adopted: the data were classi-
fied and processed according to the specific situation, and the statistical error was
eliminated to the maximum extent. Based on the CT experiment, the sandstone was
described by partition theory. With the help of CT numbers, the research was ad-
vanced to the mesoscopic scale, the experimental results were discussed and analyzed,
and the quantitative description of the CT experiment was realized;

2. According to subarea description theory, the point sets that had different degrees of
damage but were similar were divided into three areas: the safety zone, the damag-
ing zone, and the fracture zone. This could reduce the interference of CT-number
changes by uncertain factors, and it was conducive to data tracking and experimental
data recording;

3. The subarea thresholds He and Hd of the safety zone, the damaging zone, and the
fracture zone were defined. By analyzing the CT images of five sections, it could
be concluded that there is no monotonic trend in the minimum and maximum CT
numbers. This showed that the appearance and stable expansion of cracks could be
used as the threshold for dividing the damaging zone and fracture zone, and then
ξ1 = 50 and ξ2 = 100 were selected;

4. Based on the CT-test study on the damage-propagation characteristics of sandstone,
using the CT number obtained by the partition-description theory, and on the basis of
defined damage variables, a concise damage-evolution equation and damage statisti-
cal model of partition description were established. After calculation and comparison,
it was found that the theoretical stress–strain curve was in good agreement with the
measured curve.
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